
Introduction to Elasticity Theory for Crystal Defects

An understanding of the elastic properties of crystal defects is of fundamental

importance for materials scientists and engineers. This book presents a self-

sufficient and user-friendly introduction to the anisotropic elasticity theory neces-

sary to model a wide range of crystal defects.

With little prior knowledge of the subject assumed, the reader is first walked

through the required basic mathematical techniques and methods. This is followed

by treatments of point, line, planar, and volume type defects such as vacancies,

dislocations, grain boundaries, inhomogeneities, and inclusions. Included are ana-

lyses of their elastic fields, interactions with imposed stresses and image stresses, and

interactions between defects, all employing the basic methods introduced earlier.

This step-by-step approach, aided by numerous exercises with solutions provided,

strengthens the reader’s understanding of the principles involved, extending it well

beyond the immediate scope of the book.

As the first comprehensive review of anisotropic elasticity theory for crystal

defects, this text is ideal for both graduate students and professional researchers.

R. W. Balluffi is Emeritus Professor of Physical Metallurgy at Massachusetts

Institute of Technology. He has previously published two books and more than

200 articles in the field. He is a member of the National Academy of Sciences and

has received numerous awards, including the Von Hippel Award, the highest

honor of the Materials Research Society.



“This is a very nice, self-contained and inclusive book. It should provide a

foundation for the anisotropic elastic theory of defects and their interactions for

years to come.”

John Hirth, Ohio State University

“This is a wonderful book on the elastic foundations of point, line and surface

defects in crystals. It is well written by a master experimental and theoretical

craftsman who has spent a long professional life in this field. The mathematical

coverage of crystal defects and their interactions unfolds in classic style.”

Johannes Weertman, Northwestern University

“Professor Balluffi has had a long and distinguished career in physics and mater-

ials science as a researcher and educator and made numerous landmark contribu-

tions to the theory of crystal defects and diffusion mechanisms. He taught

discipline oriented graduate lecture courses on these subjects at both Cornell

University and at MIT. In his present book he provides a detailed and comprehen-

sive presentation of the Elasticity Theory of Crystal Defects in full anisotropic

form. While mechanistic understanding of complex mechanical phenomena in

crystalline solids can generally be had with isotropic elasticity, a full understand-

ing of the ranges of applicability of mechanisms often necessitates the use of

anisotropic elasticity employing advanced mathematical methodology. Such

methodology is presently available only in scattered journal publications going

back many years or in special treatises using advanced mathematical language of a

large variety of forms and often involving frustrating statements of “it can be

shown that”. In his book Balluffi provides detailed and compassionate develop-

ments, that skip little detail, permitting the reader to obtain a rare and penetrating

view into complex methodology with a uniform mathematical language that is

familiar to most advanced students and professionals. This is certain to make this

book a standard reference for years to come to physicists, materials scientists and

practitioners in applied mechanics.”

Ali Argon, MIT
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Preface

A unified introduction to the theory of anisotropic elasticity for static defects in

crystals is presented. The term “defects” is interpreted broadly to include defects

of zero, one, two, and three dimensionality: included are

� Point defects (vacancies, self-interstitials, solute atoms, and small clusters of

these species),

� Line defects (dislocations),

� Planar defects (homophase and heterophase interfaces),

� Volume defects (inhomogeneities and inclusions).

The book is an outgrowth of a graduate course on “Defects in Crystals” offered by

the author for many years at the Massachusetts Institute of Technology, and its

purpose is to provide an introduction to current methods of solving defect elasti-

city problems through the use of anisotropic linear elasticity theory. Emphasis is

put on methods rather than a wide range of applications and results. The theory

generally allows multiple approaches to a given problem, and a particular effort is

made to formulate and compare alternative treatments.

Anisotropic linear elasticity is employed throughout. This is now practicable

because of significant advances in the theory of anisotropic elasticity for crystal

defects that have been made over the last 35 years or so, including the develop-

ment of Green’s functions for unit point forces in infinite anisotropic spaces, half-

spaces and joined dissimilar half-spaces. The use of anisotropic theory (rather

than the simpler isotropic theory) is important, since, even though the results

obtained by employing the two approaches often agree to within 25%, or so, there

are many phenomena that depend entirely on elastic anisotropy. Unfortunately,

however, the results obtained with the anisotropic theory are usually in the form

of lengthy integrals that can be evaluated only using numerical methods and so

lack transparency. To assist with this difficulty, isotropic elasticity is employed in

parallel treatments of many problems where sufficiently simple conditions are

assumed so that tractable analytic solutions can be obtained that are more

transparent physically. Sections in the book where isotropic elasticity is employed

are clearly distinguished to avoid confusion.

The results for the various defects are developed in a sequence of increasing

complexity starting with their behavior in isolation in infinite homogeneous regions,

where their elastic fields are derived, along with, in many cases, corresponding



elastic strain energies and induced volume changes. The treatment then progresses

to interactions between the defects and imposed applied and internal stresses as well

as the image stresses that arise when the defects are in finite homogeneous regions in

the vicinity of interfaces. Finally, elastic interactions between the defects themselves

are considered in terms of interaction energies and corresponding forces. Owing to

the breadth of the subject and the impossibility of including all important topics in

detail, a selection is made of representative material. This should provide the reader

with the background to master omitted topics.

The book is designed to be self-sufficient. Included is a preliminary chapter on

the basic elements of linear elasticity that includes essentially all of the elements of

anisotropic and isotropic theory necessary to master the material that follows.

A number of appendices contain other essentials. A particular effort has been

made to write the book in a pedagogical manner useful for graduate students and

workers in the field of materials science and engineering. Essentially, all results are

fully derived, and as many intermediate steps as practicable are written out in full,

and the use of the phrase “it can be shown” is avoided. Numerous exercises, with

solutions, are provided, which, in many cases, expand the scope of the subject

matter.

Requirements for use of the book are a familiarity with undergraduate materials

science, including the structural aspects of the various defects, and knowledge of

linear algebra, vector calculus, and differential equations. To avoid long unwieldy

expressions, the repeated index summation convention is employed. Consistent

sign conventions are used, and introductory lists of the common symbols

employed throughout the text are provided. To keep the notation as simple as

possible, additional symbols are employed locally in various sections of the book

and are identified in brief lists in the relevant chapters for the convenience of the

reader.

xiv Preface
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Frequently used symbols

Roman

a: A Scalar quantities (light face)

a� : A� Complex conjugate of a or A

�a : �A Fourier transform of a or A

a : A Vectors (bold face)

ai : Ai Components of a or A

â Unit vector

jaj ¼ a Magnitude of a

a : A Second-rank tensors (bold face, underlined)

aij : Aij Components of a or A

a : A Fourth-rank tensors (bold face and double underlined)

aijkl : Aijkl Components of fourth-rank tensor a or A

[a] : [A] Matrices

ai : Ai Elements of [a] or [A] if 1 � 3 or 3 � 1 matrix

aij : Aij Elements of [a] or [A] if 3 � 3 matrix

aijkl : Aijkl Elements of [a] or [A] if 9 � 9 matrix

ðaaÞjk Notation used for element of matrix representing Christoffel tensor:

defined by ðaaÞjk � aiCijklal (employs curved brackets rather than the

square brackets used for matrices elsewhere throughout book)

(aa) Matrix representing Christoffel tensor

½A��1
Inverse of [A]

½A�T Transpose of [A]

b Burgers vector of dislocation

C : Cijkl Elastic stiffness tensor

eijk Alternator symbol: eijk � êi � ðêj � êkÞ

êi Base unit vector of Cartesian, right-handed, orthogonal coordinate

system

e Dilatation: (sum of the normal elastic strain components: e ¼ emm)

E Modulus of elasticity (or Young’s modulus)

E Total elasto-mechanical energy, i.e., elastic strain energy plus potential

energy of applied forces

F Force

ff Force per unit length



FF Force per unit area

f Force density

HðxÞ Heaviside step function: HðxÞ ¼ 0, when x < 0; HðxÞ ¼ 1, when x > 0

K Bulk elastic modulus

l̂ : l̂i Unit directional vector: component of l (direction cosine)

N Number

n Number per unit volume (density)

n̂ Unit vector normal to surface (taken to be positive for a closed

surface when pointing outwards)

P Hydrostatic pressure (positive when compressive)

k Fourier transform vector

r Radius

r; y; z Cylindrical coordinates (see Fig. A.1a)

r; y; f Spherical coordinates (see Fig. A.1b)

R Radius of curvature: distance between source point at x0 and field

point at x

s Arc length along line: distance

SEijkl Eshelby tensor

S Region of surface

S Surface area

Ŝ Surface of unit sphere

S : Sijkl Elastic compliance tensor

sgn(x) sgnðxÞ ¼ 1, if x > 0: sgnðxÞ ¼ �1, if x < 0

t̂ Unit vector tangent to dislocation

T Traction

u Elastic displacement

uT Displacement associated with transformation strain

utot Total displacement (ðutot ¼ uþ uTÞ)

V Region of volume

V Volume

W: w: w Elastic strain energy: elastic strain energy density: strain energy per

unit length

W Work

x1; x2; x3 Cartesian coordinates

x: xi: x Field vector in Cartesian coordinates: component of x: magnitude

of x, i.e., x ¼ jxj ¼ ðx21 þ x22 þ x23Þ
1=2

x0 : x01 : x
0 Source vector in Cartesian coordinates

Greek

dij Kronecker delta operator (dij ¼ 1, when i ¼ j: dij ¼ 0, when i 6¼ j)

dðx� xoÞ Dirac delta function

« : eij Elastic strain tensor: component of «

xviiList of frequently used symbols



eTij Transformation strain

eT
�

ij
Transformation strain of equivalent homogeneous inclusion

etotij Total strain (etotij ¼ eij þ eTij )

y Sum of the normal stress components: (y � smm)

r; y; z Cylindrical coordinates (see Fig. A.1a)

r; y;f Spherical coordinates (see Fig. A.1b)

l Lamé elastic constant

m Lamé elastic constant (elastic shear modulus)

n Poisson’s ratio

s: sij Stress tensor: component of s

F Potential energy of forces applied to body

f Newtonian potential

c Biharmonic potential

O Atomic volume

Frequently used superscripts

D Defect

DIS Dislocation

IM Image

INC Inclusion

INH Inhomogeneity

LF Line force

M Matrix

xviii List of frequently used symbols



1 Introduction

1.1 Contents of book

An introduction to the use of anisotropic linear elasticity in determining the static

elastic properties of defects in crystals is presented. The defects possess different

dimensionalities and span the defect spectrum. They include:

� Point defects (vacancies, self-interstitials, solute atoms, and small clusters of

these species),

� Line defects (dislocations),

� Planar defects (homophase and heterophase interfaces),

� Volume defects (inhomogeneities and inclusions).

To avoid confusion, an inclusion is defined as a misfitting region embedded

within a larger constraining matrix body, and, therefore, acts as a source of

stress. It may be either homogeneous (if it possesses the same elastic properties as

the matrix) or inhomogeneous (if its elastic properties differ). On the other hand,

an inhomogeneity is simply an embedded region with different elastic constants

but no misfit.

Following the preliminaries of the present chapter, the book presents

(Chapter 2) a concise account of the basic elements of anisotropic and isotropic

linear elasticity, and, in addition, derivations of a number of special relationships

needed throughout the text. This is followed by a review of methods of solving

defect elasticity problems (Chapter 3), derivations of useful Green’s functions

(Chapter 4) and the basic formulation of interactions between defects and imposed

stress in the form of interaction energies and forces (Chapter 5). In Chapters 6

to 15, attention is focused on the individual defects in the following order:

inclusions, inhomogeneities, point defects, dislocations, and interfaces. In most

cases, the elastic field associated with the defect in an infinite homogeneous region

is treated first. Then, the interaction of the defect with imposed stress is studied.

This sets the stage for analyzing the behavior of the defect in finite homogeneous

regions where interfaces and associated image stresses are present. Finally, in

the concluding chapter (Chapter 16), a selection of interactions between various

pairs of defects is analyzed.



1.2 Sources

Important sources for the book include the pioneering work of J. D. Eshelby,

especially Eshelby (1951; 1954; 1956; 1957; 1961), who invented imaginary

cutting, straining and bonding operations to create defects in a manner that

greatly expedites the analysis of their elastic properties. By applying potential

theory to the results of these operations and using harmonic and biharmonic

potentials and the divergence theorem (Gauss’s theorem),1 expressions for defect

interaction energies and forces on defects are obtained in the form of integrals

over surfaces enclosing the defects. The approach has connections with classic

electrostatics and electromagnetism and produces an arsenal of general expres-

sions that can be employed to treat specific defect problems. Other sources

include the indispensable treatise of Bacon, Barnett, and Scattergood (1979b),

which demonstrated that the anisotropic elasticity theory can often be applied to

defects with almost the same ease as isotropic theory, and the more recent book,

Elastic Strain Fields and Dislocation Mobility, edited by V. L. Indenbom and

J. Lothe (1992). Additional valuable sources include the books of Leibfried and

Breuer (1978) on point defects, of Teodosiu (1982) on point defects and disloca-

tions, of Hirth and Lothe (1982) on dislocations and of Mura (1987) on inclu-

sions, dislocations, and cracks. The book of Sutton and Balluffi (2006) provided

a source for material on interfaces. Finally, many journal articles must be cited,

especially those of J. Lothe and D. M. Barnett, dealing with the anisotropic

theory.

1.3 Symbols and conventions

The Roman and Greek symbols that are used most frequently are identified in

lists before the main text. Components of vectors and tensors are generally

indicated by subscripts, while the entities to which various quantities refer to

are usually indicated by superscripts: the superscripts of most importance are

also listed.

Cartesian coordinates and index notation involving either Latin or Greek

subscripts are mainly employed. For Latin subscripts, which run from 1 to 3

(unless noted otherwise), the standard repeated index summation convention is

employed. Here, any indexed quantity possessing a repeated subscript is automat-

ically summed with respect to that subscript as it runs from 1 to 3, e.g.,

xii ¼ x11 þ x22 þ x33; xixi ¼ x1x1 þ x2x2 þ x3x3; yjkzk ¼ yj1z1 þ yj2z2 þ yj3z3:

ð1:1Þ

1 Eshelby has been quoted (Bilby, 1990) as saying about this work, “Amusing applications of the

theorem of Gauss.”

2 Introduction



For Greek subscripts, this convention does not apply. Instead, summation of

quantities with Greek subscripts is indicated explicitly by the usual summation

symbol, e.g.,

X3

a¼1

xaa ¼ x11 þ x22 þ x33 6¼ xaa: ð1:2Þ

Cylindrical (r, y, z) and spherical (r, y,f) orthogonal curvilinear coordinates are

also employed, and basic formulae referred to these coordinates, rather than

Cartesian coordinates, are presented in Appendices A and G.

Complete descriptions of the elastic fields derived throughout the book, i.e., the

displacements, strains, and stresses, are normally not all presented together.

Instead, to save space, results are presented in forms that can be used to obtain

the complete descriptions relatively easily by employing standard relationships

between the various quantities. For example, when only the displacement field is

given, the corresponding strain field can be determined by simple differentiation,

and then the stress field can be obtained using Hooke’s law.

Unless noted otherwise, it can be assumed that the results presented throughout

the book are valid for general anisotropic systems. Results that are valid only for

isotropic elasticity are clearly identified to avoid any confusion.

1.4 On the applicability of linear elasticity

Linear elasticity is an approximation that describes a homogeneous crystal as a

uniform continuum in which the stress is proportional to the strain via constant

elastic coefficients. For many defect applications, this approximation is quite

adequate. It is most reliable in regions that are large enough to span a significant

number of atoms and where the atom displacements are small and consequently

proportional to the forces exerted on them. With this assumption, the effects of

the displacements associated with the solution for one elastic displacement field on

the solution for a superposed second displacement field can be neglected. The

stresses and strains obtained as a solution of one boundary value problem can

then be simply added to the solution of another problem involving other boundary

conditions; i.e., linear superposition holds for both the boundary conditions and

the solutions.

However, many of the defects of interest, such as point defects and dislocations,

possess core regions of atomic dimensions where the atoms have undergone

relatively large displacements out of the linear elastic range and find themselves

in alien atomic environments. As discussed by Read (1953), such highly disturbed

material, in which atoms are not surrounded by their usual neighbors, and for

which the linear continuum model breaks down, may be regarded as bad material,

in contrast to good material, which corresponds to defect-free crystalline material

that is, at most, elastically strained. The core region of a vacancy, for example,
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consists of a small roughly spherical region of bad material centered on the vacant

site, where neighboring atoms have relaxed and undergone relatively large dis-

placements. The core of a dislocation line consists of a long narrow cylindrical

region of bad material, and the core of an incoherent grain boundary consists of a

thin plate-like region of bad material in the transition region between the two

adjoining bulk crystals.

In view of this, the displacement field of the defect can be broken down into the

relatively small core region, where the linear theory cannot be applied, and the

much larger surrounding matrix region, where it serves as a good approximation.

A quite reliable solution can then be obtained by employing a hybrid approach, in

which the displacements in the core are determined by means of atomistic calcula-

tions and are matched to the displacements in the adjoining bulk matrix region

determined by using linear elasticity. Fortunately, such a complex calculation can

be avoided in many situations by realizing that the displacements due to the defect

generally decrease rapidly with distance into the matrix, and, at distances several

times the relevant core dimension, become insensitive to the detailed nature of the

conditions at the core–matrix interface. An acceptable solution for the elastic field

in the matrix region beyond a few core dimensions can then be obtained by the

exclusive use of linear elasticity with the core described, at most, by a few simple

parameters. Since the relevant core dimensions are relatively small, the regions

that can be treated in this manner in bodies containing defects typically extend

over essentially the entire body and have dimensions corresponding to length

scales that are of major interest. This limitation is therefore not a major drawback

under many circumstances. The difficulties of dealing with the large non-linear

displacements at defect cores can be mitigated to a degree by employing non-linear

elasticity, but this will not be considered in this book.

A further complication with the use of linear elasticity occurs when abrupt step-

like changes in bulk elastic constants are present in a system, as, for example, at

the interface between an inhomogeneous inclusion and the matrix. The assump-

tion that the bulk elastic constants in the matrix and inclusion are truly constant

right up to the interface is an approximation, since at small distances from the

interface the elastic constants of the inclusion and matrix must be affected to at

least some degree by their altered local environments, even under conditions when

the atomic displacements are relatively small. This problem can be dealt with by

employing size-dependent elasticity, where it is assumed that the elastic constants

depend upon the local environment over a specified length scale (Eringen, 2002;

Sharma and Ganti, 2003). This approach introduces additional complexities,

however, and will not be considered in this book.

4 Introduction



2 Basic elements of linear elasticity

2.1 Introduction

The basic elements of anisotropic linear elasticity are presented in concise form.

First, the deformation of an elastically strained body is described in terms of the

local displacements, strains, and rotations that occur throughout the body.

Requirements on the strains that ensure compatibility of the medium are then

described. Next, the forces acting throughout the body are described in terms of

surface tractions, body forces, and stresses. Conditions for mechanical equilib-

rium are derived. The stresses and strains are then linearly coupled via elastic

constants, and various stress–strain relationships are derived. Finally, the energy

stored in an elastically strained medium is formulated. Elements of the theory for

the special case when the medium is elastically isotropic are included,1 along with

several formulations of additional elastic quantities required for treating crystal

defects.

References include: Love (1944); Sokolnikoff (1946); Muskhelishvili (1953);

Nye (1957); Lekhnitskii (1963); Bacon, Barnett and Scattergood (1979b);

Soutas-Little (1999); Hetnarski and Ignaczak (2004) and Asaro and Lubarda

(2006).

2.2 Elastic displacement and strain

2.2.1 Straining versus rigid body rotation

When a body is elastically deformed, points within the body are generally dis-

placed by differing degrees: local regions must therefore be strained (deformed) in

various ways. To analyze the connection between the displacements and the

strains, a Cartesian coordinate system is adopted with unit base vectors êi and

coordinates xi and its origin fixed in the material. As illustrated in Fig. 2.1, a point

1 The theory of elasticity presented in this chapter holds for systems in which all displacements and

strains are purely elastic. In Chapter 3, stress-free transformation strains are introduced as a means of

mimicking crystal defects. For systems containing transformation strains the present purely elastic

formulation must therefore be modified as described in Section 3.6.



initially at the position P	 ¼ x	i êi is then displaced by the vector u	 ¼ u	i êi to the

position P0	 ¼ x0	i êi, while a closely adjacent point initially at P ¼ xiêi is displaced

by u ¼ uiêi to P0 ¼ x0iêi. The difference between the initial positions is A = P � P	

and between the final positions A0 ¼P0 �P0	. The difference between the differ-

ences is then

dA ¼ A0 � A ¼ u� u	: ð2:1Þ

The displacement of any point in the body is a function of its original position,

so that

u	i ¼ u	i ðx	1; x	2; x	3Þ
ui ¼ uiðx1; x2; x3Þ

ð2:2Þ

and by expanding to first order around ðx	1; x	2; x	3Þ,

dAi ¼ ui � uoi ¼ uoi þ
qui

qx1
A1 þ

qui

qx2
A2 þ

qui

qx3
A3

� �

� uoi ¼ qui

qxj
Aj: ð2:3Þ

Then, rewriting Eq. (2.3) in the equivalent form,

dAi ¼
1

2

qui

qxj
þ quj

qxi

� �

þ 1

2

qui

qxj
� quj

qxi

� �� �

Aj; ð2:4Þ

and introducing the symmetric quantity, eij, and the skew-symmetric quantity, oij,

defined by

eij ¼ eji �
1

2

qui

qxj
þ quj

qxi

� �

oij ¼ �oji �
1

2

qui

qxj
� quj

qxi

� �

:

ð2:5Þ

x3

A′

u°

u

O

P′°

′ P A

P

x2

x1

P°

Figure 2.1 Displacements u	 and u of points initially located at the vector positions

P	 and P, respectively.
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Equation (2.4) becomes

dAi ¼ eijAj þ oijAj; ð2:6Þ

which can be written in vector-tensor form as2

dA ¼ «AþvA; ð2:7Þ

or, in matrix form as

½dA� ¼ ½e�½A� þ ½o�½A�

¼
dA1

dA2

dA3

2

6

4

3

7

5
¼

e11 e12 e13

e12 e22 e23

e13 e23 e33

2

6

4

3

7

5

A1

A2

A3

2

6

4

3

7

5
þ

0 �o21 o13

o21 0 �o32

�o13 o32 0

2

6

4

3

7

5

A1

A2

A3

2

6

4

3

7

5
:

ð2:8Þ

The quantities qui/qxj are termed distortions, and as now shown, the eij Aj portion

of dAi represents local straining, while the oij Aj portion represents local rigid body

rotation. Therefore, « is termed the strain tensor.

2.2.1.1 Local straining and components of strain
To reveal the effect of the « tensor on A to produce the new vector, A0, we write

A0 = A + d A, where d Ai = eij Aj, so that

A0
1

A0
2

A0
3

2

4

3

5 ¼
A1

A2

A3

2

4

3

5 þ
e11 e12 e13
e12 e22 e23
e13 e23 e33

2

4

3

5

A1

A2

A3

2

4

3

5 ¼
ð1þ e11ÞA1 þ e12A2 þ e13A3

e12A1 þ ð1þ e22ÞA2 þ e23A3

e13A1 þ e23A2 þ ð1þ e33ÞA3

2

4

3

5:

ð2:9Þ

Then, according to Eq. (2.9), if A lies along ê1, as illustrated in Fig. 2.2a, it will be

transformed into the vector A0 ¼ ð1þ e11ÞAê1 þ e12Aê2 þ e13Aê3, as shown in

Fig. 2.2b. Dropping second-order terms, its length will be increased by e11A and

it will be sheared in the direction ê2 by the distance e12A, and in the direction ê3
by e13A. Similar results will be obtained when A lies initially along ê2 or ê3.

The components e11, e22, and e33 are seen to be the fractional extensions of the

local medium in the ê1, ê2, and ê3 directions, respectively, and are termed normal

strains. On the other hand, as evident in Fig. 2.2, the quantity e12 is a measure of

the extent by which the local material is sheared through the angles f1 = f2 = e12
in the ê2 and ê1 directions, respectively. It can therefore be expressed in the form

e12 = (f1 + f2)/2 = f12/2, where f12 is the total angle of shear that converts the

square cross section in Fig. 2.2 into a parallelogram. Similar results are obtained

for e13 and e23. The quantities e12, e13, and e23 are therefore identified as half the

2 The quantities eij and oij are the components of the second-rank tensors, « and v, respectively.

A second-rank tensor possesses nine components and maps one vector into another, as in Eq. (2.7),

where A is linearly transformed into d A (Nye, 1957).
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total shear angles experienced by the local material in the x3=0, x2 =0, and x1=0

planes, respectively, and are termed shear strains.3 The local deformation in the

immediate vicinity of a point is therefore completely described by six independent

components of «, i.e., the three normal strains, e11, e22, and e33, and the three shear

strains, e12 = e21, e13 = e31, and e23 = e32.

2.2.1.2 Local rigid body rotation
To reveal the effect of applying the skew-symmetric v tensor to A, as in Eq. (2.8),

we consider the general matrix equation that yields the change in A, i.e., dA, owing

to an infinitesimal right-handed rotation of A by the angle dy around an axis

parallel to the unit vector v̂. This can be written as

dA ¼ dv� A; ð2:10Þ

where dv is an infinitesimal rotation vector given by

dv ¼ dyv̂: ð2:11Þ

The vector dA is perpendicular toA and, to first order, (Aþ d A) · (Aþ d A) =A ·A.

Therefore, A remains of constant length but is rotated through the angle dy ¼
j d v � AjA�1. Then, writing out the expression for dA in full,

dA ¼ dv� A¼ð�do3A2 þ do2A3Þê1 þ ðdo3A1 � do1A3Þê2 þð�do2A1 þ do1A2Þê3
ð2:12Þ

or, alternatively,

dA1

dA2

dA3

2

4

3

5 ¼
0 �do3 do2

do3 0 �do1

�do2 do1 0

2

4

3

5

A1

A2

A3

2

4

3

5: ð2:13Þ

x2

x1

(a)

A

A 

x2
e12A

e12A

f2

f1

x1

(b)

(1+ e22)A

(1+ e11)A

Figure 2.2 Deformation of vector A, lying initially along either x1 or x2: (a) before strain,

(b) after strain.

3 The shear strain, eij (i 6¼ j), employed in this book, is a component of the strain tensor, «, and is equal

to half the “engineering shear strain,” which is often employed in the literature (e.g., Timoshenko and

Goodier, 1970) and is not the component of a tensor.
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The rotation matrix in Eq. (2.13) and the [o] matrix in Eq. (2.8), where

do1 ¼ o32 ¼
1

2

qu3

qx2
� qu2

qx3

� �

do2 ¼ o13 ¼
1

2

qu1

qx3
� qu3

qx1

� �

do3 ¼ o21 ¼
1

2

qu2

qx1
� qu1

qx2

� �

ð2:14Þ

are seen to have the same form, thus confirming that the latter matrix indeed

represents rigid body rotation.

2.2.2 Relationships for strain components

2.2.2.1 Transformation of strain components due to rotation
of coordinate system
When a strain tensor is known in a given coordinate system it is often necessary to

find an expression for the same strain when it is referred to a new coordinate

system rotated with respect to the original system. This can be accomplished after

first finding the relationship between a given vector displacement referred to the

old system and then to the new system.

Let u ¼ uiêi and u0 ¼ u0iê
0
i represent the same displacement vector referred

to the old and new coordinate systems, respectively. The components of

the vector in the new system in terms of its components in the old system

are then

u0i ¼ ðu1ê1 þ u2ê2 þ u3ê3Þ � ê0i ¼ ujðêj � ê0iÞ ¼ lijuj or ½u0� ¼ ½l�½u�; ð2:15Þ

where lij is the cosine of the angle between ê0i and êj. Conversely, the old components

in terms of the new components are given by

ui ¼ ðu01ê01 þ u02ê
0
2 þ u03ê

0
3Þ � êi ¼ u0jðê0j � êiÞ ¼ ljiu

0 or ½u� ¼ ½l�T½u0�: ð2:16Þ

Solving Eq. (2.15) for [u],

½u� ¼ ½l��1½u0� ð2:17Þ

and, by comparing Eqs. (2.16) and (2.17),

½l�T ¼ ½l��1: ð2:18Þ

Therefore,

½l�½l�T ¼ ½l�T½l� ¼ ½I�: ð2:19Þ

Every column vector and row vector in [l] is a unit vector, and every pair of

column vectors and every pair of row vectors is orthogonal. Therefore, [l] is

termed a unitary orthogonal matrix.
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The deformation of the vector A in the old coordinate system and in the new

system by the strain tensor will be of the respective forms

½dA� ¼ ½e�½A� ½dA0� ¼ ½e0�½A0� : ð2:20Þ

The transformation matrix [l] for the vector u in Eq. (2.15) will also apply to the

vectors d A0 and A0 in Eq. (2.20), and therefore

½dA0� ¼ ½e0�½A0�
½l�½dA� ¼ ½e0�½l�½A�
½dA� ¼ ½l�T½e0�½l�½A�:

ð2:21Þ

Then, comparing this result with Eq. (2.20), the strain tensors referred to the two

systems are related by

½e� ¼ ½l�T½e0�½l� ð2:22Þ

and, by inverting Eq. (2.22) by use of Eq. (2.18),

½e0� ¼ ½l�½e�½l�T: ð2:23Þ

The transformations given by Eqs. (2.22) and (2.23) may also be expressed in the

component forms:

e0ij ¼ limljnemn; ð2:24Þ

eij ¼ lmilnje
0
mn: ð2:25Þ

All second-rank tensors follow these transformation laws.

2.2.2.2 Principal coordinate system for strain tensor
Using these results it is now shown that for any state of strain it is always possible

to find a coordinate system, termed the principal coordinate system, that causes the

strain tensor to take the simple diagonal matrix form4

~e½ � ¼
~e11 0 0

0 ~e22 0

0 0 ~e22

2

4

3

5; ð2:26Þ

where the diagonal elements are known as the principal strains. When the principal

coordinate system is employed, and the strain tensor, in the form of Eq. (2.26), is

applied to various vectors in the medium, it is readily seen that a vector lying along

any one of the three coordinate axes (i.e., the three principal directions) remains

non-rotated and simply undergoes a fractional change in length corresponding to

the principal strain along that axis. The principal directions are therefore special

directions in which vectors embedded in the medium are simply changed in length

4 All quantities referred to a principal coordinate system in this section are distinguished by a tilde, as

in Eq. (2.26).
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(or scaled) by the corresponding principal strains and not rotated as the result of a

general strain. The unit vectors along the three principal directions and the three

principal strains correspond, respectively, to the eigenvectors and eigenvalues of

the strain tensor.

To find the eigenvalues and eigenvectors of a general strain tensor, «, start with

Eq. (2.20), i.e.,

½dA� ¼ ½e�½A� ð2:27Þ

for the case where the strain tensor is applied to a vector A. The condition that A is

simply scaled by the factor l is therefore

½e�½A� ¼ l½A� ð2:28Þ

or, equivalently,

ðe11 � lÞA1 þ e12A2 þ e13A3 ¼ 0

e12A1 þ ðe22 � lÞA2 þ e23A3 ¼ 0

e13A1 þ e23A2 þ ðe33 � lÞA3 ¼ 0:

ð2:29Þ

For this set of simultaneous linear equations to have a non-trivial solution, the

determinantal condition

det

ðe11 � lÞ e12 e13
e12 ðe22 � lÞ e23
e13 e23 ðe33 � lÞ

2

4

3

5 ð2:30Þ

must be satisfied. The three roots (l1, l2, l3) of the cubic equation obtained from

the determinant are then the three eigenvalues of «. The corresponding eigenvec-

tors can then be found by substituting the eigenvalues into Eq. (2.29).

As an example, consider finding the eigenvalues and eigenvectors of the tensor

(in arbitrary units)

e½ � ¼
1 1 0

1 2 0

0 0 1

2

4

3

5: ð2:31Þ

The equation corresponding to Eq. (2.29) is

ð1� lÞA1 þ A2 ¼ 0

A1 þ ð2� lÞA2 ¼ 0

ð1� lÞA3 ¼ 0:

ð2:32Þ

The determinant corresponding to Eq. (2.30) is

det

ð1� lÞ 1 0

1 ð2� lÞ 0

0 0 ð1� lÞ

2

4

3

5: ð2:33Þ
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The three eigenvalue solutions of the cubic equation obtained from Eq. (2.33) are

l1 ¼ 3�
ffiffi

5
p

2
l2 ¼ 1 l3 ¼ 3þ

ffiffi

5
p

2
: ð2:34Þ

Then, substituting these eigenvalues into Eq. (2.32), and solving for the correspon-

ding eigenvectors, the following three orthogonal unit vectors are obtained, which

are suitable as the base vectors for a right-handed principal coordinate system:

~e1 ¼
p

pq

0

2

4

3

5 ~e2 ¼
0

0

�1

2

4

3

5 ~e3 ¼
r

rs

0

2

4

3

5; ð2:35Þ

where p¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

5þ
ffiffi

5
pð Þ=10

p

, q¼ 1�
ffiffi

5
pð Þ=2, r¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

5�
ffiffi

5
pð Þ=10

p

, and s¼ 1þ
ffiffi

5
pð Þ=2. Finally, Eq. (2.23) is

used to confirm that the strain tensor expressed in this principal coordinate system

has the expected diagonal form. From Eq. (2.35), the required direction cosine

matrix linking the new (principal) coordinate axes to the original coordinate axes is

l½ � ¼
p pq 0

0 0 �1

r rs 0

2

4

3

5 ð2:36Þ

and substituting this into Eq. (2.23), and employing Eq. (2.34),

½~e� ¼ ½l�
1 1 0

1 2 0

0 0 1

2

6

4

3

7

5
½l�T ¼

p pq 0

0 0 �1

r rs 0

2

6

4

3

7

5

1 1 0

1 2 0

0 0 1

2

6

4

3

7

5

p 0 r

pq 0 rs

0 �1 0

2

6

4

3

7

5

¼
3�

ffiffiffi

5
p� �

=2 0 0

0 1 0

0 0 3þ
ffiffiffi

5
p� �

=2

2

6

4

3

7

5
¼

l1 0 0

0 l2 0

0 0 l3

2

6

4

3

7

5
;

ð2:37Þ

as expected.

2.2.2.3 Strain ellipsoid
The deformation associated with the strain in a local region that is sufficiently

small that the strain is essentially uniform, can be readily visualized by employing

the principal coordinate system. Imagine a small volume in this local region

bounded by a spherical surface of radius R obeying

~x21 þ ~x22 þ ~x23 ¼ R2 ð2:38Þ

before the application of the strain. In the principal coordinate system the ~xi will

be transformed by the strain (see Eq. (2.9)) according to

~x01

~x02

~x03

2

6

4

3

7

5
¼

~x1

~x2

~x3

2

6

4

3

7

5
þ

~e11 0 0

0 ~e22 0

0 0 ~e33

2

6

4

3

7

5

~x1

~x2

~x3

2

6

4

3

7

5
¼

~x1ð1þ ~e11Þ
~x2ð1þ ~e22Þ
~x3ð1þ ~e33Þ

2

6

4

3

7

5
: ð2:39Þ
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Substitution of Eq. (2.39) into Eq. (2.38) then yields

ð~x01Þ
2

R2ð1þ ~e11Þ2
þ ð~x02Þ

2

R2ð1þ ~e22Þ2
þ ð~x03Þ

2

R2ð1þ ~e33Þ2
¼ 1: ð2:40Þ

The initially spherical volume is therefore converted into an ellipsoid, termed the

strain ellipsoid, possessing semi-axes Rð1þ ~e11Þ, Rð1þ ~e22Þ, and Rð1þ ~e33Þ. Also,

the fractional volume change due to the strain, ~e, is given by

~e ¼ V0 � V

V
¼ Rð1þ ~e11ÞRð1þ ~e22ÞRð1þ ~e33Þ � R3

R3
¼ ~e11 þ ~e22 þ ~e33 ¼ ~eii; ð2:41Þ

which, with the aid of Eq. (2.5), can also be expressed as

~e ¼ q~u1

qx1
þ q~u2

qx2
þ q~u3

qx3
¼~r � ~u: ð2:42Þ

The fractional volume change, ~e, or cubical dilatation, is therefore equal to

the trace of the strain tensor, or, alternatively, the divergence of the displacement

vector. An important feature of the cubical dilatation is that it is invariant

with respect to the choice of coordinate system. With the aid of Eq. (2.24), and

since [l] is a unitary orthogonal matrix, it is readily verified that

ðe11 þ e22 þ e33Þ ¼ e ¼ ðe011 þ e022 þ e033Þ ¼ e0 ¼ r � u ¼ r � u0 for any choice of orth-
ogonal coordinate system.

2.2.2.4 Strain compatibility
So far, expressions for the six strains, which are functions of x1, x2, x3, have been

derived by using Eq. (2.5) from three displacements, each of which is a continuous

function of x1, x2, x3. Consider now the inverse problem of finding the three

displacements when the six strains are obtained without the use of Eq. (2.5).

It can be seen immediately that it may not then be possible to obtain three

continuous displacement functions from these strains by integration. Physically,

if it is imagined that the unstrained body is initially diced up into an ensemble of

adjoining cubical volume elements, each of which is then subjected to six arbitrary

strains, the volume elements may not fit back together again when an attempt is

made to rejoin them: i.e., various gaps and mismatches may remain. Clearly, the

six strains cannot be specified independently, and certain restrictions on them

must exist. The equations expressing these constraints are known as the equations

of compatibility.

To find these equations, consider a point in the body at P0 ¼ x0iêi and a second

point some distance away at P00 ¼ x00i êi, where the displacements are u0 and u00,
respectively. If there are no gaps or mismatches in the medium after straining, the

difference u00 – u0 should be expressible as a line integral of d u along a curve C

from P0 to P00 that is independent of the path. The line integral can be written as

u00j � u0j ¼
ð

C

duj ð2:43Þ
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and, since duj = (quj/qxk)dxk, and quj/qxk = ejk þ ojk,

u00j � u0j ¼
ð

C

quj

qxk
dxk ¼

ð

C

ejkdxk þ
ð

C

ojkdxk: ð2:44Þ

The last integral in Eq. (2.44) can be integrated by parts to obtain

ð

C

ojkdxk ¼ ðo00
jkx

00
k � o0

jkx
0
kÞ �

ð

C

xk
qojk

qxl
dxl: ð2:45Þ

Putting Eq. (2.45) into Eq. (2.44),

u00j � u0j ¼ ðo00
jkx

00
k � o0

jkx
0
kÞ þ

ð

C

ejl � xk
qojk

qxl

� �

dxl: ð2:46Þ

Then, by differentiating Eq. (2.5),

qojk

qxl
¼ qelj

qxk
� qelk

qxj
ð2:47Þ

and substituting this into Eq. (2.46),

u00j � u0j ¼ ðo00
jkx

00
k � o0

jkx
0
kÞ þ

ð

C

Ujldxl; ð2:48Þ

where

Ujl ¼ ejl � xk
qelj

qxk
� qelk

qxj

� �

: ð2:49Þ

For u00j � u0j, given by Eq. (2.48), to be independent of the path, Ujl dxl must be an

exact differential, thus requiring

qUji

qxl
¼ qUjl

qxi
: ð2:50Þ

Substitution of Eq. (2.49) into Eq. (2.50) then yields

qeji

qxl
� dkl

qeij

qxk
� qeki

qxj

� �

� qejl

qxi
þ dki

qelj

qxk
� qekl

qxj

� �� �

� xk
q2eij

qxlqxk
� q2eki

qxlqxj
� q2elj

qxiqxk
þ q2ekl

qxiqxj

" #

¼ 0:

ð2:51Þ

The first term in square brackets in Eq. (2.51) vanishes, and since xk can be varied

independently, the second term in brackets must also vanish. Therefore, the

strains must satisfy

q2eij

qxlqxk
� q2eki

qxlqxj
� q2elj

qxiqxk
þ q2ekl

qxiqxj
¼ 0: ð2:52Þ
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Equation (2.52) embodies 34 = 81 equations, some of which are satisfied identically

and others repeated because of symmetries in the four-indices groupings. Detailed

examination shows that only the following six equations, known as the equations of

compatibility, need be retained:

2
q2e23

qx2qx3
� q2e22

qx23
� q2e33

qx22
¼ C11 ¼ 0

q2e33

qx1qx2
þ q

qx3
� qe23

qx1
� qe13

qx2
þ qe12

qx3

� �

¼ C12 ¼ 0

2
q2e13

qx1qx3
� q2e11

qx23
� q2e33

qx21
¼ C22 ¼ 0

q2e22

qx1qx3
þ q

qx2
� qe23

qx1
þ qe13

qx2
� qe12

qx3

� �

¼ C13 ¼ 0

2
q2e12

qx1qx2
� q2e11

qx22
� q2e22

qx21
¼ C33 ¼ 0

q2e11

qx2qx3
þ q

qx1
þ qe23

qx1
� qe13

qx2
� qe12

qx3

� �

¼ C23 ¼ 0:

ð2:53Þ

Alternatively, these six equations can be expressed more compactly as elements of

the symmetric incompatibility tensor, C, having components

Cij ¼
q2eij

qxmqxm
þ q2emm

qxiqxj
� q2eim

qxjqxm
� q2ejm

qxiqxm
� q2emm

qxnqxn
� q2emn

qxmqxn

� �

dij

¼ �eikpejlq
q2epq

qxkqxl
¼ 0:

ð2:54Þ

2.3 Traction vector, stress tensor, and body forces

Consider a stressed body, V 	, containing within it a region, V , enclosed by an

internal surface, S, as in Fig. 2.3. Region V will generally be subjected to two

types of forces: i.e., forces exerted on its surface, S, by the outside medium, and

internal body forces due, for example, to gravitational or magnetic fields.

2.3.1 Traction vector and components of stress

The force, DF, experienced by an element of the surface, S, such as DS in Fig. 2.3,

depends upon the local stress field and the inclination of the surface element as

indicated by its positive unit normal, n̂,5 i.e.,

�F ¼ �Fðn̂Þ: ð2:55Þ

The traction vector acting on DS is then defined as

Tðn̂Þ � Lim
�S!0

�Fðn̂Þ
�S

: ð2:56Þ

5 Throughout the book, the convention is adopted that positive unit normal vectors to closed surfaces

point in the outward direction.
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Consider now the three planar surfaces corresponding to the three xi = constanti
planes passing through a point P(x) within V as in Fig. 2.4. Each surface is

subjected to a traction vector, and the nine components of the three traction vectors

will be seen (Eq. (2.59)) to correspond to the nine components, sij, of a tensor, s,

termed the stress tensor at the point P. The component normal to each plane is

termed a normal stress, while the two components parallel to each plane are shear

stresses. The accompanying arrow indicates its direction. The subscript i identifies

ˆ n ∆F( ˆ n )

∆S

x

O

V º, S ºS,V

Figure 2.3 Region,V , (dashed) enclosed by the surface, S, within a larger stressed body,V 	.
Force �Fðn̂Þ acts on surface element, D S, with positive unit normal n̂. Orthogonal

coordinate system shown with field vector, x.

x3

s31

n̂ T

s11 P s21 x2

x1

(a)

ˆ n s12

s22 P

T 

s32

(d)

s33

ˆ 

T 

P s23
s13

(c)

n 

ˆ 

s32

T

s22

s12

(b)

n

P

Figure 2.4 (a–c) The three traction vectors, T, and nine components of stress, sij, acting

on the three surfaces with unit normal vectors, n̂ ¼ ê1, n̂ ¼ ê2 and n̂ ¼ ê3, respectively, at

the point P(x). Arrows indicate positive stress directions. (d) Same as (b) except that the

unit normal vector to surface has been reversed.
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the axis along which the stress is directed, and j identifies the axis that is normal to

the plane on which it acts. A stress component acting on a plane whose outward

normal is pointed along a positive axis direction is positive if it is directed along a

positive axis direction. Otherwise, it is negative. When a component is acting on a

plane whose outward normal is pointed along a negative axis direction the

situation is reversed, and the component is positive when it is directed along a

negative axis direction. A normal stress component is therefore positive when

extensive and negative when compressive. All of the stress components indicated

in Fig. 2.4 are seen to be positive and the normal stresses extensive.

To find the traction vector acting on a surface of arbitrary inclination at a point P

in terms of the local stresses, consider the infinitesimal tetrahedral volume

element centered on P illustrated in Fig. 2.5. The surface of interest is the front

ABC face at the inclination n̂, and each of the three back faces is perpendicular to a

coordinate axis. If the area of ABC is dS, the area of the back face with normal ê1 is

dS1 ¼ ðn̂ � ê1ÞdS ¼ n̂1dS. For mechanical equilibrium the sum of all forces acting

on the tetrahedron parallel to the x1 direction must vanish. The stress components

anti-parallel to ê1 at the back faces are shown dashed in Fig. 2.5. The net force

parallel to the x1 direction is then

�s11n̂1dS� s12n̂2dS� s13n̂3dSþ T1dS ¼ 0 ð2:57Þ

and, therefore,

T1 ¼ s11n̂1 þ s12n̂2 þ s13n̂3; ð2:58Þ

where all quantities refer to the point P(x). Similar results are obtained for the

forces along x2 and x3, so that, in general,

Ti ¼ sijn̂j or T½ � ¼ s½ �½n̂�: ð2:59Þ

and s is seen as a second-rank tensor mapping n̂ into T.

x3 C

s11

s12
ˆ n

P s13

BD

A
T( ˆ n )

x2

x1

Figure 2.5 Infinitesimal tetrahedral volume element embedded in stressed body at field

point P(x); Tðn̂Þ is the traction vector acting at P on face ABC with outward normal n̂.

s11, s12, and s13 stresses act on BCD, ACD and ABD, respectively.
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2.3.2 Body forces

Body forces, such as gravitational or magnetic forces, are generally represented

by body force density distributions, f(x1, x2, x3). Point forces can readily be repre-

sented by force distributions in the form of delta functions (see Appendix D). The

total body force imposed on V is then

Fi ¼ ∰
V

fiðxÞdV: ð2:60Þ

2.3.3 Relationships for stress components and body forces

2.3.3.1 Requirements for mechanical equilibrium
The requirement of mechanical equilibrium imposes conditions on the compon-

ents of stress and body forces, and the nine stress components introduced previ-

ously are therefore not independent. Consider again the enclosed region V in

Fig. 2.3 with body forces present. If fi(x) is the distribution of body force density,

the total force on V along x1 is

F1 ¼ ∰
V

f1dV þ∯
S

T1dS; ð2:61Þ

where the first term sums the body forces over V and the second the tractions

exerted on S. Applying the divergence theorem to the surface integral,

∯
S

T1dS ¼ ∯
S

ðs11n̂1 þ s12n̂2 þ s13n̂3ÞdS ¼ ∰
V

qs11

qx1
þ qs12

qx2
þ qs13

qx3

� �

dV; ð2:62Þ

and putting the result into Eq. (2.61),

F1 ¼ ∰
V

f1 þ
qs11

qx1
þ qs12

qx2
þ qs13

qx3

� �

dV: ð2:63Þ

Since F1 must vanish at equilibrium, and since Eq. (2.63) must apply throughoutV ,

qs11

qx1
þ qs12

qx2
þ qs13

qx3
þf1 ¼ 0: ð2:64Þ

Similar considerations hold along x2 and x3, so that, in general,

qsijðxÞ
qxj

þ fiðxÞ ¼ 0; ð2:65Þ

which is known as the equation of equilibrium for the stresses and body forces.

18 Basic linear elasticity



Further relationships between the stress components are obtained from the

condition that the total moment due to the tractions on S and the distribution

of body force density in V must vanish. Consider first the net moment around ê1
given by

∰
V

ð f3x2 � f2x3ÞdV þ∯
S

T3x2 � T2x3ð ÞdS ¼ 0: ð2:66Þ

Using the divergence theorem and Eqs. (2.59) and (2.65) to convert the surface

integral term in Eq. (2.66) to a volume integral

∯
S

ðT3x2 � T2x3ÞdS ¼ ∰
V

s32 � s23 þ x2
qs31

qx1
þ qs32

qx2
þ qs33

qx3

� �

� x3
qs21

qx1
þ qs22

qx2
þ qs23

qx2

� �� �

dV

¼∰
V

ðs32 � s23 � f3x2þf2x3ÞdV: ð2:67Þ

Then, substituting Eq. (2.67) into Eq. (2.66),

∰
V

ðs32 � s23ÞdV ¼ 0: ð2:68Þ

Since dV is arbitrary within V , the condition s32 = s23 must be satisfied. Similar

considerations of the moments about ê2 and ê3 show that s13 = s31 and s12 = s21,

so that, in general,

sij ¼ sji: ð2:69Þ

The stress tensor must therefore be symmetric. This reduces the number of stress

components that must be specified to define the state of stress at a point from nine

to six, i.e., to the three normal stresses, s11, s22, and s33, and the three shear

stresses, s12 = s21, s13 = s31, and s23 = s32.

2.3.3.2 Transformation of stress components due to rotation
of coordinate system
Equation (2.59) shows that the matrix [s] maps one vector into another, thus

establishing s as a second-rank tensor. The transformation laws for the stress

components are therefore of the same form as those for the strain components

given by Eqs. (2.24) and (2.25), i.e.,

s0ij ¼ limljnsmn sij ¼ lmilnjs
0
mn: ð2:70Þ

If both sides of the two expressions in Eq. (2.70) are summed over the three

normal stresses, it is found that, since [l ] is an orthogonal unitary matrix, the

sum of the normal stresses, Y, in each coordinate system is identical, i.e.,
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s011 þ s022 þ s033 ¼ s11 þ s22 þ s33 ¼ Y: ð2:71Þ

The result that Y, the trace of the stress tensor, is invariant, is analogous to the

result in Section 2.2.2.3 that the sum of the normal strains, i.e., the cubical dilata-

tion, is an invariant of the strain tensor.

2.3.3.3 Principal coordinate system for stress tensor
Since the stress tensor is a second-rank tensor, a principal coordinate system

can be found by using the same general procedure employed in Section 2.2.2.2

to obtain the principal coordinate system for the strain tensor. To obtain this

coordinate system, start with Eq. (2.59), which yields the traction exerted on

a plane with normal n̂ due to the stress tensor. In the principal coordinate

system, where the stress tensor is diagonalized, and the diagonal elements

correspond to the principal stresses, the tractions on the three planes normal

to the principal axes therefore consist only of the principal normal stresses,

i.e., no shear stresses are exerted on these planes. Using Eq. (2.59), this condi-

tion is therefore

T1
T2
T3

2

4

3

5 ¼
s11 s12 s13
s12 s22 s23
s13 s23 s33

2

4

3

5

n̂1
n̂2
n̂3

2

4

3

5 ¼
ln̂1
ln̂2
ln̂3

2

4

3

5 ð2:72Þ

or,

ðs11 � lÞn̂1 þ s12n̂2 þ s13n̂3 ¼ 0

s12n̂1 þ ðs22 � lÞn̂2 þ s23n̂3 ¼ 0

s13n̂1 þ s23n̂2 þ ðs33 � lÞn̂3 ¼ 0;

ð2:73Þ

which may be compared to Eq. (2.29) for the strain tensor. Then, following the

same procedure used for the strain tensor in Section 2.2.2.2, the three eigenvalues,

li, and their corresponding eigenvectors, can be obtained, and the principal

coordinate system can be constructed by employing the eigenvectors. The stress

tensor then assumes the diagonal form

~s½ � ¼
l1 0 0

0 l2 0

0 0 l3

2

4

3

5 ¼
~s11 0 0

0 ~s22 0

0 0 ~s33

2

4

3

5 ð2:74Þ

and the tractions on the three planes normal to the principal axes correspond,

respectively, to the three principal stresses, ~saa.

For an isotropic system, substitution of Hooke’s law in the form of Eq. (2.122)

into Eq. (2.74) shows that the principal coordinate systems for the stress and strain

tensors must be identical.
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2.4 Linear coupling of stress and strain

2.4.1 Stress as a function of strain

For small elastic displacements it is expected that the deformation (strain) will

vary in proportion to the force (stress) in accordance with Hooke’s law. The most

general linear relationship for stress as a function of strain is then

sij ¼ Cijklekl; ð2:75Þ

which, written in matrix form, appears as

½s� ¼ ½C�½e�; ð2:76Þ

where

s11
s22
s33
s23
s31
s12
s32
s13
s21

2

6

6

6

6

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

7

7

7

7

5

¼

C1111 C1122 C1133 C1123 C1131 C1112 C1132 C1113 C1121

C2211 C2222 C2233 C2223 C2231 C2212 C2232 C2213 C2221

C3311 C3322 C3333 C3323 C3331 C3312 C3332 C3313 C3321

C2311 C2322 C2333 C2323 C2331 C2312 C2332 C2313 C2321

C3111 C3122 C3133 C3123 C3131 C3112 C3132 C3113 C3121

C1211 C1222 C1233 C1223 C1231 C1212 C1232 C1213 C1221

C3211 C3222 C3233 C3223 C3231 C3212 C3232 C3213 C3221

C1311 C1322 C1333 C1323 C1331 C1312 C1332 C1313 C1321

C2111 C2122 C2133 C2123 C2131 C2112 C2132 C2113 C2121

2

6

6

6

6

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

7

7

7

7

5

e11
e22
e33
e23
e31
e12
e32
e13
e21

2

6

6

6

6

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

7

7

7

7

5

:

ð2:77Þ

The 81 constant coefficients, Cijkl, are termed elastic stiffnesses and constitute the

components of a fourth-rank tensor, C, that maps the second-rank strain tensor,

«, into the second rank stress tensor, s.6 The number of elastic stiffnesses that is

required is lower than the 81 shown because of certain existing symmetries. Since

the stress and strain components are symmetric, it follows that the Cijkl must have

the symmetry properties

Cijkl ¼ Cjikl ¼ Cijlk ¼ Cjilk: ð2:78Þ

A further symmetry property is obtained by examining the Helmholtz free energy,

F, of an elastically strained body. The change of internal energy of any system due

to a reversible exchange of heat and work with the environment at constant

temperature is given by the combined expression for the first and second law of

thermodynamics,

dU ¼ dQ� dW ¼ TdS� dW ; ð2:79Þ

where U ¼ internal energy, Q ¼ heat, W ¼ work performed by the system,

T ¼ temperature and S ¼ entropy. Equation (2.135) shows that the work (per unit

6 In general, a fourth-rank tensor maps a second-rank tensor into another second-rank tensor (Nye,

1957).
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volume) required to elastically strain a body homogeneously is sij d eij. Therefore,

for a strained body of volume V, the work term in Eq. (2.79) is of the form

dW ¼ �Vsijdeij ð2:80Þ

and the change in Helmholtz free energy per unit volume, at constant temperature,

is therefore

dfT ¼ du� Tds ¼ sijdeij ¼ Cijklekldeij ð2:81Þ

after employing Eq. (2.75). Then, differentiating Eq. (2.81),

q2fT

qeijqekl
¼ Cijkl: ð2:82Þ

Since fT is a state function, and therefore a perfect differential, the left side of

Eq. (2.82) is unchanged and symmetrical with respect to the interchange of ij and kl.

The symmetry relationship

Cijkl ¼ Cklij ð2:83Þ
must therefore apply. By applying the above symmetry properties of Cijkl, and

those of sij and eij, to Eq. (2.77), it reduces to

s11
s22
s33
s23
s31
s12
s23
s31
s12

2

6

6

6

6

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

7

7

7

7

5

¼

C1111 C1122 C1133 C1123 C1131 C1112 C1123 C1131 C1112

C1122 C2222 C2233 C2223 C2231 C2212 C2223 C2231 C2212

C1133 C2233 C3333 C3323 C3331 C3312 C3323 C3331 C3312

C1123 C2223 C3323 C2323 C2331 C2312 C2323 C2331 C2321

C1131 C2231 C3331 C2331 C3131 C3112 C2331 C3131 C3112

C1112 C2212 C3312 C2312 C3112 C1212 C2312 C3112 C1212

C1123 C2223 C3323 C2323 C2331 C2312 C2323 C2331 C2312

C1131 C2231 C3331 C2331 C3131 C3112 C2331 C3131 C3112

C1112 C2212 C3312 C2312 C3112 C1212 C2312 C3112 C2112

2

6

6

6

6

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

7

7

7

7

5

e11
e22
e33
e23
e31
e12
e23
e31
e12

2

6

6

6

6

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

7

7

7

7

5

;

ð2:84Þ

which contains only 21 independent elastic constants.

The transformation law for the components of a fourth-rank tensor, such as C,

due to a rotation of its coordinate system can now be found by using the transform-

ation law for second-rank tensors. Substituting Eq. (2.25) into Eq. (2.75),

sgh ¼ Cghmnemn ¼ Cghmnlkmllne
0
kl: ð2:85Þ

Then, multiplying Eq. (2.85) through by ligljh and using Eq. (2.70),

ligljhsgh ¼ ligljhCghmnlkmllne
0
kl ¼ s0ij: ð2:86Þ

However, in the new system,

s0ij ¼ C0
ijkle

0
kl ð2:87Þ

and, comparing Eqs. (2.86) and (2.87), the transformation law is found to be

C0
ijkl ¼ ligljhCghmnlkmlln: ð2:88Þ
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Equation (2.84) can be written more compactly by eliminating redundancies and

employing contracted matrix notation, in which the Cijkl are written in the form Cmn

where m and n correspond to the paired indices ij and kl, respectively, according

to the scheme (see Nye, 1957)

ij or kl ¼ 11 22 33 23; 32 31; 13 12; 21
m or n ¼ 1 2 3 4 5 6

ð2:89Þ

and the sij and eij in the 9 � 1 column matrices are transformed according to

s11 s12 s13
s12 s22 s23
s13 s23 s33

2

4

3

5!
s1 s6 s5
s6 s2 s4
s5 s4 s3

2

4

3

5;

e11 e12 e13
e12 e22 e23
e13 e23 e33

2

4

3

5!
e1 e6=2 e5=2

e6=2 e2 e4=2
e5=2 e4=2 e3

2

4

3

5:

ð2:90Þ
Using this notation, Eq. (2.84) is reduced to the simpler form

s1
s2
s3
s4
s5
s6

2

6

6

6

6

6

6

4

3

7

7

7

7

7

7

5

¼

C11 C12 C13 C14 C15 C16

C12 C22 C23 C24 C25 C26

C13 C23 C33 C34 C35 C36

C14 C24 C34 C44 C45 C46

C15 C25 C35 C45 C55 C56

C16 C26 C36 C46 C56 C66

2

6

6

6

6

6

6

4

3

7

7

7

7

7

7

5

e1
e2
e3
e4
e5
e6

2

6

6

6

6

6

6

4

3

7

7

7

7

7

7

5

; ð2:91Þ

in which, however, 21 independent elastic constants remain, as previously.

The existence of symmetry elements in the crystalline medium to which the Cijkl

tensor applies further reduces the number of independent elastic constants in a

manner that depends upon the extent of the symmetry. For triclinic crystals, which

possess only a center of symmetry, or no symmetry at all, the number remains

at 21, while for cubic crystals, with their relatively large number of symmetry

elements, the number is reduced to three. As described by Nye (1957), the effects

of symmetry can be determined in a systematic manner by transforming the

coordinate system used for the elastic constant tensor according to each existing

symmetry element operation and requiring that the tensor remain unchanged.

For example, for cubic crystals referred to an orthogonal coordinate system based

on the axes of the standard cubic unit cell, the tensor must be invariant to three-

fold rotation of the coordinate system around the four diagonals of the cell.

The procedure is tedious, and, since a detailed description is given by Nye

(1957), it will not be reproduced here. As an example, the results for a cubic

crystal take the relatively simple form

s1
s2
s3
s4
s5
s6

2

6

6

6

6

6

6

4

3

7

7

7

7

7

7

5

¼

C11 C12 C12 0 0 0

C12 C11 C12 0 0 0

C12 C12 C11 0 0 0

0 0 0 C44 0 0

0 0 0 0 C44 0

0 0 0 0 0 C44

2

6

6

6

6

6

6

4

3

7

7

7

7

7

7

5

e1
e2
e3
e4
e5
e6

2

6

6

6

6

6

6

4

3

7

7

7

7

7

7

5

ð2:92Þ

when referred to the cubic axes coordinate system.
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2.4.2 Strain as a function of stress

To obtain the strain as a function of stress, Eq. (2.75) is inverted so that

eij ¼ Sijklskl; ð2:93Þ
where the 81 Sijkl coefficients are termed elastic compliances. Just as for the elastic

stiffnesses, the Sijkl constitute the components of a fourth-rank tensor, and, therefore

obey the same transformation law as the Cijkl tensor components. The Sijkl and Cijkl

have the same symmetry properties, and a Sijkl matrix containing 21 independent

elements analogous to the Cijkl matrix in Eq. (2.84) can therefore be developed.

Using this, a contracted matrix equation analogous to Eq. (2.91) can be written by

using the rules given by Eqs. (2.89) and (2.90), along with the added rules:

Sijkl ¼ Smn when m and n are independently 1; 2; or 3;

2Sijkl ¼ Smn when either m or n are 4; 5; or 6; ð2:94Þ

4Sijkl ¼ Smn when both m and n are 4; 5;or 6:

The resulting equation is then

e1
e2
e3
e4
e5
e6

2

6

6

6

6

6

6

4

3

7

7

7

7

7

7

5

¼

S11 S12 S13 S14 S15 S16
S12 S22 S23 S24 S25 S26
S13 S23 S33 S34 S35 S36
S14 S24 S34 S44 S45 S46
S15 S25 S35 S45 S55 S56
S16 S26 S36 S46 S56 S66

2

6

6

6

6

6

6

4

3

7

7

7

7

7

7

5

s1
s2
s3
s4
s5
s6

2

6

6

6

6

6

6

4

3

7

7

7

7

7

7

5

: ð2:95Þ

Crystal symmetry reduces the number of independent Sij further in the same

manner as previously for the Cij, and, for example, for a cubic crystal,

e1
e2
e3
e4
e5
e6

2

6

6

6

6

6

6

4

3

7

7

7

7

7

7

5

¼

S11 S12 S12 0 0 0

S12 S11 S12 0 0 0

S12 S12 S11 0 0 0

0 0 0 S44 0 0

0 0 0 0 S44 0

0 0 0 0 0 S44

2

6

6

6

6

6

6

4

3

7

7

7

7

7

7

5

s1
s2
s3
s4
s5
s6

2

6

6

6

6

6

6

4

3

7

7

7

7

7

7

5

; ð2:96Þ

which may be compared with Eq. (2.92).7

Relationships between the Sijkl and Cijkl tensors (and therefore the Sij and Cij

quantities) are readily found by first writing Eqs. (2.91) and (2.95) in thematrix forms

½s� ¼ ½C�½e� ½e� ¼ ½S�½s� : ð2:97Þ

Then, substituting the first expression into the second,

½S� ¼ ½C��1 ½C� ¼ ½S��1 ½C�½S� ¼ ½S�½C� ¼ ½I� ; ð2:98Þ

7 It is emphasized that the contracted Cij and Sij quantities in these expressions are not components of

second-rank tensors, despite their appearance with two indices. This must be taken into account in

problems involving the rotation of coordinate systems.
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so that, in contracted matrix form,

CijSjk ¼ SijCjk ¼ dik ð2:99Þ

and, in full fourth-rank matrix form,

CijmnSmnkl ¼ SijmnCmnkl ¼ dikdjl: ð2:100Þ

Using Eqs. (2.92), (2.96), and (2.98), the relationships between the Cij and Sij
quantities for a cubic crystal are then, for example,

C11 ¼
S11 þ S12

ðS11 � S12ÞðS11 þ 2S12Þ
C12 ¼

�S12

ðS11 � S12ÞðS11 þ 2S12Þ
C44 ¼

1

S44

S11 ¼
C11 þ C12

ðC11 � C12ÞðC11 þ 2C12Þ
S12 ¼

�C12

ðC11 � C12ÞðC11 þ 2C12Þ
S44 ¼

1

C44
:

ð2:101Þ

2.4.3 “Corresponding” elastic fields

If two elastic fields, A and B, have stresses and strains coupled by the same elastic

constants, then

sAij e
B
ij ¼ sBij e

A
ij : ð2:102Þ

This can be verified by substituting Hooke’s law and using the symmetry property,

Cijmn = Cmnij, of the Cijmn tensor, i.e.,

sAij e
B
ij ¼ Cijmne

A
mne

B
ij ¼ Cmnije

A
mne

B
ij ¼ Cijmne

A
ij e

B
mn ¼ sBij e

A
ij : ð2:103Þ

If the eAij and eBij strains are both compatible, and therefore can be expressed by

Eq. (2.5), it follows that

sAij e
B
ij ¼ sAij

1

2

quBi
qxj

þ
quBj

qxi

 !

¼ sAij
quBi
qxj

sBij e
A
ij ¼ sBij

1

2

quAi
qxj

þ
quAj

qxi

 !

¼ sBij
quAi
qxj

ð2:104Þ
and, if the sAij and sBij stresses both obey the equations of equilibrium, i.e., Eq. (2.65),

sAij
quBi
qxj

¼ q

qxj
sAij u

B
i

	 


þ fAi uBi sBij
quAi
qxj

¼ q

qxj
sBiju

A
i

	 


þ f Bi u
A
i : ð2:105Þ

Finally, if all of the above conditions are satisfied,

sAij e
B
ij ¼ sBij e

A
ij ¼ sAij

quBi
qxj

¼ sBij
quAi
qxj

¼ q

qxj
sAij u

B
i

	 


þ fAi uEi ¼ q

qxj
sBiju

A
i

	 


þ f Bi u
A
i

ð2:106Þ
and the A and B fields are termed corresponding fields.

Further useful relationships involving corresponding A and B fields can be

obtained by first forming the vector
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vj ¼ sAij u
B
i � sBiju

A
i : ð2:107Þ

Then, if these fields are present in a homogeneous region,V , which is enclosed by the

surfaceS, and is embedded in a larger body,V 	, as inFig. 2.3, the integral relationship

∯
S

vjn̂jdS ¼ ∯
S

ðsAij uBi � sBiju
A
i Þn̂jdS ¼ 0 ð2:108Þ

is valid. This can be demonstrated by converting the surface integral to a volume

integral and using Eqs. (2.65) and (2.106), so that

∯
S

ðsAij uBi � sBiju
A
i Þn̂jdS ¼ ∰

V

q

qxj
ðsAij uBi � sBiju

A
i ÞdV ¼ ∰

V

sAij
quBi
qxj

� sBij
quAi
qxj

� �

dV ¼ 0:

ð2:109Þ
Suppose next that S(2) is a closed surface inV 	, and S

(1) is a second closed surface,

lying within S
(2), that can be obtained by continuously distorting S

(2) without

sweeping through any region of the body containing singularities where the A and

B systems are not corresponding fields. Then,8

∯
S
ð2Þ�S

ð1Þ

ðsAij uBi � sBiju
A
i Þn̂jdS ¼ ∯

S
ð2Þ

ðsAij uBi � sBiju
A
i Þn̂jdS�∯

S
ð1Þ

ðsAij uBi � sBiju
A
i Þn̂jdS ¼ 0;

ð2:110Þ
where S(2) – S

(1) indicates integration over the surfaces S(2) and S
(1) bounding the

swept out volumeV (2) –V (1). Equation (2.110) can be validated by converting the

surface integral to a volume integral and employing Eqs. (2.65) and (2.106), i.e.,

∯
S
ð2Þ�S

ð1Þ

ðsAij uBi � sBiju
A
i Þn̂jdS ¼ ∰

V
ð2Þ�V

ð1Þ

q

qxj
ðsAij uBi � sBiju

A
i ÞdV

¼ ∰
V

ð2Þ�V
ð1Þ

sAij
quBi
qxj

� sBij
quAi
qxj

� �

dV ¼ 0:

ð2:111Þ

In addition, if S is again a closed surface enclosing a homogeneous region, V ,

containing corresponding A and B fields, the integral relationship

∯
S

qsAij

qxl
uBi � sBij

quAi
qxl

 !

n̂jdS ¼ 0 ð2:112Þ

is valid, and, consequently,

∯
S
ð2Þ�S

ð1Þ

qsAij

qxl
uBi � sBij

quAi
qxl

 !

n̂jdS ¼ 0: ð2:113Þ

8 Note that for Eq. (2.110), and also Eqs. (2.113) and (2.117), to be valid it is only necessary that A and

B be corresponding fields within the region between S
ð2Þ

and S
ð1Þ
.
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Equation (2.112) may by demonstrated by converting the surface integral to a

volume integral and using Eq. (2.65), so that

∯
S

qsAij

qxl
uBi � sBij

quAi
qxl

 !

n̂jdS ¼ ∰
V

q

qxj

qsAij

qxl
uBi � sBij

quAi
qxl

 !

dV ¼ ∰
V

qsAij

qxl

quBi
qxj

� sBij
q2uAi
qxjqxl

 !

dV:

ð2:114Þ
Then, substituting sAij ¼ Cijmnqu

A
m=qxn and sBij ¼ Cijmnqu

B
m=qxn into the last integral,

∰
V

Cijmn

q2uAm
qxlqxn

quBi
qxj

� Cijmn

quBm
qxn

q2uAi
qxjqxl

� �

dV ¼ ∰
V

Cmnij

q2uAi
qxlqxj

quBm
qxn

� Cijmn

quBm
qxn

q2uAi
qxjqxl

� �

dV ¼ 0:

ð2:115Þ
If, in this system, the quantities associated with the A and B fields are now each

functions of both the usual field vector, x, and another vector parameter, j, so that

sij = sij(x,j) and ui = ui(x,j), then

∯
S

qsAij

qxl
uBi � sBij

quAi
qxl

 !

n̂jdS ¼ 0 ð2:116Þ

and

∯
S
ð2Þ�S

ð1Þ

qsAij

qxl
uBi � sBij

quAi
qxl

 !

n̂jdS ¼ 0: ð2:117Þ

These results can be obtained by employing the same methods used above to

obtain Eqs. (2.112) and (2.113).

2.4.4 Stress–strain relationships and elastic constants for isotropic systems

The elastic constants needed to describe an isotropic medium can be found by

requiring that the tensor components, Cijkl and Sijkl, be invariant to rotations

of 45 degrees around the coordinate axes (Nye, 1957). The results show that the

stress–strain relationships in matrix form then reduce to

s1
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s3
s4
s5
s6
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7

7
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C12 C11 C12 0 0 0

C12 C12 C11 0 0 0
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S11 S12 S12 0 0 0

S12 S11 S12 0 0 0

S12 S12 S11 0 0 0
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0 0 0 0 0 2ðS11 � S12Þ
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:

ð2:118Þ
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Then, by employing the relationship between [S] and [C] given by Eq. (2.98),

S11 ¼
C11 þ C12

C11C12 þ C2
11 � 2C2

12

S12 ¼
�C12

C11C12 þ C2
11 � 2C2

12

: ð2:119Þ

Therefore, only two independent elastic constants are required for an isotropic

material.9 These have been chosen in a variety of ways in the literature. A common

choice is the use of the constants m and n, which are related to the Cijkl tensor by

Cijkl ¼ m dikdjl þ dildjk þ
2n

1� 2n
dijdkl

� �

¼ mðdikdjl þ dildjkÞ þ ldijdkl; ð2:120Þ

so that

C11 ¼
2mð1� nÞ
1� 2n

C12 ¼
2mn

1� 2n
S11 ¼

1

2mð1þ nÞ S12 ¼
�n

2mð1þ nÞ: ð2:121Þ

Using m and n, the stress–strain relationships for an isotropic material then appear as

s11 ¼ 2m
n

ð1� 2nÞ eþ e11

� �

s12 ¼ 2me12

s22 ¼ 2m
n

ð1� 2nÞ eþ e22

� �

s13 ¼ 2me13

s33 ¼ 2m
n

ð1� 2nÞ eþ e22

� �

s23 ¼ 2me23

e11 ¼
1

2mð1þ nÞ ½s11 � nðs22 þ s33Þ� e12 ¼
1

2m
s12

e22 ¼
1

2mð1þ nÞ ½s22 � nðs11 þ s33Þ� e13 ¼
1

2m
s13

e33 ¼
1

2mð1þ nÞ ½s33 � nðs11 þ s22Þ� e23 ¼
1

2m
s23:

ð2:122Þ

In this formulation, the constant, m, that linearly couples shear stress to shear

strain, is termed the shear modulus. The physical significance of the constant n can

be revealed by considering the case where only a normal stress, for example, s11, is

present. The accompanying strains are then e11 = s22/[2m(1 + n)] and e22 = e33 =

�ns11/[2m(1 + n)], and n is identified as the ratio of the transverse strain to the

normal strain, i.e., n = je22/e11j = je33/e11j and is known as Poisson’s ratio.

Other pairs of elastic constants, related to m and n, are often employed such

as l and m, known as the Lamé constants, which are related to the Cijkl tensor by

Eq. (2.120) and couple stress and strain according to

sij ¼ ledij þ 2meij

eij ¼ � lYdij

2mð3lþ 2mÞ þ
1

2m
sij:

ð2:123Þ

9 Since a cubic crystal requires three constants, these results show explicitly that a cubic crystal is not

elastically isotropic even though a second-rank tensor property of a cubic crystal, such as its thermal

conductivity, is isotropic (Nye, 1957). Note that a comparison of Eqs. (2.118) and (2.92) indicates that

an isotropic material can be regarded elastically as having cubic symmetry, with 2C44 = C11 � C12.

28 Basic linear elasticity



Still another choice is the use of E (known as Young’s modulus) and n, in

which case

sij ¼
nE

ð1þ nÞð1� 2nÞ edij þ
E

1þ n
eij

eij ¼ � n

E
�dij þ

1þ n

E
sij:

ð2:124Þ

The various constants involved in these choices are all related, e.g.,

E ¼ mð3lþ 2mÞ
lþ m

n ¼ l

2ðlþ mÞ

l ¼ En

ð1þ nÞð1� 2nÞ m ¼ E

2ð1þ nÞ:
ð2:125Þ

Another essential elastic constant is the bulk modulus, K, defined by

1

K
¼ � 1

P

dV

V
¼ � 1

P
eii; ð2:126Þ

where dV/V is the fractional volume change due to the application of the hydro-

static pressure, P, defined by

P ¼ � 1

3
sii ¼ � 2mð1þ nÞ

3ð1� 2nÞ eii; ð2:127Þ

where use has been made of Eq. (2.122).10 Therefore,

K ¼ � P

eii
¼ 2mð1þ nÞ

3ð1� 2nÞ : ð2:128Þ

Using previous expressions, additional relationships involving K are

3K ¼ 3lþ 2m and
3K

3K þ 4m
¼ 1þ n

3ð1� nÞ : ð2:129Þ

2.5 Elastic strain energy

When a volume element is elastically strained, the forces acting on it perform

work as it changes shape. If the process is carried out reversibly, the work is

stored as potential energy and is recoverable if the forces are removed. This can

be readily understood on an atomistic basis. During the straining, the atoms

(molecules) in the medium are displaced from their equilibrium positions and

restoring forces between them develop. The work done by the applied forces

against these forces is stored as elastic strain energy in the form of potential

10 Note that P is taken to be positive when the stress field is compressive.
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energy. The interatomic forces involved are conservative, and, when the applied

forces are removed, the atoms return to their unstrained equilibrium positions,

the interatomic restoring forces relax, and the stored potential energy is released.

The elastic strain energy in a strained body is therefore the work required to

produce the state of strain (and accompanying stress) throughout the body.

2.5.1 General relationships

The change in strain energy, dW of a region V , enclosed by a surface S, due to an

incremental change in displacement, dui, is therefore

dW ¼ ∯
S

sijduin̂jdSþ∰
V

fiduidV; ð2:130Þ

where the surface integral is the work required to displace the surface tractions,

and the volume integral is the work required to displace any distribution of body

force density. Applying the divergence theorem to the surface integral and using

Eq. (2.65),

dW ¼ ∰
V

sijd
qui

qxj
þ qsij

qxj
þ fi

� �

dui

� �

dV ¼∰
V

sijd
qui

qxj
dV: ð2:131Þ

Since the stresses and displacements and distortions of an elastic field all increase

proportionally as the field is introduced, Eq. (2.131) can be readily integrated

(Fig. 2.6) to obtain

W ¼ 1

2∰
V

sij
qui

qxj
dV: ð2:132Þ

The elastic strain energy density is therefore

w ¼ 1

2
sij

qui

qxj
¼ 1

2
sijeij ¼

1

2
Cijklekleij ¼

1

2
Sijklsklsij: ð2:133Þ

or, alternatively, using contracted notation,

w ¼ 1

2

X

6

j¼1

sjej ¼
1

2

X

6

i¼1

X

6

j¼1

Cijeiej ¼
1

2

X

6

i¼1

X

6

j¼1

Sijsisj: ð2:134Þ

sij

δ(  ui /  xj)

0

¶ ¶

ui /  xj¶ ¶

Figure 2.6 Proportional increase of stress and distortion in elastically strained body.
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Because of Hooke’s law, Eq. (2.133) implies that

dw ¼ sijdeij ¼ Cijklekldeij: ð2:135Þ

2.5.2 Strain energy in isotropic systems

The strain energy density in an isotropic system can be expressed as a function

of either strain or stress in the equivalent forms

w ¼ m
n

1� 2n
e2 þ eijeij

	 


¼ 1

4m
ðsijsij �

n

ð1þ nÞY
2

� �

ð2:136Þ

after using Eqs. (2.133), (2.120) and the stress–strain relationships in Section 2.4.4.

2.6 St.-Venant’s principle

St.-Venant’s principle is a useful concept with relevance to many elasticity problems

and can be stated as:

If a distribution of forces acting on some local portion of a body is replaced by a different

distribution of forces, then the effects of the two different distributions in regions sufficiently far

removed from the region of application will be essentially the same, provided that the two

distributions are statically equivalent, i.e., have the same resultant force and resultant moment.

Therefore, for example, if a complicated distribution of forces is acting on a body

in a relatively localized region, and if the detailed stress distribution in this region

is not the main object of interest, the distribution of forces may be replaced with a

single statically equivalent force in order to make it easier to find the elastic field

throughout the body beyond this region. (Generally, the distance from the localized

region where this approximation is satisfactory is of the order of the dimensions of

the localized region.)
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3 Methods

3.1 Introduction

The main methods for treating the defect elasticity problems considered in this

book are introduced. The chapter begins by reviewing the requirements that any

solution for a defect elasticity problem must satisfy. A basic differential equation

for the displacements whose solutions automatically satisfy these requirements is

then formulated, and useful methods of solving it are described. These include its

direct solution and various formalisms that expedite its solution under different

conditions, including the Fourier transform approach, the Green’s function

method, and the sextic and integral formalisms.

Following this, the transformation strain method, which is applicable for

many defect problems, is described. Here, the defect is introduced in the form

of an appropriate stress-free transformation strain. The resulting elastic field is

then found by methods involving the use of Green’s functions or Fourier

transforms.

Next, the stress function method for solving problems is introduced, and the

Airy stress function method, which is applicable when plane strain conditions

prevail, is described. Finally, the problem of finding solutions for defects in finite

homogeneous regions bounded by interfaces, rather than in infinite regions, is

outlined. The methods by which the boundary conditions at the interfaces, which

exist in such cases, can be satisfied by the method of images and use of appropriate

Green’s functions are described.

3.2 Basic equation for the displacement field

Any solution for a defect elasticity problem assuming linear elasticity must satisfy

the following:

(1) The stresses must satisfy the equations of equilibrium, Eq. (2.65).

(2) The corresponding strains must be derivatives of a set of displacements

according to Eq. (2.5) and satisfy the compatibility equations, Eq. (2.53).

(3) The elastic stresses and strains must be linearly coupled by suitable elastic

constants and so satisfy Hooke’s law.



(4) Conditions on the elastic field at any interfaces bounding the region contain-

ing the defect must be satisfied.

Because of this extensive set of requirements, it is usually possible to find the

solution for a given problem by several different routes. In the great majority of

cases in this book, we shall solve defect problems by first finding the displacement

field of the defect. Once this is known, the strains can be determined by simple

differentiation of the displacements using Eq. (2.5), and the stresses can then be

easily found using Hooke’s law, e.g., Eq. (2.75). However, this procedure requires

that the displacement field be of a form that will produce strains that obey the

compatibility relationships, i.e., Eq. (2.53), and stresses that satisfy the equation of

equilibrium, i.e., Eq. (2.65).

A basic differential equation for the displacements whose solutions are continu-

ous functions and automatically satisfy the above requirements can be obtained

by first substituting Eq. (2.5) into Eq. (2.75) and using the symmetry property

Cijlk ¼ Cijkl so that

sijðxÞ ¼ Cijklekl ¼
1

2
Cijkl

qukðxÞ

qxl
þ
qulðxÞ

qxk

� �

¼
1

2
Cijkl

qukðxÞ

qxl
þ Cijlk

qulðxÞ

qxk

� �

¼ Cijkl

qukðxÞ

qxl
:

ð3:1Þ

Then, substituting this result into the equilibrium condition, Eq. (2.65), the desired

basic equation is1

qsijðxÞ

qxj
þ fiðxÞ ¼ Cijkl

q
2ukðxÞ

qxjqxl
þ fiðxÞ ¼ 0: ð3:2Þ

As will be seen, in many defect elasticity problems the defect can be represented by

an effective force density distribution. Its elastic field can then be found by

inserting this into Eq. (3.2) and solving for the uk(x).

For isotropic media, Eq. (3.2) can be written in vector form by converting the

elastic constants using Eq. (2.120) to obtain

m

1� 2n
rðr � uÞ þ mr2uþ f ¼

2mð1� nÞ

1� 2n
rðr � uÞ � mr� ðr � uÞ þ f ¼ 0;

ð3:3Þ

where use has been made of the identity r2u ¼ rðr � uÞ � r � ðr � uÞ.

Equation (3.3) is known as the Navier equation.

1 Note that the strains corresponding to the three ukðxÞ solutions of this equation will be compatible

because of the use of Eq. (2.5) in constructing Eq. (3.1), see Section 2.2.2.4.
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3.3 Fourier transform method

Equation (3.2) may be solved by the standard method of employing Fourier

transforms (Sneddon, 1951). Here, the equation is first transformed into k-space

using aFourier transform (Appendix F). The equation is then solved in k-space, and

the solution is transformed back into real space by means of an inverse transform.

Following this procedure, Eq. (3.2) is therefore transformed by applying

Eq. (F.1), and after integrating the result by parts, the solution in k-space is

Cijklkjkl�ukðkÞ ¼ �fiðkÞ: ð3:4Þ

At this point we introduce, for convenience, an abbreviated notation for the

second rank tensor, Cijklkjkl, appearing in Eq. (3.4) by writing it in the form2

Cijklkjkl � ðkkÞik; ð3:5Þ

so that Eq. (3.4) appears more concisely as

ðkkÞik�ukðkÞ ¼
�fiðkÞ; ð3:6Þ

or in matrix notation as3

ðkkÞ½�u� ¼ ½ �f �: ð3:7Þ

The solution of Eq. (3.7) is then (in matrix and component forms)

½�u� ¼ ðkkÞ�1½ �f � �ukðkÞ ¼ ðkkÞ�1
ik

�f iðkÞ : ð3:8Þ

Finally, after performing the inverse transformation by substituting Eq. (3.8) into

Eq. (F.2), the solution in real space, corresponding to the displacement field

caused by a distribution of body force density, fiðx
0Þ, is

ukðxÞ ¼
1

ð2pÞ3

ð

1

�1

ð

1

�1

ð

1

�1

dx01 dx
0
2 dx

0
3

ð

1

�1

ð

1

�1

ð

1

�1

fiðx
0Þe�ik�ðx�x0ÞðkkÞ�1

ik dk1 dk2 dk3:

ð3:9Þ

3.4 Green’s function method

In many cases the solution for the displacement field can be expedited by the

use of Green’s functions (see, for example, Morse and Feshbach, 1953). In

2 Tensors such as kjCjiklkl, which conform to the contracted notation ðkkÞik, are known as Christoffel

stiffness tensors and appear frequently throughout the book.
3 For simplicity, matrices corresponding to Christoffel tensors are represented by the special notation

(aa): i.e., curved brackets are employed rather than the square brackets that are employed elsewhere

throughout the book to indicate matrices.
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considering the Green’s function method it is instructive to review first the

perhaps more familiar problem of finding the electrostatic potential due to a

distribution of electrical charge density.

Suppose that it is desired to find the electrostatic potential at a field point P(x)

in an infinite homogeneous region due to a distribution of electrical charge

density in a localized region such as V in Fig. 3.1. This can be accomplished

by employing the classical expression for the potential produced at a field point,

P(x), by a unit point charge located at a source point, Qðx0Þ, in an infinite region,

which is given by

vðxÞ ¼ A
1

jx� x0j
; ð3:10Þ

where A ¼ constant. Using this, the potential at x due to a distribution of charge

density, rðx0Þ, in V is given by the integral

vðxÞ ¼ A∰
V

rðx0Þ

jx� x0j
dV0: ð3:11Þ

The potential given by Eq. (3.10) for a unit point charge, employed in the

integrand of Eq. (3.11), is identified as a Green’s function of the form

Gðx� x0Þ ¼ A
1

jx� x0j
ð3:12Þ

and Eq. (3.11) can then be written as

vðxÞ ¼ ∰
V

Gðx� x0Þrðx0ÞdV0: ð3:13Þ

Equation (3.13) is therefore a general expression that can be used to solve a wide

range of electrostatic problems involving a charge distribution, rðx0Þ. If the charge

density distribution in V corresponds to a point charge, q, located at x0 ¼ x	, it

can be represented by the delta function rðx0Þ ¼ qdðx0 � x	Þ (Appendix D). Equa-

tion (3.13) then becomes

x−x′  P(x)

x

Q(x′) x3

x′ 

x2
x1

0

V

Figure 3.1 Coordinate system used for finding potential at the field point P(x) due to

electrical charge density distributed at source points Qðx0Þ distributed within the

localized volume V (dashed) which, in turn, is embedded in an infinite homogeneous

region.
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vðxÞ ¼ A∰
V

qdðx0 � x	Þ

jx� x0j
dV0 ¼ A

q

jx� x	j
ð3:14Þ

and Eq. (3.10), written for a point charge q at x0, is recovered.

In many defect problems, a solution for the displacements caused by a force

density distribution (representing the defect in an infinite homogeneous region) is

required. Therefore, by analogy with electrostatic problems, a Green’s function

corresponding to the displacement field produced by a unit point force in such a

region is needed. If such a Green’s function is in the form of a second-rank tensor,

Gðx� x0Þ, whose component, Gijðx� x0Þ, represents the displacement in the i

direction at the field point P(x) due to a unit point force applied in the j direction

at the source point Qðx0Þ, the displacement, u(x), produced at x by a general unit

point force, F̂, at x0 will be of the form

uiðxÞ ¼ Gijðx� x0ÞF̂j or

u1
u2
u3

2

4

3

5 ¼
G11 G12 G13

G21 G22 G23

G31 G32 G33

2

4

3

5

F̂1

F̂2

F̂3

2

4

3

5 ; ð3:15Þ

where the G tensor maps the force vector into the displacement vector. As

indicated, the Green’s function in an infinite homogeneous medium is expected

to be a function of only the vector difference x� x0, since in this case it should

depend only upon the distance from the point force and the radial direction from

the point force. The displacement field due to any distribution of force density,

fiðxÞ, will then be of the form

uiðxÞ ¼ ∰
V

Gijðx� x0Þfjðx
0ÞdV0; ð3:16Þ

which is seen to be the counterpart to Eq. (3.13) for electrostatic problems.

To obtain a basic equation for finding such a Green’s function, consider a unit

point force at x0 in an embedded region V enclosed by the surface S. Mechanical

equilibrium requires that

F̂k þ∯
S

skpn̂p dS ¼ 0; ð3:17Þ

where skp is the stress due to F̂k. Then, by use of Eq. (3.1) for skp, Eq. (3.15), and

the divergence theorem, Eq. (3.17) becomes

F̂k ¼ �∯
S

Ckpim

qui

qxm
n̂p dS ¼ �∯

S

Ckpim

qGijðx� x0Þ

qxm
F̂jn̂p dS

¼ �∰
V

Ckpim

q
2Gijðx� x0Þ

qxmqxp
F̂j dV:

ð3:18Þ

However, by using a delta function, the unit point force F̂k at x
0 can be written in

the alternative form
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F̂k ¼ ∰
V

F̂jdkjdðx� x0ÞdV: ð3:19Þ

and substituting this into Eq. (3.18),

∰
V

Ckpim

q
2Gijðx� x0Þ

qxmqxp
þ dkjdðx� x0Þ

" #

F̂j dV ¼ 0: ð3:20Þ

Then, since F̂jdV can be varied independently,

Ckpim

q
2Gijðx� x0Þ

qxmqxp
þ dkjdðx� x0Þ ¼ 0: ð3:21Þ

Equation (3.21) is a useful basic equation for finding the Green’s function,

Gijðx� x0Þ, and is employed in Chapter 4.

An expression for the Fourier transform of Gkmðx� x0Þ, which is also of use, is

obtained by first comparing Eqs. (3.9) and (3.16), which shows that

Gkmðx� x0Þ ¼
1

ð2pÞ3

ð

1

�1

ð

1

�1

ð

1

�1

ðkkÞ�1
km e�ik�ðx�x0Þ dk1 dk2 dk3: ð3:22Þ

Then, comparison of this result with Eq. (F.2) shows that ðkkÞ�1
km can be identified

as the Fourier transform of Gkmðx� x0Þ, i.e.,

�GkmðkÞ ¼ ðkkÞ�1
km ; ð3:23Þ

In an alternative approach to obtain Eq. (3.23), the Fourier transform of

Eq. (3.21) can be taken to obtain

Cijkl

ð

1

�1

ð

1

�1

ð

1

�1

q
2Gkmðx� x0Þ

qxjqxl
eik�ðx�x0Þ dx1 dx2 dx3

¼ �dim

ð

1

�1

ð

1

�1

ð

1

�1

dðx� x0Þeik�ðx�x0Þdx1 dx2 dx3 ¼ �dim:

ð3:24Þ

Then, by integrating by parts twice,

�kjklCijkl

ð

1

�1

ð

1

�1

ð

1

�1

Gkmðx� x0Þeik�ðx�x0Þ dx1 dx2 dx3 ¼ �kjklCijkl
�GkmðkÞ ¼ �dim

ð3:25Þ

and, solving for �Gkm(k), Eq. (3.23) is again obtained. These results indicate that

Eqs. (3.21), (3.22) or (3.23) could serve as starting points to obtain expressions for

Green’s functions: see Teodosiu (1982) and Mura (1987).

In Exercise 4.2, Eq. (3.21) is used to show that Gijðx� x0Þ is a homogeneous

function of degree �1 in the variable ðx� x0Þ and therefore must have the
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form Gij ¼ fijðl̂Þ=jx� x0j where fijðl̂Þ is a function of the radial direction from

the point force indicated by the vector l̂.

3.5 Sextic and integral formalisms for two-dimensional problems

Important tools for treating many of the defect elasticity problems encountered in

this book evolve out of two formulations of two-dimensional elasticity: i.e., the

sextic formalism pioneered by Stroh (1958; 1962) and the extended integral formal-

ism developed later by Barnett, Lothe, Malen, and others (see, Bacon, Barnett,

and Scattergood, 1979b). These provide tools for finding essential Green’s func-

tions, as in the next chapter, and also for finding solutions to Eq. (3.2) for the two-

dimensional displacement fields of infinitely long straight dislocations and lines of

force. These can then be used, in turn, to find the elastic fields of curved disloca-

tions in three dimensions and other dislocation configurations by methods

described in Chapters 12 and 14.

Two-dimensional problems arise whenever the elastic field is invariant when

advancing along one dimension. For example, if ê3 is the invariant direction,

q

qx3
¼ 0 u1 ¼ u1ðx1; x2Þ u2 ¼ u2ðx1; x2Þ u3 ¼ u3ðx1; x2Þ : ð3:26Þ

The elastic field on every plane normal to ê3 is then identical as is the case, for

example, when an infinitely long straight dislocation or a line of constant imposed

force lies parallel to ê3.

The sextic formulation is described first followed by the integral formulation.

The source for most of the following analyses (Sections 3.5.1 and 3.5.2) is the

treatise of Bacon, Barnett, and Scattergood (1979b).

3.5.1 Sextic formalism

3.5.1.1 Basic formulation
The approach is to solve Eq. (3.2) directly for the displacement. Two Cartesian

coordinate systems are employed. The first, termed the crystal system, is attached

to the crystal medium, has base vectors ðê1; ê2; ê3Þ, and, preferably, is oriented in

the crystal so that the Cijkm tensor assumes its simplest form. The second, has unit

base vectors ðm̂; n̂; t̂Þ, and is constructed as illustrated in Fig. 3.2. The vector t̂ is

pointed in the invariant direction and in the case, for example, of a long straight

dislocation or line of force is therefore aligned with the defect. The ðm̂; n̂; t̂Þ

vectors can be readily referred to the crystal system, and the entire ðm̂; n̂; t̂Þ

system, along with the defect, can be rotated with respect to the crystal system

in order to study effects due to elastic anisotropy.4

4 Two coordinate systems, in which one is attached to the defect and the other to the crystal, are

frequently employed in this manner throughout the book.
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A solution of Eq. (3.2) of the form

uk ¼ Akf ðlÞ ð3:27Þ

is now assumed where

l ¼ m̂ � xþ pn̂ � x ¼ m̂ixi þ pn̂ixi ð3:28Þ

and Ak and p are constants. Note that this solution is two-dimensional and a

function only of position, x, in the x � t̂ ¼ 0 plane. Substitution of Eq. (3.27) into

Eq. (3.2) (with fj ¼ 0) yields

Cijkm

q
2uk

qxiqxm
¼ Cijkmðm̂i þ pn̂iÞðm̂m þ pn̂mÞAk

d2f

dl2
¼ 0 ð3:29Þ

with the help of the operator

q

qxi
¼

d

dl

ql

qxi
¼ ðm̂i þ n̂ipÞ

d

dl
: ð3:30Þ

Equation (3.27) is therefore a solution if the relationship

Cijkm½n̂in̂mp
2 þ ðm̂in̂m þ n̂im̂mÞpþ m̂im̂m�Ak ¼ 0 ð3:31Þ

is satisfied. Equation (3.31) can be written in the alternative form

ðn̂n̂Þjkp
2 þ ½ðm̂n̂Þjk þ ðn̂m̂Þjk�pþ ðm̂m̂Þjk

n o

Ak ¼ 0 ð3:32Þ

by employing the contracted Christoffel stiffness tensor notation introduced

previously in the form of Eq. (3.5). Equation (3.32) is seen to constitute a classic

eigenvalue problem that requires finding the values of p (i.e., eigenvalues) and

Ak (i.e., eigenvectors) that satisfy it. A non-trivial solution can be found only if the

determinantal equation

det ðn̂n̂Þjkp
2 þ ½ðm̂n̂Þjk þ ðn̂m̂Þjk�pþ ðm̂m̂Þjk

�

�

�

�

�

� ¼ 0 ð3:33Þ

is satisfied, and this leads to a sextic equation corresponding to a polynomial of the

sixth degree in p, which will have six imaginary roots, i.e., the eigenvalues,

pa ða ¼ 1; 2; . . . ;6Þ, which occur in complex conjugate pairs, since the coefficients of

ˆ n ˆ e3 x ⋅ t̂ = 0 plane 

m̂

ˆ e1 

t̂

w

ˆ e2

Reference line

Figure 3.2 Crystal ðê1; ê2; ê3Þ and ðm̂; n̂; t̂Þ coordinate systems. Base vectors m̂ and n̂ and

reference line lie in x � t̂ ¼ 0 plane. t̂ ¼ m̂� n̂.
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the polynomial are real.5The six eigenvalues can therefore always be assigned indices

so that

p
aþ3

¼ p�aða ¼ 1;2;3Þ; ð3:34Þ

where the asterisk indicates a complex conjugate, and the first three eigen-

values, possessing subscripts 1,2,3, have positive imaginary parts. In this

arrangement, the remaining three, possessing subscripts 4,5,6, therefore have

negative imaginary parts. The corresponding six complex eigenvectors,

obtained by substituting the six eigenvalues into Eq. (3.32), follow the same

pattern, and, therefore,6

Akaðk ¼ 1;2;3 : a ¼ 1;2; . . .;6Þ

Ak;aþ3 ¼ A�
kaða ¼ 1;2;3Þ:

ð3:35Þ

The most general solution based on Eq. (3.27) can now be written as a linear

combination of the six eigenfunctions, uka ¼ Aka f ðm̂ � xþ pan̂ � xÞ, in the form

uk ¼
X

6

a¼1

Dauka ¼
X

6

a¼1

DaAka f ðm̂ � xþ pan̂ � xÞ; ð3:36Þ

where the Da are constants.

Additional vectors, La, which are related to the Aa vectors by

Lja ¼ �n̂iCijkmðm̂m þ n̂mpaÞAka ¼ �½ðn̂m̂Þjk þ ðn̂n̂Þjkpa�Aka; ð3:37Þ

and will be useful below in formulating the theory, are now introduced (Stroh,

1962). An alternative expression for La is obtained by multiplying Eq. (3.37)

through by pa and adding it to Eq. (3.32), so that Lja assumes the form

Lja ¼
1

pa
m̂iCijkmðm̂m þ n̂mpaÞAka ¼

1

pa
ðm̂m̂Þjk þ ðm̂n̂Þjk

� �

Aka: ð3:38Þ

So far, the magnitudes of the vectors Aa and La are undetermined, and they are

therefore normalized according to

2AiaLia ¼ 1 ð3:39Þ

In addition, by virtue of Eqs. (3.34), (3.35), and (3.37),

Lk; aþ3 ¼ L�kaða ¼ 1;2;3Þ: ð3:40Þ

5 Eshelby, Read, and Shockley (1953) have given a physical argument that the roots must be imaginary

by showing that, otherwise, a condition of zero strain energy can be obtained in the presence of non-

zero strain.
6 In the double subscript notation introduced for a Stroh vector in Eq. (3.35), the Greek subscript

identifies the corresponding eigenvalue whereas the Latin subscript indicates the vector component.

This double notation will prove useful, since such vectors can then be represented for certain

algebraic purposes by 3 � 3 matrices.
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Having the above quantities, several further relationships can be developed that

will be needed when the general solution given by Eq. (3.36) is employed to find

solutions for both long straight dislocations and lines of force running along t̂.7

The stresses derived from the displacements of Eq. (3.36) are

sij ¼ Cijkm

quk

qxm
¼
X

6

a¼1

CijkmDaAka

df ðlaÞ

dla

qla

qxm

¼
X

6

a¼1

CijkmDaAkaðm̂m þ pan̂mÞ
df

dla
;

ð3:41Þ

where la ¼ m̂ � xþ pan̂ � x. Multiplication of Eq. (3.41) through by n̂i and use of

Eq. (3.37), and multiplication of Eq. (3.41) through by m̂i and use of Eq. (3.38),

produces the two relationships:

n̂isij ¼ �
X

6

a¼1

LjaDa

df

dla
; ð3:42Þ

m̂isij ¼
X

6

a¼1

paLjaDa

df

dla
: ð3:43Þ

Next, the vector cj defined by

cj ¼
X

6

a¼1

DaLja f ðm̂ � xþ pan̂ � xÞ ð3:44Þ

is introduced. The expression for this quantity, which may be compared to the

expression for the displacement given by Eq. (3.36), will be useful later in treating

straight lines of force. Taking its derivative,

qcj

qxi
¼
X

6

a¼1

DaLjaðm̂i þ pan̂iÞ
df

dla
: ð3:45Þ

Then, using Eqs. (3.42), (3.43) and (3.45),

n̂isij ¼ �mi

qcj

qxi
m̂isij ¼ n̂i

qcj

qxi
: ð3:46Þ

This result shows that cj serves effectively as a stress function, whose derivatives

yield the stresses associated with the displacements given by Eq. (3.36).

The quantity cj can now be used to formulate a condition for mechanical

equilibrium in a region occupied by a line of force lying along the t̂ axis. Consider

a cylindrical surface enclosing the line of force, and let C be the closed curve

corresponding to the intersection of the surface with a plane perpendicular to t̂.

7 An expression for the elastic field generated by a line force is required in Chapter 14.
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The force on a cylindrical segment of the surface bounded by C and C þ dz, where

z is measured along t̂, is then

dFj ¼

þ

C

sijn̂i ds

0

@

1

Adz; ð3:47Þ

where n̂i is the outward normal unit vector to C lying in the plane containing C,

and s measures distance along C. Then,

n̂i ¼ m̂i cos yþ n̂i sin y; ð3:48Þ

where y is the angle between n̂ and m̂measured around the t̂ axis in a right-handed

sense, and after substituting Eqs. (3.48) and (3.46) into Eq. (3.47),

dFj ¼

þ

C

ð�m̂i sin yþ n̂i cos yÞ
qcj

qxi
ds

2

4

3

5dz ð3:49Þ

However, the tangent to C in the direction of increasing y is given by

r̂i ¼ �mi sin yþ ni cos y ¼
dxi

ds
; ð3:50Þ

so that Eq. (3.49) becomes

dFj ¼

þ

C

qcj

qxi
dxi

0

@

1

Adz ¼ �cj dz: ð3:51Þ

Now, if a line force of strength per unit length, f i, is present along the t̂ axis,

mechanical equilibrium requires that fj dzþ dFj ¼ 0. Therefore, upon substituting

Eq. (3.51) into this relationship,

�cj ¼ �f
j
: ð3:52Þ

Otherwise,

�cj ¼ 0: ð3:53Þ

Equations (3.52) and (3.53) will be of use in Section 12.3 when expressions for the

elastic fields of straight lines of force are developed.

3.5.1.2 Properties of the Stroh vectors and relationships between them
The previous formulation is now extended to obtain a number of essential rela-

tionships between the Stroh vectors, Aa and La, that must exist by virtue of

Eqs. (3.37) and (3.38). The first step is to write the six equations that are embodied

in these expressions in the 6 � 6 block matrix form

ðn̂m̂Þ ½I�
ðm̂m̂Þ ½0�

� �

½Aa�
½La�

� �

¼ pa
�ðn̂n̂Þ ½0�
�ðm̂n̂Þ ½I�

� �

½Aa�
½La�

� �

ð3:54Þ
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which, when written out in full, appears as

ðn̂m̂Þ11 ðn̂m̂Þ12 ðn̂m̂Þ13 1 0 0

ðn̂m̂Þ21 ðn̂m̂Þ22 ðn̂m̂Þ23 0 1 0

ðn̂m̂Þ31 ðn̂m̂Þ32 ðn̂m̂Þ33 0 0 1

ðm̂m̂Þ11 ðm̂m̂Þ12 ðm̂m̂Þ13 0 0 0

ðm̂m̂Þ21 ðm̂m̂Þ22 ðm̂m̂Þ23 0 0 0

ðm̂m̂Þ31 ðm̂m̂Þ32 ðm̂m̂Þ33 0 0 0

2

6

6

6

6

6

6

4

3

7

7

7

7

7

7

5

A1a

A2a

A3a

L1a
L2a
L3a

2

6

6

6

6

6

6

4

3

7

7

7

7

7

7

5

ð3:55Þ

¼ �pa

ðn̂n̂Þ11 ðn̂n̂Þ12 ðn̂n̂Þ13 0 0 0

ðn̂n̂Þ21 ðn̂n̂Þ22 ðn̂n̂Þ23 0 0 0

ðn̂n̂Þ31 ðn̂n̂Þ32 ðn̂n̂Þ33 0 0 0

ðm̂n̂Þ11 ðm̂n̂Þ12 ðm̂n̂Þ13 �1 0 0

ðm̂n̂Þ21 ðm̂n̂Þ22 ðm̂n̂Þ23 0 �1 0

ðm̂n̂Þ31 ðm̂n̂Þ32 ðm̂n̂Þ33 0 0 �1

2

6

6

6

6

6

6

4

3

7

7

7

7

7

7

5

A1a

A2a

A3a

L1a
L2a
L3a

2

6

6

6

6

6

6

4

3

7

7

7

7

7

7

5

: ð3:55Þ

Pre-multiplying Eq. (3.54) through by the matrix

ðn̂m̂Þ�1 ½0�

ðm̂n̂Þðn̂n̂Þ�1 �½I�

� �

ð3:56Þ

then yields

½N�
½Aa�
½La�

� �

¼ pa
½Aa�
½La�

� �

; ð3:57Þ

where

½N� ¼ �
ðn̂n̂Þ�1ðn̂m̂Þ ðn̂n̂Þ�1

ðm̂n̂Þðn̂n̂Þ�1ðn̂m̂Þ � ðm̂m̂Þ ðm̂n̂Þðn̂n̂Þ�1

� �

: ð3:58Þ

Equation (3.57) is seen to constitute an eigenvalue problem involving the

six-dimensional column vectors

½Aa�
½La�

� �

ð3:59Þ

and the determinantal requirement

det ½N� � pa½I�j j ¼ 0: ð3:60Þ

Equation (3.57) is now employed to establish a number of properties of the Aa and

La Stroh vectors and relationships between them.

Orthogonality of Stroh vectors

Consider two different sets of eigenvalues and Stroh vectors, identified by a and b,

respectively, which obey Eq. (3.57), so that

½N�
½Aa�
½La�

� �

¼ pa
½Aa�
½La�

� �

½N�
½Ab�
½Lb�

� �

¼ pb
½Ab�
½Lb�

� �

: ð3:61Þ
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Now, pre-multiply the first equation by the 1�6 row matrix ½Lb�½Ab�
� 


and the

second by ½La�½Aa�½ � and subtract the latter result from the former to obtain

pa ½Lb�½Ab�
� 
 ½Aa�

½La�

� �

� pb ½La�½Aa�½ �
½Ab�
½Lb�

� �

ð3:62Þ

¼ ½Lb�½Ab�
� 


½N�
½Aa�
½La�

� �

� ½La�½Aa�½ �½N�
½Ab�
½Lb�

� �

: ð3:62Þ

To proceed with Eq. (3.62), the 6�6 [N] matrix, given by Eq. (3.58), is now

developed further. First, write it in the block form

½N� ¼ �
½R� ½H�
½F� ½G�

� �

; ð3:63Þ

where

½R� ¼ ðn̂n̂Þ�1ðn̂m̂Þ

½H� ¼ ðn̂n̂Þ�1

½F� ¼ ðm̂n̂Þðn̂n̂Þ�1ðn̂m̂Þ � ðm̂m̂Þ

½G� ¼ ðm̂n̂Þðn̂n̂Þ�1:

ð3:64Þ

However, the symmetry properties of the Cijkm tensor show that

ðn̂m̂Þjk ¼ n̂iCijkmm̂m ¼ n̂iCkmijm̂m ¼ n̂iCmkjim̂m ¼ m̂mCmkjin̂i ¼ ðm̂n̂Þkj; ð3:65Þ

or, alternatively,

ðn̂m̂Þ ¼ ðm̂n̂ÞT: ð3:66Þ

Using this result and the standard transpose identity ½A�½B�½ �T ¼ ½B�T½A�T, it is

found from Eq. (3.64) that

½R�T ¼ ðn̂n̂Þ�1ðn̂m̂Þ
h iT

¼ ðn̂m̂ÞT ðn̂n̂Þ�1
h iT

¼ ðm̂n̂Þðn̂n̂Þ�1 ¼ ½G�

½H�T ¼ ðn̂n̂Þ�1
h iT

¼ ðn̂n̂Þ�1 ¼ ½H�

½F�T ¼ ðm̂n̂Þðn̂n̂Þ�1ðn̂m̂Þ � ðm̂m̂Þ
h iT

¼ ðn̂m̂ÞT ðn̂n̂Þ�1
h iT

ðm̂n̂ÞT � ðm̂m̂ÞT

¼ ðm̂n̂Þðn̂n̂Þ�1ðn̂m̂Þ � ðm̂m̂Þ ¼ ½F�:

ð3:67Þ

Then putting these results into Eq. (3.62) and expanding its left side,

ðpa � pbÞðLiaAib þ LibAiaÞ ¼ ½Lb�½Ab�
� 
 R½ � H½ �

F½ � R½ �T

" #

½Aa�

½La�

� �

� ½La�½Aa�½ �
R½ � H½ �

F½ � R½ �T

" #

½Ab�

½Lb�

� �

:

ð3:68Þ
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When the right side of Eq. (3.68) is multiplied out, and account is taken of the

symmetric character of [H] and [F], it is found to vanish. Therefore,

ðpa � pbÞðAiaLib þ LiaAibÞ ¼ 0 ð3:69Þ

and, if a 6¼ b, and pa 6¼ pb, the relationship

ðAiaLib þ LiaAibÞ ¼ 0 ða 6¼ bÞ ð3:70Þ

must be valid. Then, by applying the normalization condition 2AiaLia ¼ 1,

expressed by Eq. (3.39), the general orthogonality relationship between the Aa

and La Stroh vectors is given (in component and matrix forms) by

ðAiaLib þ LiaAibÞ ¼ dab or ½A�T½L� þ ½L�T½A� ¼ ½I�: ð3:71Þ

Completeness of Stroh vectors

As will now be demonstrated, the Stroh vectors, Aa and La, must obey certain

completeness relationships. Suppose that the solution of the following pair of

simultaneous equations

X

6

a¼1

AiaDa ¼ gi

X

6

a¼1

LiaDa ¼ hi

ð3:72Þ

is sought for the complex constant, Da when the vectors g and h are arbitrary.

By multiplying the first equation by Lib and the second by Aib, and adding the

results,

X

6

a¼1

ðAiaLib þ LiaAibÞDa ¼ giLib þ hiAib: ð3:73Þ

Then, substituting the orthogonality relation, Eq. (3.71), into Eq. (3.73),

X

6

a¼1

dabDa ¼ Db ¼ giLib þ hiAib: ð3:74Þ

Next, substituting Eq. (3.74) back into Eq. (3.72),

X

6

a¼1

AiaLsa

 !

gs þ
X

6

a¼1

AiaAsa

 !

hs ¼ gi

X

6

a¼1

LiaLsa

 !

gs þ
X

6

a¼1

LiaAsa

 !

hs ¼ hi:

ð3:75Þ

However, since g and h are arbitrary, and by virtue of Eqs. (3.35) and (3.40), the

following completeness relationships must exist:
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P

6

a¼1

AiaAsa ¼
P

3

a¼1

AiaAsa þ
P

3

a¼1

A�
iaA

�
sa ¼ 0 or ½A�½A�T þ ½A��½A��T ¼ ½0� : ð3:76Þ

P

6

a¼1

LiaLsa ¼
P

3

a¼1

LiaLsa þ
P

3

a¼1

L�iaL
�
sa ¼ 0 or ½L�½L�T þ ½L��½L��T ¼ ½0� : ð3:77Þ

P

6

a¼1

AiaLsa ¼
P

3

a¼1

AiaLsa þ
P

3

a¼1

A�
iaL

�
sa ¼ dis or ½A�½L�T þ ½A��½L��T ¼ ½I� : ð3:78Þ

Invariance of Stroh vectors

Finally, it is shown that the Stroh vectors, Aa and La, are independent of the angle,

o, that measures the inclination of the m̂ and n̂ base vectors of the ðm̂; n̂; t̂Þ

coordinate system in the x � t̂ ¼ 0 plane (Fig. 3.2). To obtain this important result

it is convenient first to adopt the change in notation

½Aa�
½La�

� �

! ½za� ð3:79Þ

and rewrite Eq. (3.57) more simply as

½N�½za� ¼ pa½za�: ð3:80Þ

Differentiation of Eq. (3.80) yields

q½N�

qo
½za� þ ½N�

q½za�

qo
¼ ½za�

qpa

qo
þ pa

q½za�

qo
: ð3:81Þ

To formulate the derivative q½N�=qo in Eq. (3.81), Eqs. (3.63) and (3.67) are used

to obtain

q½N�

qo
¼ �

q

qo

½R� ½H�

½F� ½R�T

� �

¼ �
q

qo

ðn̂n̂Þ�1ðn̂m̂Þ ðn̂n̂Þ�1

ðm̂n̂Þðn̂n̂Þ�1ðn̂m̂Þ � ðm̂m̂Þ ðm̂n̂Þðn̂n̂Þ�1

" #

:

ð3:82Þ

Then, to determine the derivative of the [N] matrix in Eq. (3.82), it is noted from

Fig. 3.2, that

qm̂

qo
¼ n̂

qn̂

qo
¼ � m̂ ð3:83Þ

and, using this result,

qðm̂m̂Þjk
qo

¼ m̂iCijkm

qm̂m

qo
þ m̂mCijkm

qm̂i

qo

¼ m̂iCijkmn̂m þ m̂mCijkmn̂i ¼ ðm̂n̂Þjk þ ðn̂m̂Þjk

ð3:84Þ

or, equivalently,

qðm̂m̂Þ

qo
¼ ðm̂n̂Þ þ ðn̂m̂Þ: ð3:85Þ

46 Methods



Similarly,

qðn̂n̂Þ

qo
¼ �ðn̂m̂Þ � ðm̂n̂Þ

qðm̂n̂Þ

qo
¼ ðn̂n̂Þ � ðm̂m̂Þ

qðn̂m̂Þ

qo
¼ �ðm̂m̂þ ðn̂n̂Þ:

ð3:86Þ

To find the required derivative, qðn̂n̂Þ�1=qo, the equality

ðn̂n̂Þðn̂n̂Þ�1 ¼ ½I� ð3:87Þ

is differentiated to obtain

qðn̂n̂Þ�1

qo
¼ ðn̂n̂Þ�1 ðm̂n̂Þ þ ðn̂m̂Þ½ �ðn̂n̂Þ�1 ð3:88Þ

after substitution from Eq. (3.86). Finally, substituting these results into

Eq. (3.82),

q½N�

qo
¼

�

½I� þ ðn̂n̂Þ�1 ðm̂n̂Þ þ ðn̂m̂Þ½ �ðn̂n̂Þ�1ðn̂m̂Þ

�ðn̂n̂Þ�1ðm̂m̂Þ
ðn̂n̂Þ�1 ðm̂n̂Þ þ ðn̂m̂Þ½ �ðn̂n̂Þ�1

�ðm̂m̂Þðn̂n̂Þ�1ðn̂m̂Þ � ðm̂n̂Þðn̂n̂Þ�1ðm̂m̂Þ

þðm̂n̂Þðn̂n̂Þ�1 ðm̂n̂Þ þ ðn̂m̂Þ½ �ðn̂n̂Þ�1ðn̂m̂Þ

½I� � ðm̂m̂Þðn̂n̂Þ�1

þðm̂n̂Þðn̂n̂Þ�1 ðm̂n̂Þ þ ðn̂m̂Þ�½ �ðn̂n̂Þ�1

2

6

6

6

6

4

3

7

7

7

7

5

:

ð3:89Þ

But it can be confirmed by direct multiplication that Eq. (3.89) is given simply by

q½N�

qo
¼ � I½ � þ ½N�½N�f g; ð3:90Þ

where [I] is now the 6�6 identity matrix. Then, post-multiplying this expression

by ½za�,

q½N�

qo
½za� ¼ �

�

½za� þ ½N�½N�½za�



: ð3:91Þ

An expression for the quantity [N][N]½za� in Eq. (3.91) is next obtained by multi-

plying Eq. (3.80) through by [N], i.e.,

½N�½N�½za� ¼ pa½N�½za� ¼ p2a½za�: ð3:92Þ

Then, substituting Eq. (3.92) into Eq. (3.91) and substituting the result into

Eq. (3.81),

� ð1þ p2aÞ½za� þ ½N�
q½za�

qo
¼ ½za�

qpa

qo
þ pa

q½za�

qo
: ð3:93Þ
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To proceed further with the development of Eq. (3.93), it is necessary to formulate

several additional expressions. First, take the transposes of Eqs. (3.80) and (3.63)

to obtain

½za�
T½N�T ¼ pa½za�

T ð3:94Þ

and

½N�T ¼ �
½R�T ½F�T

½H�T ½G�T

� �

¼ �
½R�T ½F�
½H� ½R�

� �

; ð3:95Þ

since ½G� ¼ ½R�T, ½H� ¼ ½H�Tand ½F� ¼ ½F�Taccording to Eq. (3.67). Now, introduce

the block matrix [J ] having the following properties:

½J� ¼
½O� ½I�
½I� ½O�

� �

½J� ¼ ½J�T ½J�½J� ¼ ½I� : ð3:96Þ

Then,

½J�½N�T½J� ¼ �
½O� ½I�
½I� ½O�

� �

½R�T ½F�
½H� ½R�

� �

½O� ½I�
½I� ½O�

� �

¼ ½N�: ð3:97Þ

Next, post-multiplying Eq. (3.94) by [J], and employing Eqs. (3.96) and (3.97),

pa½za�
T½J� ¼ ½za�

T½N�T½J� ¼ ½za�
T½J�½N�: ð3:98Þ

Also, it may be seen, with the help of Eq. (3.39), that

½za�
T½J�½za� ¼

�

½Aa�½La�



½J�
½Aa�
½La�

� �

¼
�

½Aa�½La�

 ½La�

½Aa�

� �

¼ 2AiaLia ¼ 1: ð3:99Þ

Having these results, pre-multiply Eq. (3.93) by ½za�
T½J� to obtain

�ð1þ p2aÞ½za�
T½J�½za� þ ½za�

T½J�½N�
q½za�

qo

¼ ½za�
T½J�½za�

qpa

qo
þ pa½za�

T½J�
q½za�

qo
:

ð3:100Þ

Then, using Eqs. (3.98) and (3.99), the differential equation for pa as a function of

o is obtained in the simple form

qpaðoÞ

qo
¼ �½1þ p2aðoÞ�: ð3:101Þ

Substitution of Eq. (3.101) back into Eq. (3.93) yields

½N�
q½za�

qo
¼ pa

q½za�

qo
: ð3:102Þ

Comparison of this result with the initial eigenvalue equation, i.e., Eq. (3.80),

shows that the two equations are consistent with one another only if a relationship

of the form
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q½za�

qo
¼ KðoÞ½za� ð3:103Þ

exists, where KðoÞ is a scalar complex function of o. K(o) is then determined by

pre-multiplying Eq. (3.103) by ½za�
T½J� , and using Eq. (3.99) to obtain

½za�
T½J�

q½za�

qo
¼ KðoÞ½za�

T½J�½za� ¼ KðoÞ: ð3:104Þ

Then, using this result,

KðoÞ ¼ ½za�
T½J�

q½za�

qo

¼
�

½Aa�½La�

 ½O� ½I�

½I� ½O�

� �

q

qo
½Aa�

q

qo
½La�

2

6

6

4

3

7

7

5

¼ Aia

qLia

qo
þ Lia

qAia

qo
:

ð3:105Þ

However, differentiation of the normalization equation, Eq. (3.39), yields

Aia

qLia

qo
þ Lia

qAia

qo
¼ 0; ð3:106Þ

and comparison of Eqs. (3.106) and (3.105) shows that KðoÞ ¼ 0. Substitution of

this result into Eq. (3.103) finally yields the results

q½za�

qo
¼ 0 or

qAia

qo
¼ 0

qLia

qo
¼ 0 : ð3:107Þ

This establishes the important result that the twoStrohvectors are invariantwith respect

to o, i.e., rotation of the ðm̂; n̂; t̂Þ coordinate system around the t̂ axis (see Fig. 3.2).

However, theyaredependentupon thedirectionof t̂ aswell as the elastic constantsCijkm.

In contrast, the eigenvalues, pa, are functions ofo, as indicated in Eq. (3.101).

Sum rules for Stroh vectors

Anumber of useful sum rules for the Stroh vectors exists, which, as will now be shown,

can be establishedwith the help of the completeness relationships fromSection 3.5.1.2.

(i) Starting with Eq. (3.37), and multiplying it through by Asa, and summing

over a,

X

6

a¼1

AsaLja ¼ �ðn̂m̂Þjk
X

6

a¼1

AsaAka � ðn̂n̂Þjk
X

6

a¼1

paAsaAka: ð3:108Þ

Using the completeness relationships expressed by Eqs. (3.76) and (3.78),

Eq. (3.108) is reduced to

� ðn̂n̂Þjk
X

6

a¼1

paAsaAka ¼ dsj; ð3:109Þ

which, after multiplication through by ðn̂n̂Þ�1
jk , takes the form
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X

6

a¼1

paAsaAka ¼ �ðn̂n̂Þ�1
jk dsj ¼ �ðn̂n̂Þ�1

sk : ð3:110Þ

(ii) Multiplying Eq. (3.37) through by Lsa and summing over a,

X

6

a¼1

LsaLja ¼ �ðn̂m̂Þjk
X

6

a¼1

LsaAka � ðn̂n̂Þjk
X

6

a¼1

paLsaAka: ð3:111Þ

By using the completeness relationships given by Eqs. (3.77) and (3.78),

Eq. (3.111) is reduced to

ðn̂n̂Þjk
X

6

a¼1

paLsaAka ¼ �ðn̂m̂Þjkdsk ¼ �ðn̂m̂Þjs; ð3:112Þ

which, after multiplication through by ðn̂n̂Þ�1
jk , takes the form

X

6

a¼1

paLsaAka ¼ �ðn̂n̂Þ�1
kj ðn̂m̂Þjs: ð3:113Þ

(iii) Multiplying Eq. (3.38) through by Lsa, summing over a, applying the com-

pleteness relationship Eq. (3.78), and using Eq. (3.113),

X

6

a¼1

paLsaLja ¼ ðm̂m̂Þjs þ ðm̂n̂Þjk
X

6

a¼1

paLsaAka

¼ ðm̂m̂Þjs � ðm̂n̂Þjkðn̂n̂Þ
�1
kr ðn̂m̂Þrs:

ð3:114Þ

(iv) Multiplying Eq. (3.38) through by Asa, summing over a, applying the com-

pleteness Eqs. (3.76) and (3.78), and multiplying through by ðm̂m̂Þ�1
jk ,

X

6

a¼1

1

pa
AsaAka ¼ ðm̂m̂Þ�1

jk dsj ¼ ðm̂m̂Þ�1
sk : ð3:115Þ

Additional sum rules exist, which are listed and referenced in Bacon, Barnett, and

Scattergood (1979b).

Relationships involving the inverse matrix, Mai

In many cases, equations involving the Stroh matrices, [A] and [L], arise in the

sextic and integral formalisms that can be solved by employing the matrix, [M],

which is inverse to [L] and possesses the following properties, expressed in both

component and matrix notation:

Mi;aþ3 ¼ M�
ia ða ¼ 1;2;3Þ ; ð3:116Þ

MakLkb ¼ dab
P

3

a¼1

MiaLaj ¼ dij ða; b ¼ 1;2;3Þ or ½M� ¼ ½L��1 ; ð3:117Þ

M�
akL

�
kb ¼ dab

P

3

a¼1

M�
iaL

�
aj ¼ dij ða; b ¼ 1;2;3Þ or ½M�� ¼ ½L���1 : ð3:118Þ
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The completeness relationship between the [L]-type matrices given by Eq. (3.77)

implies a similar relationship between the [M]-type matrices. Substituting the

equalities ½L� ¼ ½M��1
and ½L�� ¼ ½M���1

into Eq. (3.77),

½M��1 ½M��1
h iT

þ ½M���1 ½M���1
h iT

¼ ½0�: ð3:119Þ

However, ½M��1
h iT

¼ ½MT�
� 
�1

, and, therefore,

½M��1 ½M�T
h i�1

þ ½M���1 ½M��T
h i�1

¼ ½M�T½M� þ ½M��T½M�� ¼ ½0�; ð3:120Þ

which in component notation takes the form

X

3

a¼1

MaiMas þ
X

3

a¼1

M�
aiM

�
as ¼

X

6

a¼1

MaiMas ¼ 0: ð3:121Þ

There are also several useful relationships between theMij andM�
ij matrices and the

Stroh matrices. The first is obtained by first substituting ½L� ¼ ½M��1
and

½L�T ¼ ½M�T
h i�1

into Eq. (3.71). Then, multiplying the result through by ½M�T

and post-multiplying by [M],

½A�½M� þ ½M�T½A�T ¼ ½M�T½M� or
P

3

a¼1

ðAsa Mai þ AiaMasÞ ¼
X

3

a¼1

MasMai: ð3:122Þ

Another is obtained by multiplying Eq. (3.77) through by ½M�� and then post-

multiplying by ½M�T to produce

½M��½L� þ ½L��T ½M�T ¼ ½0� or M�
ai
Lib þ L�iaMbi ¼ 0: ð3:123Þ

Still another is obtained by first substituting ½L� ¼ ½M��1
and ½L�� ¼ ½M���1

into

Eqs. (3.71) and (3.78) to produce, respectively,

½A�T½M��1 þ ½M��1
h iT

½A� ¼ ½I� ð3:124Þ

and

½A� ½M��1
h iT

þ ½A�� ½M���1
h iT

¼ ½I�: ð3:125Þ

Then, by post-multiplying Eq. (3.124) by [M] and multiplying the result by ½M�T, and

transposingEq. (3.125)andmultiplying the resultby [M] and thenby ½M�T, respectively,

½M�T½A�T þ ½A�½M� ¼ ½M�T½M� ð3:126Þ

and

½M�T½A�T þ ½M�T½M�½M���1½A��T ¼ ½M�T½M�: ð3:127Þ

Subtraction of Eq. (3.127) from Eq. (3.126) then yields

½A�½M� ¼ ½M�T½M�½M���1½A��T ð3:128Þ
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and substitution of Eq. (3.120) into Eq. (3.128) finally yields

½A�½M� þ ½M��T½A��T ¼ ½0� or
P

3

a¼1

ðAsaMai þ A�
iaM

�
asÞ ¼ 0: ð3:129Þ

3.5.2 Integral formalism

The sextic formalism requires that the eigenvalue problem posed by Eq. (3.32)

be solved. However, Barnett, Lothe, Malen, and others (see, Bacon, Barnett, and

Scattergood, 1979b), have used elements of the sextic formalism to construct an

integral formalism that eliminates the necessity of solving this sometimes incon-

venient problem. The essential quantities developed in the formalism are expressed

in the form of well-behaved integrals that can be programmed efficiently for

numerical calculations and are valid at the isotropic limit, where the eigenvalues

of the sextic formalism become degenerate (Nishioka and Lothe, 1972). In the

following, integral expressions are obtained for three quantities of the integral

formalism that will be particularly useful in the treatment of dislocations and lines

of force, namely the matrices Qsk, Sks, and Bjs.

3.5.2.1 The matrices Qsk, Ssk, and Bsk

As shown in Section 3.5.1.2, the vectors Aa and La are independent of o in

Fig. 3.2. A sum rule, such as Eq. (3.110), can therefore be integrated over the

angular range 0 
 o 
 2p to obtain

ð

2p

0

X

6

a¼1

paðoÞAsaAka do ¼ �

ð

2p

0

ðn̂n̂Þ�1
sk do ¼

X

6

a¼1

AsaAka

ð

2p

0

paðoÞdo: ð3:130Þ

Now, the quantity paðoÞ in Eq. (3.130) is readily found by integrating Eq. (3.101)

and is given by

paðoÞ ¼ tanðca � oÞ ¼ �i
1� exp½�i2ðca � oÞ�

1þ exp½�i2ðca � oÞ�

� �

; ð3:131Þ

since the constant of integration, ca, is complex. Having this, the integral involv-

ing paðoÞ in Eq. (3.130) is given by

ð

2p

0

paðoÞdo ¼ �i

ð

2p

0

1� exp½�i2ðca � oÞ�

1þ exp½�i2ðca � oÞ�

� �

do ¼
2pi ða ¼ 1;2;3Þ

�2pi ða ¼ 4;5;6Þ

�

; ð3:132Þ

as shown by Bacon, Barnett, and Scattergood (1979b) by means of contour

integration on the complex plane. Substitution of Eq. (3.132) into Eq. (3.130)

then yields the expression for the Qsk matrix

i
X

6

a¼1

� AsaAka ¼ �
1

2p

ð

2p

0

ðn̂n̂Þ�1
sk do � Qsk; ð3:133Þ
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where the upper sign in the � notation applies when a= 1,2,3 and the lower when

a = 4,5,6,8 and the right side is defined as the matrix Qks. The evaluation of Qks

therefore involves an integration around a unit circle on a plane normal to the

invariant direction.

Proceeding in the same fashion with the sum rules given by Eqs. (3.113) and

(3.114), the matrices, Sks and Bjs are obtained in the respective forms

i
X

6

a¼1

� AkaLsa ¼ �
1

2p

ð

2p

0

ðn̂n̂Þ�1
kj ðn̂m̂Þjs do � Sks ð3:134Þ

and

i

4p

X

6

a¼1

�LsaLja ¼
1

8p2

ð

2p

0

ðm̂m̂Þjs � ðm̂n̂Þjkðn̂n̂Þ
�1
kr ðn̂m̂Þrs

h i

do � Bjs: ð3:135Þ

The Bjs matrix can be expressed in an alternative form by first writing Eq. (3.77) as

X

6

a¼1

LsaLja ¼
X

3

a¼1

LsaLja þ
X

6

a¼4

LsaLja ¼ 0: ð3:136Þ

Then, substituting Eq. (3.136) into Eq. (3.135)

Bjs ¼
i

4p

X

3

a¼1

LsaLja �
X

6

a¼4

LsaLja

 !

¼
i

2p

X

3

a¼1

LsaLja: ð3:137Þ

Since the eigenvectors are independent of o, each of the three matrices, Qsk, Sks,

and Bsk depends only upon the direction of t̂ and the elastic constants, Cijkm. The

Qsk and Bjs matrices are symmetric, and since the integrals are real, all three

matrices are real. Furthermore, all integrals are well behaved and progress

smoothly to the isotropic limit.

Various relationships also exist between the threematrices. For the pair [B] and [S],

BijSjk þ SjiBjk ¼ �
1

4p

X

6

a¼1

� LiaLja
X

6

b¼1

� AjbLkb þ
X

6

a¼1

� AjaLia
X

6

b¼1

� LjbLkb

" #

¼ �
1

4p

X

6

a¼1

X

6

b¼1

ð� LiaÞð� LkbÞðLjaAjb þ AjaLjbÞ
� 


¼ �
1

4p

X

6

a¼1

X

6

b¼1

ð� LiaÞð� LkbÞdab
� 


¼ �
1

4p

X

6

a¼1

LiaLka ¼ 0:

ð3:138Þ

8 This � sign convention is employed throughout the relevant literature and this book.
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after using Eqs. (3.134), (3.135), (3.70), and (3.77). Using similar methods, for the

pair [Q] and [S],

QijSkj þ SijQjk ¼ 0 ð3:139Þ

and, in addition,

4pBijQjk þ SjiSkj ¼ �dik: ð3:140Þ

3.5.2.2 The matrices Qsk, Ssk, and Bsk for isotropic systems
The matrices Qsk, Ssk, and Bsk take relatively simple forms in isotropic systems and

can be obtained by evaluating the integrals in Eqs. (3.133), (3.134), and (3.135).

The first step is to determine the forms taken by the Christoffel stiffness tensors

that appear in the integrands. By direct substitution of Eq. (2.120) for Cijkl, the

following results are obtained:

ðn̂n̂Þjk ¼ n̂iCijkln̂l ¼ m djk þ
1

1� 2n
n̂jn̂k

� �

ðn̂n̂Þ�1
jk ¼

1

m
djk �

1

2ð1� nÞ
n̂jn̂k

� �

ðn̂m̂Þjk ¼ ðm̂n̂Þkj ¼
2mn

1� 2n
n̂jm̂k þ mn̂km̂j:

ð3:141Þ

Qjk can then be expressed as

Qjk ¼ �
1

2p

ð

2p

0

ðn̂n̂Þ�1
jk do ¼ �

1

2pm

ð

2p

0

djk �
1

2ð1� nÞ
n̂jn̂k

� �

do: ð3:142Þ

For the integration, it is convenient to introduce a new ðM̂; N̂; t̂Þ orthogonal

coordinate system where M̂ lies along the reference line in Fig. 3.2. The base

vectors of the ðM̂; N̂; t̂Þ and ðm̂; n̂; t̂Þ systems are then related by

m̂ ¼ cosoM̂þ sinoN̂
n̂ ¼ � sinoM̂þ cosoN̂
t̂ ¼ t̂

or
M̂ ¼ cosom̂� sinon̂
N̂ ¼ sinom̂þ coson̂
t̂ ¼ t̂:

ð3:143Þ

Then, substituting Eq. (3.143) into Eq. (3.142),

Qjk ¼ �
1

2pm

ð

2p

0

djk �
1

2ð1� nÞ
ð�M̂j sinoþ N̂j cosoÞð�M̂k sinoþ N̂k cosoÞ

� �

do

¼ �
djk

m
þ

1

4mð1� nÞ
ðM̂jM̂k þ N̂jN̂kÞ ¼ �

djk

m
þ

1

4mð1� nÞ
ðm̂jm̂k þ n̂jn̂kÞ:

ð3:144Þ

If the ðM̂; N̂; t̂Þ system is taken as the “new” system, and the crystal system as the

“old” system, for a transformation of vector components, the transformation

matrix corresponding to [l ] in Eq. (2.15) is
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½l� ¼
m̂1 m̂2 m̂3

n̂1 n̂2 n̂3
t̂1 t̂2 t̂3

2

4

3

5: ð3:145Þ

Since [l] is a unitary orthogonalmatrix (see Section 2.2.2.1), m̂jm̂k þ n̂jn̂k þ t̂jt̂k ¼ djk,

and substituting this into Eq. (3.144),

Qjk ¼ �
1

4mð1� nÞ
ð3� 4nÞdjk þ t̂jt̂k
� 


: ð3:146Þ

However, for an isotropic system the crystal system can be replaced with a

Cartesian system that can be oriented arbitrarily in the body, and, if it is aligned

so that its ê3 axis is parallel with t̂, the [Q] matrix assumes the form

½Q� ¼ �
ð3� 4nÞ

4mð1� nÞ

1 0 0

0 1 0

0 0
4ð1� nÞ

ð3� 4mÞ

2

6

6

4

3

7

7

5

½S� ¼ �
ð1� 2nÞ

2ð1� nÞ

0 1 0

�1 0 0

0 0 0

2

6

4

3

7

5

½B� ¼
m

4p

1

1� n
0 0

0
1

1� n
0

0 0 1

2

6

6

6

6

4

3

7

7

7

7

5

:

ð3:147Þ

The elements of the [S] and [B] matrices can be found in a similar manner, and are

also included in Eq. (3.147).

3.6 Elasticity theory for systems containing transformation strains

Many of the defects in this book can be mimicked by introducing a localized trans-

formation strain, which represents the defect and serves as the source of its elastic field.

Aswill be seen, the use of transformation strains canbe apowerfulmeans formodeling

inclusions (Chapter 6) as well as dislocations, which can be represented by highly

localized transformation strains in the form of delta functions (Section 12.4.1.1). In

addition to other applications they can be used to treat the internal stresses caused by

the differential thermal expansion that occurs in non-uniformly heated bodies.9

Until now, it has been assumed that all of the displacements and strains are

purely elastic. However, as described next, this is not the case when transform-

ation strains are introduced, and in the following the previous elastic theory is

modified to produce a theory admitting both elastic and transformation displace-

ments and strains.

9 Mura has made particular use of the transformation strain method for treating crystal defects, and

his book (Mura 1987), should be consulted for many details and applications.
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The following notation for this section is employed:

eTij transformation strain,

eij elastic strain,

etotij ¼ eij þ eTij total strain,

eV
D

ij ; eMij elastic strain in the region VD
and in the matrix, respectively,

e
tot;VD

ij ; etot;Mij total strain in the region VD
and in the matrix, respectively,

e
C;VD

ij ; eC;Mij canceling elastic strain in the region VD
and the matrix,

respectively.

3.6.1 Transformation strain formalism

A transformation strain can be introduced into an initially stress-free homoge-

neous body by the following steps:

(1) Cut out of the body the local region, VD
, that is to receive the transformation

strain that will mimic the defect, D.

(2) Alter the size and shape of VD
without leaving residual stress by means of

plastic deformation, phase transformation, or the addition or removal of

material. Describe the change in size and shape (which need not be uniform)

by an effective transformation strain, eTij ðxÞ.
10

(3) Apply surface and body forces toVD
, which cancel the transformation strain,

eTij ðxÞ. Then if

sTij ðxÞ ¼ Cijkle
T
klðxÞ ð3:148Þ

is the stress related by Hooke’s law to an elastic strain equal to eTij ðxÞ, the

tractions and body forces in VD
at the end of this stage are

TiðxÞ ¼ �sTij ðxÞn̂j and fiðxÞ ¼ qsTij ðxÞ=qxj : ð3:149Þ

(4) Insert VD
back into its cavity in the unstressed body, which it now matches

exactly, and bond it to the body.

(5) Cancel the surface tractions and body forces from step (3) by imposing equal

and opposite forces, which produce the canceling elastic strain fields, e
C;VD

ij ðxÞ
in the region VD

and e
C;M
ij ðxÞ in the surrounding matrix.11

In the final state, the material within VD
is coherent with respect to the surround-

ing matrix in the sense that all points on the surface of VD
that were in registry

initially are still in registry. The final elastic strains in VD
and in the surrounding

10 Eshelby (1957; 1961) termed such a strain a transformation strain, and Mura (1987) has more

recently called it an eigenstrain. However, since use of the latter term may conceivably infer an

association with a classic eigenvalue problem, I favor the former term.
11 The use of the superscript, C, (Eshelby, 1957) seems appropriate, since the eCij ðxÞ strains arise from

canceling forces. Also, the eCij ðxÞ strain, at least in the matrix, may be attributed to the constraints

imposed by the matrix on the canceling forces.
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matrix, designated by eV
D

ij and eMij , respectively, and the corresponding elastic

displacements, uV
D

i and uMi , are then

eV
D

ij ðxÞ ¼ e
C;VD

ij ðxÞ � eTij ðxÞ uV
D

i ðxÞ ¼ u
C;VD

i ðxÞ � uTi ðxÞ

eMij ðxÞ ¼ e
C;M
ij ðxÞ uMi ðxÞ ¼ u

C;M
i ðxÞ;

ð3:150Þ

where uTi ðxÞ is the transformation displacement that is associated with the transformation

strain eTij ðxÞ.

The strains given by Eq. (3.150) are due to the incompatibility caused by the

application of the transformation strain to the VD
region, which produced a misfit

between theVD
region and the surroundingmatrix. Such residual strains are termed

internal strains, since they are generated internally by the presence of the transform-

ation strain in the absence of any applied forces. As discussed by Eshelby (1957), they

can be formulated directly in terms of the incompatibility tensor given by Eq. (2.54).

To analyze bodies containing transformation strains, we follow Mura (1987)

and employ a formalism that introduces the total strain, etotij ðxÞ, defined as the sum

of the elastic strain, eijðxÞ, and the transformation strain, i.e.,

etotij ðxÞ ¼ eijðxÞ þ eTij ðxÞ: ð3:151Þ

Similarly, the corresponding total displacement, utoti ðxÞ, is the sum of the elastic

displacement, uiðxÞ, and transformation displacement, uTi ðxÞ, i.e.,

utoti ðxÞ ¼ uiðxÞ þ uTi ðxÞ: ð3:152Þ

The total strain must be compatible everywhere, and the six total strains must

therefore be derivable from three total displacements according to

etotij ¼ eij þ eTij ¼
1

2

qutoti

qxj
þ
qutotj

qxi

� �

: ð3:153Þ

Also, the stresses, sij, must be related to the elastic strains by Hooke’s law, and,

therefore, with the use of Eq. (3.153),

sij ¼ Cijklðe
tot
kl � eTklÞ ¼ Cijkl

qutotk

qxl
� Cijkle

T
kl ¼ Cijkl

qutotk

qxl
� sTij : ð3:154Þ

By virtue of Eqs. (3.150)–(3.152), we then have

e
tot;VD

ij ¼ ðeC;V
E

ij � eTij Þ þ eTij ¼ e
C;VD

ij e
tot;M
ij ¼ e

C;M
ij

u
tot;VD

i ¼ u
C;VD

i u
tot;M
i ¼ u

C;M
i ;

ð3:155Þ

where u
tot;VD

i and u
tot;M
i are the total displacements inVD

, and the matrix, respect-

ively. The boundary conditions at the coherent VD
–matrix interface that must be

satisfied are continuity of the total displacements and continuity of the tractions, i.e.,

u
tot;VD

i ¼ u
C;VD

i ¼ u
tot;M
i ¼ u

C;M
i

sV
D

ij n̂j ¼ ðsC;V
D

ij � sTij Þn̂j ¼ sMij n̂j ¼ s
C;M
ij n̂j

ðon VD
�matrix interface) :

ð3:156Þ
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Equation (3.155), with these boundary conditions, shows that the total displace-

ment field throughout a homogeneous body that is subjected to a transformation

strain in a region, VD
, is given by the canceling displacement field, i.e.,

utoti ðxÞ ¼ uCi ðxÞ: ð3:157Þ

Next, differentiating Eq. (3.154), and substituting Eq. (2.65) in the absence of

body forces,

Cijkl

q
2utotk ðxÞ

qxjqxl
�
qsTij ðxÞ

qxj
¼

qsijðxÞ

qxj
¼ 0: ð3:158Þ

Comparison of Eqs. (3.158) and (3.2) shows that the effect on the total displace-

ment of the term �qsTij ðxÞ=qxj in a system containing a transformation strain and

free of body force density is identical to the effect of an equivalent body force

density, fi, in a system free of transformation strain.

Equations (3.154) and (3.158) can be used to obtain a basic relationship between

the Fourier amplitudes of the transformation strain and its associated stress in a

homogeneous system (Lothe, 1992b). To obtain this, write the transformation

strain as a wave with wave vector given by the k vector, i.e.,

eTklðxÞ ¼ AT
klðkÞe

ik�x: ð3:159Þ

This will produce a wave of total displacement possessing the same wave vector,

i.e.,

utotk ðxÞ ¼ Atot
k ðkÞeik�x: ð3:160Þ

The amplitude of the total displacement wave, Atot
k ðkÞ, is obtained by substituting

Eqs. (3.160) and (3.159) (after employingHooke’s law) intoEq. (3.158)with the result

Atot
m ðkÞ ¼ �iðkkÞ�1

mj kiCijklA
T
klðkÞ: ð3:161Þ

Then, by substituting the above quantities into Eq. (3.154), the associated stress is

obtained in the form

sijðxÞ ¼ �C�
ijklðk̂ÞA

T
klðkÞe

ik�x ¼ �C�
ijklðk̂Þe

T
klðxÞ; ð3:162Þ

where

C�
ijklðk̂Þ ¼ Cijkl � Cijpqk̂sk̂qðk̂k̂Þ

�1
pr Csrkl: ð3:163Þ

Then, taking the Fourier transform of Eq. (3.162),

�sklðkÞ ¼ �C�
ijklðk̂Þ�e

T
klðkÞ: ð3:164Þ

Equation (3.164) shows that Fourier amplitudes of the transformation strain and

its associated stress are linearly coupled by the tensor C�
ijklðk̂Þ. This tensor, which is

a function of the unit vector, k̂, is known as the planar elastic stiffness tensor and,

as shown in the Exercise, it has the physical significance of describing Hooke’s law
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under the condition that the planes in the elastic medium normal to k̂ experience

vanishing traction (see Lothe, 1992b).

3.6.2 Fourier transform solutions

As noted in the previous section, a comparison of the basic field equations for

systems with and without transformation strains, given by Eqs. (3.158) and (3.2),

respectively, shows the equivalent roles played by the quantity, �qsTij ðxÞ=qxj, in

the former case and the force density, fiðxÞ, in the latter. Therefore, on the basis of

this equivalence, the Fourier transform of fiðxÞ, i.e., �fiðkÞ, can be replaced with the

Fourier transform of �qsTij ðxÞ=qxj, so that by virtue of Eq. (F.1),

�f iðkÞ ¼ �

ð

1

�1

ð

1

�1

ð

1

�1

qsTij ðxÞ

qxj
eik�xdx1 dx2 dx3

¼ �Cijmn

ð

1

�1

ð

1

�1

ð

1

�1

qeTmnðxÞ

qxj
eik�x dx1 dx2 dx3

¼ �Cijmn

ð

1

�1

ð

1

�1

ð

1

�1

qðeTmne
ik�xÞ

qxj
� eTmne

ik�xikj

� �

dx1 dx2 dx3

¼ iCijmn

ð

1

�1

ð

1

�1

ð

1

�1

eTmne
ik�xkj dx1 dx2 dx3 �∯

S

eTmne
ik�xn̂j dS

¼ iCijmn

ð

1

�1

ð

1

�1

ð

1

�1

eTmne
ik�xkj dx1 dx2 dx3:

ð3:165Þ

In this development, use has been made of the divergence theorem, and the

expectation that the surface integral vanishes for all defect transformation strains

employed in this book. Then, by substituting Eq. (3.165) into Eq. (3.8), and taking

the inverse of the result using Eq. (F.2), the canceling displacement is given by

uCk ðxÞ ¼
i

ð2pÞ3
Cijmn

ð

1

�1

ð

1

�1

ð

1

�1

eTij ðx
0Þdx01 dx

0
2 dx

0
3

ð

1

�1

ð

1

�1

ð

1

�1

e�ik�ðx�x0ÞðkkÞ�1
ik kj dk1 dk2 dk3:

ð3:166Þ

3.6.3 Green’s function solutions

A useful differential equation for the canceling displacement uCi ðxÞ in a homoge-

neous body containing transformation strains in a region,VD
, can also be obtained

by employing Green’s functions (Mura, 1987). It is recalled that in the final step in

the introduction of a transformation strain into a body in Section 3.6.1, the uCi ðxÞ
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displacement field is produced by applying surface tractions, Ti ¼ sTij n̂j, and body

forces, fi ¼ �qsTij=qxj, to theVD
region that are just the opposite of those given by

Eq. (3.149). Therefore, using Eq. (3.16),

uCi ðxÞ ¼ �∰
V D

Gikðx� x0Þ
qsTjkðx

0Þ

qx0j
dV0 þ∯

SD

Gikðx� x0ÞsTjkðx
0Þn̂jðx

0ÞdS0: ð3:167Þ

Then, by employing the divergence theorem,

uCi ðxÞ ¼ �∰
V D

Gikðx� x0Þ
qsTjkðx

0Þ

qx0j
dV0 þ∰

V D

q

qx0j
Gikðx� x0ÞsTjkðx

0Þ
h i

dV0

¼ ∰
V D

sTjkðx
0Þ
qGikðx� x0Þ

qx0j
dV0:

ð3:168Þ

3.7 Stress function method for isotropic systems

As pointed out in Section 3.2, the stresses in a stable elastic field must satisfy the

equations of equilibrium and also be associated with strains that satisfy the

condition of compatibility. A wide variety of stress functions has been developed

in the theory of elasticity that can be used to generate stresses that automatically

satisfy these conditions, and are therefore useful for solving a variety of problems.

For example, if the stresses generated by such functions can be matched to the

existing boundary conditions, the elastic problem is solved immediately. Promin-

ent stress functions include the Airy function, the Morera function, and the

Maxwell function [Chou and Pagano (1967) and Hetnarski and Ignaczak (2004)].

We will find a use for the Airy stress function, which is applicable for plane strain

problems in isotropic systems when the elastic field is invariant along one dimension

and the displacement along that dimension vanishes, as is the case, for example, along

an infinitely long straight edge dislocation. The Airy stress function for an isotropic

system can be developed by first selecting ê3 as the invariant direction, so that

u1 ¼ u1ðx1; x2Þ u2 ¼ u2ðx1; x2Þ
q

qx3
¼ 0 u3 ¼ 0 ð3:169Þ

for the two-dimensional elastic field. The only non-vanishing strains and stresses

are then e11, e22, and e12, and s11, s22, s12, and s33 ¼ nðs11 þ s22Þ. The equations of

equilibrium, expressed in Cartesian and cylindrical coordinates by Eqs. (2.65) and

(G.5), respectively, then appear, in the absence of body forces, as

qs11

qx1
þ
qs12

qx2
¼ 0

qs12

qx1
þ
qs22

qx2
¼ 0

and

qsrr

qr
þ
1

r

qsry

qy
þ
srr � syy

r
¼ 0

qsry

qr
þ
1

r

qsyy

qy
þ
2sry

r
¼ 0:

ð3:170Þ
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These equations will be satisfied automatically if Airy stress functions, cðx1; x2Þ, or

cðr; yÞ, can be found that satisfy, respectively

s11 ¼
q
2c

qx22

s22 ¼
q
2c

qx21

s12 ¼ �
q
2c

qx1qx2

or

srr ¼
1

r

qc

qr
þ

1

r2
q
2c

qy2

syy ¼
q
2c

qr2

sry ¼ �
q

qr

1

r

qc

qy

� �

:

ð3:171Þ

However, compatibility of the corresponding strains must also be satisfied, and

Eq. (2.53) therefore requires that the corresponding strains, e11, e22, and e12, satisfy

2
q
2e12

qx1qx2
�
q
2e11

qx22
�
q
2e22

qx21
¼ C33 ¼ 0: ð3:172Þ

Then, converting the stresses in Eq. (3.171) to strains using Hooke’s law and

putting the results into Eq. (3.172), compatibility is achieved if

q
4c

qx41
þ 2

q
4c

qx22qx
2
1

þ
q
4c

qx42
¼ r4c ¼ r2ðr2Þc ¼ 0: ð3:173Þ

The corresponding result in cylindrical coordinates, with the help of Eq. (A.3), is

r4c ¼ r2ðr2Þc ¼ 0 where r2c ¼
1

r

q

qr
r
qc

qr

� �

þ
1

r2
q
2c

qy2
: ð3:174Þ

Therefore, if an Airy stress function is found that satisfies Eq. (3.173), or (3.174),

the corresponding stresses can be obtained simply by using Eq. (3.171).

3.8 Defects in regions bounded by interfaces – method of image stresses

Defects in real systems generally exist in finite regions bounded by interfaces. Any

expressions for the elastic fields that they generate must therefore satisfy the

boundary conditions that exist for these fields at the interfaces. For example, if

the interface is a traction-free surface, the defect self-stress field, sDij ðxÞ, must satisfy

the condition TD
i ¼ sDij n̂j ¼ 0 at the surface. In general, it will be seen that for defects

that are in large bodies andwell away from any interfaces, the effect of the interfaces

on the defect self-stress in the vicinity of the defect can usually be neglected. It can

therefore be assumed that the self-stress field is the same as it would be if the defect

were in an infinite body. However, when the defect is near an interface, the effect of

the interface becomes significant and must be taken into account.

The most direct method of dealing with problems where interface effects are

significant is to treat them as boundary-value problems and seek solutions that

simultaneously satisfy both the necessary equations of elasticity and the boundary

conditions. This approach is often practicable, particularly when the problem has
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a high degree of symmetry and the boundary conditions can be expressed rela-

tively simply (as, for example, in the case treated in Exercise 9.1). However, it is

often more practicable to employ the method of image stresses.12 Here, it is

imagined that the defect is initially present in an infinite homogeneous region so

that it possesses the elastic field that it would produce in an infinite body. Then, an

additional solution, i.e., an image solution, is sought which, when added to the

infinite body solution, produces a solution that satisfies both the equations of

elasticity and the boundary conditions. The final stress field for the defect in the

finite region, sDij , is therefore the sum

sDij ¼ sD
1

ij þ sD
IM

ij ; ð3:175Þ

where sD
1

ij is the infinite-body stress, and sD
IM

ij is the image stress. The advantage

of this approach in many cases is that it is easier to formulate the sD
1

ij and sD
IM

ij

solutions individually than a single direct solution, which satisfies both the equa-

tions of elasticity and the boundary conditions.

To illustrate the image methodmore explicitly, consider the case where the defect

is in a finite homogeneous body with a traction-free surface. Imagine that it is

initially in the infinite homogeneous region V1
in Fig. 3.3a, and mark out the

surface, S	
(dashed), of the finite region,V 	

, that it will occupy. Then, introduce the

image stress by applying a distribution of force to S	
that produces tractions, TDIM

i ,

on S	
, as indicated in Fig. 3.3b, that exactly cancel the tractions, TD1

i , that are

present as a result of the infinite-body stress. The surface S	
is now traction-free,

and the finite regionV 	
contains the stress field given by Eq. (3.175). Furthermore,

the stress field in the region V1
�V 	

surrounding S	
vanishes, since no net

tractions act on it, and no sources of stress exist within it. Note that the final stress

in the system produced by this procedure is identical to that produced by the

alternative two-step procedure of simply (1) cutting the region V 	
in Fig. 3.3a

out of the infinite body while applying tractions, TD1

i , to the resulting surface of the

s
D

∞

(
D∞

+
DIM

)

T
D

∞

T
D∞

V
∞

V
∞

T
DIM

(b) (a)

D D

Sº, VºSº, Vº

s s

Figure 3.3 (a) Defect, D, embedded in infinite region V1
causing stress field sD

1

. Dashed

line indicates surface, S	
, enclosing finite region, V 	

, that D is to occupy with a traction-

free surface as in (b). (b) Same as (a) except that the image field has been added by applying

tractions, TDIM

, to the surface S	
which cancel the tractions TD1

associated with the defect

stress field sD
1

thus making S	
traction-free.

12 As shown in Section 5.3, the method of images is also useful for obtaining the force exerted on a

defect lying in a finite homogeneous region.
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cut-out body and cavity to maintain the infinite-body tractions, and (2) canceling

these tractions by applying equal and opposite TDIM

i tractions.

The image stress will depend upon the position of the defect in the V 	
region

and the shape and size of the region, and, therefore, no general and tractable

solutions exist for defect image stresses in finite homogeneous regions of arbitrary

shapes. However, tractable solutions do exist for many relatively simple geom-

etries possessing high degrees of symmetry. In a few special cases, a suitable image

stress for a defect corresponds to the stress field of the same defect (but of negative

character) placed in an “image” position across an interface in a manner analo-

gous to the electrostatic image fields produced by “image” electrical charges that

are employed in classical electrostatics, e.g., Smythe (1950).13

This example of the image stress method for a defect in a finite homogeneous

region possessing a traction-free surface is readily generalized to include cases

where the region containing the defect is bonded to an elastically dissimilar region

and the surface is no longer free, but instead, is subjected to elastic constraints.

Exercise

3.1 Show that the planar elastic stiffness tensor, C�
ijklðk̂Þ, given by Eq. (3.163),

has the physical significance of describing Hooke’s law under the condition

that the planes in the elastic medium normal to k̂ are subjected to a

vanishing traction.

Solution Hooke’s law, employing C�
ijklðk̂Þ, has the form

sij ¼ C�
ijklðk̂Þekl: ð3:176Þ

The condition for a vanishing traction on planes normal to k̂ is then

Ti ¼ sijk̂j ¼ C�
ijklðk̂Þeklk̂j ¼ 0 ð3:177Þ

after using Eq. (2.59). Then, substituting Eq. (3.163) into (3.177) the above

condition assumes the form

k̂jCijklekl ¼ k̂jCijpqk̂sk̂qðk̂k̂Þ
�1
pr Csrklekl: ð3:178Þ

By invoking the symmetry properties of the Cijkl tensor, it is then seen that

the condition expressed by Eq. (3.178) is indeed satisfied, since.

k̂jCijpqk̂sk̂qðk̂k̂Þ
�1
pr Csrklekl ¼ k̂jCjipqk̂qk̂sðk̂k̂Þ

�1
pr Csrklekl

¼ k̂sðk̂k̂Þipðk̂k̂Þ
�1
pr Csrklekl

¼ k̂sdirCsrklekl

¼ k̂sCsiklekl ¼ k̂jCijklekl:

ð3:179Þ

13 Also, in some cases, the placement of an “image defect” almost satisfies the prevailing boundary condition,

and the discrepancy can be made up by adding an additional term that is relatively easy to formulate.
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4 Green’s functions for unit point force

4.1 Introduction

The elastic Green’s function for a unit point force was introduced in Chapter 3,

and its general use in solving defect elasticity problems was described. Also, a

basic differential equation for such a Green’s function for an infinite region was

derived in the form of Eq. (3.21). With the help of that equation, the elastic

Green’s functions for a unit point force is now obtained when it is present in three

different types of region: i.e.; (1) an infinite homogeneous region; (2) a half-space

with a planar traction-free surface, and (3) a half-space joined to an elastically

dissimilar half-space along a planar interface. Following this, corresponding

results for isotropic systems are derived.

The following Green’s function notation is employed for this chapter:

G1
km Green’s function for point force in infinite homogeneous body,

Gkm Green’s function for point force in half-space with a planar traction-free

surface,

GIM
km image Green’s function for point force in half-space with a planar

traction-free surface,

g
ð1Þ
km Green’s function in half-space 1 for point force in half-space 1 joined to

elastically dissimilar half-space 2 along planar interface,

gIM
ð1Þ

km image Green’s function in half-space 1 for point force in half-space

1 joined to elastically dissimilar half-space 2 along planar interface,

g
ð2Þ
km Green’s function in half-space 2 for point force in half-space 1 joined to

elastically dissimilar half-space 2 along planar interface.

4.2 Green’s functions for unit point force

The Green’s functions for all three of the above regions are obtained following a

treatment of Barnett (personal communication, 2007), which is constructed within

the framework of the sextic formalism of Section 3.5.1.1 The geometry employed

1 I am indebted to Professor D. M. Barnett for permission to include his previously unpublished

derivations of the Green’s functions, G1
km, Gkm, and gkm, in Sections 4.2.1, 4.2.2, and 4.2.3, respectively.



for all three above regions is illustrated in Fig. 4.1. As in Section 3.5.1.1, two

coordinate systems are employed. The first is the crystal system, already described

in Section 3.5.1.1, while the second is the system illustrated in Fig. 4.1, which

employs the orthogonal base vectors ðû; v̂; ŵÞ. The field point is at x, x is the

component of x along ŵ so that x ¼ x � ŵ, and the unit point force, F̂, acts at the

source point, x0 ¼ x	ŵ.

A two-dimensional Fourier transform formulation is used in conjunction with

Eq. (3.21) to find the Green’s function. The problem is transformed into Fourier

space, where solutions are found, which are then inversely transformed back to

real space. Consistent with the geometry of Fig. 4.1, the two-dimensional trans-

form of a function, fkmðxÞ, and its inverse, are written in the forms (compare with

Eqs. (F.1) and (F.2))

�f kmðk; x ¼ x � ŵÞ ¼

ð

1

�1

ð

1

�1

fkmðxÞe
ik�x dðû � xÞdðv̂ � xÞ

fkmðxÞ ¼
1

4p2

ð

1

�1

ð

1

�1

�f kmðk; x ¼ x � ŵÞe�ik�x dk1 dk2;

ð4:1Þ

where the transform vector, k̂, lies in the plane normal to ŵ as in Fig. 4.1. For the

treatments of the two regions where planar interfaces are present, the base unit

vector, ŵ, is taken to be normal to the arbitrarily inclined interface, whereas for

the infinite homogeneous region the direction of ŵ is arbitrary. In all cases the

entire system (including the interface, if present) can therefore be rotated relative

to the crystal system to study the effect of elastic anisotropy.2

The Green’s function for the infinite homogeneous region is found first. Solu-

tions are then found for the half-space and the joined half-spaces, by adding image

terms to satisfy the boundary conditions at the interfaces.

û
O f

v̂ k̂ Plane perpendicular to
ŵ

ŵ

ŵ

x
°

′ x = x
°

F̂
x x

Figure 4.1 Geometry for finding Green’s function, G1
km, at field point, x, for unit point

force, F̂, acting at source point x0 ¼ x	ŵ.

2 The ðû; v̂; ŵÞ system is therefore analogous to the ðm̂; n̂; t̂Þ system of Section 3.5.1.1 in this

respect.
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4.2.1 In infinite homogeneous region

4.2.1.1 Green’s function
Employing Eq. (4.1), the Fourier transform of G1

km and its inverse are first written

(Barnett, personal communication, 2007) as

�G1
kmðk; ŵ � xÞ ¼

ð

1

�1

ð

1

�1

G1
kmðxÞe

ik�x dðû � xÞdðv̂ � xÞ

G1
kmðxÞ ¼

1

4p2

ð

1

�1

ð

1

�1

�G1
kmðk; ŵ � xÞe�ik�x dk1 dk2:

ð4:2Þ

Since the point force is located at ð0; 0; x	Þ, Eq. (3.21) for the Green’s function

assumes the form

Cijkl

q2G1
km

qxiqxl
þ djmdðx � ûÞdðx � v̂Þdðx � ŵ� x	Þ ¼ 0: ð4:3Þ

Then, by substituting the standard delta function relationship (Sneddon,

1951),

dðx � ûÞdðx � v̂Þ ¼
1

4p2

ð

1

�1

ð

1

�1

e�ik�xdk1dk2; ð4:4Þ

and Eq. (4.2) into Eq. (4.3), the expression

ð

1

�1

ð

1

�1

Cijkl

q2

qxiqxl
�G1
km e�ik�x

� 


þ djmdðx � ŵ� x	Þe
�ik�x

� �

dk1 dk2 ¼ 0 ð4:5Þ

is obtained for the Fourier transform of the Green’s function. Next, writing

k ¼ kk̂, and using x ¼ ŵ � x and

q �G1
km=qxn ¼ ðq �G1

km=qxÞðqx=qxnÞ ¼ ðq �G1
km=qxÞŵn; ð4:6Þ

Eq. (4.5) can be put into the form

ð

1

�1

ð

1

�1

Cijkl �ikk̂i þ ŵi

q

qx

� �

�ikk̂l þ ŵl

q

qx

� �

�G1
km

� �

þ djmdðx� x	Þ

� �

e�ikk̂�x dk1 dk2 ¼ 0;

ð4:7Þ

which is satisfied if

Cijkl �ikk̂i þ ŵi

q

qx

� �

�ikk̂l þ ŵl

q

qx

� �

�G1
km

� �

þ djmdðx� x	Þ ¼ 0: ð4:8Þ
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Using the Christoffel stiffness tensor notation of Eq. (3.5), Eq. (4.8) then assumes

the form

� k2ðk̂k̂Þjk
�G1
km � ik½ðk̂ŵÞjk þ ðŵk̂Þjk�

q �G1
km

qx
þ ðŵŵÞjk

q

qx

q �G1
km

qx

� �

¼ �djmdðx� x	Þ:

ð4:9Þ

The solution of Eq. (4.9) for �G1
km can be simplified by imposing on �G1

km the jump

condition at the location of the point force,

q �G1
km

qx

�

�

�

�

�

�

�

�

xþ	

�
q �G1

km

qx

�

�

�

�

�

�

�

�

x�	

¼ �ðŵŵÞ�1
km : ð4:10Þ

This incorporates the required delta function at the point force into the solution

for �G1
km, since the derivative of a Heaviside step function is a delta function at the

step (see Table D.1). The delta function term in Eq. (4.9) can then be dropped,

leaving the more amenable homogeneous equation

� k2ðk̂k̂Þjk
�G1
km � ik½ðk̂ŵÞjk þ ðŵk̂Þjk�

q �G1
km

qx
þ ðŵŵÞjk

q

qx

q �G1
km

qx

� �

¼ 0: ð4:11Þ

A solution of Eq. (4.11) of the form

�G1
km ¼ AkaBam e�ikpax ð4:12Þ

is then assumed, which, after substitution into Eq. (4.11), yields

ðŵŵÞjkp
2
a þ ½ðk̂ŵÞjk þ ðŵk̂Þjk�pa þ ðk̂k̂Þjk

n o

Aka ¼ 0: ð4:13Þ

Equation (4.13) constitutes an eigenvalue problem that involves finding the eigen-

values, pa, and corresponding eigenvectors, Aka. However, it is seen to be identical

in form to Eq. (3.32) for the eigenvalue problem of Chapter 3 (which determined

the Stroh eigenvectors) with ŵ corresponding to n̂ and k̂ corresponding to m̂. The

results in Chapter 3, involving the eigenvalues and eigenvectors in Eqs. (3.34) and

(3.35), and the various Stroh vector expressions involving Aa and La, are therefore

valid for the present problem if n̂ is simply replaced by ŵ and m̂ replaced by k̂.

Having this result, a general series solution of the form

�G1
km ¼

P

3

a¼1

A�
kaB

�
am e�ikp�aðx�x	Þ ðx > x	Þ

�G1
km ¼

P

3

a¼1

AkaBam e�ikpaðx�x	Þ ðx < x	Þ

ð4:14Þ

is assumed, where Bam and B�
am are to be determined. Equation (4.14) satisfies the

condition that �G1
km must vanish as x ! �1 because of the manner in which the

positive and negative imaginary parts of the pa and p�a eigenvalues appear in the two

sums (see Eq. (3.34)). Since �G1
km must be continuous at x ¼ x	, the condition

X

3

a¼1

AkaBam ¼
X

3

a¼1

A�
kaB

�
am ð4:15Þ
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must be satisfied, and by substituting Eqs. (4.14) and (4.15), the condition given by

Eq. (4.10) becomes

X

3

a¼1

ðpaAkaBam � p�aA
�
kaB

�
amÞ ¼

i

k
ðŵŵÞ�1

km : ð4:16Þ

Then, with the help of Eqs. (3.76) and (3.110), Eqs. (4.15) and (4.16) are satisfied when

Bam ¼ �
iAma

k
B�
am ¼

iA�
ma

k
ð4:17Þ

and, putting these results into Eq. (4.14),

�G1
km ¼

i

k

X

3

a¼1

A�
kaA

�
ma e

�ikp�aðx�x	Þ ðx > x	Þ

�G1
km ¼ �

i

k

X

3

a¼1

AkaAma e
�ikpaðx�x	Þ ðx < x	Þ:

ð4:18Þ

Equation (4.18) is now inverted by first substituting it into Eq. (4.2) and setting

dk1 dk2 ¼ k dfdk, so that

G1
kmðxÞ ¼ �

1

4p2i

ð

2p

0

df

ð

1

0

dk
X

3

a¼1

A�
kaA

�
ma e

�ik½k̂�xþp�aðx�x	Þ� ðx > x	Þ

G1
kmðxÞ ¼

1

4p2i

ð

2p

0

df

ð

1

0

dk
X

3

a¼1

AkaAma e
�ik½k̂�xþpaðx�x	Þ� ðx < x	Þ:

ð4:19Þ

Then, after integrating over k,

G1
kmðxÞ ¼

1

4p2

ð

2p

0

df
X

3

a¼1

A�
kaA

�
ma

k̂ � xþ p�aðx � ŵ� x	Þ
ðx > x	Þ

G1
kmðxÞ ¼ �

1

4p2

ð

2p

0

df
X

3

a¼1

AkaAma

k̂ � xþ paðx � ŵ� x	Þ
ðx < x	Þ;

ð4:20Þ

where x has been replaced by x � ŵ.

Equation (4.20) can be expressed in a simpler form by recalling that the Green’s

function for a point force in an infinite homogeneous region with no interface present

is a unique function of the vector difference x� x0, i.e., G1
km ¼ G1

kmðx� x0Þ, as indi-

cated previously in Eq. (3.15). The system in Fig. 4.1 can therefore be arranged so that

ŵ is parallel to x, and the source vector at Qðx0Þ is given by x0 ¼ x	ŵ, as illustrated in

Fig. 4.2. Equation (4.20) still applies, but now

ŵ ¼
x� x0

jx� x0j

k̂ � x ¼ k̂ � ŵx ¼ 0

x � ŵ� x	 ¼ ŵ � ðx� x0Þ ¼ jx� x0j:

ð4:21Þ
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Therefore, substituting these relationships into Eq. (4.20),

G1
kmðx� x0Þ ¼

1

4p2jx� x0j

ð

2p

0

df
X

3

a¼1

A�
kaA

�
ma

p�a
ðx > x	Þ

G1
kmðx� x0Þ ¼

1

4p2jx� x0j

ð

2p

0

df
X

3

a¼1

AkaAma

pa
ðx < x	Þ:

ð4:22Þ

The real parts of Eq. (4.22) can now be taken as the desired solution. According to

Eq. (3.115), with m̂ replaced by k̂ as discussed in the text following Eq. (4.13), the

real parts of the sums in Eq. (4.22) are given by

Re
X

3

a¼1

AkaAma

pa
¼ Re

X

3

a¼1

A�
kaA

�
ma

p�a
¼

1

2
ðk̂k̂Þ�1

km ð4:23Þ

and substituting this equality into Eq. (4.22),

G1
kmðx� x0Þ ¼

1

8p2jx� x0j

ð

2p

0

ðk̂k̂Þ�1
km df: ð4:24Þ

Recasting Eq. (4.24) as a line integral, G1
kmðx� x0Þ can also be written as

G1
kmðx� x0Þ ¼

1

8p2jx� x0j

þ

L̂

ðk̂k̂Þ�1
km ds: ð4:25Þ

As is evident in Fig. 4.2, where ŵ is parallel to ðx� x0Þ, the integral in Eq. (4.25)

corresponds to a line integral along s around the unit circle, L̂, traversed by the

unit vector k̂ as it rotates in the plane perpendicular to ŵ ¼ ðx� x0Þ=jx� x0j.

Using standard matrix algebra, the integrand, ðk̂k̂Þ�1
km , can be expressed in the form

ðk̂k̂Þ�1
km ¼

eksjemrwðk̂k̂Þsrðk̂k̂Þjw

2epgnðk̂k̂Þ1pðk̂k̂Þ2gðk̂k̂Þ3n
: ð4:26Þ

The above result is in agreement with results found elsewhere using other methods

(Bacon, Barnett, and Scattergood, 1979b), and it is stressed that the evaluation of

Eq. (4.25) does not require the sextic eigenvalue problem to be solved, and that the

integral can be readily evaluated numerically, as discussed by Bacon, Barnett, and

Scattergood (1979b).

L̂ (Unit circle) 

O
f û

v̂ k̂

Q ′ x = x
°
ŵ

ŵ

x F̂P

Figure 4.2 Geometry for Eq. (4.22): ŵ is parallel to x and x� x0; x0 ¼ x	ŵ.
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4.2.1.2 Derivatives of the Green’s function for infinite
homogeneous region
Expressions for the spatial derivatives of G1

km are required frequently, and their

determination, which is not straightforward, is now taken up. Following Bacon,

Barnett, and Scattergood (1979b), Eq. (4.25), which is expressed as a line integral

around the unit circle L̂ in Fig. 4.2, is first rewritten (equivalently) as a surface

integral of the form

G1
kmðx� x0Þ ¼

1

8p2jx� x0j ∯̂
S

ðk̂k̂Þ�1
kmdðk̂ � ŵÞdS; ð4:27Þ

where the integration is over the unit sphere Ŝ ðjk̂j ¼ 1Þ but is subjected to a delta

function that restricts the non-vanishing part of the integral to the unit circle, L̂,

on which k̂ � ŵ ¼ 0. Since ŵ ¼ ðx� x0Þ=jx� x0j,

qG1
kmðx� x0Þ

qxi
¼

1

8p2
1

jx� x0j ∯̂
S

ðk̂k̂Þ�1
km

qdðk̂ � ŵÞ

qxi
�
ðxi � x0iÞ

jx� x0j3 ∯̂
S

ðk̂k̂Þ�1
kmdðk̂ � ŵÞ

8

>

<

>

:

9

>

=

>

;

dS:

ð4:28Þ

Next, substituting the two equalities

qdðk̂ � ŵÞ

qxi
¼

ddðk̂ � ŵÞ

dðk̂ � ŵÞ

qðk̂ � ŵÞ

qxi
ð4:29Þ

and

ðk̂ � ŵÞ ¼
k̂sðxs � x0sÞ

jx� x0j
ð4:30Þ

into Eq. (4.28), and using the properties of the delta function in Table D.1,

qG1
kmðx� x0Þ

qxi
¼

1

8p2jx� x0j2 ∯̂
S

ðk̂k̂Þ�1
km k̂i

ddðk̂ � ŵÞ

dðk̂ � ŵÞ
dS: ð4:31Þ

Then, using the derivative of the delta function from Appendix D,

qG1
kmðx� x0Þ

qxi
¼ �

1

8p2jx� x0j2 ∯̂
S

q½ðk̂k̂Þ�1
km k̂i�

qðk̂ � ŵÞ

( )

k̂�ŵ¼0

dS; ð4:32Þ

which can also be written as a line integral around the unit circle L̂ in the

form

qG1
kmðx� x0Þ

qxi
¼ �

1

8p2jx� x0j2

þ

L̂

q½ðk̂k̂Þ�1
km k̂i�

qðk̂ � ŵÞ
ds: ð4:33Þ
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The integral in Eq. (4.33) can be simplified by referring to Fig. 4.3 which shows the

relevant parameters and introduces the unit vector, q̂, lying along the projection of

k̂ on the plane of the unit circle. From the figure it is deduced that

k̂ ¼ cos yŵþ sin yq̂ or k̂j ¼ ŵj cos yþ q̂j sin y : ð4:34Þ

Therefore,

qk̂j

qðk̂ � ŵÞ

" #

k̂�ŵ¼ 0

¼
qk̂j

q cos y

" #

y¼p=2

¼ ŵj ð4:35Þ

and using Eq. (4.35) to change variables in Eq. (4.33),

qG1
kmðx� x0Þ

qxi
¼ �

1

8p2jx� x0j2

þ

L̂

ŵiðk̂k̂Þ
�1
km þ ŵsk̂i

qðk̂k̂Þ�1
km

qk̂s

" #

ds: ð4:36Þ

An expression for the derivative in the integrand can then be obtained by first

differentiating the identity ðk̂k̂Þ�1
km ðk̂k̂Þmj ¼ dkj so that

ðk̂k̂Þ�1
km

qðk̂k̂Þmj

qk̂s
þ ðk̂k̂Þmj

qðk̂k̂Þ�1
km

qk̂s
¼ 0: ð4:37Þ

However,

qðk̂k̂Þmj

qk̂s
¼ k̂nðCnmjs þ CsmjnÞ ð4:38Þ

and, after substituting Eq. (4.38) into Eq. (4.37) and multiplying the result through

by ðk̂k̂Þ�1
im , and using ðk̂k̂Þ�1

im ðk̂k̂Þmj ¼ dij,

qðk̂k̂Þ�1
km

qk̂s
¼ �ðk̂k̂Þ�1

kp ðk̂k̂Þ
�1
jm Cqpjnðk̂qdns þ k̂ndqsÞ: ð4:39Þ

Finally, substituting Eq. (4.39) into Eq. (4.36),

qG1
kmðx� x0Þ

qxi
¼ �

1

8p2jx� x0j2

þ

L̂

ŵiðk̂k̂Þ
�1
km � k̂iðk̂k̂Þ

�1
kp ðk̂k̂Þ

�1
jm ½ðk̂ŵÞpj þ ðŵk̂Þpj�

n o

ds;

ð4:40Þ

L̂ ˆ u 
O f

ˆ q 

q
ˆ w ˆ k 
′ x  

x 

Figure 4.3 Geometry used to obtain Eq. (4.34).
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where, as in the case of Eq. (4.25), the integral corresponds to a line integral along

s around the unit circle, L̂, traversed by the unit vector k̂ as it rotates in the plane

perpendicular to ŵ ¼ ðx� x0Þ=jx� x0j. Derivatives with respect to x0i are then

readily obtained using

qG1
kmðx� x0Þ

qx0i
¼ �

qG1
kmðx� x0Þ

qxi
: ð4:41Þ

Higher-order derivatives can be obtained by repeated differentiation and are

described by Barnett (1972) and Bacon, Barnett, and Scattergood (1979b). In

general, it is found that the Nth derivative can be written in the form

qNG1
km

qxs1 . . . qxsN
¼

ð�1ÞN

8p2jx� x0jNþ1

þ

L̂

fNðŵ; k̂Þds: ð4:42Þ

In Exercise 4.3, Eq. (4.40), for the first derivative, is derived by an alternative, and

physically more transparent, approach.

4.2.2 In half-space with planar free surface

Having G1
km, the Green’s function for a half-space with a planar traction-free

surface, Gkm, is now derived. This problem has been treated by Pan and Yuan

(2000) and Barnett (personal communication, 2007) but we will follow Barnett

here, in an extension of the preceding analysis.

Figure 4.1 still holds but with the origin and the unit circle now fixed in the surface

plane. The procedure will be to assume thatG1
km is valid everywhere in the half-space

and then tofindan image term,GIM
km , that vanishes as x ! 1 and,when added toG1

km,

produces a traction-free surface. The solution will therefore be of the form

Gkm ¼ G1
km þ GIM

km ðx; x	Þ ðx > 0Þ; ð4:43Þ

where the image Green’s function is a function of both the field vector, x, and the

position, x	, of the source point along ŵ. The corresponding transforms will then

be given by

�Gkm ¼ �G1
km þ �GIM

km ðx > 0Þ: ð4:44Þ

An image transform solution of the form

�GIM
km ¼

X

3

a¼1

A�
kaE

�
am e�ikp�ax ð4:45Þ

is therefore assumed, which vanishes as x ! 1. Next, the unknown, E�
am, is

determined by invoking the traction-free condition at the surface. Using

Eq. (2.59), the traction at x ¼ 0 that would be present if the region were infinite is

T1
j ¼ � s1ij

	 


x¼0
ŵi; ð4:46Þ
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where s1ij is the stress due to the point force in an infinite region, and is obtained

by using Eq. (3.15) in the form

s1ij ¼ Cijkl

qG1
kmFm

qxl
: ð4:47Þ

Putting this into Eq. (4.46),

T1
j ¼ �ŵiCijkl

qG1
kmFm

qxl

� �

x¼0

: ð4:48Þ

Similarly, the traction associated with the image Green’s function is

TIM
j ¼ �ŵiCijkl

qGIM
km Fm

qxl

� �

x¼0

: ð4:49Þ

The condition for a traction-free surface, i.e., T1
j þ TIM

j ¼ 0, is

ŵiCijkl

qG1
km

qxl
þ
qGIM

km

qxl

� �

x¼0

Fm ¼ 0 ð4:50Þ

and, since Fm is arbitrary,

ŵiCijkl

qG1
km

qxl
þ
qGIM

km

qxl

� �

x¼0

¼ 0: ð4:51Þ

Next, substituting the inverse transform relationship given by Eq. (4.1) into

Eq. (4.51), and using q=qxl ¼ ŵlq=qx,

ð

1

�1

ð

1

�1

ŵiCijkl �ikk̂l þ ŵl

q

qx

� �

�G1
km þ �GIM

km

� �

dk1 dk2 ¼ 0 ðx ¼ 0Þ; ð4:52Þ

which is satisfied if

ŵiCijkl �ikk̂l þ ŵl

q

qx

� �

�G1
km þ �GIM

km

� �

¼ 0 ðx ¼ 0Þ: ð4:53Þ

Finally, substituting Eqs. (4.18) (for x<x	) and Eq. (4.45) into Eq. (4.53), and

setting x ¼ 0, the condition for a traction-free surface is

X

3

a¼1

L�jaE
�
am ¼

i

k

X

3

a¼1

LjaAma e
ikpax	 : ð4:54Þ

Equation (4.54) can now be solved for E�
am by employing the matrix, M�

bj, which is

the inverse of the matrix L�ja as indicated by Eq. (3.118). Multiplying Eq. (4.54)

through by M�
bj,

X

3

a¼1

M�
bjL

�
jaE

�
am ¼

X

3

a¼1

dbaE
�
am ¼ E�

bm ¼
i

k
M�

bj

X

3

a¼1

LjaAma e
ikpax	 : ð4:55Þ
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The quantity E�
bm, given by Eq. (4.55), is then substituted into Eq. (4.45), and after

interchanging the a and b subscripts,

�GIM
km ¼

i

k

X

3

a¼1

X

3

b¼1

A�
kaM

�
ajLjbAmb e

�ikðp�ax�pbx	Þ: ð4:56Þ

Next, GIM
km is obtained by an inverse transformation according to Eq. (4.1). Setting

dk1 dk2 ¼ k dfdk (Fig. 4.4), and integrating,

GIM
km ðx; x	Þ ¼

i

4p2

ð

2p

0

df
X

3

b¼1

X

3

a¼1

A�
kaM

�
ajLjbAmb

ð

1

0

e�ik½k̂�xþp�ax�pbx	� dk

¼
1

4p2

ð

2p

0

X

3

b¼1

X

3

a¼1

A�
kaM

�
ajLjbAmb

½k̂ � xþ p�ax � ŵ� pbx	�
df;

ð4:57Þ

which is of the functional form anticipated by Eq. (4.43).

Equation (4.57) is valid for the coordinate system of Fig. 4.1 where the point of

application of the unit force, F̂ is restricted to lie along the vector ŵ at the position

x	ŵ. However, it will be more useful to have a formulation for GIM
km at a field point,

x, in which F̂ can be applied at a generally variable source point, denoted, as usual

in this book, by the vector x0. This can be accomplished by adopting the coordin-

ate system shown in Fig. 4.4.

The coordinate transformation illustrated in Fig. 4.4 requires modification of

the expression for GIM
km given by Eq. (4.57). Comparison of Figs. 4.1 and 4.4, and

consideration of the dashed construction in Fig. 4.4, shows that this requires

the replacement of the quantities x and x	 in Eq. (4.57) by the quantities

½x� x0 þ ðx0 � ŵÞŵ� and x0 � ŵ, respectively, where x in the replacement is now the

field vector referred to the origin O in Fig. 4.4 rather than the field vector referred to

the origin O in Fig. 4.1, as previously. Therefore, making these replacements, and

taking the real part as the solution, as previously in the case of G1
km, we obtain the

image Green’s function, as a function of the x and x0 vectors in Fig. 4.4 in the form

Unit circle in surface plane [x′ − (w  x′)w]⋅

ˆ u 

O f

ˆ v ˆ k 

x x′ ŵ
x

° ˆ F 
x

⋅ ˆˆ[x − x′ + (w  x′)w ]

ˆˆ

Figure 4.4 Geometry for finding image Green’s function, GIM
km ðx; x

0Þ given by Eq. (4.58).

Field point is at x and variable source point at x0. Origin, at O, lies in surface plane

containing unit circle. Dashed system corresponds to coordinate system of Fig. 4.1.
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GIM
km ðx; x

0Þ ¼
1

4p2
Re

ð

2p

0

X

3

b¼1

X

3

a¼1

A�
kaM

�
ajLjbAmb

½k̂ � ðx� x0Þ þ p�ax � ŵ� pbx0 � ŵ�
df: ð4:58Þ

When evaluating Eq. (4.58), it must be recalled that Fig. 4.4 applies, the origin is in

the surface, the unit vector, ŵ, is perpendicular to the surface, and in the integra-

tion over f (with x and x0 constant) the unit vector k̂ rotates over the range

0 
 f 
 2p in the surface plane. The integrand involves various Stroh eigenvalues,

pa, Stroh vectors, Aja and Lja, and ½M�� matrices, which are inverse with respect to

corresponding ½L�� matrices as indicated by Eq. (3.118). All of these quantities are

functions of f, and therefore must be determined by solving the Stroh eigenvalue

problem after every incremental increase in f during the integration. The neces-

sary expressions for accomplishing this can be extracted from the Stroh sextic

formalism presented in Section 3.5.1 with the unit vectors n̂ and m̂ replaced by

ŵ and k̂, respectively, as described in the text following Eq. 4.13.

4.2.3 In half-space joined to dissimilar half-space along planar interface

This problem has also been treated by Pan and Yuan (2000) and Barnett (personal

communication, 2007), and we again continue to follow Barnett. Figure 4.1 again

applies initially, with ŵ normal to the interface located in the x � ŵ ¼ 0 plane. Now,

however, half-space 1, with elastic constants C
ð1Þ
ijkm, occupies the x > 0 region, the unit

point force, F̂, is located in half-space 1 at j	¼ x	 ŵ, and half-space 2, with elastic

constants C
ð2Þ
ijkm, occupies the x< 0 region. To obtain a solution, it is assumed that the

Green’s function in half-space 1 consists of the Green’s function for the point force in

an infinite body,G1
km, plus an image term,gIM

ð1Þ

km , that vanishes asx ! 1.A solution for

half-space 2, denoted by g
ð2Þ
km , is then assumed that vanishes as x ! �1 and matches

the solution for half-space 1 at the interface. The solution is therefore of the form

g
ð1Þ
km ¼ G1

km þ gIM
ð1Þ

km

g
ð2Þ
km ¼ g

ð2Þ
km

ð4:59Þ

or, in terms of corresponding transforms,

�g
ð1Þ
km ¼ �G1

km þ �gIM
ð1Þ

km

�g
ð2Þ
km ¼ �g

ð2Þ
km :

ð4:60Þ

Using the expression for �G1
km given by Eq. (4.18), a solution of the form

�g
ð1Þ
km ¼

i

k

X

3

a¼1

A
�ð1Þ
ka A�ð1Þ

ma e�ikp
�ð1Þ
a ðx�x	Þ þ

X

3

a¼1

A
�ð1Þ
ka H�

am e�ikp
�ð1Þ
a x ðx > x	Þ

�g
ð1Þ
km ¼ �

i

k

X

3

a¼1

A
ð1Þ
ka A

ð1Þ
ma e

�ikp
ð1Þ
a ðx�x	Þ þ

X

3

a¼1

A
�ð1Þ
ka H�

am e�ikp
�ð1Þ
a x ð0< x< x	Þ

�g
ð2Þ
km ¼

P

3

a¼1

A
ð2Þ
ka Fam e�ikp

ð2Þ
a x ðx< 0Þ

ð4:61Þ
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is assumed, with H�
am and Fam to be determined. The solution vanishes as x ! �1,

and it therefore remains to satisfy the boundary conditions at the interface. The

transforms must be continuous across the interface, i.e., �g
ð1Þ
km ¼ �g

ð2Þ
km

	 


x¼0
, so that

�
i

k

X

3

a¼1

A
ð1Þ
ka A

ð1Þ
ma e

ikp
ð1Þ
a x	 ¼

X

3

a¼1

A
ð2Þ
ka Fam �

X

3

a¼1

A
�ð1Þ
ka H�

am: ð4:62Þ

The tractions must also be continuous, and, therefore, using the same procedures

that led to Eqs. (4.51) and (4.53),

ŵi C
ð1Þ
ijkl

qg
ð1Þ
km

qxl
� C

ð2Þ
ijkl

qg
ð2Þ
km

qxl

 !

x¼0

¼ 0 ð4:63Þ

and

ŵi �ikk̂l þ ŵl

q

qx

� �

C
ð1Þ
ijkl�g

ð1Þ
km � C

ð2Þ
ijkl�g

ð2Þ
km

	 


x¼0
¼ 0: ð4:64Þ

Then, substituting Eq. (4.61) into Eq. (4.64) and using Eq. (3.37),

�
i

k

X

3

a¼1

L
ð1Þ
ka A

ð1Þ
ma e

ikp
ð1Þ
a x	 ¼

X

3

a¼1

L
ð2Þ
ka Fam �

X

3

a¼1

L
�ð1Þ
ka H�

am: ð4:65Þ

Equations (4.62) and (4.65) can now be used to solve for the two unknowns, Fam

and H�
am. Using the matrix, M

�ð1Þ
bk , which is the inverse of L

�ð1Þ
ka as indicated by

Eq. (3.118), and the matrix, A
�ð1Þ
bk , which is the inverse of A

�ð1Þ
ka according to

A
�ð1Þ
bk A

�ð1Þ
ka ¼ dba ða; b ¼ 1;2;3Þ ð4:66Þ

and multiplying Eq. (4.65) by M
�ð1Þ
bk , and Eq. (4.62) by A

�ð1Þ
bk and subtracting one

from the other,

�
i

k

X

3

a¼1

ðA
�ð1Þ
bk A

ð1Þ
ka �M

�ð1Þ
bk L

ð1Þ
ka ÞA

ð1Þ
ma e

ikp
ð1Þ
a x	 ¼

X

3

a¼1

ðA
�ð1Þ
bk A

ð2Þ
ka �M

�ð1Þ
bk L

ð2Þ
ka ÞFam:

ð4:67Þ

For convenience, the matrices Pba and Rba defined by

Pba � A
�ð1Þ
bk A

ð1Þ
ka �M

�ð1Þ
bk L

ð1Þ
ka

Rba � A
�ð1Þ
bk A

ð2Þ
ka �M

�ð1Þ
bk L

ð2Þ
ka

ð4:68Þ

are introduced so that Eq. (4.67) can be expressed more simply as

�
i

k

X

3

a¼1

PbaA
ð1Þ
ma e

ikp
ð1Þ
a x	 ¼

X

3

a¼1

RbaFam: ð4:69Þ

Then, to solve for Fam, the matrix, R gb, which is the inverse of Rba according to

P

3

b¼1

R gbRba ¼ dga ðg ¼ 1;2;3Þ ð4:70Þ
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is introduced, and, by multiplying Eq. (4.69) through byR gb, and summing over b,

Fgm ¼ �
i

k

X

3

b¼1

X

3

a¼1

R gbPbaA
ð1Þ
ma e

ikp
ð1Þ
a x	 : ð4:71Þ

The quantity H�
gm is obtained in a similar manner. Starting with Eqs. (4.62) and

(4.65), and employing the matrices, M
ð2Þ
bk , and A

ð2Þ
bk , which is the inverse of A

ð2Þ
ka

according to

A
ð2Þ
bk A

ð2Þ
ka ¼ dba ða; b ¼ 1;2;3Þ ; ð4:72Þ

and the matrices Uba and Wba defined by

Uba � A
ð2Þ
bj A

ð1Þ
ja �M

ð2Þ
bk L

ð1Þ
ja

Wba � A
ð2Þ
bj A

�ð1Þ
ja �M

ð2Þ
bk L

�ð1Þ
ja ;

ð4:73Þ

the expression

i

k

X

3

a¼1

UbaA
ð1Þ
ma e

ikp
ð1Þ
a x	 ¼

X

3

a¼1

WbaH
�
am ð4:74Þ

is obtained. Then, by multiplying this result through by the matrix, W gb, which is

the inverse of Wba according to

P

3

b¼1

W gbWba ¼ dga ðg; a ¼ 1;2;3Þ ð4:75Þ

and summing over b, H�
gm is obtained in the form

H�
gm ¼

i

k

X

3

b¼1

X

3

a¼1

W gbUbaA
ð1Þ
ma e

ikp
ð1Þ
a x	 : ð4:76Þ

Then, substituting the above expressions for Fgm and H�
gm into Eq. (4.61),

�gIM
ð1Þ

km ¼
i

k

X

3

a¼1

X

3

g¼1

A
�ð1Þ
kg W gjUjaA

ð1Þ
ma e

�ik½p
�ð1Þ
g x�p

ð1Þ
a x	� ð0<xÞ

�g
ð2Þ
km ¼ �

i

k

X

3

a¼1

X

3

g¼1

A
ð2Þ
kg R gjPjaA

ð1Þ
ma e

�ik½p
ð2Þ
g x�p

ð1Þ
a x	� ðx<0Þ:

ð4:77Þ

After inversely transforming Eq. (4.77) by the samemethod used to obtain Eq. (4.20),

the imageGreen’s function in half-space 1 and the solution in half-space 2, for a point

force in half-space 1 at the source point x	ŵ in the coordinate system of Fig. 4.1, are

gIM
ð1Þ

km ðx; x	Þ ¼
1

4p2

ð

2p

0

X

3

a¼1

X

3

g¼1

A
�ð1Þ
kg W gjUjaA

ð1Þ
ma

½k̂ � xþ p
�ð1Þ
g x � ŵ� p

ð1Þ
a x	�

df ð0<xÞ

g
ð2Þ
km ðx; x	Þ ¼ �

1

4p2

ð

2p

0

X

3

a¼1

X

3

g¼1

A
ð2Þ
kg R gjPjaA

ð1Þ
ma

½k̂ � xþ p
ð2Þ
g x � ŵ� p

ð1Þ
a x	�

df ðx<0Þ:

ð4:78Þ
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As in the case of the half-space image Green’s function, i.e., Eq. (4.57), it is more

useful to have the Green’s functions given by Eq. (4.78) as functions of a field

vector x and a general source vector, x0, and by employing the same coordinate

transformation used to obtain Eq. (4.58) from Eq. (4.57), the Green’s functions as

functions of the x and x0 vectors in Fig. 4.4 are

g
IMð1Þ
km ðx; x0Þ ¼

1

4p2
Re

ð

2p

0

X

3

a¼1

X

3

g¼1

A
�ð1Þ
kg W gjUjaA

ð1Þ
ma

½k̂ � ðx� x0Þ þ p
�ð1Þ
g x � ŵ� p

ð1Þ
a x0 � ŵ�

df ðx � ŵ > 0Þ

g
ð2Þ
km ðx; x

0Þ ¼ �
1

4p2
Re

ð

2p

0

X

3

a¼1

X

3

g¼1

A
ð2Þ
kg R gjPjaA

ð1Þ
ma

½k̂ � ðx� x0Þ þ p
ð2Þ
g x � ŵ� p

ð1Þ
a x0 � ŵ�

df ðx � ŵ < 0Þ:

ð4:79Þ

As for Eq. (4.58), in the integration over f (with x and x0 constant) the unit vector

k̂ again rotates over the range 0 
 f 
 2p. The integrand again involves various

Stroh eigenvalues, pa, and Stroh vectors, Aja and Lja, and now, in addition, several

“inverse type” matrices of the same general type as [M ], which is the inverse of ½L�,

as indicated by Eq. (3.117). All of these quantities are functions of f, and therefore

must be determined by solving the Stroh eigenvalue problem after every incre-

mental increase in f during the integration. The necessary expressions for accom-

plishing this can again be extracted from the Stroh sextic formalism presented

in Section 3.5.1, with the unit vectors n̂ and m̂ replaced by ŵ and k̂, respectively,

as described in the text following Eq. 4.13.

4.3 Green’s functions for unit point force in isotropic systems

The Green’s functions of the same three types analyzed in Section 4.2 are now

determined for an isotropic system. Following Rongved (1955), the most complex

of the three problems, i.e., the joined half-spaces problem, is first solved in a

form that can subsequently be readily reduced to solutions for the half-space and

the infinite region. This is accomplished by employing a method originated by

Mindlin (1953), where, instead of obtaining the Green’s function directly as in the

previous section, the displacements due to the point force are found first as

solutions of the Navier equation with the help of Papkovitch functions. The

corresponding Green’s functions are then readily constructed.

4.3.1 In half-space joined to dissimilar half-space along planar interface

As illustrated in Fig. 4.5, a Cartesian ðê1; ê2; ê3Þ coordinate system is used with its

origin in the interface and ê3 pointed into half-space 1, which occupies x3 > 0, and

contains the unit point force, F̂, at (0, 0, q). Solutions are found for the point force

normal, and then parallel, to the interface which can then be linearly combined to

obtain the solution for a general force.
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4.3.1.1 General formulation of Papkovitch functions
Displacement functions that obey the Navier equation in isotropic systems

can generally be expressed in terms of the two Papkovitch functions B and b

(Papkovitch, 1932; Mindlin 1936a,b; 1953). The first step in deriving them is

to divide the displacement field, u(x), into an irrotational part, uirr(x), and a

solenoidal part, usol(x), i.e.,3

uðxÞ ¼ uirrðxÞ þ usolðxÞ ¼ rfþr�H: ð4:80Þ

Then, substituting Eq. (4.80) into the Navier equation, Eq. (3.3),

r2B ¼ �
f

m
; ð4:81Þ

where B is the Papkovitch function defined by

B ¼ arfþr�H a �
2ð1� nÞ

1� 2n
: ð4:82Þ

Then taking the divergence of B,

r2f ¼
1

a
r � B; ð4:83Þ

which has the solution

f ¼
1

2a
ðx � Bþ bÞ; ð4:84Þ

where b is a second Papkovitch function, whose Laplacian is given by

r2b ¼
1

m
x � f: ð4:85Þ

x1

Half-space 2

ˆ e3

ˆ e1
Half-space 1 ˆ F 

(m(2),n(2)) (m(1),n(1))

O x3

q

Interface

Figure 4.5 Geometry for unit point force, F̂, applied at (0, 0, q) in half-space 1 joined to

elastically dissimilar half-space 2 along planar interface.

3 A vector field can be generally expressed as the sum of two vector fields one of which is solenoidal and

the other irrotational (e.g., Sokolnikoff and Redheffer, 1958). A vector field, uirrðxÞ, is irrotational if

uirrðxÞ ¼ rfðxÞ, where fðxÞ is a scalar function with continuous second derivatives. The function

fðxÞ is generally called the potential of the field and the field is called a potential field. A vector field,

usolðxÞ, is solenoidal if usolðxÞ ¼ r �H, where HðxÞ is a vector function with continuous second

derivatives.
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Next, putting r�H from Eq. (4.82) and f from Eq. (4.84) into Eq. (4.80),

u ¼ B�
1

4ð1� nÞ
rðx � Bþ bÞ: ð4:86Þ

The displacement given by Eq. (4.86) is therefore a solution of the Navier equation

and is expressed in terms of the Papkovitch functions, B and b, whose Laplacians

are known from Eqs. (4.81) and (4.85).

A solution for the displacement field, u, in the present Green’s function problem

can therefore be found by determining the two Papkovitch functions, consistent

with the presence of the point force and the prevailing boundary conditions.

4.3.1.2 Papkovitch functions for point force normal to interface
The displacements and tractions must be continuous across the interface, leading

to the boundary conditions

u
ð1Þ
i ¼ u

ð2Þ
i ð4:87Þ

T
ð1Þ
i ¼ s

ð1Þ
ij n̂j ¼ T

ð2Þ
i ¼ s

ð2Þ
ij n̂j ðon x3 ¼ 0Þ: ð4:87Þ

These are satisfied by the Papkovitch functions if

B
ð1Þ
1 ¼ B

ð1Þ
2 ¼ 0 ðx3 > 0Þ

B
ð2Þ
1 ¼ B

ð2Þ
2 ¼ 0 ðx3 < 0Þ

ð4:88Þ

and if, after using Eqs. (2.5) and (2.122), the following conditions are satisfied on

x3 ¼ 0:

ð1� 2nð1ÞÞ
qB

ð1Þ
3

qx1
�

q2bð1Þ

qx1qx3
¼

mð2Þð1� nð1ÞÞ

mð1Þð1� nð2ÞÞ
ð1� 2nð2ÞÞ

qB
ð2Þ
3

qx1
�

q2bð2Þ

qx1qx3

" #

ð1� 2nð1ÞÞ
qB

ð1Þ
3

qx2
�

q2bð1Þ

qx2qx3
¼

mð2Þð1� nð1ÞÞ

mð1Þð1� nð2ÞÞ
ð1� 2nð2ÞÞ

qB
ð2Þ
3

qx2
�

q2bð2Þ

qx2qx3

" #

2ð1� nð1ÞÞ
qB

ð1Þ
3

qx3
�
q2bð1Þ

qx23
¼

mð2Þð1� nð1ÞÞ

mð1Þð1� nð2ÞÞ
2ð1� nð2ÞÞ

qB
ð2Þ
3

qx3
�
q2bð2Þ

qx23

" #

qbð1Þ

qx1
¼

ð1� nð1ÞÞ

ð1� nð2ÞÞ

qbð2Þ

qx1

qbð1Þ

qx2
¼

ð1� nð1ÞÞ

ð1� nð2ÞÞ

qbð2Þ

qx2

ð3� 4nð1ÞÞB
ð1Þ
3 �

qbð1Þ

qx3
¼

ð1� nð1ÞÞ

ð1� nð2ÞÞ
ð3� 4nð2ÞÞB

ð2Þ
3 �

qbð2Þ

qx3

" #

:

ð4:89Þ

Consider next the unit point force, F̂3. Rather than describe it, as usual, with a

delta function, we follow Rongved (1955) and formulate it, equivalently, as a force

density distribution f̂3ðxÞ that vanishes everywhere except within a small closed
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region, R , where it produces the total force ∰
R

f̂ 3ðxÞdV. Then, taking the limit as

R ! 0, while maintaining the integral constant,

F̂3 ¼ Lim
R!0∰

R

f̂ 3ðxÞ dV: ð4:90Þ

The quantities B
ð1Þ
3 and bð1Þ can now be related to the point force by employing

Green’s classical third identity (Kellogg, 1929),

c ¼ �
1

4p∯
S

cn̂ � rg dS�
1

4p∰
V

gr2c dV; ð4:91Þ

which states that a function, cðxÞ, at any point, PðxÞ, in a region, V , bounded by

the surface, S, as illustrated in Fig. 4.6a, can be expressed in terms of its values on

S, its Laplacian, and the appropriate Green’s function for the region, which is

denoted here by g. Furthermore, the contribution to c made by the surface

integral in Eq. (4.91) is harmonic,4 while the contribution of the volume integral

is generally not. To proceed, it is therefore convenient to divide each quantity B
ð1Þ
3

and bð1Þ into harmonic and non-harmonic parts, indicated by the subscripts

S and V , respectively, so that

B
ð1Þ
3 ¼ B

ð1Þ
S

þ B
ð1Þ

V

bð1Þ ¼ b
ð1Þ
S

þ b
ð1Þ

V
:

ð4:92Þ

Then,

r2B
ð1Þ
3 ¼ r2ðB

ð1Þ
S

þ B
ð1Þ

V
Þ ¼ r2B

ð1Þ

V

r2bð1Þ ¼ r2ðb
ð1Þ
S

þ b
ð1Þ

V
Þ ¼ r2b

ð1Þ

V
:

ð4:93Þ

x1

P(x)

RIM R

QIM (x′) Q(x′)

S V

x3

(a)

O

x1

P 

R

ˆ F3 

q q 

x3

(b) 

RIM

O

Figure 4.6 (a) Half-space, V , with planar free surface, S, at x3 ¼ 0. P is the field point, Q is

the source point, and QIM is the image of Q outside of V . (b) Same general arrangement as

(a) but with unit point force, F̂3, directed along x3, applied at the source point ð0; 0; qÞ.

4 A harmonic function obeys Laplace’s equation.

814.3 Unit point force in isotropic systems



Substitution of the B
ð1Þ
3 function, and then the bð1Þ function, into the volume

integral in Eq. (4.91), will yield B
ð1Þ

V
and b

ð1Þ

V
, respectively. Therefore, with the help

of Eqs. (4.81) and (4.85),

B
ð1Þ

V
¼ �

1

4p∰
V

gr2B
ð1Þ
3 dV ¼

1

4pm∰
V

g f̂ 3 dV

b
ð1Þ

V
¼ �

1

4p∰
V

gr2bð1Þ dV ¼ �
1

4pm∰
V

g f̂ 3x3 dV:

ð4:94Þ

The Green’s function, g, in Eq. (4.94) must be of the appropriate form for a half-

space region, V , with a planar surface, S, and this can be found with the help

of Fig. 4.6a, which shows a field point, PðxÞ and a source point Qðx0Þ, at a distance

R from P. An electrostatic potential argument (Kellogg, 1929), in which a positive

unit electrical charge is placed at Q, is then used to obtain g. Taking the potential

at the distance R from a unit positive charge in the simple form 1/R, the Green’s

function is given by

gðP;QÞ ¼ vðP;QÞ þ
1

R
; ð4:95Þ

where 1/R is the potential produced at P by the charge at Q, and v(P, Q) is the

potential at P produced by the electrical charge that is induced on a grounded

conducting sheet having the same configuration as S. The total potential along

S must vanish because of the grounding, and this can be achieved by placing a

unit negative charge at the image point, QIM, as shown in Fig. 4.6a. Therefore,

vðP;QÞ ¼ �1=RIM, where RIM is the distance between the image source point, QIM,

and the field point, P, and

gðP;QÞ ¼
1

R
�

1

RIM
; ð4:96Þ

where

R ¼ ½ðx1 � x01Þ
2
þ ðx2 � x02Þ

2
þ ðx3 � x03Þ

2
�
1=2

RIM ¼ ½ðx1 � x01Þ
2
þ ðx2 � x02Þ

2
þ ðx3 þ x03Þ

2
�
1=2

ð4:97Þ

(see Mindlin (1953) and Rongved (1955)).

The quantities B
ð1Þ

V
and b

ð1Þ

V
for the point force, F̂3, at (0, 0, q) in Fig. 4.6b, can

now be obtained by invoking Eq. 4.90 and taking the limit as R ! 0 of B
ð1Þ

V
and

b
ð1Þ

V
in Eq. (4.94.), i.e.,

B
ð1Þ

V
¼ Lim

R!0

1

4pm∰
V

g f̂ 3 dV ¼
F̂3

4pm

1

R
�

1

RIM

� �

b
ð1Þ

V
¼ �Lim

R!0

1

4pm∰
V

g f̂ 3x3 dV ¼ �
qF̂3

4pm

1

R
�

1

RIM

� �

;

ð4:98Þ
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where R and RIM are now expressed by5

R ¼ ½x1
2 þ x2

2 þ ðx3 � qÞ2Þ�1=2 RIM ¼ ½x1
2 þ x2

2 þ ðx3 þ qÞ2�
1=2 : ð4:99Þ

With these results, the boundary conditions given by Eq. (4.89) can be rewritten as

functions of B
ð1Þ
S
, b

ð1Þ
S
, B

ð2Þ
3 and bð2Þ, i.e.,

ð1� 2nð1ÞÞB
ð1Þ
S

�
qb

ð1Þ
S

qx3
�

qF̂3

2pmð1Þ
q

qx3

1

RIM

� �

¼
mð2Þð1� nð1ÞÞ

mð1Þð1� nð2ÞÞ
ð1� 2nð2ÞÞB

ð2Þ
3 �

qbð2Þ

qx3

" #

2ð1� nð1ÞÞ
qB

ð1Þ
S

qx3
�
q2b

ð1Þ
S

qx23
�
ð1� nð1ÞÞF̂3

pmð1Þ
q

qx3

1

RIM

� �

¼
mð2Þð1� nð1ÞÞ

mð1Þð1� nð2ÞÞ
2ð1� nð2ÞÞ

qB
ð2Þ
3

qx3
�
q2bð2Þ

qx23

" #

b
ð1Þ
S

¼
ð1� nð1ÞÞ

ð1� nð2ÞÞ
bð2Þ

ð3� 4nð1ÞÞB
ð1Þ
S

�
qb

ð1Þ
S

qx3
�

qF̂3

2pmð1Þ
q

qx3

1

RIM

� �

¼
ð1� nð1ÞÞ

ð1� nð2ÞÞ
ð3� 4nð2ÞÞB

ð2Þ
3 �

qbð2Þ

qx3

" #

:

ð4:100Þ

Equation (4.100) contains four relationships involving the four quantities B
ð1Þ
S
,

b
ð1Þ
S
, B

ð2Þ
3 and bð2Þ. Solving these for B

ð1Þ
S

and b
ð1Þ
S
, and substituting them into

Eq. (4.92), the Papkovitch functions for half-space 1 are finally obtained

(Rongved, 1955) in the forms

B
ð1Þ
1: ¼B

ð1Þ
2 ¼ 0

B
ð1Þ
3 ¼

F̂3

4pmð1Þ
1

R
þ

mð1Þ � mð2Þ

mð1Þ þ ð3� 4nð1ÞÞmð2Þ
ð3� 4nð1ÞÞ

RIM
þ
2qðx3 þ qÞ

ðRIMÞ3

" #( )

bð1Þ ¼�
F̂3

4pmð1Þ

(

q

R
:þ

mð1Þ � mð2Þ

mð1Þ þ ð3� 4nð1ÞÞmð2Þ
qð3� 4nð1ÞÞ

RIM

�

�
4ð1� nð1ÞÞmð1Þ½ð1� 2nð1ÞÞð3� 4nð2ÞÞ � 2mð2Þðnð1Þ�nð2ÞÞðmð1Þ�mð2ÞÞ

�1
�

mð2Þ þ ð3� 4nð2ÞÞmð1Þ

� lnðRIM þ x3 þ qÞ

�

)

: ð4:101Þ

The Papkovitch functions for half-space 2 are found by solving the previous

equations in a similar manner with the results (for details see Rongved (1955))

5 The symbol R is frequently employed throughout the book to denote the distance between a source

point and a field point.
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B
ð2Þ
1 ¼ B

ð2Þ
2 ¼ 0

B
ð2Þ
3 ¼

ð1� nð2ÞÞF̂3

p½mð2Þ þ ð3� 4nð2ÞÞmð1Þ�

1

R

bð2Þ ¼
ð1� nð2ÞÞF̂3

p½mð1Þ þ ð3� 4nð1ÞÞmð2Þ�

�
q

R
þ
mð1Þð1� 2nð1ÞÞð3� 4nð2ÞÞ�mð2Þð1� 2nð2ÞÞð3� 4nð1ÞÞ

mð2Þ þ ð3� 4nð2ÞÞmð1Þ
lnðR� x3þqÞ

�

:

�

ð4:102Þ

4.3.1.3 Papkovitch functions for point force parallel to interface
The solution for the unit point force parallel to ê1 is obtained (Rongved, 1955) by

a generally similar procedure. However, it is lengthy, and so I shall not describe it

here but merely present the final results for the Papkovitch functions: see Rongved

(1955) for details.

B
ð1Þ
1 ¼

F̂1

4pmð1Þ
1

R
þ

mð1Þ � mð2Þ

mð1Þ þ mð2Þ

� �

1

RIM

� �

B
ð1Þ
2 ¼ 0

B
ð1Þ
3 ¼

ðmð1Þ � mð2ÞÞF̂1x1

2p½mð1Þ þ mð2Þð3� 4nð1ÞÞ�
�

q

mð1ÞðRIMÞ3
þ

1� 2nð1Þ

ðmð1Þ þ mð2ÞÞðRIM þ x3 þ qÞRIM

" #

bð1Þ ¼
F̂1x1

2pðmð1Þ þ mð2ÞÞ½mð1Þ þ mð2Þð3� 4nð1ÞÞ�

ð1� 2nð1ÞÞðmð1Þ � mð2ÞÞq

ðRIM þ x3 þ qÞRIM
þ

A

ðRIM þ x3 þ qÞ

� �

B
ð2Þ
1 ¼

F̂1

2pðmð1Þ þ mð2ÞÞ

1

R

B
ð2Þ
2 ¼ 0

B
ð2Þ
3 ¼

ð1� 2nð2ÞÞðmð1Þ � mð2ÞÞF̂1x1

2pðmð1Þ þ mð2ÞÞ½mð2Þ þ mð1Þð3� 4nð2ÞÞ�ðR� x3 þ qÞR

bð2Þ ¼
ð1� nð2ÞÞF̂1

2pð1� nð1ÞÞðmð1Þ þ mð2ÞÞ½mð1Þ þ mð2Þð3� 4nð1ÞÞ�

�
x1

ðR� x3 þ qÞ

�

Aþ
ðnð1Þ � nð2ÞÞ½mð1Þ þ mð2Þð3� 4nð1ÞÞ�

1� nð2Þ

� �

þ
qx1

RðR� x3 þ qÞ
ð1� 2nð1ÞÞðmð1Þ � mð2ÞÞ þ

ðnð1Þ � nð2ÞÞ½mð1Þ þ mð2Þð3� 4nð1ÞÞ�

1� nð2Þ

� ��

:

ð4:103Þ

with

A ¼
½mð2Þð3� 4nð1ÞÞð1� 2nð2ÞÞ � mð1Þð3� 4nð2ÞÞð1� 2nð1ÞÞ�

mð2Þ þ mð1Þð3� 4nð2ÞÞ

�
ðmð1Þ � mð2ÞÞð1� 2nð1ÞÞ � 2mð2Þðnð1Þ � nð2ÞÞ½mð1Þ þ mð2Þð3� 4nð1ÞÞ�

1
:

ð4:104Þ
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4.3.1.4 Determination of the displacements and the Green’s function
Knowing the Papkovitch functions, the displacements can be determined by use of

Eq. (4.86) which, when expanded, expresses ui in the form

uiðF̂jÞ ¼
1

4ð1� nÞ
ð3� 4nÞBiðF̂jÞ � xm

qBmðF̂jÞ

qxi
þ
qbðF̂jÞ

qxi

� �� �

; ð4:105Þ

where uiðF̂jÞ is the displacement in the direction i due to the force applied in

direction j, and BðF̂jÞ and bðF̂jÞ are the Papkovitch functions associated with F̂j.

With this notation, the Green’s function is

gij ¼ uiðF̂j ¼ 1Þ ð4:106Þ

and is therefore readily found by substituting the Papkovitch functions given by

Eqs. (4.101–4.104) into Eq. (4.105) and employing Eq. (4.106).

In the following sections, I write out for the reader’s convenience the detailed

results for the infinite body and the half-space with a planar free surface. The

results for the joined half-spaces, which can be obtained from the previous results

in a similar manner, are omitted because of their unusual length.

4.3.2 In infinite homogeneous region

The Papkovitch functions for this case are obtained from the solution for the

joined half-spaces by setting mð1Þ ¼ mð2Þ, nð1Þ ¼ nð2Þ and q ¼ 0 in Eqs. (4.101–4.104).

The only non-vanishing functions are then

B
ð1Þ
1 ðF̂1Þ ¼ B

ð2Þ
1 ðF̂1Þ ¼

F̂1

4pmR
B
ð1Þ
2 ðF̂2Þ ¼ B

ð2Þ
2 ðF̂2Þ ¼

F̂2

4pmR

B
ð1Þ
3 ðF̂1Þ ¼ B

ð2Þ
3 ðF̂3Þ ¼

F̂3

4pmR
;

ð4:107Þ

where now

R ¼ RIM ¼ ðx21 þ x22 þ x23Þ
1=2 ¼ jxj ¼ x: ð4:108Þ

Substituting these results into Eq. (4.105), the displacements due to F̂1 are then

u11 ðF̂1Þ ¼
F̂1

16pð1� nÞm

3� 4n

R
þ

x21
R3

� �

u12 ðF̂1Þ ¼
F̂1

16pð1� nÞm

x1x2

R3

u13 ðF̂1Þ ¼
F̂1

16pð1� nÞm

x1x3

R3
:

ð4:109Þ

Corresponding results for F̂1
2 and F̂1

3 are obtained by the cyclic exchange of

indices. Using these results, the Green’s function with the point force acting at the

origin is
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G1
ij ðxÞ ¼

1

16pmð1� nÞjxj
ð3� 4nÞdij þ

xixj

jxj2

" #

: ð4:110Þ

A useful expression for the displacement at x due to a general unit point force, F̂,

acting at a source point x0 can now be written. The displacement, by definition, is

given by

u1ðx� x0Þ ¼ G1
ij ðx� x0ÞF̂j êi ð4:111Þ

and substituting Eq. (4.110) into Eq. (4.111), and moving the source point to x0,

u1ðx� x0Þ ¼
1

16pmð1� nÞ

3� 4n

jx� x0j
F̂þ

ðx� x0Þ � F̂

jx� x0j3
ðx� x0Þ

" #

: ð4:112Þ

4.3.3 In half-space with planar free surface

The point force is at (0; 0; q) with the origin at the surface, and the Papkovitch

functions for this case are obtained from the solution for the joined half-spaces by

setting mð2Þ ¼ nð2Þ ¼ 0 in Eqs. (4.101–4.104). The only required non-vanishing

functions are then, after dropping the (1) superscript,

B1ðF̂1Þ ¼
F̂1

4pm

1

R
þ

1

RIM

� �

B3ðF̂1Þ ¼
F̂1x1

2pm

1� 2n

ðRIM þ x3 þ qÞRIM
�

q

ðRIMÞ3

" #

bðF̂1Þ ¼
F̂1x1ð1� 2nÞ

2pm

q

ðRIM þ x3 þ qÞRIM
�

ð1� 2nÞ

ðRIM þ x3 þ qÞ

� �

B3ðF̂3Þ ¼
F̂3

4pm

1

R
þ
3� 4n

RIM
þ
2qðx3 þ qÞ

ðRIMÞ3

" #

bðF̂3Þ ¼
F̂3

4pm
4ð1� nÞð1� 2nÞ lnðRIM þ x3 þ qÞ �

q

R
�
qð3� 4nÞ

RIM

� �

;

ð4:113Þ

where R ¼ ½x21 þ x22 þ ðx3 � qÞ2�1=2 and RIM ¼ ½x21 þ x22 þ ðx3 þ qÞ2�1=2.

Putting these results into Eq. (4.86), and referring to Eq. (4.109), the displace-

ment components, ui, due to the force components, F̂j, are

uiðF̂jÞ ¼
F̂j

A

ð3� 4nÞ

R
þ
xixj

R3

� �

þ uIMi ðF̂jÞ ¼ u1i ðF̂jÞ þ uIMi ðF̂jÞ; ð4:114Þ

i.e., the sum of the displacements expected in an infinite region plus associated

image displacements. The latter are of the form
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uIM1 ðF̂1Þ ¼
F̂1

A

1

RIM
þ
4ð1� nÞð1� 2nÞ

ðRIM þ x3 þ qÞ
þ
ð3� 4nÞx21

ðRIMÞ3

"

þ
2qx3

ðRIMÞ3
�
4ð1� nÞð1� 2nÞx21

RIMðRIM þ xþ qÞ2
�

6qx3x
2
1

ðRIMÞ5

#

uIM2 ðF̂1Þ ¼
F̂1x1x2

A

ð3� 4nÞ

ðRIMÞ3
�

4ð1� nÞð1� 2nÞ

RIMðRIM þ x3 þ qÞ2
�

6qx3

ðRIMÞ5

" #

uIM3 ðF̂1Þ ¼
F̂1x1

A

ð3� 4nÞðx3 � qÞ

ðRIMÞ3
þ

4ð1� nÞð1� 2nÞ

RIMðRIM þ x3 þ qÞ
�

6qx3ðx3 þ qÞ

ðRIMÞ5

" #

uIM1 ðF̂2Þ ¼
F̂2x1x2

A

ð3� 4nÞ

ðRIMÞ3
�

4ð1� nÞð1� 2nÞ

RIMðRIM þ xþ qÞ2
�

6qx3

ðRIMÞ5

" #

uIM2 ðF̂2Þ ¼
F̂2

A

1

RIM
þ
4ð1� nÞð1� 2nÞ

ðRIM þ x3 þ qÞ
þ
ð3� 4nÞx22

ðRIMÞ3

"

þ
2qx3

ðRIMÞ3
�

4ð1� nÞð1� 2nÞx22

RIMðRIM þ x3 þ qÞ2
�

6qx3x
2
2

ðRIMÞ5

#

uIM3 ðF̂2Þ ¼
F̂2x2

A

ð3� 4nÞðx3 � qÞ

ðRIMÞ3
þ

4ð1� nÞð1� 2nÞ

RIMðRIM þ x3 þ qÞ
�

6qx3ðx3 þ qÞ

ðRIMÞ5

" #

uIM1 ðF̂3Þ ¼
F̂3x1

A
�

4ð1� nÞð1� 2nÞ

RIMðRIM þ x3 þ qÞ
þ
ð3� 4nÞðx3 � qÞ

ðRIMÞ3
þ
6qx3ðx3 þ qÞ

ðRIMÞ5

" #

uIM2 ðF̂3Þ ¼
F̂3x2

A
�

4ð1� nÞð1� 2nÞ

RIMðRIM þ x3 þ qÞ
þ
ð3� 4nÞðx3 � qÞ

ðRIMÞ3
þ
6qx3ðx3 þ qÞ

ðRIMÞ5

" #

uIM3 ðF̂3Þ ¼
F̂3

A

8ð1� nÞ2 � ð3� 4nÞ

RIM
þ
ð3� 4nÞðx3 þ qÞ2 � 2qx3

ðRIMÞ3
þ
6qx3ðx3 þ qÞ2

ðRIMÞ5

#"

;

where A ¼ 16pmð1� nÞ

ð4:115Þ

in agreement with Mindlin (1936b). The corresponding half-space image Green’s

functions for the general case, where the origin of the coordinate system shown in

Fig. 4.7 is at the surface, the field point is at x, and the point force is at the source

point,x0, is readily obtained from Eq. (4.115) by using GIM
ij ¼ uIMi ðF̂j ¼ 1Þ and

making the changes q ! x03, x1 ! ðx1 � x01Þ and x2 ! ðx2 � x02Þ, so that

GIM
11 ðx; x

0Þ ¼
1

A

1

RIM
þ
4ð1� nÞð1� 2nÞ

ðRIM þ x3 þ x03Þ
þ
ð3� 4nÞðx1 � x01Þ

2 þ 2x03x3

ðRIMÞ3

(

�
4ð1� nÞð1� 2nÞðx1 � x01Þ

2

RIMðRIM þ x3 þ x03Þ
2

�
6x03x3ðx1 � x01Þ

2

ðRIMÞ5

)

GIM
21 ðx; x

0Þ ¼
ðx1 � x01Þðx2 � x02Þ

A

ð3� 4nÞ

ðRIMÞ3
�

4ð1� nÞð1� 2nÞ

RIMðRIM þ x3 þ x03Þ
2
�

6x03x3

ðRIMÞ5

( )

GIM
31 ðx; x

0Þ ¼
ðx1 � x01Þ

A

ð3� 4nÞðx3 � x03Þ

ðRIMÞ3
þ

4ð1� nÞð1� 2nÞ

RIMðRIM þ x3 þ x03Þ
�
6x03x3ðx3 þ x03Þ

ðRIMÞ5

( )

GIM
12 ðx; x

0Þ ¼
ðx1 � x01Þðx2 � x02Þ

A

ð3� 4nÞ

ðRIMÞ3
�

4ð1� nÞð1� 2nÞ

RIMðRIM þ x3 þ x03Þ
2
�

6x03x3

ðRIMÞ5

" #

GIM
22 ðx; x

0Þ ¼
1

A

1

RIM
þ
4ð1� nÞð1� 2nÞ

ðRIM þ x3 þ x03Þ
þ
ð3� 4nÞðx� x02Þ

2 þ 2x03x3

ðRIMÞ3

"

�
4ð1� nÞð1� 2nÞðx2 � x02Þ

2

RIMðRIM þ x3 þ x03Þ
2

�
6x03x3ðx2 � x02Þ

2

ðRIMÞ5

#

GIM
32 ðx; x

0Þ ¼
ðx2 � x02Þ

A

ð3� 4nÞðx3 � x03Þ

ðRIMÞ3
þ

4ð1� nÞð1� 2nÞ

RIMðRIM þ x3 þ x03Þ
�
6x03x3ðx3 þ x03Þ

ðRIMÞ5

" #

:

ð4:116Þ
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Exercises

4.1 Obtain Eq. (4.110) for the Green’s function for a point force in an infinite

isotropic region by starting with the general integral equation solution given

by Eq. (4.25).

Solution The first step is to rewrite Eq. (4.25) in terms of isotropic elastic

constants. Substituting Eq. (3.141) into Eq. (4.25),

G1
kmðx� x0Þ ¼

1

8p2mjx� x0j

þ

L̂

½dkm �
1

2ð1� nÞ
k̂kk̂m�ds ¼

1

8p2mjx� x0j

� ½2pdkm �
1

2ð1� nÞ

þ

L̂

k̂kk̂m ds�:

ð4:117Þ

Equation (4.117) is referred to the ðê1; ê2; ê3Þ crystal coordinate system, and

the line integral is around a unit circle in the plane perpendicular to

ŵ ¼ ðx� x0Þ=jx� x0j (Fig. 4.2). Therefore, to simplify the integral, trans-

form it to the ðû; v̂; ŵÞ system, termed here the “new” system. Now, rotate

the new system around ŵ so that û ¼ ŵ� ê3, and the base vectors of the new

and “old” (crystal) systems are related by

û ¼ ŵ� ê3 ¼
ŵ2ê1 � ŵ1ê2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ŵ2
1 þ ŵ2

2

q

v̂ ¼ ŵ� û ¼
ŵ1ŵ3ê1 þ ŵ2ŵ3ê2 � ðŵ2

1 þ ŵ2
2Þê3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ŵ2
1 þ ŵ2

2

q

ŵ ¼ ŵ1ê1 þ ŵ2ê2 þ ŵ3ê3:

ð4:118Þ

Then, using Eqs. (2.17) and (2.18), the k̂ vector in Eq. (4.117) will be

transformed according to

½k̂� ¼ ½l�T½k̂0� or k̂i ¼ ljik̂
0
j; ð4:119Þ

where the prime indicates the new system, and

½l�T ¼
l11 l21 l31
l12 l22 l32
l13 l23 l33

2

4

3

5 ¼

ŵ2=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ŵ2
1 þ ŵ2

2

q

ŵ1ŵ2=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ŵ2
1 þ ŵ2

2

q

ŵ1

�ŵ1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ŵ2
1 þ ŵ2

2

q

ŵ2ŵ3=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ŵ2
1 þ ŵ2

2

q

ŵ2

0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ŵ2
1 þ ŵ2

2

q

ŵ3

2

6

6

6

4

3

7

7

7

5

: ð4:120Þ

x1 P

Surface R IM

R 

QIM x Q

x′ ˆ F

O x3

Figure 4.7 Field point, P, and source point, Q, for half-space image Green’s function given by

Eq. (4.116).

88 Green’s functions for unit point force



In the line integral of Eq. (4.117), k̂ lies in the ŵ ¼ 0 plane, and using these

results to evaluate the integral,

þ

L̂

k̂kk̂m ds ¼

þ

L̂

likk̂
0
iljmk̂

0
j ds

¼

ð

2p

0

ðl1kl1mcos
2yþ ðl1ml2k þ l1kl2mÞ sin y cos yþ l2kl2msin

2yÞdy

¼ ðl1kl1m þ l2kl2mÞp:

ð4:121Þ

Finally, substituting Eq. (4.121) into Eq. (4.117) and using Eq. (4.120) and

ŵ ¼ ðx� x0Þ=jx� x0j, G1
km assumes the form

G1
ij ðx� x0Þ ¼

1

16pmð1� nÞjx� x0j
ð3� 4nÞdij þ

ðxi � x0iÞðxj � x0jÞ

jx� x0j2

" #

: ð4:122Þ

in agreement with Eq. (4.110).

4.2 Show that the Green’s function for a point force in an infinite medium is a

homogeneous function of degree �1 in the variable ðx� x0Þ and must be of

the form

G1
ij ¼

fijðl̂Þ

jx� x0j
; ð4:123Þ

where fijðl̂Þ is a function of the unit vector l̂ ¼ ðx� x0Þ=jx� x0j.6 It therefore

falls off with distance from the point force as jx� x0j�1
and is a function of

direction according to fijðl̂Þ. Hint: start with the basic Eq. (3.21).

Solution Starting with Eq. (3.21), i.e.,

Ckpim

q2G1
ij ðx� x0Þ

qxmqxp
þ dkjdðx� x0Þ ¼ 0 ð4:124Þ

and making the change of variable

j ¼ x� x0; ð4:125Þ

Ckpim

q2G1
ij ðjÞ

qxmqxp
þ dkjdðjÞ ¼ 0: ð4:126Þ

6 This exercise was suggested by Professor D. M. Barnett.
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Then, scaling j by setting

j ¼ ly ð4:127Þ

where l ¼ constant, Eq. (4.126) becomes

1

l2
Ckpim

q2G1
ij ðlyÞ

qymqyp
þ dkjdðlyÞ ¼ 0: ð4:128Þ

However, using the properties of the delta function from Eqs. (D.2)

and (D.3),

ð

1

�1

ð

1

�1

ð

1

�1

dðxÞdx1 dx2 dx3 ¼ l3
ð

1

�1

ð

1

�1

ð

1

�1

dðlyÞdy1 dy2 dy3

¼

ð

1

�1

ð

1

�1

ð

1

�1

dðyÞdy1 dy2 dy3 ¼ 1;

ð4:129Þ

so that

dðlyÞ ¼ l�3dðyÞ ð4:130Þ

and, upon substituting this result into Eq. (4.128),

lCkpim

q2G1
ij ðlyÞ

qymqyp
þ dkjdðyÞ ¼ 0: ð4:131Þ

Then, in view of the functional form of Eq. (4.131), we can write

lCkpim

q2G1
ij ½lðx� x0Þ�

qxmqxp
þ dkjdðx� x0Þ: ð4:132Þ

Comparison of Eq. (4.132) with (4.124) shows that

G1
ij ½lðx� x0Þ� ¼ l�1G1

ij ðx� x0Þ ð4:133Þ

and therefore G1
ij ðx� x0Þ is indeed homogeneous of degree �1 in ðx� x0Þ.

Furthermore, since scaling ðx� x0Þ by l scales G1
ij ðx� x0Þ by l�1, it must be

concluded that G1
ij ðx� x0Þ is of the form of Eq. (4.123) when the point force

is located at x0. As an example, note that the Green’s function given by Eq.

(4.110) in that case takes the form

G1
ij ðxÞ ¼

1

16pmð1� nÞjx� x0j
ð3� 4nÞdij þ

ðxi � x0iÞðxj � x0jÞ

jx� x0j2

" #

¼
ð3� 4nÞdij þ lilj
� 


16pmð1� nÞ

1

jx� x0j
;

ð4:134Þ

which is consistent with Eq. (4.123).
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4.3 As shown by Lothe (1992b), the partial derivative of the Green’s function

with respect to the displacement of the field point, given by Eq. (4.40, can be

obtained by considering the tilt of the plane on which the unit circle integral

is performed (Fig. 4.2) when the field point is displaced by the vector dx and

the source point remains fixed. This tilt is illustrated (in exaggerated fash-

ion) in Fig. 4.8 for the special case where dx is parallel with k̂. In the general

case the component of dx parallel to k̂ will produce a rotation of the vector

ðx� x0Þ corresponding to the angle ðk̂ � dxÞ=jx� x0j, which will, in turn,

cause k̂ to rotate so that

dk̂ ¼ �
ðk̂ � dxÞŵ

jx� x0j
: ð4:135Þ

Using this information, derive the derivative of the Green’s function given

by Eq. (4.40).

Solution The derivative of G1
km, using Eq. (4.25), is

qG1
kmðx� x0Þ

qxi
¼

1

8p2
1

jx� x0j

þ

L̂

qðk̂k̂Þ�1
km

qxi
dsþ

þ

L̂

ðk̂k̂Þ�1
km ds

q

qxi

1

jx� x0j

� �

2

6

4

3

7

5
: ð4:136Þ

The derivative of ðk̂k̂Þ�1
km in the first integral of Eq. (4.136) can be obtained,

using matrix and index notation, as follows:

ðk̂k̂Þðk̂k̂Þ�1 ¼ ½I�

ðk̂k̂Þ
qðk̂k̂Þ

�1

qxi
þ
qðk̂k̂Þ

qxi
ðk̂k̂Þ�1 ¼ 0

qðk̂k̂Þ
�1

qxi
¼ �ðk̂k̂Þ�1 qðk̂k̂Þ

qxi
ðk̂k̂Þ�1

qðk̂k̂Þ�1
km

qxi
¼ �ðk̂k̂Þ�1

kp

qðk̂k̂Þpj
qxi

ðk̂k̂Þ�1
jm ;

ð4:137Þ

Unit circle plane

ˆ k ˆ k 

ˆ w ˆ w 
x′ x′

ˆ F ˆ F 
x x

δx

Figure 4.8 Edge view of the tilt of the unit circle plane in the special case when the field

point is displaced by the vector, dx, in the direction of k̂ while the source point at

x0 remains fixed.
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where qðk̂k̂Þpj=qxi, is obtained by substituting Eq. (4.135) into

Eq. (4.137), i.e.,

qðk̂k̂Þpj
qxi

¼
q

qxi
ðk̂lClpjnk̂nÞ ¼ �

k̂i

jx� x0j
½ðk̂ŵÞpj þ ðŵk̂Þpj�: ð4:138Þ

In addition,

q

qxi

1

jx� x0j

� �

¼ �
ðxi � x0iÞ

jx� x0j3
¼ �

ŵi

jx� x0j2
: ð4:139Þ

Then, substitution of Eqs. (4.137)–(4.139) into Eq. (4.136) yields Eq. (4.40).
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5 Interactions between defects
and stress

5.1 Introduction

To formulate interactions between defects and stress it is useful to classify the various

types of defect and stress thatwill be of concern to us.Of the defects considered in this

book, inclusions, point defects, dislocations, and various interfaces containing dis-

crete intrinsic dislocations are sources of stress, and they therefore interact elastically

with imposed stress, which may be internal stress due, for example, to the presence of

other defects, or applied stress, due to forces applied to the body.1

On the other hand, when a defect source of stress lies in a finite region bounded

by interfaces, an image stress is generated, as described in Section 3.8, which then

interacts with the defect. Thus, the interface acts, in a sense, as the source of a

stress that interacts with the defect. In addition, an inhomogeneity, which by itself

is not a source of stress, causes a perturbation of an imposed stress field, which, in

turn, interacts with the imposed stress. An inhomogeneity may therefore be

regarded as the indirect source of a stress that interacts with an imposed stress.

Finally, in the case of a dislocation, a segment making up one part of the

dislocation produces a stress field that interacts elastically with the stress fields

produced by other segments of the same dislocation. We classify such interactions

as self-interactions to distinguish them from the previous interactions.

The following types of interaction are therefore distinguished:

(1) Interactions between a defect source of stress and imposed internal or applied

stresses,

(2) Interactions between a defect source of stress and its image stress,

(3) Interactions between an inhomogeneity and an imposed stress,

(4) Self-interactions between various segments of the same dislocation.

This chapter focuses on basic formulations of the interactions included in (1), (2),

and (3). These are expressed in terms of interaction energies and corresponding

forces, which are derived in forms that will be of use in succeeding chapters

devoted to specific defects. The dislocation self-interactions in (4) are not

considered in this book, but are analyzed extensively in other publications focused

1 Throughout this book, an imposed stress is regarded as any stress arising from a source independent

of the defect. An applied stress is therefore considered to be an imposed stress due to an applied force.



strongly on dislocations, e.g., Gavazza and Barnett (1976); Bacon, Barnett, and

Scattergood (1979b); Hirth and Lothe (1982); and Lothe (1992a).

The following notation is employed for this chapter:

eDij strain field of defect, D, in finite homogeneous region;

eD
1

ij strain field of defect, D, in infinite homogeneous region;

eD
IM

ij image strain field of defect, D, in finite homogeneous region;

eIij imposed internal strain field, I;

eAij imposed applied strain field, A;

e
Q
ij general imposed strain field, Q (either internal or applied).

5.2 Interaction energies between defect source of stress and various
stresses in homogeneous finite body

Following the pioneering work of Eshelby (1956), consider an elastically homoge-

neous finite body, V 	, possessing a defect source of internal stress, D, a second

source of internal stress, I, and a surface, S	, subjected to tractions, TA, as

illustrated in Fig. 5.1.2 As described in Section 3.8, the stress field of the defect,

sDij , may be expressed as the sum of the field that it would produce in an infinite

body, sD
1

ij , and its corresponding image field, sD
IM

ij , so that sDij ¼ sD
1

ij þ sD
IM

ij (as in

Eq. (3.175)). Four distinguishable elastic fields are therefore present in this system,

i.e., sD
1

ij , sD
IM

ij , sIij and sAij , where s
I
ij is the internal stress due to the internal source,

I, and sAij is the applied stress due to the surface tractions. The total stress, strain,

and displacement are therefore

sij ¼ sD
1

ij þ sD
IM

ij þ sIij þ sAij

eij ¼ eD
1

ij þ eD
IM

ij þ eIij þ eAij

ui ¼ uD
1

i þ uD
IM

i þ uIi þ uAi :

ð5:1Þ

T
A

I

x D

O x

S,V

S°,V °

Figure 5.1 Finite body, V	, with external surface, S	, subjected to tractions, TA, containing

an embedded region, V, enclosed by a surface, S, that contains a defect source of stress,

D. Another source of stress, I, lies in V	 � V. The field vector is x, and the vector j indicates

defect position.

2 Situations where the body is not homogeneous, as when the defect is an inhomogeneity or an

inhomogeneous inclusion, are considered later.
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Since this book is concerned only with the elasto-mechanical behavior of bodies

under isothermal conditions, the total energy of the body, E, is taken to be the sum

of the elastic strain energy in the body, W, plus the potential energy of any forces

applied to the body, F, so that

E ¼ W þ F: ð5:2Þ

Here, the potential energy is defined so that if an applied force, F, is displaced by

u, and, therefore performs work, W = F · u, the change in potential energy is

�F ¼ �W ¼ �F � u: ð5:3Þ

Since linear elasticity is assumed, the interactions between the various fields in the

above system can be treated independently. The interaction energies of the defect,

D, with the internal I field, the applied A field and its image IM field are, therefore,

now considered in turn.

5.2.1 Interaction energy with imposed internal stress

5.2.1.1 Defect represented by its elastic field
The defect is represented by its elastic field, i.e., D field, no transformation strain is

present, and the body is homogenous. The interaction energy between theD field and

the I field is then thedifferencebetween the total energyof the superimposedfields and

the sum of the energies of the individual fields. Since no applied forces are involved,

all of the energy is strain energy, and, by use of Eq. (2.133), the interaction energy is

E
D=I
int ¼ WDþI �WD �WI ¼

1

2∰
V

	

ðsDij þ sIijÞðe
D
ij þ eIijÞdV�

1

2∰
V

	

sDij e
D
ij dV�

1

2∰
V

	

sIije
I
ij dV

¼
1

2∰
V

	

ðsDij e
I
ij þ sIije

D
ij ÞdV:

ð5:4Þ

ð5:4Þ
Then, using Eq. (2.102),

E
D=I
int ¼

1

2∰
V

	

ðsDij e
I
ij þ sIije

D
ij ÞdV ¼ ∰

V
	

sDij e
I
ij dV ¼ ∰

V
	

sIije
D
ij dV: ð5:5Þ

To integrate Eq. (5.5), the geometry indicated in Fig. 5.1 is employed (Eshelby,

1956). The integral is then written as the sum of two integrals, one over the region

V , containing D but excluding I, and the other over the region (V 	 � V ),

containing I but excluding D, i.e.,

E
D=I
int ¼ ∰

V

sDij e
I
ij dV þ ∰

V
	
�V

sIije
D
ij dV: ð5:6Þ

In this arrangement, any incompatibilities or singularities associated with the

sources of the D and I fields are avoided, and the D and I fields within the
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regions of integration are “corresponding fields,” as defined in Section 2.4.3.

Equation (2.106) can therefore be applied so that

sDij e
I
ij ¼ sDij

quIi
qxj

¼
q

qxj
ðsDij u

I
i Þ sIije

D
ij ¼ sIij

quDi
qxj

¼
q

qxj
ðsIiju

D
i Þ : ð5:7Þ

Then, substituting these expressions into Eq. (5.6),

E
D=I
int ¼ ∰

V

q

qxj
ðsDij u

I
i ÞdV þ ∰

V
	
�V

q

qxj
ðsIiju

D
i ÞdV: ð5:8Þ

and, converting the volume integrals to surface integrals,

E
D=I
int ¼ ∯

S

sDij u
I
i n̂j dSþ∯

S
	

sIiju
D
i n̂j dS�∯

S

sIiju
D
i n̂j dS: ð5:9Þ

The last integral is negative, since a normal vector to a closed surface directed

inwards is taken to be negative. The penultimate integral vanishes since the tractions

on S	 due to the internal stress, sIijn̂j, vanish, and Eq. (5.9) therefore takes the form

E
D=I
int ¼ ∯

S

ðsDij u
I
i � sIiju

D
i Þn̂j dS: ð5:10Þ

Equation (5.10) can be put into another form by setting sDij ¼ sD
1

ij þ sD
IM

ij and

uDi ¼ uD
1

i þ uD
IM

i , so that

E
D=I
int ¼ ∯

S

ðsD
1

ij uIi � sIiju
D1

i Þn̂j dSþ∯
S

ðsD
IM

ij uIi � sIiju
DIM

i Þn̂j dS

¼ ∯
S

ðsD
1

ij uIi � sIiju
D1

i Þn̂j dS;

ð5:11Þ

where the image term vanishes since the DIM and I fields are corresponding fields

that obey Eq. (2.108) within S, where the source of the I field is excluded. Therefore

E
D=I
int ¼ E

D1=I
int ð5:12Þ

and the interaction energy between the defect and the I field in a finite body is

given by either Eq. (5.10) or (5.11) and depends only on the I field and the field

that the defect would possess in an infinite matrix. In either case, it can be

expressed in the form of an integral over a surface, S, of arbitrary shape that

encloses D but excludes I (Eshelby, 1956).

5.2.1.2 Defect represented by a transformation strain
If the defect is mimicked by means of a transformation strain, eTij , in an elastically

homogeneous body as described in Section 3.6, Eq. (5.10) can be expressed in

the form of a relatively simple volume integral (Eshelby, 1956; Mura, 1987).
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According to Section 3.6, the transformation strain is localized in a region, VD,

embedded in the surrounding matrix, and, therefore, beginning with Eq. (5.10),

E
D=I
int ¼ ∯

S

ðsDij u
I
i � sIiju

D
i Þn̂j dS

¼ ∯
S
D

½sDij u
I
i � sIijðu

D
i þ uTi Þ�n̂j dS ¼ ∰

V
D

q

qxj
½sDij u

I
i � sIijðu

D
i þ uTi Þ�dV

¼ ∰
V

D

sDij
quIi
qxj

� sIij
qðuDi þ uTi Þ

qxj

� �

dV

¼ ∰
V

D

½sDij e
I
ij � sIijðe

D
ij þ eTij �dV

¼ �∰
V

D

sIije
T
ij dV:

ð5:13Þ

On the first line of Eq. (5.13), the surface S lies in the matrix outside of the V
D

region, and all field quantities are elastic quantities, as described in Section 3.6

(see Eq. (3.151)). On the second line the surface, S, has been shrunk down to a

surface S
D infinitesimally inside the V

D region. Since the V
D region contains a

transformation strain, the matching conditions that must be satisfied across the

interface between the matrix and V
D regions are

sDij ðoutÞn̂j ¼ sDij ðinÞn̂j

sIijðoutÞn̂j ¼ sIijðinÞn̂j

uIi ðoutÞ ¼ uIi ðinÞ

u
D; tot
i ðoutÞ ¼ u

D; tot
i ðinÞ ¼ uDi ðoutÞ ¼ uDi ðinÞ þ uTi ;

ð5:14Þ

where sDij n̂j, s
I
ijn̂j, u

D
i and uIi (both in and out ofVD) are elastic quantities, and the last

condition satisfies the requirement that the total displacements, given by u
D; tot
i ¼

uDi þ uTi (see Eq. (3.152)), must match across the interface. Then, the surface integral

over SD is converted to a volume integral. On the remaining lines, the integrand is

differentiated, Eq. (2.65) is applied, and, finally, use ismade of Eqs. (3.151) and (2.106).

5.2.1.3 Defect represented by point body forces
Now consider the case where the defect is in a homogeneous body and is mimicked

by an array of point body forces that produces the stress field, sDij , as in the force

multipole models of Section 10.3. In this case, sDij is an applied stress field whose

interaction strain energy, W
D=I
int , with the internal stress field, sIij, vanishes as

demonstrated in Section 5.2.2.1 (see Eq. (5.25)). Therefore, W
D=I
int ¼ 0, and

E
D=I
int ¼ F

D=I
int . The interaction potential energy, F

D=I
int , is readily determined by

imagining that the I source is introduced into the body when the defect, with its

center at the origin, is already in place. Then, using Eq. (5.3),
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E
D=I
int ¼ F

D=I
int ¼ �

X

a

uIðxðaÞÞ � FDðaÞ; ð5:15Þ

where x(a) is the field vector from the center of the defect at the origin to the point

force FD(a) (Eshelby, 1956).

5.2.2 Interaction energy with applied stress

5.2.2.1 Defect represented by its elastic field
Since both strain energy and potential energy are involved, the interaction energy

is given by

E
D=A
int ¼ ðWDþA �WD �WAÞ þ ðFDþA � FAÞ: ð5:16Þ

The strain energy term will take the form obtained previously in Eq. (5.4), while

the potential energy term will be given by �∯
S
	

sAij u
D
j n̂i dS, which is the change in

potential energy of the A system when the D field is added to the A system to form

the D þ A system. Therefore,

E
D=A
int ¼

1

2∰
V

	

sDij e
A
ij þ sAij e

D
ij

	 


dV �∯
S
	

sAij u
D
j n̂i dS

¼ ∰
V

sDij e
A
ij dV þ ∰

V
	
�V

sAij e
D
ij dV �∯

S
	

sAij u
D
j n̂i dS;

ð5:17Þ

where, as previously in Section 5.2.1.1, the volume integral is taken as the sum of

integrals over the regions V and V 	 � V , so that only corresponding fields are

involved. Then, applying Eq. (2.106), and the divergence theorem,

E
D=A
int ¼ ∰

V

q

qxj
sDij u

A
i

	 


dV þ ∰
V

	
�V

q

qxj
sAij u

D
i

	 


dV �∯
S
	

sAij u
D
i n̂j dS

¼ ∯
S

sDij u
A
i n̂j dSþ∯

S
	

sAij u
D
i n̂j dS�∯

S

sAij u
D
i n̂j dS�∯

S
	

sAij u
D
i n̂j dS

¼ ∯
S

ðsDij u
A
i � sAij u

D
i Þn̂j dS:

ð5:18Þ

Equation (5.18) can be put into another form by using the procedure employed

previously to convert Eq. (5.10) to Eq. (5.11), i.e.,

E
D=A
int ¼ ∯

S

ðsD
1

ij uAi � sAij u
D1

i Þn̂j dSþ∯
S

ðsD
IM

ij uAi � sAij u
DIM

i Þn̂j dS

¼ ∯
S

ðsD
1

ij uAi � sAij u
D1

i Þn̂j dS

ð5:19Þ
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and

E
D=A
int ¼ E

D1=A
int : ð5:20Þ

These results are seen to be identical in form to Eqs. (5.11) and (5.12) for the case

of the internal stress field, I.

The expression for the interaction energy between a defect, D, in a finite body

subjected to an imposed stress is therefore independent of whether the stress is

internal or applied, and in either case involves integrating over a surface, S, of

arbitrary shape that encloses D but excludes the source of the imposed stress.

To investigate the interaction strain energy between an applied field (repre-

sented here by the A field) and an internal field (represented by the D field),

Eq. (5.18) can be written as

E
D=A
int ¼ ∯

S

sDij u
A
i n̂j dSþ∯

S
	

sAij u
D
i n̂j dS�∯

S

sAij u
D
i n̂j dS�∯

S
	

sAij u
D
i n̂j dS

¼ W
D=A
int þ F

D=A
int ;

ð5:21Þ

where W
D=A
int and F

D=A
int are identified, respectively, as

W
D=A
int ¼ ∯

S

sDij u
A
i n̂j dSþ∯

S
	

sAij u
D
i n̂j dS�∯

S

sAij u
D
i n̂j dS ð5:22Þ

and

F
D=A
int ¼ �∯

S
	

sAij u
D
i n̂j dS: ð5:23Þ

The surface S can now be moved infinitesimally close to S	 by virtue of Eq. (2.110)

without changing the values of any of the integrals, thus causing W
D=A
int to vanish,

since sDij n̂i ¼ 0 on S	, i.e.,

W
D=A
int ¼ ∯

S
	

sDij u
A
i n̂j dSþ∯

S
	

sAij u
D
i n̂j dS�∯

S
	

sAij u
D
i n̂j dS ¼ ∯

S
	

sDij u
A
i n̂j dS ¼ 0: ð5:24Þ

This result establishes the important conclusion that

The interaction strain energy between an internal stress field, I, and an applied stress field,

A, vanishes, i.e.,

W
I=A
int ¼ 0: ð5:25Þ

5.2.2.2 Defect represented by a transformation strain or point body forces
The interaction energy between a defect, represented by a transformation strain,

and an internal stress, I, has been derived in the form of Eq. (5.13) after starting

with the expression for the interaction energy given by Eq. (5.10). When the stress
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is the applied stress, A, the same type of derivation can be employed, starting in

this case with Eq. (5.18), and this leads to the result

E
D=A
int ¼ �∰

V
D

sAij e
T
ij dV; ð5:26Þ

which is of the same form as Eq. (5.13).

The case where a defect, represented by an array of point body forces, interacts

with the internal stress, I, has been treated in Section 5.2.1.3. When the interaction

is with the applied stress, A, start with Eq. (5.18) and convert it to the volume

integral

E
D=A
int ¼ ∰

V

q

qxj
sDij u

A
i � sAij u

D
i

	 


dV ¼ ∰
V

sDij
quAi
qxj

þ uAi
qsDij

qxj
� sAij

quDi
qxj

� uDi
qsAij

qxj

 !

dV:

ð5:27Þ

Since the defect is represented by applied forces, the D and A fields are corres-

ponding fields within V , and, therefore, using Eqs. (2.106) and (2.65),

E
D=A
int ¼ �∰

V

uAi ðxÞf
D
i ðxÞdV ¼ �∰

V

uAðxÞ � fDðxÞdV; ð5:28Þ

where the forces representing the defect are represented by the force density

distribution, fDi ðxÞ. If the forces correspond to an array of discrete point forces,

the distribution in Eq. (5.28) can be replaced by an assemblage of delta functions

so that

E
D=A
int ¼ �∰

V

X

a

uAðxÞ � FDðaÞdðx� xðaÞÞdV ¼ �
X

a

uAðxðaÞÞ � FDðaÞ; ð5:29Þ

where x(a) is the field vector to point force FD(a). Equation (5.29) is seen to be

identical in form to the solution when the interacting stress is the internal stress, I,

given by Eq. (5.15).

In summary, the results in the last two sections have shown that the expressions

for the interaction energies are independent of whether the imposed stress is

internal or applied. When the imposed stress is due to another internal source,

no applied forces are present, and the source of the interaction is obviously the

interaction strain energy in the system. On the other hand, when the imposed stress

is an applied stress, the interaction strain energy vanishes because of Eq. (5.25), and

the source of the interaction energy is the interaction potential energy.

5.2.3 Interaction energy with defect image stress

The interaction energybetweenadefect,D, andan image stress arising froman interface

in its vicinity can be formulated with the help of Fig. 5.2. In Fig. 5.2(a), the defect lies in
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an infinite homogeneous region, V1, where it generates the stress field, sD
1

ij . In

Fig. 5.2(b), an interface, S	, has been introduced and the defect now lies in a finite

homogeneous region,V 	, bounded by S	 and surrounded byV1�V 	. Events, such

as interface sliding, have occurred along S	 that have altered the tractions acting on S	,

and these have generated the image stress, sD
IM

, throughout the system so that the total

stress in bothV 	 andV1�V 	 corresponds to ðsD
1

ij þ sD
IM

ij Þ. The interaction energy,

E
D1=DIM

int , is then (Bacon, Barnett and Scattergood 1979b)

E
D1=DIM

int ¼ E� ED1

¼ W �WD1

; ð5:30Þ

where E = W is the energy of the system when the defect and interface are in the

proximity of each other, as in Fig. 5.2b, and ED1

¼ WD1

is the energy of the

system when the defect is present by itself in the infinite body.3 Therefore,

E
D1=DIM

int ¼
1

2∰
V

	

ðsD
1

ij þ sD
IM

ij ÞðeD
1

ij þ eD
IM

ij ÞdV þ
1

2 ∰
V

1
�V

	

ðsD
1

ij þ sD
IM

ij ÞðeD
1

ij þ eD
IM

ij ÞdV

�
1

2∰
V

1

sD
1

ij eD
1

ij dV;

ð5:31Þ

ð5:31Þ
where the sum of the first and second terms corresponds to W, and the third term
represents WD1

.

In the simplest case, where S	 is a traction-free surface, the second term in

Eq. (5.31) vanishes, since the region V
1 � V 	 outside of S	 is free of tractions

and any source of stress. This can be demonstrated formally by applying the

divergence theorem to obtain

s ij
D

∞

s ij
D

∞

s ij
D

∞

S

DD D

V

V
∞

( + s ij

D
IM

) ( + s ij
D

IM

)

(c) (b)(a)

S° S°

(V ∞−V°)(V ∞−V°)

s ij
D

∞

+ s ij
D IM

)( + s ij
D IM

)(

s ij
D

∞

s ij
D

∞

−V )(V°V°

Figure 5.2 (a) Defect, D, in infinite region, V1, where it produces the stress field sD
1

ij .

(b) Same as (a) except that an interface, S	, enclosing D, has been introduced which

generates the image stress, sD
IM

, in both the region V 	 inside S	 and the region V
1 � V 	

outside S	. (c) Same as (b) except that an interface S, which encloses the region V

and the defect, D, and lies within S	, has been introduced.

3 Equation (5.30) can also be arrived at by imagining that the defect and interface are initially

separated by an infinite distance in the infinite body and then brought into the proximity of each

other, as in Fig. 5.2b.
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1

2 ∰
V

1
�V

	

ðsD
1

ij þ sD
IM

ij ÞðeD
1

ij þ eD
IM

ij ÞdV ¼
1

2 ∰
S
1

ðsD
1

ij þ sD
IM

ij ÞuD
1

i

2

4

�∰
S
	

ðsD
1

ij þ sD
IM

ij ÞuD
IM

i

3

5n̂j dS ¼ 0;

ð5:32Þ

which vanishes, since ðsD
1

ij þ sD
IM

ij Þn̂j ¼ 0 on S	, and sD
1

ij ! 0 and sD
IM

ij ! 0 as

S!S
1whereS is any surface enclosing thedefect. For this case,Eq. (5.31) thenbecomes

E
D1=DIM

int ¼
1

2∰
V

	

ðsD
1

ij þ sD
IM

ij ÞðeD
1

ij þ eD
IM

ij ÞdV �
1

2 ∰
V

1
�V

	

sD
1

ij eD
1

ij dV�
1

2∰
V

	

sD
1

ij eD
1

ij dV;

ð5:33Þ

which can be reduced by the following steps:

E
D1=DIM

int ¼
1

2∰
V

	

ðsD
1

ij eD
IM

ij þ sD
IM

ij eD
1

ij þ sD
IM

ij eD
IM

ij ÞdV �
1

2∯
S
1

sD
1

ij uD
1

i n̂j dSþ
1

2∯
S
	

sD
1

ij uD
1

i n̂j dS

¼ ∰
V

	
�V

sD
IM

ij eD
1

ij dVþ∰
V

sD
1

ij eD
IM

ij dVþ
1

2 ∰
V

	
�V

sD
IM

ij eD
IM

ij dVþ∰
V

sD
IM

ij eD
IM

ij dVþ∯
S
	

sD
1

ij uD
1

i n̂j dS

0

B

@

1

C

A

¼ ∯
S

ðsD
1

ij uD
IM

i � sD
IM

ij uD
1

i Þn̂j dS�
1

2∯
S
	

ðsD
1

ij uD
IM

i � sD
IM

ij uD
1

i Þn̂j dS

¼
1

2∯
S

ðsD
1

ij uD
IM

i � sD
IM

ij uD
1

i Þn̂j dS:

ð5:34Þ

The first line of Eq. (5.34) is obtained by converting the volume integral in Eq. (5.33)

over the region V
1 � V 	 into surface integrals. The second line is obtained by

introducing the surface S and regionV shown in Fig. 5.2c, omitting the integral over

S	 in the first line (since it vanishes), and, with the help of Eq. (2.102), reformulating

the volume integrals so that they extend over regions where their integrands are

composed of corresponding quantities. The third line is obtained by converting all

volume integrals to surface integrals and applying the condition sD
1

ij n̂j ¼ �sD
IM

ij n̂j on

S	. The last line is then obtained by shrinking S	 down and applying Eq. (2.110).

When the defect is represented by a transformation strain, Eq. (5.34) can

be used as the starting point for the same procedure that led previously from

Eq. (5.10) to Eq. (5.13), to obtain

E
D1=DIM

int ¼ �
1

2∰
V

D

sD
IM

ij eTij dV; ð5:35Þ

where VD = V is the region containing the transformation strain. Note that it is

readily verified that Eqs. (5.34) and (5.35) also hold when D is an inhomogeneous

inclusion, and the body is, therefore, not homogeneous.

102 Interactions between defects and stress



5.3 Forces on defect source of stress in homogeneous body

5.3.1 General formulation

Consider again the defect, D, in the presence of the I, A, and DIM fields in the finite

homogeneous body shown in Fig. 5.1, where the position of the defect in the body is

indicated by the vector j. Its elastic field must therefore be of the functional form

sDij ðx; jÞ ¼ sD
1

ij ðx� jÞ þ sD
IM

ij ðx; jÞ

uDi ðx; jÞ ¼ uD
1

i ðx� jÞ þ uD
IM

i ðx; jÞ;
ð5:36Þ

since the field properties of the defect in the finite body must depend upon the field

vector, x, as well as on j (which are independent of each other), while in an infinite

body the field properties depend only upon the vector displacement from the

defect, i.e., the vector difference (x � j). Therefore,

qsD
1

ij

qxa
¼ �

qsD
1

ij

qxa

quD
1

i

qxa
¼ �

quD
1

i

qxa
: ð5:37Þ

The force exerted on the defect by any of these fields, X, in the a direction, F
D=X
a ,

can be obtained by giving the defect an infinitesimal virtual displacement dxa and

determining the accompanying change in the total energy of the system. The force

is then

FD=X
a ¼ � Lim

dxa!0

1

dxa
ðE0 � EÞ ¼ � Lim

dxa!0

1

dxa

qE

qxa
dxa

� �

¼ �
qE

qxa
; ð5:38Þ

where the prime indicates the system after the displacement. Since linear elasticity

applies, the total force if several fields are present, as in Fig. 5.1, is simply the sum

of the individual forces, i.e.,

Fa ¼ FD=I
a þ FD=A

a þ FD1=DIM

a : ð5:39Þ

Alternatively, the force can be determined by finding the change in the interaction

energy of the defect with the stress field, E
D=X
int , as the defect is displaced. The force

is then defined by

FD=X
a ¼� Lim

dxa!0

1

dxa
ðE

D0=X
int �E

D=X
int Þ¼� Lim

dxa!0

1

dxa

qE
D=X
int

qxa
dxa

 !

¼�
qE

D=X
int

qxa
: ð5:40Þ

In the following, it is demonstrated that the two formulations for the force given

by Eqs. (5.38) and (5.40) indeed yield the same results.

5.3.2 Force obtained from change of the total system energy

5.3.2.1 Force obtained by use of the energy–momentum tensor
Following Eshelby (1956), the total force exerted on the defect in Fig. 5.1 by the

total stress field corresponding to the sum of the internal stress field, I, the applied
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stress field, A, and the defect stress field, D = D1 þ DIM, is now obtained by

applying Eq. (5.38) in a formulation that involves the energy–momentum tensor.

However, it is simplest to start the analysis by omitting the internal stress, I, which

will be added later. The first task is to determine the change in the total energy of

the finite body when the defect is displaced by dxa while keeping the boundary

conditions at the surface due to the applied forces constant. This is accomplished

in two steps: in step 1 every quantity f associated with the elastic field throughout

the body is replaced by f � (qf/qxa)dxa, and in step 2 the original boundary

conditions at the surface are restored.

The change in strain energy in step 1 is obtained by expanding to first order the

total strain energy density, w, around dxa=0, integrating the changes in local

strain energy density over the volume, and converting the result to a surface

integral so that

dWð1Þ ¼ �dxa∰
V

	

qw

qxa
dV ¼ �dxa∯

S
	

wn̂a dS: ð5:41Þ

Eshelby (1951; 1956) has pointed out that in the volume integral in Eq. 5.41 w may

become infinite, or qw/qxa may be undefined at the defect, thus causing a problem.

However, an alternate procedure can be employed, equivalent to the step 1 proced-

ure, in which the defect is displaced by moving the surface with respect to the defect,

rather than the defect relative to the surface. When the surface is rigidly displaced

relative to the defect by, �dxa, as illustrated schematically in Fig. 5.3, dW(1) is

obtained by integrating over each volume and taking the difference. The contribu-

tions from the overlapping hatched region then cancel. Since the defect will gener-

ally lie in this region, any problems with singularities in w due to the defect are

effectively subtracted out, and Eq. (5.41) should therefore apply.

The strain energy is altered in step 2 because the surface tractions perform work

on the body as they are adjusted to restore the boundary conditions. Again

expanding to first order, the displacements and tractions at the surface at different

stages can be written as

ui (initially)

ui �
qui
qxa

dxa (after step 1)

u0i (finally, after step 2)

sijn̂j (initially)

ðsij �
qsij
qxa

dxaÞn̂j (after step 1)

−xa xaD

S°  (before)

S°  (after)

O

Figure 5.3 Configuration before (dashed), and after, displacing surface of body relative

to embedded defect, D, by �xa.
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ðsij �
qsij

qxa
dxaÞn̂j þ

qsij

qxa
dxa ¼ sijn̂j ðfinally; after step 2Þ: ð5:42Þ

The change in strain energy during step 2 is then obtained by integrating the work

done by the tractions over S	. According to Eq. (5.42), the traction versus

displacement curve during step 2 will appear as in Fig. 5.4, and the work per-

formed is therefore

Wð2Þ ¼ W
ð2Þ

¼∯
S
	

½sijðu
0
i � uiÞ þ sij

qui

qxa
dxa � n̂j dS�ðu0i � uiÞ

qsij

qxa
dxa �

qsij

qxa

qui

qxa
ðdxaÞ

2

þ
1

2
ðu0i � uiÞ

qsij

qxa
dxa þ

1

2

qsij

qxa

qui

qxa
ðdxaÞ

2�n̂j dS:

ð5:43Þ

Then, recognizing that ðu0i � uiÞ is of order dxa, and dropping terms of order

(dxa)
2,

dWð2Þ ¼ ∯
S
	

sij½ðu
0
i � uiÞ þ

qui

qxa
dxa�n̂j dS: ð5:44Þ

The change in potential energy of the tractions that occurs during steps 1 and 2 is

given by

dFð1Þþð2Þ ¼ �∯
S
	

sijðu
0
i � uiÞn̂j dS ð5:45Þ

and the change in total energy is therefore

dE ¼ E0 � E ¼ dWð1Þ þ dWð2Þ þ dFð1Þþð2Þ ¼ �dxa∯
S
	

ðwn̂a � sij
qui

qxa
n̂jÞdS: ð5:46Þ

Using Eq. (5.38), the total force along xa is then

Fa ¼ ∯
S
	

ðwdaj � sij
qui

qxa
Þn̂j dS: ð5:47Þ

A simpler expression is obtained by realizing that the above surface integral can be

taken over any surface in the body, S, that encloses D. This may be shown by first

converting Eq. (5.47) into a volume integral to obtain

(

( δxa ˆ nj 

(ui −
∂ui

∂
δxa )ˆ nj ′ ui 

O

∂xa
∂xa

xa

δxa ˆ nj 
∂s

ij

∂s
ij

sij

Figure 5.4 Curve of traction versus displacement during step 2.

1055.3 Forces in homogeneous body



Fa ¼ ∰
V

	

q

qxj
wdaj � sij

qui

qxa

� �

dV: ð5:48Þ

The difference between the force obtained by integrating over the S surface and

the S	 surface is then

�Fa ¼ � ∰
V

	
�V

q

qxj
wdaj � sij

qui

qxa

� �

dV ¼ � ∰
V

	
�V

qw

qxa
� sij

q
2ui

qxjqxa

� �

dV: ð5:49Þ

after using Eq. (2.65). The integrand in Eq. (5.49) over the region V 	 � V , which

is free of singularities, takes the form

qw

qxa
� sij

q
2ui

qxjqxa

� �

¼
1

2

qui

qxj

qsij

qxa
� sij

q
2ui

qxaqxj

� �

ð5:50Þ

after substituting Eq. (2.133), and vanishes when Eqs. (2.75) and (2.5) are

substituted and the symmetry properties of the Cijkl tensor are invoked. Therefore,

DFa = 0, and Eq. (5.47) can be written (Eshelby, 1956) as

Fa ¼ ∯
S

Pjan̂j dS; ð5:51Þ

where Pja, known as the energy–momentum tensor (Eshelby, 1975), is given by

Pja ¼ wdaj � sij
qui

qxa
: ð5:52Þ

On reviewing the derivation of the force expressed in terms of the energy–

momentum tensor by Eq. (5.51), it is readily verified that Eq. (5.51) is also valid

for a defect, such as an inhomogeneity, even though it is not a source of stress in a

homogeneous body.4

So far, the source of internal stress, I, in Fig. 5.1 has been omitted. However,

this can be remedied on the basis of an argument by Eshelby (1956). Recall that

the total energy was partitioned into the strain energy in the body and the

potential energy of the forces producing the applied stress. However, it could

equally well have been partitioned into the strain energy within S and the sum of

the strain energy outside of S and the potential energy of the applied forces.

By carrying out the derivation again and taking the “surface” of the body to be

S and everything outside of S to be the agency producing “surface” forces on S,

the same result would have been obtained. Equation (5.51) is therefore valid

when the stress responsible for the force on the defect is either applied stress or

internal stress.

4 In Section 5.4, Eq. (5.51) is used to obtain an expression for the force exerted on an inhomogeneity

due to an imposed stress (see Eq. (5.83)).
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The total force on the defect, D, in Fig. 5.1 can now be obtained by first writing

Eq. (5.52) as

Pja ¼
1

2
sik

qui

qxk
daj � sij

qui

qxa

with the help of Eq. (2.133), and then substituting the expressions for sij and ui
given by Eq. (5.1). Then, after applying Eq. (B.11) (Stokes’ theorem) and putting

the result into Eq. (5.51), the total force can be written as the sum

Fa ¼ FD1=D1

a þ FDIM=DIM

a þ FI=I
a þ FA=A

a þ FD1=DIM

a þ FD1=I
a þ FD1=A

a

þ FDIM=I
a þ FDIM=A

a þ FI=A
a :

ð5:53Þ

where the diagonal and off-diagonal (cross) terms have the forms

FX=X
a ¼

1

2∯
S

qsXij

qxa
uXi � sXij

quXi
qxa

 !

n̂j dS ð5:54Þ

and

FX=Y
a ¼ ∯

S

qsXij

qxa
uYi � sYij

quXi
qxa

 !

n̂j dS; ð5:55Þ

respectively. However, as now seen, all terms in Eq. (5.53) vanish except the three

cross terms F
D1=DIM

a , F
D1=I
a and F

D1=A
a . The integral representing the D1/D1 term

is a constant independent of the choice of S, by virtue of Eq. (2.113). However, it

vanishes, since when S is expanded to infinity it is expected that sD
1

ij ! 0 at least

as rapidly as x�2 in three dimensions and x�1 in two-dimensions. The DIM/DIM,

DI/DI, DA/DA, DIM/DI, DIM/DA and DI/DA terms vanish by virtue of Eq. (2.112)

since in each case the two fields involved are corresponding fields throughout the

volume enclosed by S.

The total force given by Eq. (5.53) is therefore reduced to

Fa ¼ FD1=DIM

a þ FD1=I
a þ FD1=A

a ; ð5:56Þ

where (Eshelby, 1956)

FD1=I
a ¼ FD=I

a ¼ ∯
S

qsD
1

ij

qxa
uIi � sIij

quD
1

i

qxa

 !

n̂j dS

FD1=A
a ¼ FD=A

a ¼ ∯
S

qsD
1

ij

qxa
uAi � sAij

quD
1

i

qxa

 !

n̂j dS

FD1=DIM

a ¼ FD=DIM

a ¼ ∯
S

qsD
1

ij

qxa
uD

IM

i � sD
IM

ij

quD
1

i

qxa

 !

n̂j dS;

ð5:57Þ
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and where the relationships

FD1=I
a ¼ FD=I

a

FD1=A
a ¼ FD=A

a

FD1=DIM

a ¼ FD=DIM

a

ð5:58Þ

are valid by virtue of Eq. (2.112).5 For example, in the case of F
D1=I
a ,

FD1=I
a ¼ ∯

S

qsD
1

ij

qxa
uIi � sIij

quD
1

i

qx

 !

n̂j dS

¼ ∯
S

qsDij

qxa
uIi � sIij

quDi
qxa

 !

n̂j dS�∯
S

qsD
IM

ij

qxa
uIi � sIij

quD
IM

i

qxa

 !

n̂j dS

¼ ∯
S

qsDij

qxa
uIi � sIij

quDi
qxa

 !

n̂j dS ¼ FD=I
a ;

ð5:59Þ

where the integral containing the image quantities vanishes because the DIM and

I fields are corresponding fields throughout V .

Furthermore, it is shown in Exercise 5.1 that equivalent expressions for the

forces are obtained when the superscripts X and Y are interchanged, i.e.,

FX=Y
a ¼ ∯

S

qsXij

qxa
uYi � sYij

quXi
qxa

 !

n̂j dS ¼ ∯
S

qsYij

qxa
uXi � sXij

quYi
qxa

 !

n̂jdS ¼ FY=X
a :

ð5:60Þ

5.3.2.2 Force obtained directly from changes in total system energy
Instead of employing the energy–momentum approach, as previously, the force

due to each type of stress can be considered individually and found by the use of

Eq. (5.38), which involves determining the change in total energy as the defect is

displaced (Eshelby, 1951). This is demonstrated next by considering first the force

due to an applied stress and then the force due to an image stress.

Force due to applied stress

Consider again the system in Fig. 5.1 and take into account only the interaction

between the defect and the applied stress system, A.6 When the defect is displaced

by the distance dxa, the surface tractions perform the work

5 Note that the results for the forces exerted by the I and A fields given by Eq. (5.58) are consistent with

the results for the corresponding interaction energies given earlier by Eqs. (5.12) and (5.20),

respectively.
6 This is valid, of course, within the framework of linear elasticity.
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dW ¼ ∯
S
	

TA
i

quDi
qxa

dxa dS ¼ ∯
S
	

sAij
quDi
qxa

dxan̂j dS; ð5:61Þ

corresponding to a change in the potential energy of the system dF = � dW .

Since changes in the defect elastic field are reflected in the image force, which is not

being included here, and there is no interaction strain energy between the internal

defect field and the applied field, A, dE = dF = � dW . Therefore, using this

relationship and Eqs. (5.38) and (5.61),

FD=A
a ¼ � Lim

dxa!0

dE

dxa
¼ ∯

S
	

sAij
quDi
qxa

n̂j dS: ð5:62Þ

The surface tractions due to the defect stress field must remain at zero as the defect

is displaced, and the boundary conditions

sDij n̂i ¼ sD
1

ij n̂i þ sD
IM

ij n̂i ¼ 0

qsDij

qxa
n̂i ¼

qsD
1

ij

qxa
n̂i þ

qsD
IM

ij

qxa
n̂i ¼ 0

ðonS	Þ ð5:63Þ

must therefore be satisfied on S	. The equation

∯
S
	

uAi
qsDij

qxa
n̂j dS ¼ 0 ð5:64Þ

is therefore valid, and upon subtracting it from Eq. (5.62),

FD=A
a ¼ ∯

S
	

sAij
quDi
qxa

� uAi
qsDij

qxa

 !

n̂j dS ¼ ∯
S

sAij
quDi
qxa

� uAi
qsDij

qxa

 !

n̂j dS; ð5:65Þ

where use has been made of Eq. (2.117). Next,

FD=A
a ¼ ∯

S

sAij
quDi
qxa

� uAi
qsDij

qxa

 !

n̂j dS

¼ ∯
S

sAij
quD

1

i

qxa
� uAi

qsD
1

ij

qxa

 !

n̂j dSþ∯
S

sAij
quD

IM

i

qxa
� uAi

qsD
IM

ij

qxa

 !

n̂j dS:

ð5:66Þ

However, the last integral in Eq. (5.66) vanishes by virtue of Eq. (2.116), and so by

applying Eq. (5.37),

FD=A
a ¼ ∯

S

sAij
quD

1

i

qxa
� uAi

qsD
1

ij

qxa

 !

n̂j dS ¼ ∯
S

qsD
1

ij

qxa
uAi � sAij

quD
1

i

qxa

 !

n̂j dS; ð5:67Þ

in agreement with Eq. (5.57).
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Force due to image stress

Following Eshelby (1951), start with the defect in an infinite homogeneous

body and then cut out the region, V 	, corresponding to the desired traction-

free body containing the defect, while applying surface forces to maintain

the initial stress field. Next, carry out the same operation but with the cut-

out region displaced relative to the location of the embedded defect by the

distance �dxa. The defect in the latter body will therefore be displaced

relative to the body surface, S	, by the distance dxa, as illustrated in Fig. 5.3.

The elastic energy in the latter body (indicated by a prime) minus the energy

in the former body, before any relaxation of the applied surface forces is

allowed, is then

dW ¼ W0 �W ¼ �
1

2∯
S
	

sD
1

ij eD
1

ij ðdxaêa � n̂ÞdS ¼ �
1

2∯
S
	

sD
1

ij eD
1

ij dxan̂a dS

¼ �
1

2
dxa∯

S
	

sD
1

ik eD
1

ik dajn̂j dS:

ð5:68Þ

When the surface forces are relaxed on the former body to produce a traction-free

surface, an image displacement field, uD
IM

i , is introduced, causing a release of

energy given by ð1=2Þ∯
S
	

sD
1

ij uD
IM

i n̂j dS. The corresponding energy release for the

latter body is then

1

2
1� dxa

q

qxa

� �

∯
S
	

sD
1

ij uD
IM

i n̂j dS ð5:69Þ

and, by substituting these results into Eq. (5.38),

FD1=DIM

a ¼ � Lim
dxa!0

1

dxa
ðE0 � EÞ ¼

1

2 ∯
S
	

sD
1

ik eD
1

ik dajn̂j dS�
q

qxa∯
S
	

sD
1

ij uD
IM

i n̂j dS

0

@

1

A

¼
1

2∯
S
	

sD
1

ik

quD
1

i

qxk
daj �

q

qxa
sD

1

ij uD
IM

i

� �

n̂j dS:

ð5:70Þ

Then, by applying Stokes’ theorem, Eq. (B.11), and Eqs. (5.37) and (5.63),

FD1=DIM

a ¼
1

2∯
S
	

sD
IM

ij

qðuD
1

i þ uD
IM

i Þ

qxa

" #

n̂j dSþ
1

2∯
S
	

ðuD
1

i þ uD
IM

i Þ
qsD

IM

ij

qxa

" #

n̂j dS:

ð5:71Þ

However, the two integrals in Eq. (5.71) can be shown to be equal by demonstrat-

ing that their difference vanishes, i.e.,
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∯
S
	

sD
IM

ij

qðuD
1

i þ uD
IM

i Þ

qxa

" #

n̂j dS�∯
S
	

ðuD
1

i þ uD
IM

i Þ
qsD

IM

ij

qxa

" #

n̂j dS

¼ ∯
S
	

sD
IM

ij

qðuD
1

i þ uD
IM

i Þ

qxa
� ðuD

1

i þ uD
IM

i Þ
qsD

IM

ij

qxa

" #

n̂j dS

¼ ∯
S
	

�
qsD

IM

ij

qxa
uD

IM

i þ sD
IM

ij

quD
IM

i

qxa

 !

n̂j dSþ∯
S
	

�
qsD

1

ij

qxa
uD

1

i þ sD
1

ij

quD
1

i

qxa

 !

n̂j dS ¼ 0;

ð5:72Þ

where use has been made of Eqs. (5.63) and (5.37). The first integral in the last line

vanishes by virtue of Eq. (2.116), and the second vanishes because of the argument

given previously in deriving Eq. (5.56). With this result, Eq. (5.71) takes the form

FD1=DIM

a ¼ ∯
S
	

sD
IM

ij

qðuD
1

i þ uD
IM

i Þ

qxa

" #

n̂j dS: ð5:73Þ

However, the integral expression

∯
S
	

qðsD
1

ij þ sD
IM

ij Þ

qxa
uD

IM

i n̂j dS ¼ 0 ð5:74Þ

is valid by virtue of Eq. (5.63). Equation (5.74) can then be subtracted from

Eq. (5.73) to obtain, with the use of Eqs. (5.37) and (2.116),

FD1=DIM

a ¼ ∯
S
	

�
qðsD

1

ij þ sD
IM

ij Þ

qxa
uD

IM

i þ sD
IM

ij

qðuD
1

i þ uD
IM

i Þ

qxa

" #

n̂j dS

¼ ∯
S
	

�
qsD

1

ij

qxa
uD

IM

i þ sD
IM

ij

quD
1

i

qxa

" #

n̂j dSþ∯
S
	

�
qsD

IM

ij

qxa
uD

IM

i þ sD
IM

ij

quD
IM

i

qxa

" #

n̂j dS

¼ ∯
S
	

qsD
1

ij

qxa
uD

IM

i � sD
IM

ij

quD
1

i

qxa

" #

n̂j dS

ð5:75Þ

for the image force, which is in agreement with Eq. (5.57) obtained previously

through use of the energy–momentum tensor.

5.3.3 Force obtained from change of the interaction energy

It is now demonstrated that the above forces can be obtained by the alternative

method of employing Eq. (5.40) which involves a change of the interaction energy

as the defect is displaced.
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5.3.3.1 Forces due to internal and applied stresses
To obtain the force F

D=I
a via Eq. (5.40), an expression for the increment

dED
int ¼ ED0

int � ED
int is required with the interaction energy given by Eq. (5.11).

When the defect is displaced by dxa, the I field remains fixed, while the defect field

quantities at any point on the fixed surface S change (to first order) according to

sD
01

ij ¼ sD
1

ij þ
qsD

1

ij

qxa
dxa uD

01

i ¼ uD
1

i þ
quD

1

i

qxa
dxa : ð5:76Þ

Then, substituting these relationships into Eq. (5.11) to obtain ðED0

int � ED
intÞ, and,

after substituting this into Eq. (5.40) and employing Eq. (5.37),

FD=I
a ¼ FD1=I

a ¼ ∯
S

qsD
1

ij

qxa
uIi � sIij

quD
1

i

qxa

 !

n̂j dS; ð5:77Þ

which is identical to the previous result for this force given by Eq. (5.57).

A similar result for the force due to the applied stress A, i.e., F
D=A
l , is

obtained by starting with the interaction energy given by Eqs. (5.19) and (5.20).

5.3.3.2 Force due to image stress
The determination of the defect image force by the above method is more compli-

cated, since the image field varies in the body as the defect is displaced rather than

remaining fixed as in the cases of the I and A fields. However, by substituting Eq.

(5.34) into Eq. (5.40) and differentiating, the image force is given by

FD1=DIM

a ¼ �
qE

D1=DIM

int

qxa
¼ �

1

2∯
S

qsD
1

ij

qxa
uD

IM

i � sD
IM

ij

quD
1

i

qxa
�
qsD

IM

ij

qxa
uD

1

i þ sD
1

ij

quD
IM

i

qxa

 !

n̂j dS:

ð5:78Þ

Then, by expanding S to the free surface of the body, S	, and employing

Eq. (2.117) and imposing the boundary conditions on S	 given by Eq. (5.63),

FD1=DIM

a ¼
1

2∯
S
	

sD
IM

ij

qðuD
1

i þ uD
IM

i Þ

qxa

" #

n̂j dSþ
1

2∯
S
	

ðuD
1

i þ uD
IM

i Þ
qsD

IM

ij

qxa

" #

n̂j dS;

ð5:79Þ

which is identical to Eq. (5.71), which has been previously shown to lead to the

result for F
D1=DIM

a given by Eq. (5.57).

In summary, these results show that the force on a defect source of stress

subjected to a stress field imposed by surface tractions, or another nearby defect,

or its own image, can be obtained as the rate of change of its interaction energy

with the imposed stress as it is displaced, or, alternatively, by the rate of change of

the total energy of the system. Furthermore, the force is given by a surface integral

of the form of Eq. (5.55), where the integral is over a surface enclosing the defect

but excluding other sources of stress.
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5.4 Interaction energy and force between inhomogeneity and imposed stress

To formulate the interaction energy between an inhomogeneity and an imposed

stress field Q, start with a homogeneous body with the Q field already present, and

mark out the region intended for the inhomogeneity. Then convert the elastic

constants in that region from CM
ijkl to CINH

ijkl . The changes in the elastic constants will

perturb the Q field, resulting in an interaction energy between the inhomogeneity

and the Q field that can be expressed as

E
INH=Q
int ¼ EQ0

� EQ ¼ ðWQ0

þ FQ0

Þ � ðWQ þ FQÞ; ð5:80Þ

where EQ0
is the total energy of the system with the perturbed Q field (indicated by

Q0) present, and EQ is the total energy of the Q field before the introduction of the

inhomogeneity.

If there is a gradient in the Q field, the resulting force is given by the rate of

change of the total energy of the system as the inhomogeneity is displaced as

expressed by Eq. (5.38), i.e.,

FINH=Q
a ¼ � Lim

dxa!0

1

dxa

qEQ0

qxa
dxa

� �

¼ �
qEQ0

qxa
: ð5:81Þ

On the other hand, the force should also be given by the corresponding rate of

change in the interaction energy, E
INH=Q
int , according to Eq. (5.40), i.e.,

FINH=Q
a ¼ � Lim

dxa!0

1

dxa

qE
INH=Q
int

qxa
dxa

 !

¼ �
qE

INH=Q
int

qxa
¼ �

qðEQ0
� EQÞ

qxa
¼ �

qEQ0

qxa
: ð5:82Þ

As anticipated, both expressions are seen to yield the same result, since EQ is

independent of the position of the inhomogeneity.

The force on an inhomogeneity can also be obtained by employing the Eshelby

energy–momentum tensor. As pointed out in the discussion following Eq. (5.51),

the force between a defect and an imposed stress given by Eq. (5.51), which

involves integration of the energy–momentum tensor over a surface enclosing

the defect, is also valid for an inhomogeneity even though it is not a source of

stress in a homogeneous body.7 Equation (5.51) for the force on an inhomogeneity

due to the Q field is then

FINH=Q
a ¼ ∯

S

w0
dja � s

Q0

ij

qu
Q0

i

qxa

 !

n̂j dS ¼ ∯
S

1

2
s
Q0

ik

qu
Q0

i

qxk
dja � s

Q0

ij

qu
Q0

i

qxa

 !

n̂j dS

¼
1

2∯
S

qs
Q0

ij

qxa
u
Q0

i � s
Q0

ij

qu
Q0

i

qxa

 !

n̂j dS;

ð5:83Þ

7 See the agreement obtained between Eqs. (9.55) and (9.56) and Eqs. (9.44) and (9.48).
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where use has been made of Eq. (2.133) for the strain energy density and then

Eq. (B.11) for the term containing the delta function.

The force equation given byEq. (5.83) can be put into a further formby first writing

the perturbed stress field, Q0, as the sum of the initial field, Q, and the perturbation

of the Q field, DQ, caused by the inhomogeneity, i.e., Q0 =Q þ DQ, so that

u
Q0

i ¼ u
Q
i þ�u

Q
i

s
Q0

ij ¼ s
Q
ij þ�s

Q
ij :

ð5:84Þ

Then, substituting Eq. (5.84) into (5.83) and employing elements of the same

procedure that led from Eq. (5.51) to (5.57), the force is obtained in the form

FINH=Q
a ¼ ∯

S

qs
Q
ij

qxa
�u

Q
i ��s

Q
ij

qu
Q
i

qxa

 !

n̂j dS ð5:85Þ

or, alternatively

FINH=Q
a ¼ ∯

S

q�s
Q
ij

qxa
u
Q
i � s

Q
ij

q�u
Q
i

qxa

 !

n̂j dS ð5:86Þ

by virtue of Eq. (5.60). Equations (5.85) and (5.86) are seen to be analogous to the

results given by Eq. (5.57), with respect to their general forms, indicating that the

force on an inhomogeneity can be regarded as the result of an interaction between

the imposed stress field, sQij , and the perturbation of this field, �s
Q
ij , caused by the

inhomogeneity.

Exercises

5.1 Prove the relationship given by Eq. (5.60). Hint: use Stokes’ theorem in the

form of Eq. (B.10).

Solution Proof of the validity of Eq. (5.60) is obtained by showing that the

difference between the two sides of the equation, i.e., � ¼ F
X=Y
a � F

Y=X
a ,

vanishes. First, write D in the form

� ¼ FX=Y
a � FY=X

a ¼ ∯
S

qsXij

qxa
uYi � sYij

quXi
qxa

 !

n̂j dS�∯
S

qsYij

qxa
uXi � sXij

quYi
qxa

 !

n̂j dS

¼ ∯
S

sXij
quYi
qxa

þ
qsXij

qxa
uYi � sYij

quXi
qxa

þ
qsYij

qxa
uXi

 !" #

n̂j dS ¼∯
S

q

qxa
sXij u

Y
i � sYij u

X
i

	 


n̂j dS:

ð5:87Þ

Then, upon application of Stokes’ theorem, i.e., Eq. (B.10), Eq. (2.65) and

Eq. (2.106),
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� ¼ ∯
S

q

qxa
sXij u

Y
i � sYij u

X
i

	 


n̂j dS

¼ ∯
S

q

qxj
sXij u

Y
i � sYij u

X
i

	 


n̂a dS

¼ ∯
S

sXij
quYi
qxj

� sYij
quXi
qxj

� �

n̂a dS ¼ 0:

ð5:88Þ

Note that the use of Eq. (2.106), is valid, since the X and Y quantities in the

last integral are corresponding quantities on S.

5.2 Verify that the force exerted on a defect source of stress by an applied field,

A, given by Eq. (5.57), vanishes when A is uniform throughout the body.

Solution First use Eq. (5.60) to rewrite Eq. (5.57) as

FD1=A
a ¼ ∯

S

qsD
1

ij

qxa
uAi � sAij

quD
1

i

qxa

 !

n̂j dS ¼ ∯
S

qsAij

qxa
uD

1

i � sD
1

ij

quAi
qxa

 !

n̂j dS:

ð5:89Þ

The first term in the second integral then vanishes, since qsAij =qxa ¼ 0, and

the second term,

∯
S

sD
1

ij

quAi
qxa

n̂j dS ¼
quAi
qxa ∯

S

sD
1

ij n̂j dS ¼ 0 ð5:90Þ

also vanishes. Here, quAi =qxa is a constant, and is taken out of the integrand.

The remaining integral then vanishes, since it represents the net traction

exerted on the closed surface, S, by the defect stress field which must vanish

to satisfy equilibrium.
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6 Inclusions in infinite
homogeneous regions

6.1 Introduction

The elastic properties of various types of inclusion in infinite homogeneous

matrices are determined. Expressions for their elastic fields and strain energies

are obtained by treating them as defects produced by the introduction of trans-

formation strains, as outlined in Section 3.6.

The problem of a coherent, homogeneous inclusion of arbitrary shape and

transformation strain is treated first. This is followed by treatments of inclusions

with ellipsoidal shapes (which in limiting cases can be spheres, thin-disks or needles)

and various transformation strains. Next, the more complicated problem of treating

inhomogeneous inclusions by Eshelby’s equivalent homogeneous inclusion method is

described. Finally, the elastic fields and strain energies of incoherent ellipsoidal

inclusions produced by coherent ! incoherent transitions are considered.

Since the inclusions are characterized throughout the chapter by transformation

strains, the special elasticity theory for systems containing transformation strains

formulated in Section 3.6 is used.

The following notation is employed for this chapter:

eINC
ij ; eMij elastic strain due to inclusion in inclusion and matrix, respectively

e
C;INC
ij ; eC;Mij canceling strain in inclusion and matrix, respectively

6.2 Characterization of inclusions

An inclusion is characterized by five features, i.e., its shape and volume, its misfit

relative to the matrix, its inhomogeneity, and its degree of coherence with respect

to the matrix. To characterize an inclusion with respect to these features, we

imagine producing it by the following procedure consistent with that described

in Section 3.6.1 for introducing general transformation strains:

(1) Start with a stress-free matrix with elastic constants, CM
ijkl, mark out the region

intended for the desired inclusion, and cut it out of the matrix. This establishes

its shape and volume.

(2) If desired, change the elastic constants of the cut-out region to CINC
ijkl . This

establishes its degree of inhomogeneity.



(3) Subject the cut-out region to a transformation strain, eTij ðxÞ, to establish

its misfit. Then apply forces to restore it to its original shape and volume.

This produces an elastic strain, �eTij ðxÞ, and a corresponding stress,

sTij ðxÞ ¼ �CINC
ijmn e

T
mn.

(4) Insert the cut-out region back into the matrix cavity, while maintaining the

applied forces, and bond it to the matrix.

(5) Then, cancel these forces by applying a distribution of equal and opposite

forces, which produces the canceling strain field, e
C;INC
ij ðxÞ, in the inclusion and

e
C;M
ij ðxÞ in the matrix corresponding to a state of pure internal stress in

the body.

(6) The inclusion at this stage is regarded as coherent, since all points on

opposite sides of the inclusion–matrix interface in registry after the

marking-out operation in step 1 are still in registry. However, the strain

energy due to the inclusion can generally be reduced by changing the shape

or volume (or both) of either the inclusion or the cavity in the matrix that it

occupies. This can be accomplished by diffusional transport of material or

by plastic deformation, as described in Section 6.5.1 (Fig. 6.6). These pro-

cesses generally destroy the coherence, producing an incoherent inclusion via

a coherent ! incoherent transition. The degree to which this occurs estab-

lishes the degree of final coherence.

6.3 Coherent inclusions

For a coherent homogeneous inclusion produced by the outlined procedure, the

elastic displacement, elastic strain, and stress in the inclusion and matrix are

given by

uINC
i ¼ u

C;INC
i � uTi uMi ¼ u

C;M
i

eINC
ij ¼ e

C;INC
ij � eTij eMij ¼ e

C;M
ij

sINC
ij ¼ s

C;INC
ij � sTij sMij ¼ s

C;M
ij ;

ð6:1Þ

in terms of quantities introduced in Section 3.6 for systems containing transform-

ation strains. The corresponding boundary conditions at the coherent inclusion–

matrix interface are then

u
INC;tot
i ¼ uINC

i þ uTi ¼ uMi

sINC
ij n̂j ¼ sMij n̂j

ðonSINCÞ: ð6:2Þ

The central problem is the determination of uCi ðxÞ in both the inclusion and

matrix, since once this is known, all other elastic field quantities can be determined

by use of Eq. (2.5), Hooke’s law, and Eq. (6.1).
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6.3.1 Elastic field of homogeneous inclusion by Fourier transform method

6.3.1.1 Arbitrary shape and eTij
For an inclusion with the transformation strain, eTmnðx

0Þ, Eq. (3.166) can be

rewritten in the equivalent differential form

uCi ðxÞ ¼ �
1

ð2pÞ3
Cjlmn

q

qxl ∰
VINC

eTmnðx
0Þdx01 dx

0
2 dx

0
3

ð

1

�1

ð

1

�1

ð

1

�1

e�ik�ðx�x0ÞðkkÞ�1
ij dk1 dk2 dk3:

ð6:3Þ

Following Mura (1987), the integration over k-space can be performed using

standard spherical coordinates k, y, f (Fig. A.1b) with

dk1 dk2 dk3 ¼ k2 dk sinfdfdy ¼ k2 dk dŜðk̂Þ; ð6:4Þ

where dŜðk̂Þ represents a differential element of area on the surface of the unit

sphere, jk̂ ¼ 1j. This introduces two integrations, i.e., one over the unit sphere and

the other over 0 < k 
 1. Therefore, substituting Eq. (6.4) into Eq. (6.3),

uCi ðxÞ ¼ �
1

ð2pÞ3
Cjlmn

q

qxl∰
VINC

eTmnðx
0Þdx01 dx

0
2 dx

0
3

ð

1

0

k2 dk ∯̂
S

eik�ðx�x0ÞðkkÞ�1
ij dŜðk̂Þ

ð6:5Þ

and by reversing the sign of k in Eq. (6.5),

uCi ðxÞ ¼ �
1

ð2pÞ3
Cjlmn

q

qxl ∰
VINC

eTmnðx
0Þdx01 dx

0
2 dx

0
3

ð

0

�1

k2 dk ∯̂
S

eikk̂�ðx�x0ÞðkkÞ�1
ij dŜðk̂Þ:

ð6:6Þ

Then, adding Eqs. (6.5) and (6.6), and employing k ¼ kk̂,

uCi ðxÞ ¼ �
1

2ð2pÞ3
Cjlmn

q

qxl∰
VINC

eTmnðx
0Þdx01 dx

0
2 dx

0
3

ð

1

�1

eikk̂�ðx�x0Þ dk ∯̂
S

ðk̂k̂Þ�1
ij dŜðk̂Þ:

ð6:7Þ

Next, by substituting the standard delta function expression (Sneddon, 1951),

ð

1

�1

eik½k̂�ðx�x0Þ� dk ¼ 2pd½k̂ � ðx� x0Þ� ð6:8Þ

into Eq. (6.7), and performing the differentiation with respect to xl with the help of

the relationship

qd½k̂ � ðx� x0Þ�

qxl
¼

qd½k̂ � ðx� x0Þ�

q½k̂ � ðx� x0Þ�

q½k̂ � ðx� x0Þ�

qxl
¼ k̂ld

0½k̂ � ðx� x0Þ�; ð6:9Þ
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where the prime indicates differentiation of the delta function with respect to

its argument,

uCi ðxÞ ¼ �
1

8p2
Cjlmn∰

VINC

eTmnðx
0Þdx01dx

0
2 dx

0
3 ∯̂
S

k̂lðk̂k̂Þ
�1
ij d0½k̂ � ðx� x0Þ�dŜðk̂Þ: ð6:10Þ

At this point, Eq. (6.10) is quite general and involves one integration over the

surface of the unit sphere, Ŝ, in k-space and a second in Cartesian space over the

inclusion, whose shape and transformation strain have yet to be specified.

6.3.1.2 Ellipsoidal shape and arbitrary eij
T

Equation (6.10) can now be formulated for an inclusion of ellipsoidal shape but

arbitrary transformation strain. This is of special interest, since the ellipsoidal

shape can be readily varied to serve as a good approximation for the shapes that

inclusions often take in real materials. For example, if the ai are the principal axes,

the shape is a sphere when a1 = a2 = a3, a thin circular disk when a1 � a2 = a3,

and a long thin cylinder (needle) when a1 
 a2 = a3.

First, the principal axes of the ellipsoid are taken (Mura, 1987) parallel to the

base vectors of the (x1, x2, x3) coordinate system,1 so that the condition

x021
a21

þ
x022
a22

þ
x023
a23


 1 ð6:11Þ

is imposed on Eq. (6.10). Then, by making the changes of variable

xa ¼ aaya

x0a ¼ aay
0
a;

ð6:12Þ

the ellipsoidal inclusion is converted into a unit sphere when the new (y1, y2, y3)

and ðy01; y
0
2; y

0
3Þ coordinates are employed. It is also useful, for purposes of inte-

grating Eq. (6.10) over the inclusion volume and the surface, Ŝ, to introduce the

additional quantities illustrated in Fig. 6.1. The vector z is defined by za ¼ aak̂a,

and, therefore, the unit vector, ẑ, in the figure possesses the components

ẑa ¼ aak̂a=z, where z = jzj. The unit vectors m̂ and n̂ are orthogonal to each other

and to ẑ, and OA lies along the projection of r in the plane containing m̂ and n̂. An

element of inclusion volume is then a1a2a3r dc dr dz. Relationships involving the

various quantities are therefore

1 This axis system generally differs from the crystal axis system, and, by rotating it relative to the

crystal system, the effect of varying the crystal orientation of the inclusion relative to that of the

crystal matrix can be studied.
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dx01dx
0
2dx

0
3 ¼ a1a2a3dy

0
1dy

0
2dy

0
3 ¼ a1a2a3rdrdcdz

za ¼ aak̂a

ẑ ¼ z=z

ẑa ¼ za=z ¼ aak̂a=z

ẑ � y ¼ k̂ � x=z

z ¼ ẑ � y0 ¼ ½k̂1x
0
1 þ k̂2x

0
2 þ k̂3x

0
3�=z ¼ k̂ � x0=z

k̂ � x ¼ k̂1a1y1 þ k̂2a2y2 þ k̂3a3y3 ¼ z � y ¼ zẑ � y

R ¼ ð1� z2Þ1=2;

ð6:13Þ

where it is noted that y, z, r and R are dimensionless, whereas z has the dimensions

of length.

In addition, the differential element of area, dŜðk̂Þ, on the surface of the unit

sphere in k-space associated with the unit vector k̂ in Eq. (6.10), is transformed to

an element of area, dŜðẑÞ, associated with the new unit vector ẑ. The relationship

between these two quantities can be obtained by writing them in the respective

forms dŜðk̂Þ ¼ jdk̂ð1Þ � dk̂ð2Þj and dŜðẑÞ ¼ jdẑ
ð1Þ

� dẑ
ð2Þ
j. Then, denoting the unit

base vectors for k̂ and ẑ, respectively, by k̂	a and ẑ
	

a, and using ẑa ¼ aak̂a=z, it is

found, by writing out the vector products, that the components of dk̂ð1Þ � dk̂ð2Þ

and dẑ
ð1Þ

� dẑ
ð2Þ

are in the ratio a1a2a3/z
3. Therefore,

dŜðẑÞ ¼
a1a2a3

z3
dŜðk̂Þ: ð6:14Þ

Substituting the relevant quantities into Eq. (6.10) and using the relationship

d0ðzẑ � y� zzÞ ¼ �
1

z

qdðzẑ � y� zzÞ

qz
; ð6:15Þ

the expression

uCi ðxÞ ¼
1

8p2
Cjlmn

ð

R

0

r dr

ð

2p

0

dc

ð

1

�1

dz ∯̂
S

eTmnðx
0Þk̂lðk̂k̂Þ

�1
ij z2

qdðzẑ � y� zzÞ

qz
dŜðẑÞ ð6:16Þ

ˆ z y 

y′ ˆ n  

R

y
ˆ m  

Unit sphere

z

O

r

Figure 6.1 Geometry for integrating over the inclusion volume.
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is obtained, where R = (1 � z2)1/2 must be a real quantity.

Next, the derivative of the delta function in Eq. (6.16) can be eliminated by

integrating by parts with respect to z to obtain

uCi ðxÞ ¼
1

8p2
Cjlmn

ð

2p

0

dc

ð

R

0

r dr ∯̂
S

eTmnðx
0Þk̂lðk̂k̂Þ

�1
ij z2dðzẑ � y� zzÞ dŜðẑÞ

�

�

�

�

�

�

�

�

�

�

�

�

�

�

z¼1

z¼�1

�
1

8p2
Cjlmn

ð

1

�1

dðzẑ � y� zzÞ
q

qz

ð

2p

0

dc

ð

R

0

r dr ∯̂
S

eTmnðx
0Þk̂lðk̂k̂Þ

�1
ij z2 dŜðẑÞ

2

6

4

3

7

5
dz:

ð6:17Þ

Further treatment depends upon whether y is inside, or outside, the unit sphere,

i.e., whether the field point, x, is inside, or outside, the inclusion.

Elastic field inside inclusion

When the field point y is inside the unit sphere, inspection of Fig. 6.1 shows that a

value of z exists for all possible orientations of ẑ which satisfies the condition

ẑ � y� z ¼ 0 �1 
 z 
 1 : ð6:18Þ

The delta function in Eq. (6.17) is then non-vanishing and R = (1 � z2)1/2 is real,

as required. The first term in Eq. (6.17) vanishes, and the derivative with respect to

z of the relevant quantities in the second term, can be expressed as

q

qz
eT
ð

R

0

rdr

2

4

3

5 ¼
qeT

qz

ð

R

0

r dr � z eT
� 


r¼R
ð6:19Þ

by applying Leibniz’s rule. Then, upon substituting this expression into Eq. (6.17),

uCi ðxÞ ¼ �
1

8p2
Cjlmn

ð

1

�1

dz

ð

2p

0

dc

ð

R

0

r dr

8

<

:

∯̂
S

qeTmnðx
0Þ

qz
k̂lðk̂k̂Þ

�1
ij dðzẑ� y� zzÞz2 dŜðẑÞ

�

ð

1

�1

dz

ð

2p

0

dc ∯̂
S

z eTmnðx
0Þ

� 


r¼R
k̂lðk̂k̂Þ

�1
ij dðzẑ:y� zzÞz2 dŜðẑÞ

9

>

=

>

;

:

ð6:20Þ

The integration with respect to z is carried out using the property of the delta

function (Appendix D) that

z

ð

1

�1

dðzẑ � y� zzÞdz ¼ zz�1

ð

1

�1

dðẑ � y� zÞdz ¼

ð

1

�1

dðẑ � y� zÞdz ¼ 1: ð6:21Þ
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Substitution of this expression into Eq. (6.20) yields (Mura, 1987),

uCi ðxÞ ¼ �
1

8p2
Cjlmn

ð

2p

0

dc

ð

R

0

r dr
qeTmnðx

0Þ

qz
� z eTmnðx

0Þ
� 


r¼R

8

<

:

9

=

;

z¼ẑ�y

∯̂
S

k̂lðk̂k̂Þ
�1
ij z dŜðẑÞ;

ð6:22Þ

where Ŝ represents the entire surface of the unit sphere, and the vector x0 must

satisfy the condition k̂ � ðx� x0Þ ¼ 0 to satisfy the condition z ¼ ẑ � y as is readily

demonstrated by the use of Eq. (6.13), i.e.,

ẑ � y� z ¼
k̂ � x

z
�
k̂ � x0

z
¼

1

z
k̂ � ðx� x0Þ ¼ 0: ð6:23Þ

Further details are given by Mura (1987).

Elastic field outside inclusion

When y is outside the inclusion, inspection of Fig. 6.1 shows that the condition

given by Eq. (6.18) can be satisfied only when ẑ impinges on the surface of the unit

sphere in the region outside the shaded polar caps illustrated in Fig. 6.2a. Then,

Eq. (6.22) again applies (Mura 1987), but with the integration over the unit sphere

restricted to the region between the polar caps where Eq. (6.18) is satisfied, i.e.,

u
C;M
i ðxÞ ¼ �

1

8p2
Cjlmn

ð

2p

0

dc

ð

R

0

r dr
qeTmnðx

0Þ

qz
� z½eTmnðx

0Þ�
r¼R

8

<

:

9

=

;

z¼ ẑ� y

ðð

Ŝ
�

k̂lðk̂k̂Þ
�1
ij z dŜðẑ Þ;

ð6:24Þ

where the notation Ŝ
�
indicates the surface region between the polar caps.

Mura (1987) and Mura and Cheng (1977) have derived companion expressions

for the derivatives of uCi ðxÞ, i.e., distortions, which are useful for calculating elastic

strains. Further developments and details are given by Mura (1987).

ˆ ζ

Cap 1 

Unit sphere 

(a)

Cap 2

y 

O

(b)

y 

O

Figure 6.2 (a) Region of the surface of the unit sphere (i.e., the region between the

shaded polar caps 1 and 2) where the condition given by Eq. (6.18) is satisfied when y is

outside the unit sphere. (b) Corresponding cross section through center of unit sphere

containing O and the vector y.
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6.3.1.3 Ellipsoidal shape and uniform eij
T

Elastic field inside inclusion

When eTmn is uniform, Eq. (6.22) for x inside the inclusion reduces to

u
C;INC
i ðxÞ ¼

1

4p
Cjlmne

T
mn ∯̂

S

ðk̂ � xÞk̂lðk̂k̂Þ
�1
ij dŜðẑÞ ð6:25Þ

after employing Eq. (6.13). To expedite the surface integration overŜ, the spherical

coordinates (r = 1, y, f), illustrated in Fig. 6.3, are now introduced. An element of

area on the unit sphere is given by dŜðẑÞ ¼ sinfdfdy ¼ dẑ3 dy, and, therefore,

u
C;INC
i ðxÞ ¼

1

4p
Cjlmne

T
mnxk ∯̂

S

k̂k k̂lðk̂k̂Þ
�1
ij dẑ3 dy ¼

1

4p
Cjlmne

T
mnxk

ð

1

�1

dẑ3

ð

2p

0

Pijklðk̂Þdy;

ð6:26Þ

where

Pijklðk̂Þ � k̂k k̂lðk̂k̂Þ
�1
ij : ð6:27Þ

An expression for e
C;INC
ij is obtained by using Eqs. (6.26) and (2.5) with the result

e
C;INC
ij ¼

1

8p
Cpqmne

T
mn

ð

1

�1

dẑ3

ð

2p

0

Pipjqðk̂Þ þ Pjpiqðk̂Þ
� 


dy; ð6:28Þ

which can be written in the form

e
C;INC
ij ¼ SEijmne

T
mn; ð6:29Þ

where

SEijmn ¼
1

8p
Cpqmn

ð

1

�1

dẑ3

ð

2p

0

Pipjqðk̂Þ þ Pjpiqðk̂Þ
� 


dy: ð6:30Þ

ˆ ζ
f

q

1

3 

2

Figure 6.3 Vector ẑ in spherical coordinate system, (r = 1,y,f).
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The fourth-rank tensor, SEijmn, which linearly couples the canceling strain,

e
C;INC
ij , with the transformation strain via Eq. (6.29), is known as the Eshelby

tensor. This tensor is seen to be independent of xi, which establishes the important

result that the canceling strain is uniform throughout an ellipsoidal inclusion when

the transformation strain is uniform. Then, the final elastic strain in the inclusion,

eINC
ij , is also uniform, by virtue of Eq. (6.1).

Elastic field outside inclusion

In the matrix, Eq. (6.24) takes the form

u
C;M
i ðxÞ ¼

1

4p
Cjlmne

T
mnxk

ð

sðxÞ

�sðxÞ

dẑ3

ð

2p

0

Pijklðk̂Þdy; ð6:31Þ

where s(x) and �s(x) are the limits of ẑ3, and depend upon the distance of the field

point x from the inclusion. Inspection of Fig. 6.2 shows that these limits decrease

as x (and, therefore, y) increases, thereby causing u
C;M
i ðxÞ to decrease as x

increases, as we would expect.

Finally, the displacements in the inclusion and matrix are obtained by substi-

tuting Eqs. (6.26) and (6.31) and the known uTi into Eq. (6.1). Mura (1987) has

given results for a number of cases where these equations have been integrated for

crystals of different symmetries with limiting ellipsoidal shapes, i.e., spheres,

needles, and thin-disks.

In Exercise 6.1, Eqs. (6.26) and (6.31) are used to find the displacement fields in

the inclusion and matrix for a homogeneous spherical inclusion with eTij = eTdij in

an isotropic system.

6.3.1.4 Ellipsoidal shape and non-uniform «
T
ij represented by polynomial

When the transformation strain is non-uniform, it can be represented (Asaro and

Barnett, 1975) by a general polynomial of the form

eTmnðx
0Þ ¼ eTmn þ

X

a

eTmna
x0a
aa

� �

þ
X

a

X

b

eTmnab
x0a
aa

� �

x0b

ab

� �

þ � � �

¼ eTmn þ eTmnpy
0
p þ eTmnpqy

0
py

0
q þ � � � :

ð6:32Þ

From Fig. (6.1), y0 can be written as

y0 ¼ zẑþ r½coscm̂þ sincn̂�

y0i ¼ zẑi þ r½m̂i coscþ n̂i sinc�
ð6:33Þ

and using the binomial theorem, quantities such as y01
� �a1

can then be written as

y01
� �a1 ¼

X

a1

b1¼0

a1!

b1!ða1 � b1Þ!
z�z1
� �a1�b1rb1 ½m̂1 coscþ n̂1 sinc�: ð6:34Þ

124 Inclusions in infinite homogeneous regions



Since all equations are linear with respect to eTij and its derivatives, the displace-

ment field due to each term retained in Eq. (6.32) can be determined and then

simply summed to obtain the final result. The required canceling displacement

field for each term can be obtained by employing Eq. (6.22) or (6.24), and

integrating over both c and the unit sphere.

Consider the relatively simple case where the transformation strain is a polyno-

mial of the first degree in the form eTmnðx
0Þ ¼ eTmnpy

0
p. Then, using Eq. (6.33),

qeTmnðx
0Þ

qz
¼ eTmnpẑp: ð6:35Þ

Next, substituting this result and Eq. (6.33) into Eq. (6.22),

uCi ðxÞ ¼ �
eTmnp

8p2

ð

2p

0

dc

ð

R

0

rdrẑp � z½zẑp þ Rðm̂p coscþ n̂p sincÞ�

8

<

:

9

=

;

z¼ ẑ�y

∯̂
S

Cjlmnk̂lðk̂k̂Þ
�1
ij zdŜðẑÞ:

ð6:36Þ

Then, after performing the first two integrations,

uCi ðxÞ ¼ �
eTmnp

8p ∯̂
S

½1� 3ðẑ � yÞ
2
�ẑpCjlmnk̂lðk̂k̂Þ

�1
ij z dŜðẑÞ: ð6:37Þ

Next, substituting ẑ � y ¼ ðk̂ � xÞz�1 into Eq. (6.37), and using Eq. (2.5), the corres-

ponding canceling strain in the inclusion, e
C;INC
kl , is given by

e
C;INC
kl ¼

3

8p
eTqnp ∯̂

S

CINC
jmqnẑpk̂mk̂s½k̂lðk̂k̂Þ

�1
kj þ k̂kðk̂k̂Þ

�1
lj �z�1 dŜðẑÞ

8

>

<

>

:

9

>

=

>

;

xs ð6:38Þ

or, alternatively,

e
C;INC
kl ¼ eTqnpGqnpklsxs; ð6:39Þ

where

Gqnpkls ¼
3

8p ∯̂
S

CINC
jmqnẑpk̂mk̂s½k̂lðk̂k̂Þ

�1
kj þ k̂kðk̂k̂Þ

�1
lj �z�1 dŜðẑÞ: ð6:40Þ

Equation (6.39) shows that the canceling strain in the inclusion is a polynomial

of the first degree, and, therefore, since the transformation strain is also a polyno-

mial of the first degree, the strain in the inclusion is a polynomial of the first

degree. In Exercise 6.2, it is shown that when the transformation strain is a second-

degree polynomial, the strain in the inclusion is also a second-degree polynomial.

As demonstrated by Asaro and Barnett (1975) and Mura (1987), this result,

i.e., that the inclusion strain is a polynomial of the same degree as the transform-

ation strain polynomial, is true for polynomial transformation strains of any
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degree. However, the proofs are lengthy and will not be presented here. These

results therefore lead to the polynomial theorem:

The canceling strain field within an inclusion possessing a transformation strain that is

a polynomial of degree M in the xi coordinates is itself a polynomial of degree M in the

xi coordinates.

This will be of use in the formulation of the equivalent inclusion method for

treating inhomogeneous inclusions in Section 6.3.2.2.

6.3.2 Elastic field of inhomogeneous inclusion with ellipsoidal shape

6.3.2.1 Uniform eij
T

Having solutions for homogeneous ellipsoidal inclusions, solutions for corresponding

inhomogeneous ellipsoidal inclusions can now be found by employing the equivalent

homogeneous inclusion method of Eshelby (1961). This involves the construction of a

fictitious homogeneous inclusion that is “equivalent” to the corresponding actual

inhomogeneous inclusion. The solution for this equivalent homogeneous inclusion,

which can be found by using our previous methods for solving homogeneous inclu-

sion problems, then provides the desired solution for the inhomogeneous inclusion.

First, the inhomogeneous inclusion is constructed by the procedure described in

Section 6.2, i.e.:

(1) Cut out of the matrix the region intended for the inclusion.

(2) Change its elastic constants from CM
ijkl to CINC

ijkl .

(3) Subject it to the uniform transformation strain, eTij .

(4) Impose on it the elastic strain, �eTij , by applying suitable forces.

(5) Incorporate it back into its original cavity.

(6) Apply forces that cancel the forces of step 4 and generate the elastic strain

e ij
C,INC in the inclusion and e

C;M
ij in the matrix.

The final elastic strain in the inclusion is therefore given by

eINC
ij ¼ e

C;INC
ij � eTij ð6:41Þ

and in the matrix by

eMij ¼ e
C;M
ij ð6:42Þ

and the final size and shape of the inclusion differ from its initial size and shape by

the strain e ij
C,INC.

Next, the equivalent homogeneous inclusion is constructed as follows:

(1) Cut it out of the matrix with the same size and shape as the corresponding

inhomogeneous inclusion.

(2) Subject it to the transformation strain, eT
�

ij .
2

2 Quantities associated with the homogeneous equivalent inclusion are indicated by an asterisk.
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(3) Subject it to the elastic strain, �eT
�

ij , by applying suitable forces.

(4) Incorporate it back into its cavity.

(5) Apply forces that cancel the forces of step 3 and generate the elastic strain,

e
C;INC�

ij , in the inclusion and e
C;M�

ij in the matrix.

The final elastic strains in the equivalent inclusion and matrix are then

eINC�

ij ¼ e
C;INC�

ij � eT
�

ij eM
�

ij ¼ e
C;M�

ij ð6:43Þ

and the size and shape of the inclusion differ from its initial size and shape by

e
C;INC�

ij . Now, if the two inclusions are under the same stress and have the same

final size and shape, they can be interchanged without disturbing the matrix,

i.e., they will be “equivalent.” This requirement will be met if the two conditions

sINC�

ij ¼ sINC
ij and e

C;INC�

ij ¼ e
C;INC
ij ð6:44Þ

are satisfied. To satisfy the equal stress condition, the relationship

s
C;INC�

ij � sT
�

ij ¼ s
C;INC
ij � sTij ð6:45Þ

must be satisfied. Then, using Hooke’s law, and substituting the equal strain

condition, e
C;INC�

ij ¼ e
C;INC
ij ,

CM
ijkl e

C;INC�

kl � eT
�

kl

	 


¼ CINC
ijkl e

C;INC�

kl � eTkl

	 


: ð6:46Þ

However, since the transformation strain, eT
�

kl , is uniform, and the equivalent

inclusion is homogeneous, the relationship e
C;INC�

kl ¼ SEklmne
T�

mn given by Eq. (6.29)

is valid, and substituting this into Eq. (6.46),

CINC
ijkl � CM

ijkl

	 


SEklmn þ CM
ijmn

h i

eT
�

mn ¼ CINC
ijmn e

T
mn: ð6:47Þ

Then, by introducing the tensor YINC
ijmn defined by

YINC
ijmn � CINC

ijkl � CM
ijkl

	 


SEklmn þ CM
ijmn; ð6:48Þ

the solution for eT
�

mn can be written in the matrix form

½eT
�

� ¼ ½YINC��1½CINC�½eT�: ð6:49Þ

The problem is now solved. The elastic strain in the inhomogeneous inclusion is

first written as

eINC
ij ¼ e

C;INC
ij � eTij ¼ e

C;INC�

ij � eTij ¼ SEijkle
T�

kl � eTij ð6:50Þ

after using Eqs. (6.1), (6.44), and (6.29). Then the transformation strain of the

equivalent inclusion, eT
�

mn, given by Eq. (6.49), is substituted into Eq. (6.50) to

obtain

½eINC� ¼ ½SE�½YINC�
�1
½CINC� � ½1�

	 


½eT�: ð6:51Þ
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Finally, the elastic field in the matrix, which is the same as the corresponding field

in the matrix surrounding the equivalent homogeneous inclusion, is found by

employing the methods described in Section 6.3.1 for homogeneous inclusions.

A complete solution for the inclusion and matrix displacement fields in the case

of an inhomogeneous spherical inclusion with a uniform transformation strain in

an isotropic system is presented in Section 6.4.3.1.

6.3.2.2 Non-uniform eij
T represented by polynomial

When the transformation strain of the inhomogeneous inclusion, eTij , is non-

uniform it can be represented generally by a polynomial in xi as in Eq. (6.32).

Since all of the relevant equations are linear, each term in the polynomial can be

substituted by itself for eTkl in Eq. (6.46). If the polynomial is of degree M, and the

transformation strain of the equivalent inclusion, eT
�

kl , is also taken to be a

polynomial of degree M, then, by the polynomial theorem on p.126, the corres-

ponding canceling strain, e
C;INC�

kl , in Eq. (6.46) will also be a polynomial of degree

M. Then, by collecting the coefficients of common quantities in xi that appear in

Eq. (6.46), a set of simultaneous linear equations can be developed that yield the

required coefficients in the assumed polynomial expression for eT
�

kl .

Consider this method for the case of a transformation strain given by the first-

order polynomial

eTmn ¼
X

a

eTmna
x0a
aa

� �

¼ eTmnpy
0
p: ð6:52Þ

Following the above procedure, writing eT
�

kl in the same polynomial form as

Eq. (6.52) and using Eqs. (6.52) and (6.39), Eq. (6.46) takes the form

CM
ijkl eT

�

qnp

X

a

Gqnpklax
0
a �

X

a

eT
�

kla

aa

� �

x0a

" #

¼ CINC
ijkl eT

�

qnp

X

a

Gqnpklax
0
a �

X

a

eTkla
aa

� �

x0a

" #

:

ð6:53Þ

Because of the symmetry requirement, eT
�

kla ¼ eT
�

lka, there are 18 unknown eT
�

kla coeffi-

cients to be determined. Since the x0a are independent, Eq. (6.53) provides three

equations corresponding to a = 1,2,3, and each of these provides six equations

corresponding to ij = 11,22,33,12,13,23. There are therefore 18 linear equations

available to solve for the 18 unknown polynomial coefficients. Having solved for

the transformation strain in the equivalent homogeneous inclusion, eT
�

kl , the

equivalent homogeneous inclusion problem and corresponding inhomogeneous

problem can be solved using the methods of Section 6.3.1.

6.3.3 Strain energies

The strain energy due to an inclusion in an infinite homogeneous region can be

found by considering step 4 of the procedure for producing the inclusion described

in Section 6.2. At the point where the inclusion has been put back into its cavity
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and the applied forces have not yet been removed, the inclusion is subjected to the

elastic strain,�eTij ðxÞ, and corresponding stress, �sTij ðxÞ, and the matrix is strain-

free. The strain energy in the entire system is then

W0 ¼
1

2∰
V

INC

sTij e
T
ij dV: ð6:54Þ

When the distribution of applied force is now canceled we can imagine that this

occurs by a process in which the forces are simply allowed to relax to zero, thus

causing the canceling displacement, uCi , to reach its maximum value (Eshelby,

1961). Since these quantities are linearly coupled, and the distribution of applied

force is

dFi ¼ sTij n̂j dS ð6:55Þ

the energy released is

�W ¼
1

2

ðð

S
INC

sTiju
C;INC
i n̂j dS ¼

1

2∰
V

INC

sTij e
C;INC
ij dV ð6:56Þ

after using the divergence theorem. The energy remaining is then the final

strain energy in the entire system, i.e., the strain energy due to the inclusion,

given by

WINC ¼ W0 ��W ¼
1

2 ∰
V

INC

sTij ðe
T
ij � e

C;INC
ij ÞdV¼�

1

2 ∰
V

INC

sTij e
INC
ij dV ¼ �

1

2∰
V

INC

sINC
ij eTij dV;

ð6:57Þ

after use of Eqs. (6.1) and (2.102).

We therefore have the remarkably simple result that the strain energy depends

only upon the transformation strain and the stress within the inclusion. This result

is quite general and applies to both homogeneous and inhomogeneous inclusions

with arbitrary shapes and transformation strains in both general and isotropic

systems.

6.4 Coherent inclusions in isotropic systems

6.4.1 Elastic field of homogeneous inclusion by Fourier transform method

The preceding equations, which were obtained using the Fourier transform

method, can be converted to corresponding equations valid for an isotropic

system by use of Eqs. (2.120) and (3.141). They can then be solved subject to the

prevailing boundary conditions. For convenience, several factors that appear

frequently in the previous equations for general systems along with their corres-

ponding isotropic forms are presented here:
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ðk̂k̂Þij ¼ ðk̂kCkijlk̂lÞ ! m dij þ
1

1� 2n
k̂ik̂j

� �

ðk̂k̂Þ�1
ij ¼ ðk̂kCkijlk̂lÞ

�1 !
1

m
dij þ

1

2ð1� nÞ
k̂ik̂j

� � ð6:58Þ

Cjlmne
T
mnk̂lðk̂k̂Þ

�1
ij ! 2eTimk̂m �

1

1� n
k̂i½k̂mk̂ne

T
mn � neTkk�: ð6:59Þ

This procedure is used in Exercise 6.1 where, in an isotropic system, the displace-

ment field of a spherical inclusion with the uniform transformation strain

eTij ¼ dije
T is found by use of Eqs. (6.26) and (6.31) after converting them to forms

valid for isotropic systems.

6.4.2 Elastic field of homogeneous inclusion by Green’s function method

As shown in Section 4.3.2, relatively simple analytical expressions exist for the

point force Green’s functions for an infinite isotropic body. The Green’s function

method is, therefore, an attractive method for finding further expressions for the

displacement field of inclusions in isotropic systems, as first shown by Eshelby

(1957). In the following, Eshelby’s method, which also involves elements of

classical potential theory, is applied to inclusions with uniform transformation

strains. Many of the results can be expressed in relatively simple analytical forms

and provide insights into the general elastic behavior of inclusions.

6.4.2.1 Arbitrary shape and uniform eij
T

Starting with Eq. (3.168), and substituting the Green’s function applicable for

an isotropic system given by Eq. (4.110) while using qGijðx� x0Þ=qx0l ¼

�qGijðx� x0Þ=qxl,

uCi ðxÞ ¼ �
1

4pmM
sTik

qfðxÞ

qxk
þ

1

16pmMð1� nMÞ
sTjk

q3cðxÞ

qxiqxjqxk
; ð6:60Þ

where

fðxÞ � ∰
V

INC

dV0

jx� x0j
cðxÞ � ∰

V
INC

jx� x0jdV0: ð6:61Þ

The functions f(x) and c(x) are well-known potentials termed, respectively, the

Newtonian potential (Kellogg, 1929; MacMillan, 1930) and the biharmonic potential

(of an attracting mass of unit density distributed over volume V
INC

): they are

related by

r2cðxÞ ¼ r2 ∰
V

INC

jx� x0j dV 0 ¼ ∰
V

INC

r2jx� x0j dV0 ¼ 2 ∰
V

INC

1

jx� x0j
dV0 ¼ 2fðxÞ:

ð6:62Þ
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Also, using Eqs. (6.61) and (D.6),

r2fðxÞ � ∰
V

INC

r2 1

jx� x0j
dV0 ¼ �4p ∰

V
INC

dðx� x0ÞdV0 ¼ �4p: ð6:63Þ

Therefore,

r2fðxÞ ¼ �4p insideV
INC

0 outside V
INC

�

r4cðxÞ ¼ �8p inside V
INC

0 outside V
INC

:

�

ð6:64Þ

Equation (6.64) follows from Eqs. (6.62) and (6.63) and the fact that x0 is restricted

to V
INC

in Eq. (6.63).

Equation (6.60) is quite general, is valid for regions inside as well as outside the

inclusion, and is restricted only by the assumption of a uniform transformation

strain. In the following, several useful results for the elastic fields in the inclusion

and matrix are obtained by the use of Eq. (6.60) without requiring its complete

solution (Eshelby, 1957).

Dilatation in inclusion and matrix

The cubical dilatation, eC (x), in both the inclusion and matrix, can be found

directly without knowledge of c. Using Eqs. (6.60) and (6.62),

eCðxÞ ¼
quCi
qxi

¼ �
1

4pmM
sTjk

q2f

qxjqxk
þ

1

16pmMð1� nMÞ
sTjk

q4c

qx2i qxjqxk

¼ �
1

4pmM
sTjk

q2f

qxjqxk
þ

1

16pmMð1� nMÞ
sTjk

q2

qxjqxk
r2c
� �

¼ �
ð1� 2nMÞ

8pmMð1� nMÞ
sTjk

q2f

qxjqxk
;

ð6:65Þ

which is seen to be independent of c. This result is used in Exercise 6.3 to find

eC,INC and eC,M for an inclusion with the transformation strain eTij ¼ dije
T.

Elastic field in matrix at inclusion–matrix interface

For an inclusion with a uniform transformation strain, the elastic field in the

matrix is generally more difficult to determine than in the inclusion. However, by

using general potential theory, the elastic field in the matrix at the inclusion–

matrix interface can readily be found from knowledge of the field at an opposite

point across the interface just inside the inclusion. This is useful, since the stress

concentration in the matrix directly adjoining the inclusion, where it is generally at

a maximum, is often of special interest.

According to classical potential theory (Poincaré, 1899), the second deriva-

tives of any potential, v(x), obeying Poisson’s equation, ∇2v(x) = �4pr (x), as

in Eq. (D.5), undergo discontinuous jumps whenever x crosses a surface, S,

separating two regions of different density, r.3 When the potential is the

3 The symbol r indicates a generalized density, corresponding to mass density in the case of a

Newtonian potential and electrical charge density in the case of an electrostatic potential.
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Newtonian potential, f, and S encloses a region, V , and x crosses S from

the inside to the outside at a point where the inclination of S is indicated by n̂,

the jump is given by

q2fIN

qxiqxj
�
q2fOUT

qxiqxj
¼ �4pn̂in̂jðr

IN � rOUTÞ ¼ �4pn̂in̂j; ð6:66Þ

when the mass densities inside and outside V are unity and zero, respectively. By

differentiating Eq. (6.62) for the biharmonic potential,

r2 q2c

qxkqxl

� �

¼ 2
q2f

qxkqxl
: ð6:67Þ

Comparison of this with Poisson’s equation shows that the quantity q2c/(qxkqxl)

behaves as a potential produced by an effective density r0 = �[1/(2p)][q2f/(qxkqxl)].

Therefore, substituting these results into Eq. (6.66),

q4cIN

qxiqxjqxkqxl
�

q4cOUT

qxiqxjqxkqxl
¼ �4pn̂in̂jðr

0IN � r0OUTÞ ¼ 2n̂in̂j
q2fIN

qxkqxl
�
q2fOUT

qxkqxl

" #

¼ 2n̂in̂jð�4pn̂kn̂lÞ ¼ �8pn̂in̂jn̂kn̂l:

ð6:68Þ

Next, the canceling strain is obtained by applying Eq. (2.5) to the general solution

for uCi given by Eq. (6.60), i.e.,

eCil ¼
sTjk

16pmMð1� nMÞ

q4c

qxiqxjqxkqxl
�

1

8pmM
sTik

q2f

qxkqxl
þ sTlk

q2f

qxkqxi

� �

: ð6:69Þ

Then, using Eqs. (6.66) and (6.68) to evaluate the derivatives in Eq. (6.69), the

difference between the canceling strains in the matrix and inclusion across the

inclusion–matrix interface is

e
C;M
il � e

C;INC
il

	 


INC=M
¼

1

2mM

sTjk

ð1� nMÞ
n̂in̂jn̂kn̂l � sTikn̂kn̂l þ sTlkn̂in̂k

� �

" #

: ð6:70Þ

Elastic field in matrix far from inclusion

This problem can be solved by finding an expression for uCi by integrating the

displacements due to the layer of forces on S
INC

and converting the surface

integral to a volume integral. Using Eq. (3.16) and Fig. 3.1, and the Green’s

function given by Eq. (4.110), the displacement at x due to the application of

the distribution of body force, dFj ¼ sTjkn̂k dS, can be expressed by

uCi ðxÞ ¼
1

16pmMð1� nMÞ ∯
S
INC

ð3� 4nÞ

jx� x0j
dij þ

ðxi � x0iÞðxj � x0jÞ

jx� x0j3

" #

sTjkn̂k dS
0: ð6:71Þ

Then, using the divergence theorem,
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uCi ðxÞ ¼
sTjk

16pmMð1� nMÞ ∰
V

INC

1

jx� x0j2
fijkðl̂ÞdV

0 ¼
eTjk

8pð1� nMÞ ∰
V INC

1

jx� x0j2
gijkðl̂ÞdV

0;

ð6:72Þ

where l̂ is the unit directional vector

l̂ ¼ ðx� x0Þ=jx� x0j ð6:73Þ

and fijk and gijk are given by

fijk ¼ ð1� 2nÞðdij l̂k þ dik l̂jÞ � djk l̂i þ 3l̂i l̂j l̂k

gijk ¼ ð1� 2nÞðdij l̂k þ dik l̂j � djk l̂iÞ þ 3l̂i l̂j l̂k:
ð6:74Þ

Equation (6.72) is valid both inside and outside the inclusion, and at distances in

the matrix from the inclusion, jx� x0j, that are large compared with its size, fijk and

gijk become essentially constant over the integrations. Therefore,

u
C;M
i ðxÞ ¼

sTjk fijkV
INC

16pmMð1� nMÞ

1

jx� x0j2
¼

eTjkgijkV
INC

8pð1� nMÞ

1

jx� x0j2
ð6:75Þ

and the displacement is seen to fall off with distance from the inclusion as jx� x0j�2.

6.4.2.2 Ellipsoidal shape and uniform eij
T

Let us now consider homogeneous inclusions of ellipsoidal shape in isotropic

systems following Eshelby (1957; 1961) and Mura (1987). Fortunately, the poten-

tials associated with ellipsoidal bodies are well known (Kellogg, 1929; MacMillan,

1930). These have different forms inside and outside the inclusion, and the elastic

fields in the inclusion and matrix are therefore treated separately.

Elastic field inside inclusion

The canceling displacement within the inclusion, u
C;INC
i ðxÞ, is obtained (Eshelby,

1957) by integrating Eq. (6.72) over the volume of the inclusion subject to the

condition of Eq. (6.11). With the origin at the center of the ellipsoid, the geometry

is shown in Fig. 6.4.

The conical volume element with apex angle, do, has its vertex at x and its axis

along the unit vector, l̂, and intersects the inclusion surface at the distance rðl̂Þ.

ˆ l 

x′

r(l)
dw

x

ˆ 

Figure 6.4 Geometry for integration of Eq. (6.72) over ellipsoidal inclusion.
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The differential volume element, located at x0, has the volume dV0 = jx0 � xj2 djx0 �

xj do. For convenience, the positive direction of l̂ [see Eq. (6.73)] has been reversed

and now points from the field point to the surface of the ellipsoid. This has required

a change of the sign of gijk, since, from Eq. (6.74), gijk is an odd function of l̂.

Equation (6.72) is first integrated along jx � x0j and then over o by integrating over

the surface,Ŝ, of a unit sphere centered on the field point at x. Therefore,

u
C;INC
i ðxÞ ¼

eTjk

8pð1� nMÞ∰
V

INC

1

jx� x0j2
gijkðl̂ÞdV

0

¼ �
eTjk

8pð1� nMÞ ∯̂
S

ð

rðl̂ Þ

0

djx� x0jgijkðl̂ÞdŜðl̂Þ ¼ �
eTjk

8pð1� nMÞ ∯̂
S

rðl̂Þgijkðl̂ÞdŜðl̂Þ:

ð6:76Þ

An expression for rðl̂Þ in the ellipsoidal body can be found by first writing

X2
1

a21
þ
X2
2

a22
þ
X2
3

a23
¼ 1; ð6:77Þ

where X ¼ xþ rl̂. Therefore,

ðx1 þ rl̂1Þ
2

a21
þ
ðx2 þ rl̂2Þ

2

a22
þ
ðx3 þ rl̂3Þ

2

a23
¼ 1: ð6:78Þ

Solving this equation for r, and taking the positive root,

rðl̂ Þ ¼ �
f

g
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi

f 2

g2
þ

e

g

s

; ð6:79Þ

where

e ¼ 1�
x2i
a2i

f ¼
l̂1x1

a21
þ
l̂2x2

a22
þ
l̂3x3

a23
g ¼

l̂ 2i
a2i

: ð6:80Þ

Then, substituting Eqs. (6.79) and (6.80) and the quantities

l1 ¼
l̂1

a21
l2 ¼

l̂2

a22
l3 ¼

l̂3

a23
ð6:81Þ

into Eq. (6.76), the displacements u
C;INC
i ðxÞ are given by

u
C;INC
i ðxÞ ¼ �

eTjk

8pð1� nMÞ ∯̂
S

rðl̂ Þgijkðl̂ ÞdŜðl̂ Þ ¼
xme

T
jk

8pð1� nMÞ ∯̂
S

lmgijk

g
dŜðl̂ Þ ð6:82Þ

and the corresponding strains by

e
C;INC
il ðxÞ ¼

eTjk

16pð1� nMÞ ∯̂
S

ligljk þ llgijk

g
dŜðl̂Þ: ð6:83Þ
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Note that the square root term in Eq. (6.79) has been dropped, since it is an even

function of l̂.

Using Eqs. (6.81) and (6.74), the surface integral in Eq. (6.83) can be broken

down into a sum of integrals that are of the forms (Eshelby, 1957) given by

I1 ¼ ∯̂
S

l̂ 21
a21

dŜðl̂ Þ

g
¼ 2pa1a2a3

ð

1

0

du

ða21 þ uÞ�ðuÞ

I11 ¼ ∯̂
S

l̂ 41
a 4
1

dŜðl̂ Þ

g
¼ 2pa1a2a3

ð

1

0

du

ða21 þ uÞ
2
�ðuÞ

I12 ¼ 3 ∯̂
S

l̂ 21 l̂
2
2

a21a
2
2

dŜðl̂ Þ

g
¼ 2pa1a2a3

ð

1

0

du

ða21 þ uÞða22 þ uÞ�ðuÞ

�ðuÞ ¼ ða21 þ uÞ1=2ða22 þ uÞ1=2ða23 þ uÞ1=2;

ð6:84Þ

where the additional non-vanishing types can be obtained by the cyclic inter-

change of (1, 2, 3), (a1, a2, a3) and ðl̂1; l̂2; l̂3Þ.

The Ii and Iij quantities are connected by several relationships. Using Eqs. (6.84)

and (6.80),

I1 þ I2 þ I3 ¼ ∯̂
S

l̂ 21
a21

þ
l̂ 22
a22

þ
l̂ 23
a23

" #

dŜðl̂Þ

g
¼ ∯̂

S

dŜðl̂Þ ¼ 4p: ð6:85Þ

Also,

3a21I11 þ a22I12 þ a23I13 ¼ ∯̂
S

3a21
l̂ 41
a 4
1

þ 3a22
l̂ 21 l̂

2
2

a 2
1 a

2
2

þ 3a23
l̂ 21 l̂

2
3

a 2
1 a

2
3

" #

dŜðl̂Þ

g

¼ 3 ∯̂
S

l̂ 21
a21

dŜðl̂Þ

g
¼ 3I1:

ð6:86Þ

Furthermore, starting with the integral equation for I12, and decomposing the

integrand into partial fractions,

I12 ¼ 2pa1a2a3

ð

1

0

du

ða21 þ uÞða22 þ uÞ�ðuÞ
¼ 2pa1a2a3

ð

1

0

1

ða22 � a21Þ

1

ða21 þ uÞ
�

1

ða22 þ uÞ

� �

du

�ðuÞ

¼
1

ða22 � a21Þ
ðI1 � I2Þ

ð6:87Þ

and, by using all three of the above relationships,

3I11 þ I12 þ I13 ¼
4p

a21
: ð6:88Þ
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Using the above relationships and their cyclic variants, all Ii and Iij can be

expressed in terms of I1 and I3, which, in turn, are given (when a1 > a2 > a1) by

I1 ¼
4pa1a2a3

ða21 � a22Þða
2
1 � a23Þ

1=2
½Fðk; yÞ � Eðk; yÞ�

I3 ¼
4pa1a2a3

ða22 � a23Þða
2
1 � a23Þ

1=2

a2ða
2
1 � a23Þ

1=2

a1a3
� Eðk; yÞ

 !

;

ð6:89Þ

where F and E are the standard elliptic integrals of the first and second kind

(Gradshteyn and Ryzhik, 1980)

Fðk; yÞ ¼

ð

y

0

dy
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� k2sin2y
p Eðk; yÞ ¼

Ð

y

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� k2sin2y
p

dy

ð0< k< 1Þ k2 ¼
ða21 � a22Þ

a21 � a23
y ¼ sin�1 1�

a23
a21

� �1=2

:

ð6:90Þ

As pointed out by Eshelby (1961), the condition a1 > a2 > a3, which ensures that

0 < k < 1, is not actually necessary. If it is not satisfied, the elliptic integrals can be

transformed into new elliptic integrals, F(y0, k0) and E(y0, k0), where 0 < k0 < 1

(Byrd and Friedman, 1954).

Finally, having the above results, Eq. (6.83) can be put into the same form as

Eq. (6.29), i.e.,

e
C;INC
ij ¼ SEijkle

T
kl; ð6:91Þ

where

SEijkl ¼
1

16pð1� nMÞ ∯̂
S

ligjkl þ ljgikl

g
dŜðl̂ Þ ð6:92Þ

is the Eshelby tensor for an isotropic system having the symmetry properties

SEijkl ¼ SEjikl ¼ SEijlk: ð6:93Þ

Again, in agreementwithEq. (6.29), the important result is obtained that the canceling

strain inahomogeneousellipsoidal inclusion isuniformwhenthetransformationstrain

is uniform.Using the previous expressions for gijk and li and also Eq. (6.84),

SE1111 ¼
1

8pð1� nMÞ
3a21I11 þ ð1� 2nMÞI1
� 


SE1122 ¼
1

8pð1� nMÞ
a22I12 � ð1� 2nMÞI1
� 


SE1133 ¼
1

8pð1� nMÞ
a23I13 � ð1� 2nMÞI1
� 


SE1212 ¼
a21 þ a22

16pð1� nMÞ
I12 þ ð1� 2nMÞðI1 þ I2Þ
� 


;

ð6:94Þ

136 Inclusions in infinite homogeneous regions



where all additional non-zero tensor components can be obtained by cyclic inter-

change of (1, 2, 3). The symmetry properties resemble those of the elastic constant

tensor except that, in general, SEijkl 6¼ SEklij. There is therefore no coupling between

unlike shear strains and between shear strains and normal strains, and there are

12 non-zero independent SEijkl components: nine of these couple the normal trans-

formation strains and normal canceling strains, i.e., SE1111, S
E
1122, S

E
1133, S

E
2211, S

E
2222,

SE2233, S
E
3311, S

E
3322 and SE3333, and three couple the corresponding shear transform-

ation strains and shear canceling strains, i.e., SE1212, S
E
1313 and SE2323.

The quantities in Eq. (6.94) can be determined for various ellipsoidal shapes,

and expressions are given in Appendix H for the SEijkl tensor for ellipsoids of

revolution as a function of their shape (as determined by their principal axes).

Additional expressions are given by Mura (1987).

The elastic field in the inclusion can now be obtained by using the inclusion

shape and volume and transformation strain as inputs. The quantities I1 and I3 are

first calculated using Eq. (6.89), and the SEijkl are determined using Eq. (6.94). Then,

the eij
C,INC strains are determined by using Eq. (6.91) in matrix form and employing

the index contraction rules of Eqs. (2.89) and (2.90) to construct the matrix

representing the Eshelby tensor. Therefore,

½eC;INC� ¼ ½SE�½eT�; ð6:95Þ

which in full form appears as

e
C;INC
1

e
C;INC
2

e
C;INC
3

e
C;INC
4

e
C;INC
5

e
C;INC
6

2

6

6

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

7

7

5

¼

SE11 SE12 SE13 0 0 0

SE21 SE22 SE23 0 0 0

SE31 SE32 SE33 0 0 0

0 0 0 2SE44 0 0

0 0 0 0 2SE55 0

0 0 0 0 0 2SE66

2

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

5

eT1

eT2

eT3

eT4

eT5

eT6

2

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

5

: ð6:96Þ

The elastic strain in the inclusion, eINC
ij , is finally obtained from Eq. (6.1), and the

stresses are obtained via Hooke’s law. This method is employed in Exercise 6.7, to

obtain sINC
11 and sINC

12 for a thin-disk inclusion.

Elastic field outside inclusion

This problem for isotropic systems has been treated in several ways by Eshelby

(1959; 1961) and Mura (1987). Following Eshelby, and employing elements of

potential theory, an expression for u
C;M
i ðxÞ solely in terms of the well-known

Newtonian potential, f(x), is now obtained.

The general expression for uCi ðxÞ given by Eq. (6.60) contains both f(x) and

c(x). However, c(x) can be eliminated by following a procedure that starts by

introducing the function fij that is related to f and c by

fij ¼ xi
qf

qxj
�
q2c

xixj
: ð6:97Þ
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The Laplacian of fij, given by

r2fij ¼ xi
qðr2fÞ

qxj
þ 2

q2f

qxiqxj
�
q2ðr2cÞ

qxiqxj
ð6:98Þ

is seen to vanish both inside and outside the inclusion by virtue of Eqs. (6.62) and

(6.64), and fij is therefore harmonic in both regions. Furthermore, its normal

derivative at the S
INC

surface, i.e., rfij � n̂, undergoes a discontinuous jump on

passing through S
INC

. Making use of

n̂ ¼
x1

a21h
;
x2

a22h
;
x3

a23h

� �

h2 ¼
x21
a41

þ
x22
a42

þ
x23
a43

ð6:99Þ

and the fact that the first derivatives of f and the third derivatives of c are

continuous across S
INC

, the jump is given by

ðrfij � n̂Þ
IN � ðrfij � n̂Þ

OUT ¼ �4pxin̂j: ð6:100Þ

According to classical potential theory, Poincaré (1899), fij must therefore be the

harmonic potential of a layer of density xin̂j distributed on S
INC

.4

Next, compare f12 with the function g12 given by

g12 ¼
a21

ða21 � a22Þ
x1

qf

qx2
� x2

qf

qx1

� �

: ð6:101Þ

By using the same methods, it is found that g12 is harmonic both inside and

outside S
INC

and its normal derivative undergoes a discontinuous jump on passing

through S
INC

, which is identical to the jump for f12. Furthermore, both functions

are continuous across S
INC

and vanish at infinity. Both quantities must then be

harmonic potentials of the same surface distribution of density and so must be

identical: therefore,

x1
qf

qx2
�

q2c

qx1qx2
¼

a21
ða21 � a22Þ

x1
qf

qx2
� x2

qf

qx1

� �

: ð6:102Þ

Similar expressions for i, j = 1,3 and i, j = 2,3 hold so that

q2c

qx1qx2
¼

a21
a21 � a22

qf

qx1
x2 þ

a22
a22 � a21

qf

qx2
x1

q2c

qx2qx3
¼

a22
a22 � a23

qf

qx2
x3 þ

a23
a23 � a22

qf

qx3
x2

q2c

qx3qx1
¼

a23
a23 � a21

qf

qx3
x1 þ

a21
a21 � a23

qf

qx1
x3:

ð6:103Þ

4 See discussion and analysis preceding Eq. (6.68).
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All remaining required derivatives of c in terms of derivatives of f can now be

obtained through use of the above expressions. For example, by differentiating

Eq. (6.62),

qðr2cÞ

qx1
¼

q3c

qx31
þ

q3c

qx1qx
2
2

þ
q3c

qx1qx
2
3

¼ 2
qf

qx1
ð6:104Þ

and, therefore,

q3c

qx31
¼ 2

qf

qx1
�

q

qx2

q2c

qx1qx2

� �

�
q

qx3

q2c

qx1qx3

� �

: ð6:105Þ

Also,

q3c

qx21qx2
¼

q

qx1

q2c

qx1qx2

� �

: ð6:106Þ

The derivatives of c in Eq. (6.60) are now eliminated by substituting the above

expressions, and the desired expression for u1
C in the matrix is obtained as a

function of f in the form

u
C;M
1 ¼

1

8pð1� nMÞ

eT22 � eT11
a21 � a22

q

qx2
a21x2

qf

qx1
� a22x1

qf

qx2

� �

þ
eT33 � eT11
a23 � a21

q

qx3
a23x1

qf

qx3
� a21x3

qf

qx1

� ��

�2 ð1� nMÞeT11 þ nMðeT22 þ eT33Þ
� 
 qf

qx1
� 4ð1� nMÞ eT12

qf

qx2
þ eT13

qf

qx3

� �

þ
q�

qx1

�

;

ð6:107Þ

where

� ¼
2eT12

a21 � a22
a21x2

qf

qx1
� a22x1

qf

qx2

� �

þ
2eT23

a22 � a23
a22x3

qf

qx2
� a23x2

qf

qx3

� �

þ
2eT31

a23 � a21
a23x1

qf

qx3
� a21x3

qf

qx1

� �

:

ð6:108Þ

Corresponding expressions for u2
C,M and u3

C,M are obtained by cyclic interchange

of (1, 2, 3) and (a1, a2, a3).

Now, the Newtonian potential external to the ellipsoidal body, i.e., fM, has the

well-known form (Kellogg, 1929; MacMillan, 1930)

’M ¼
2pa1a2a3

l3
l2 �

x21
k2

þ
x22
k2

� �

Fðy; kÞ þ
x21
k2

�
x22

k2ð1� k2Þ
þ

x23
ð1� k2Þ

� �

Eðy; kÞ

�

þ
l

1� k2
C

AB
x22 �

B

AC
x23

� ��

ð6:109Þ

where a1
2 > a2

2 > a3
2, and

A ¼ ða21 þ lÞ
1=2

B ¼ ða22 þ lÞ
1=2

C ¼ ða23 þ lÞ
1=2

l ¼ ða21 � a23Þ
1=2

k2 ¼
a21 � a22
a21 � a23

y ¼ sin�1 l

A

� �

ð6:110Þ
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and l is the largest root of the equation

x21
ða21 þ lÞ

þ
x22

ða22 þ lÞ
þ

x23
ða23 þ lÞ

¼ 1: ð6:111Þ

Therefore, ui
C,M is finally obtained by substituting Eq. (6.109) into Eq. (6.107). The

substitution and differentiations are lengthy, and detailed results will not be

presented here. Since l = l(x) and y = y(l) = y(x), the differentiations can be

helped by using the relationships

qF

ql
¼ �

l

2ABC

qE

ql
¼ �

lB

2A3C
h2 ¼

x21
A4

þ
x22
B4

þ
x23
C4

ql

qx1
¼

2x1

A2h2
ql

qx2
¼

2x2

B2h2
ql

qx3
¼

2x3

C2h2
:

ð6:112Þ

The first relationship in the first row, for example, is obtained by multiplying

qF=qy ¼ A=B by qy=ql ¼ �l=ð2A2CÞ, while the first relationship in the second row

is obtained by differentiating Eq. (6.111). Further aspects of determining the

elastic field in the matrix are discussed by Eshelby (1959; 1961) and Mura (1987).

6.4.3 Elastic field of inhomogeneous ellipsoidal inclusion with uniform eTij

With the help of Eq. (2.120), the general result given by Eq. (6.47) reduces for an

isotropic system to

ðlMSEmmkle
T�

kl dij þ 2mMSEijkle
T�

kl Þ � ðlMeT
�

dij þ 2mMeT
�

ij Þ

¼ ðlINCSEmmkle
T�

kl dij þ 2mINCSEijkle
T�

kl Þ � ðlINCeTdij þ 2mINCeTij Þ
ð6:113Þ

with Sijkl
E now given by Eq. (6.92). Equation (6.113) breaks down into separate

expressions for the shear and normal transformation strains, respectively. When

i 6¼ j,

ðmINC � mMÞSEijkle
T�

kl þ 2mMeT
�

ij ¼ mINCeTij ði ¼ jÞ ; ð6:114Þ

which yields the solution for the shear strains in the equivalent homogeneous

inclusion in the form

eT
�

ab ¼
mINC

2ðmINC � mMÞSEabab þ mM
eTab ða 6¼ bÞ ð6:115Þ

after invoking the properties of the Sijkl
E tensor described in the text following

Eq. (6.94), and employing Greek indices to avoid the index summation convention.

When i = j, the three normal strains are obtained as the solution of the three

simultaneous linear equations represented by

ðlINC � lMÞSEmmkle
T�

kl þ 2ðmINC � mMÞSEijkle
T�

kl þ lMeT
�

þ 2mMeT
�

ij

¼ lINCeT þ 2mINCeTij

ði ¼ jÞ :

ð6:116Þ
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The solution of Eq. (6.116) is expedited by writing it in contracted matrix form

using the rules given by Eqs. (2.89) and (2.90), i.e.,

Mije
T�

j ¼ Nije
T
j ½M�½eT

�

� ¼ ½N�½eT� ð6:117Þ

or

M11 M12 M13

M21 M22 M23

M31 M32 M33

2

6

4

3

7

5

eT
�

1

eT
�

2

eT
�

3

2

6

4

3

7

5
¼

N11 N12 N13

N21 N22 N23

N31 N32 N33

2

6

4

3

7

5

eT1

eT2

eT3

2

6

4

3

7

5
; ð6:118Þ

where

Mij ¼ ðlINC � lMÞðSE1j þ SE2j þ SE3jÞ þ 2ðmINC � mMÞSEij þ lM þ 2mMdij

Nij ¼ lINC þ 2mINCdij:
ð6:119Þ

Thenormal transformation strains for the equivalent homogeneous inclusionare then

½eT
�

� ¼ ½M��1½N�½eT� ði ¼ jÞ: ð6:120Þ

Having the transformation strains of the equivalent homogeneous inclusion in the

forms of Eqs. (6.115) and (6.120), the remainder of the solution is carried out using

the procedure described in the text following Eq. (6.49).

6.4.3.1 Spherical inclusion with eij
T = eTdij

The equivalent inclusion method described above can be illustrated by applying it

to the relatively simple case of an inhomogeneous spherical inclusion of radius R

with the uniform transformation strains eij
T = eTdij in an isotropic system. The

only non-vanishing transformation strains are therefore the three equal normal

strains, and using the values of Sijkl
E given by Eq. (H.4) for a sphere, the Mij matrix

elements in Eq. (6.118) are

M11 ¼ M22 ¼ M33 ¼ ðlINC � lMÞ
1þ nM

3ð1� nMÞ
þ 2ðmINC � mMÞ

7� 5nM

15ð1� nMÞ
þ lM þ 2mM

M12 ¼ M21 ¼ M13 ¼ M31 ¼ M23 ¼ M32 ¼ ðlINC � lMÞ
1þ nM

3ð1� nMÞ
þ 2ðmINC � mMÞ

5nM � 1

15ð1� nMÞ
þ lM

ð6:121Þ

Then, using Eq. (6.120), eT
�

is obtained in the form

eT
�

¼
ð3KM þ 4mMÞKINC

ð3KINC þ 4mMÞKM
eT ¼

3mINCð1þ nINCÞð1� nMÞ

ð1þ nMÞ½mINCð1þ nINCÞ þ 2mMð1� 2nINCÞ�
eT:

ð6:122Þ

Substitution of Eq. (6.122) into Eq. (6.50) then yields

eINC
11 ¼ eINC

22 ¼ eINC
33 ¼ �

2mMð1� 2nINCÞ

mINCð1þ nINCÞ þ 2mMð1� 2nINCÞ
eT ¼ �

4mM

3KINC þ 4mM
eT;

ð6:123Þ
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leading to the corresponding displacement

uINC
i ¼ �

4mM

3KINC þ 4mM
eTxi: ð6:124Þ

The displacement in the matrix, ui
M = ui

C,M, is given by Eq. (6.107) which requires

an expression for the potential exterior to the spherical inclusion, i.e., fM. How-

ever, this has the known form (MacMillan, 1930),

fMðxÞ ¼
4pR3

3x
ð6:125Þ

and, therefore, making the substitution,

u
C;M
i ¼ uMi ¼

ð1þ nMÞeT
�

VINC

4pð1� nMÞ

xi

x3
¼

9KMeT
�

VINC

4pð3KM þ 4mMÞ

xi

x3
: ð6:126Þ

Then, substituting Eq. (6.122) into Eq. (6.126),

uMi ¼ c
xi

x3
; ð6:127Þ

where the constant c is a measure of the ‘strength’ of the inclusion as a center of

dilatation given by

c ¼
9KINC

4pð3KINC þ 4mMÞ
VINCeT ¼

3mINCð1þ nINCÞ

4p½mINCð1þ nINCÞ þ 2mMð1� 2nINCÞ�
VINCeT:

ð6:128Þ

Finally, since the above solutions are spherically symmetric, they can be expressed

simply in spherical coordinates as

uINC
r ðrÞ ¼ �

4mM

ð3KINC þ 4mMÞ
eTr uMr ðrÞ ¼ c

1

r2
¼

9KINC

4pð3KINC þ 4mMÞ
VINCeT

1

r2

uy ¼ uf ¼ 0

:

ð6:129Þ

In Exercise 6.8, the results given by Eq. (6.129) are obtained by using an alterna-

tive method of solution in which the Navier equation is solved directly in both the

inclusion and matrix as a boundary-value problem.

6.4.4 Strain energies

6.4.4.1 Homogeneous, or inhomogeneous, with arbitrary shape and eij
T

The general expression for the strain energy due to a coherent homogeneous or

inhomogeneous inclusion of arbitrary shape and transformation strain given by

Eq. (6.57), and derived in Section 6.3.3 without reference to any elastic constants,

applies to both anisotropic and isotropic systems.
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6.4.4.2 Homogeneous with ellipsoidal shape and uniform eij
T in isotropic system

The dependence of the inclusion strain energy on its homogeneity, shape, and

transformation strain is a topic of considerable interest, since it affects the kinetics

and morphology of many phase transformations where new phases are produced

in the form of inclusions. Examples include precipitation and martensitic trans-

formations (Balluffi, Allen, and Carter, 2005). It is also important in determining

the thermal stability and morphology of many microstructures. This dependence

is particularly easy to study for coherent, homogeneous, ellipsoidal inclusions with

uniform transformation strains in isotropic systems. In such cases Eq. (6.57)) is

readily integrated to obtain

W ¼ �
1

2
sINC
ij eTijV

INC VINC ¼
4

3
pa1a2a3: ð6:130Þ

The stresses in the inclusion required in Eq. (6.130) for inclusions of various

ellipsoidal shapes are then found by substituting values of the Eshelby tensor

from Appendix H into Eq. (6.96) to find the relevant eij
C,INC strains in terms of the

transformation strains. Then, Eq. (6.1) is used to find the elastic strains, and the

stresses are finally obtained by use of Hooke’s law. A calculation of this type for a

thin-disk inclusion is carried out in Exercise 6.7.

The strain energies calculated in this manner for homogeneous spherical, thin-

disk, and needle-shaped inclusions subjected to general uniform transformation

strains in isotropic systems are as follows:

Sphere (a1 = a2 = a3 = a)

W ¼
2mM

15ð1� nMÞ
VINC 4½ðeT11Þ

2
þ ðeT22Þ

2
þ ðeT33Þ

2
� þ ð5nM þ 1ÞðeT11e

T
22 þ eT11e

T
33 þ eT22e

T
33Þ

n

þð7� 5nMÞ½ðeT12Þ
2
þ ðeT13Þ

2
þ ðeT23Þ

2
�
o

:

ð6:131Þ

Thin-disk (a1 = a2, a3 ! 0)

W ¼
mMVINC

1� nM
½ðeT11Þ

2
þ ðeT22Þ

2
n

� þ 2nMeT11e
T
22 þ 2ð1� nMÞðeT12Þ

2
o

: ð6:132Þ

Needle (a1 = a2, a3 ! 1)

W ¼
mMVINC

2ð1� nMÞ

3

4

�

½ðeT11Þ
2 þ ðeT22Þ

2� þ 2ðeT33Þ
2 þ

1

2
eT11e

T
22 þ 2nM½eT22e

T
33 þ eT11e

T
33�

þ ðeT12Þ
2 þ 2ð1� nMÞ½ðeT13Þ

2 þ ðeT23Þ
2�

�

;

ð6:133Þ

where, in the needle case, W and VINC are measured per unit inclusion length.
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In Exercise 6.6, it is shown that the strain energy due to a homogeneous

inclusion of arbitrary ellipsoidal shape having the uniform transformation strain

eij
T = eTdij is given by

W ¼
2mMKM

ð3KM þ 4mMÞ
ðeTÞ2VINC ¼

2mMð1þ nMÞ

9ð1� nMÞ
ðeTÞ2VINC ð6:134Þ

and so is independent of its shape (as long as it remains ellipsoidal).

6.4.4.3 Inhomogeneous with ellipsoidal shape and eij
T = eTdij

Strain energies for spherical and thin-disk shaped inhomogeneous inclusions with

eij
T = eTdij in isotropic systems are as follows:

Sphere (a1 = a2 = a3 = a)

This case has spherical symmetry with s11
INC = s22

INC = s33
INC, and Eq. (6.130)

becomes

W ¼ �
1

2
sINC
ij eTijV

INC ¼ �
3

2
sINC
11 eTVINC: ð6:135Þ

The stresses in the inhomogeneous inclusion and its equivalent homogeneous

inclusion are equal, and therefore, since s11
INC = 3KMe11

M, and e11
INC is given by

Eq. (6.123) with KINC ! KM, and eT ! eT
�

,

sINC
11 ¼ �

12mMKM

3KM þ 4mM
eT

�

: ð6:136Þ

Then, substituting Eq. (6.122) into Eq. (6.136), and Eq. (6.136) into Eq. (6.135),

W ¼
18KINCmM

3KINC þ 4mM
VINCðeTÞ2 ¼

6mINCmMð1þ nINCÞ

½mINCð1þ nINCÞ þ 2mMð1� 2nINCÞ�
VINCðeTÞ2:

ð6:137Þ

Note that Eq. (6.137) reduces to Eq. (6.134) for a corresponding homogeneous

inclusionwith eij
T= eTdijwhen m

INC! mM and nINC! nM. It is shown in Exercise 6.9

that Eq. (6.137) can also be obtained by directly summing the strain energy in the

inclusion and in the matrix.

Thin-disk (a1 = a2, a3 ! 0)

With eij
T = eTdij and (a1 = a2, a3 ! 0), Eq. (6.130) takes the form

W ¼ �
1

2
sINC
ij eTijV

INC ¼ �
1

2
½sINC

11 þ sINC
22 þ sINC

33 �eTVINC: ð6:138Þ

The sij
INC normal stresses are obtained from Eq. (6.182) after replacing the given eij

T

strains by the eT
�

ij strains of the equivalent homogeneous inclusion and are of the forms,

sINC
11 ¼ sINC

22 ¼ �
2mMð1þ nMÞ

ð1� nMÞ
eT

�

11 sINC
33 ¼ 0 : ð6:139Þ
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The eT
�

ij strains are then obtained as a function of the given ei
T strains by using

Eq. (6.120) with the Mij given by

M33 ¼ lINC þ 2mINC M31 ¼ M32 ¼
lINCnM

1� nM
þ
lMð1� 2nMÞ

1� nM
þ

2mINCnM

1� nM
�
2mMnM

1� nM

M13 ¼ M23 ¼ lINC M12 ¼ M21 ¼
lINCnM

1� nM
þ
lMð1� 2nMÞ

1� nM
M11 ¼ M22 ¼ M21 þ 2mM:

ð6:140Þ

Then, after some algebra,

eT
�

33 ¼
½mMð1þ nMÞ � 2mINCnM�ð1þ nINCÞ

mMð1þ nMÞð1� nINCÞ
eT

eT
�

11 ¼ eT
�

22 ¼
mINC

mM
ð1� nMÞ

ð1þ nMÞ

ð1þ nINCÞ

ð1� nINCÞ
eT:

ð6:141Þ

Putting the above results into Eq. (6.139), and substituting the result into

Eq. (6.138),

W ¼
2mINCð1þ nINCÞ

ð1� nINCÞ
VINCðeTÞ2; ð6:142Þ

in agreement with Barnett (1971). Again, as for the spherical inclusion treated

earlier, the expression for the inhomogeneous inclusion, i.e., Eq. (6.142), reduces

to the expression for the corresponding homogeneous inclusion, i.e., Eq. (6.132),

when mINC ! mM and nINC ! nM.

6.4.5 Further results

Further effects of varying the shape, transformation strain, and inclusion or

matrix elastic constants can be conveniently studied (Kato, Fujii, and Onaka,

1996c) by employing the two coordinate systems illustrated in Fig. 6.5, where

the (x1,x2,x3) system is the crystal system fixed to the matrix, and the (x01,x
0
2,x

0
3)

system is fixed to the inclusion, with the x03 axis coinciding with the a3 axis of

the ellipsoid. The x02 axis is maintained in the x3 = 0 plane, and rotation of the

inclusion with respect to the matrix is obtained by varying the angles y and f. The

x3

q

x′1

x′3

x′2

f

x1

x2

Figure 6.5 Coordinate systems for studying strain energies of various

inhomogeneous ellipsoidal inclusions.
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transformation strains are specified in the (x1,x2,x3) system by the three uniform

principal strains, ~eT11; ~e
T
22 and ~eT33. The matrix of direction cosines describing the

rotation of the inclusion relative to the matrix is

lij ¼
cos y cosf cos y sinf � sin y

� sinf cosf 0

sin y cosf sin y sinf cos y

2

4

3

5 ð6:143Þ

and using Eq. (2.24), the transformation strains in the inclusion, expressed in the

(x01,x
0
2,x

0
3) system, are

e0Tij ðy;fÞ ¼

cos y cosf cos y sinf � sin y

� sinf cosf 0

sin y cosf sin y sinf cos y

2

6

4

3

7

5

~eT11 0 0

0 ~eT22 0

0 0 ~eT33

2

6

4

3

7

5

�

cos y cosf � sinf sin y cosf

cos y sinf cosf sin y sinf

� sin y 0 cos y

2

6

4

3

7

5
:

ð6:144Þ

Forconvenience, theratio f � mINC=mM is introduced,and it isassumedthatnINC=nM.

With this arrangement, the strain energy due to spherical, thin-disk, and needle

inclusions can be studied as a function of the above variables using the methods

described above. The first step is finding the transformation strains of the equivalent

homogeneous inclusion expressed in the (x1
0

, x2
0

, x3
0

) inclusion coordinate system.

For a sphere, these are given by

e0T
�

11 ¼ f ð1� vÞ
10e0T11 � 5ðe0T22 þ e0T33Þ

2f ð4� 5nÞ þ ð7� 5nÞ
þ

e0T11 þ e0T22 þ e0T33
f ð1þ nÞ þ 2ð1� 2nÞ

� �

e0T
�

12 ¼
15f ð1� nÞ

2f ð4� 5nÞ þ ð7� 5nÞ
e0T12

ð6:145Þ

with the remaining transformation strains obtained by cyclic interchange of the indices.

For an ellipsoidal thin-disk (a1 = a2, a3 ! 0),

e0T
�

11 ¼ f e0T11 e0T
�

22 ¼ f e0T22 e0T
�

33 ¼
ð1� f Þn

1� n
ðe0T11 þ e0T22Þ þ e0T33

e0T
�

12 ¼ f e0T12 e0T
�

13 ¼ e0T13 e0T
�

23 ¼ e0T23

ð6:146Þ

and for an ellipsoidal needle (a1 = a2, a3 ! 1),

e0T
�

11 ¼ f ð1� nÞ
f ð5� 4nÞ þ ð3� 4nÞ½ �e0T11 þ ð f � 1Þð1� 4nÞe0T22

f ð3� 4nÞ þ 1½ � f þ ð1� 2nÞ½ �

� �

þ
f ð1� f Þne0T33
f þ ð1� 2nÞ

e0T
�

22 ¼ f ð1� nÞ
f ð5� 4nÞ þ ð3� 4nÞ½ �e0T22 þ ð f � 1Þð1� 4nÞe0T11

f ð3� 4nÞ þ 1½ � f þ ð1� 2nÞ½ �

� �

þ
f ð1� f Þne0T33
f þ ð1� 2nÞ

e0T
�

33 ¼ f e0T33 e0T
�

12 ¼
4f ð1� nÞ

f ð3� 4nÞ þ 1
e0T12 e0T

�

13 ¼
2f

1þ f
e0T13 e0T

�

23 ¼
2f

1þ f
e0T23:

ð6:147Þ
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The above expressions for the sphere and thin-disk agree with Eqs. (6.122) and

(6.141), respectively, when e0Tij ¼ eTdij, m
INC/mM = f, and nINC = nM = n. Using

these results, inclusion strain energies can be calculated using Eq. (6.130) after

evaluating sij
INC by the equivalent inclusion method.

Many calculations of the elastic energy of various types of inclusion have been

published. See, for example, Barnett (1971); Barnett, Lee, Aaronson, and Russell

(1974); Mura (1987); Onaka, Fujii, and Kato (1995); Kato and Fujii (1994); and

Kato, Fujii, and Onaka (1996a; 1996b; 1996c). The results are complex and

generally involve cumbersome expressions that must be evaluated numerically.

6.5 Coherent ! incoherent transitions in isotropic systems

6.5.1 General formulation

The inclusions considered so far have been elastically coherent in the sense described

in Section 6.2, and we now consider coherent! incoherent transitions, in which the

strain energy is reduced, by changing the shape or volume (or both) of either the

embedded inclusion or the matrix cavity enclosing the inclusion, and in the process

destroying the initial coherence across the inclusion–matrix interface. As men-

tioned in Section 6.2, this can be accomplished by diffusional transport or plastic

deformation mechanisms, which can be either conservative or non-conservative

depending upon whether they produce a net gain (or loss) of mass to (or from)

the inclusion or the matrix immediately adjoining the inclusion. Examples of

conservative processes are shown in Fig. 6.6. Figures 6.6a, and b show the misfit

between the inclusion and its cavity immediately after the inclusion has undergone

its transformation strain. Figure 6.6c shows how the shape of the misfit can be

subsequently reduced by conservative diffusional transport within the inclusion,

which changes the shape of the inclusion but not its volume. Alternatively, this can

be accomplished by diffusion along the inclusion–matrix interface or by plastic

deformation within the inclusion as in Fig. 6.6d. Conservative diffusional and

plastic deformation processes that change the shape of the cavity can also occur

in the matrix in the immediate vicinity of the cavity surface. Since the inclusion and

matrix volumes remain constant in these mechanisms, the original volume misfit

(i.e., the original transformation strain dilatation, eT) remains unchanged. At the

limit, the shape misfit can be eliminated completely, producing an incoherent

inclusion in a state of hydrostatic pressure inherited from its original volume misfit.

Reducing the volume misfit requires a non-conservative process, such as the

long-range diffusional transport of atoms between the inclusion–matrix interface

acting as a net source (or sink) and sinks (or sources) in the matrix far from the

inclusion, or, alternatively, by plastic deformation in the matrix by a mechanism

such as prismatic dislocation punching (Balluffi, Allen, and Carter, 2005).

In principle, all shape and volume misfits can be eliminated by these conserva-

tive and non-conservative mechanisms, thus converting an initial inhomogeneous
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inclusion into a simple inhomogeneity. However, the extent to which this actually

occurs depends upon a host of conditions too extensive to discuss here. In the

present context, such a complete transition is of relatively little interest, and I will

therefore focus on conservative transitions and prove formally that in such cases

an initially coherent inhomogeneous inclusion achieves minimum elastic energy by

eliminating its original deviatoric strain (Appendix J), or, equivalently, its devia-

toric stress, and reverting to a state of hydrostatic pressure. Expressions for the

final pressure and elastic energy reached are then obtained in terms of the original

transformation strain dilatation, eT.

According to Eq. (6.130), the elastic energy due to the inclusion, with uniform

transformation strains, in its initial coherent state (indicated by a prime), is

W0 ¼ �
1

2
s0INC
11 e0T11 þ s0

INC

22 e0T22 þ s0INC
33 e0T33 þ 2s0INC

12 e0T12 þ 2s0INC
13 e0T13 þ 2s0INC

23 e0T23

	 


VINC:

ð6:148Þ

Making changes in the misfit of an embedded coherent inclusion by the processes

illustrated in Fig. 6.6 is equivalent to making changes in the transformation strains

assigned to the inclusion at the onset. We can therefore adopt the transformation

strains as variables and minimizeW with respect to these, in order to find a new set

of transformation strains that minimizes the energy. Since there are no physical

restraints on changing the transformation shear strains in a conservative transi-

tion, W can be minimized by simply setting them to zero. However, the require-

ment of constant inclusion volume demands that the transformation strain

dilatation be held constant. The problem of minimizing W is therefore reduced

to the formal problem of minimizing the function

WðeT11; e
T
22; e

T
33Þ ¼ �

1

2
sINC
11 eT11 þ sINC

22 eT22 þ sINC
33 eT33

� �

VINC ð6:149Þ

with respect to the variables eT11, eT22, and eT33 subject to the constant volume

constraint

eT11 þ eT22 þ eT33 ¼ e0T11 þ e0T22 þ e0T33 ¼ eT ¼ constant: ð6:150Þ

(a)

(b)

(c) (d)

Figure 6.6 (a) and (b) Misfitting inclusion and corresponding cavity in matrix directly

after transformation strain. (c) and (d) Diffusional transport and plastic deformation

mechanisms, respectively, within inclusion, that will conservatively decrease the misfit

between the inclusion and cavity in (a) and (b).
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This problem is solved next, for various ellipsoidal inclusion shapes in an isotropic

system, by employing Lagrange multipliers.

6.5.2 Inhomogeneous sphere

Consider first a spherical (a1 = a2 = a3 = a) inhomogeneous inclusion. Following

Kato, Fujii, and Onaka (1996c), set mINC=mM � f , and make the relatively modest

approximation that nINC = nM = n. The stress sij
INC required in Eq. (6.149) is then

obtained by using Eqs. (2.123) and (6.44) with eINC�

ij ¼ SEijkle
T�

kl � eT
�

ij . The trans-

formation strains, eT
�

ij , for the homogeneous equivalent inclusion, are given as

functions of the eij
T by Eq. (6.145), and the Sijkl

E are given by Eq. (H.4). Using these

relationships,

sINC
11 ¼ lINC ð1þ nÞa� ð1� nÞc

ð1� nÞc
eT

þ 2mINC 4ð4� 5nÞcaþ ð1þ nÞab� 3ð1� nÞbc

3ð1� nÞbc
eT11 þ

ð1þ nÞab� 2ð4� 5nÞac

3ð1� nÞbc
ðeT22 þ eT33Þ

� �

;

ð6:151Þ

where

a ¼ f ð1� nÞ b ¼ 2f ð4� 5nÞ þ ð7� 5nÞ c ¼ f ð1þ nÞ þ 2ð1� 2nÞ ;

ð6:152Þ

and s22
INC and s33

INC are obtained by cyclic interchange. Substitution of Eq. (6.151)

into Eq. (6.149) therefore yields W as a function of the eij
T. The minimum of

W(e11
T , e22

T , e33
T ) under the constraint given by Eq. (6.150) is now obtained by

introducing the Lagrange multiplier, l	, and requiring that

qW

qeT11
¼ l	

qg

qeT11

qW

qeT22
¼ l	

qg

qeT22

qW

qeT33
¼ l	

qg

qeT33

gðeT11; e
T
22; e

T
33Þ ¼ eT11 þ eT22 þ eT33 � eT:

ð6:153Þ

Solving the above equations for the new transformation strains and calculating

the new stresses and strain energy, it is found that in the final minimum energy

state (indicated by a double prime)

s00INC
11 ¼ s00INC

22 ¼ s00INC
33 ¼ �

l	

VINC
¼ �

4f ð1þ nÞ

3½ f ð1þ nÞ þ 2ð1� 2nÞ�
mMeT ðn ¼ nINC ¼ nMÞ

W00ðsphereÞ ¼
l	

2
eT ¼

2f ð1þ nÞ

3½ f ð1þ nÞ þ 2ð1� 2nÞ�
mMðeTÞ2VINC e00T11 ¼ e00T22 ¼ e00T33 ¼

eT

3

ð6:154Þ

in agreement with results obtained by Kato, Fujii, and Onaka (1996c) by a

different route. The inclusion has therefore minimized its energy by adopting a

state in which the shear transformation strains have vanished and the total
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conserved dilatational transformation strain, eT, is partitioned into three equal

normal transformation strains thereby producing a condition of hydrostatic stress.

The strain energy,W00, is proportional to (eT)2 and, since f= mINC/mM, is seen to be

identical to the expression given by Eq. (6.137) for the strain energy of a coherent

inclusion having the same transformation strains. In this case, the elastic states of

the two inclusions are the same. For the incoherent inclusion that state was

reached via a coherent ! incoherent transition while for the coherent inclusion

no transition was possible.

6.5.3 Inhomogeneous thin-disk

Using the same methods as before, the results obtained in Exercise 6.10 for an

incoherent ellipsoidal thin-disk (a3 ! 0, a1 = a2) are

s00INC
11 ¼ s00INC

22 ¼ s00INC
33 ¼ 0 ðn ¼ nINC ¼ nMÞ

W00ðthin-diskÞ ¼ 0 e00T11 ¼ e00T22 ¼ 0 e00T33 ¼ eT:
ð6:155Þ

In this case, the inclusion has eliminated the initial shear transformation strains and

concentrated all of the conserved transformation strain dilatation in the direction

normal to thebroadfaceof thedisk.The thin-diskgeometryallows this tooccurwithout

the development of stress. All stresses, as well as the strain energy, therefore vanish.

6.5.4 Inhomogeneous needle

Finally, for an incoherent ellipsoidal needle (a1 = a2, a3 ! 1 ), it is found by the

above methods that

s00INC
11 ¼ s00INC

22 ¼ s00INC
33 ¼ �

2f ð1þ nÞ

2f ð1þ nÞ þ 3ð1� 2nÞ
mMeT ðn ¼ nINC ¼ nMÞ

W00ðneedleÞ ¼ �
1

2
s00INC
11 VINCeT ¼

f ð1þ nÞ

2f ð1þ nÞ þ 3ð1� 2nÞ
VINCmMðeTÞ

2
:

ð6:156Þ

In this case, the inclusion has eliminated all shear transformation strains and shear

stresses and produced a state of hydrostatic stress. Again, the strain energy is

proportional to the square of the conserved transformation strain dilatation, eT.

These results indicate that for fully incoherent inclusions the strain energy varies

with inclusion shape in the sequence

W00(thin-disk)<W00ðneedleÞ<W00ðsphereÞ: ð6:157Þ

In the limitwhen f ¼ mINC=mM ! 1; and all of the strain energy resides in thematrix,

the energies of the differently shaped incoherent inclusions have the relative values

W00(thin-disk) : W00ðneedleÞ : W00ðsphereÞ ¼ 0 :
3

4
: 1; ð6:158Þ

in agreement with the classic results obtained for this case by Nabarro (1940) and

illustrated schematically in Fig. 6.7.
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Exercises

6.1 Find the elastic displacement field, in the inclusion and matrix, of a homoge-

neous spherical inclusionof radius awith a uniform transformation strain eij
T=

dije
T in an isotropic system by starting with Eqs. (6.26) and (6.31), respectively.

Solution Since the displacement field has spherical symmetry, it suffices to

determine the field as a function of distance along ê3. Therefore, with x fixed

along ê3, and after substituting eij
T = dije

T, Eq. (6.26) takes the form

u
C;INC
3 ðx3Þ ¼

1

2
ðCjl11 þ Cjl22 þ Cjl33Þe

Tx3

ð

1

�1

dẑ3k̂3k̂lðk̂k̂Þ3j: ð6:159Þ

Then, after using Eq. (6.58),

u
C;INC
3 ðx3Þ ¼

1

2m
ðCjl11 þ Cjl22 þ Cjl33Þe

Tx3

ð

1

�1

dẑ3k̂3k̂l d3j �
1

2ð1� nÞ
k̂3k̂j

� �

ð6:160Þ

and after using Eq. (6.13),

u
C;INC
3 ðx3Þ ¼

1

2m
ðCjl11 þ Cjl22 þ Cjl33Þe

Tx3

ð

1

�1

ẑ3ẑl d3j �
1

2ð1� nÞ
ẑ3ẑj

� �

dẑ3;

ð6:161Þ

and after using Eq. (2.120),

u
C;INC
3 ðx3Þ ¼

ð1þ nÞ

2ð1� nÞ
eTx3

ð

1

�1

ẑ23 dẑ3 ¼
ð1þ nÞ

3ð1� nÞ
eTx3; ð6:162Þ

and after using Eq. (6.1), with uT3 ¼ eTx3,

uINC
3 ðx3Þ ¼ u

C;INC
3 ðx3Þ � uT3 ¼ �

2ð1� 2nÞ

3ð1� nÞ
eTx3; ð6:163Þ

Sphere

1

W

W  (sphere)

mINC/mM→ ∞:   a1= a2

a3 /a1

Thin-disk

Needle

10

′′

′′

Figure 6.7 Schematic plot of relative strain energy of infinitely stiff incoherent ellipsoidal

inclusion in isotropic system as a function of its eccentricity, i.e., a3/a1.
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which agrees with the displacement for this inclusion given by Eq. (6.124).

Turning to the matrix, if Eq. (6.31) is treated in the same way as Eq. (6.26)

to arrive at Eq. (6.162),

u
C;M
3 ðx3Þ ¼

ð1þ nÞ

2ð1� nÞ
eTx3

ð

sðxÞ

�sðxÞ

ẑ23 dẑ3: ð6:164Þ

The limits for ẑ3 required for the integral in Eq. (6.164) are found with the

help of Figs. 6.2b and 6.3. Since x and, therefore, y are parallel to ê3,

component ẑ3 can be measured along y, and using Fig. 6.2b it is readily

seen that the limits on ẑ3 are

s ¼ �
1

y
¼ �

a

x
: ð6:165Þ

Then, substituting these into Eq. (6.164) and using Eq. (6.1),

uM3 ðx3Þ ¼ u
C;M
3 ðx3Þ ¼

ð1þ nÞ

2ð1� nÞ
eTx3

ð

a=x

�a=x

ẑ23 dẑ3 ¼
ð1þ nÞ

3ð1� nÞ
a3eT

x3

x3
; ð6:166Þ

in agreement with Eq. (6.126) for the case of a homogeneous inclusion.

6.2 Consider a homogeneous ellipsoidal inclusion with a non-uniform trans-

formation strain given by the second-degree polynomial

eTmnðx
0Þ ¼ eTmnpqy

0
py

0
q: ð6:167Þ

Show that the final strain in the inclusion, emn
INC, is also a second-degree

polynomial.

Solution By differentiating Eq. (6.167) after substituting Eq. (6.33),

qeTmn
qz

¼ eTmnpq 2zẑpẑq þ r ðẑqm̂p þ ẑpm̂qÞ coscþ ðẑqn̂p þ ẑpn̂qÞ sinc
h in o

ð6:168Þ

and then substituting this expression and Eq. (6.167) into Eq. (6.22) and

integrating over r and c,

u
C;INC
i ¼�

eTmnpq

8p2 ∯̂
S

ẑpẑq � p m̂pm̂q þ n̂pn̂q
� �

h i

z
n

� 2ẑpẑq � pðm̂pm̂q þ n̂pn̂qÞ
h i

z3
�

z¼z�y
Cjlmnk̂lðk̂k̂Þ

�1
ij z dŜðẑÞ:

ð6:169Þ

Then, employing ẑ � y ¼ ðk̂ � xÞz�1 from Eq. (6.13), and differentiating

Eq. (6.169),
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qu
C;INC
i

qxk
¼�

eTmnpq

8p2 ∯̂
S

ẑpẑq � p m̂pm̂q þ n̂pn̂q
� �

h in

� 6ẑpẑq � 3p m̂pm̂q þ n̂pn̂q
� �

h i

z�2ðk̂ � xÞ
2
o

Cjlmnk̂lk̂kðk̂k̂Þ
�1
ij dŜðẑÞ:

ð6:170Þ

Inspection of Eq. (6.170) shows that by virtue of Eq. (2.5), emn
C,INC will be a

second-degree polynomial in xi. Then, according to Eq. (6.1), since emn
T is a

second-degree polynomial, emn
INC is also a second-degree polynomial.

6.3 Use Eq. (6.65) to show that the dilatations, eC,INC and eC,M, for a homoge-

neous inclusion of arbitrary shape in an isotropic system are given by

eC;INC ¼
ð1þ nMÞ

3ð1� nMÞ
eT eC;M ¼ 0; ð6:171Þ

when ejk
T = eTdjk.

Solution By applying Hooke’s law,

sTjk ¼ lMeTdjk þ 2mMeTjk ¼
3lM þ 2mM

3

� �

eTdjk ð6:172Þ

and by substituting Eq. (6.172) into Eq. (6.65),

eC ¼ �
1

4p

ð1þ nMÞ

3ð1� nMÞ
eTr2f: ð6:173Þ

Then, use of Eq. (6.64) produces the required results. The dilatation there-

fore vanishes in the matrix and is uniform throughout the inclusion, a result

that is verified, for example, in Section 6.4.3.1 for the case of a spherical

inclusion.

6.4 Show that, for a homogeneous inclusion of arbitrary shape with e ij
T = eTdij

in an isotropic system, Eq. (6.70) produces the same result for the difference

in dilatation, eC,M�eC,INC, across the inclusion–matrix interface, as pre-

dicted by the results of Exercise 6.3.

Solution The transformation stress, sjk
T, required to evaluate eC,M�eC,INC

using Eq. (6.70) is again given by Eq. (6.172). Substituting this into

Eq. (6.70), and performing the required sums,

eC;INC � eC;M ¼
ð1þ nMÞ

3ð1� nMÞ
eT; ð6:174Þ

in agreement with the result obtained for eC,M�eC,INC using Eq. (6.171).

6.5 The strain energy due to a homogeneous inclusion of arbitrary shape and

transformation strain is given by Eq. (6.57), where it is obtained by deter-

mining the change in the elastic energy of the entire system that occurs as the
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canceling displacement, ui
C, is imposed. Obtain the same result by determin-

ing the strain energy as the sum of the strain energies in the inclusion and

matrix taken separately.

Solution The final strain energy in the inclusion is given by

WINC ¼
1

2 ∰
V

INC

sINC
ij eINC

ij dV: ð6:175Þ

The final strain energy in the matrix corresponds to the work done on it

during step 5 of Section 6.2 when the forces dFi ¼ sTij n̂j dS are applied to

S
INC

to produce the displacement ui
C,M. Since the displacements increase

linearly with the forces, the work is

W
M

¼
1

2 ∯
S
INC

u
C;M
i s

C;M
ij n̂j dS ¼

1

2 ∯
S
INC

u
C;INC
i s

C;INC
ij n̂j dS; ð6:176Þ

where the positive direction of n̂ is taken in this case towards the inclusion,

and s
C;M
ij n̂j ¼ sINC

ij n̂j and u
C;M
i ¼ u

C;INC
i on S

INC
. Then, reversing the direc-

tion of n̂ in the surface integral in Eq. (6.176) and converting the integral to

a volume integral,

W
M

¼ WM ¼ �
1

2 ∰
V

INC

sINC
ij e

C;INC
ij dV: ð6:177Þ

The total strain energy due to the inclusion is then, from Eqs. (6.175), (6.177)

and (6.1),

W ¼ WINC þWM ¼ �
1

2 ∰
V

INC

sINC
ij ðeC;INC

ij � eINC
ij ÞdV ¼ �

1

2 ∰
V

INC

sINC
ij eTij dV;

ð6:178Þ

in agreement with Eq. (6.57).

6.6 Show that the strain energy due to a homogeneous inclusion of arbitrary

ellipsoidal shape in an isotropic system is given by

W ¼
2mMKM

ð3KM þ 4mMÞ
ðeTÞ2VINC ¼

2mMð1þ nMÞ

9ð1� nMÞ
ðeTÞ2VINC; ð6:179Þ

when the transformation strain is eij
T = eTdij. Its strain energy is therefore

independent of its particular ellipsoidal shape (i.e., spherical, thin-disk, or

needle).

Solution Equation (6.130) for the strain energy becomes

W ¼ �
1

2
ðsINC

11 þ sINC
11 þ sINC

11 ÞeTVINC ¼ �
3

2
KMeINCeTVINC: ð6:180Þ
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Using Eq. (6.1), eINC = eC,INC�eT, and the result given by Eq. (6.171) in

Exercise 6.3 that eC;INC ¼ ð1þ nMÞeT=½3ð1� nMÞ� for ahomogeneous inclusion

of arbitrary shape and uniform transformation strain, eij
T = eTdij, Eq. (6.180)

takes the form of Eq. (6.179).

6.7 In an isotropic system find expressions for the stresses in a coherent homo-

geneous thin-disk ellipsoidal inclusion with a uniform transformation strain,

eij
T, in the limit where its thickness tends to zero.

Solution Substitute values of the Eshelby tensor from Eq. (H.6) into

Eq. (6.96) to find the eij
C, INC strains in terms of the transformation strains.

Then use Eq. (6.1) to obtain the elastic strains in the inclusion given by

eINC
11 ¼ �eT11 eINC

22 ¼ �eT22 eINC
33 ¼

nM

1� nM
ðeT11 þ eT22Þ

eINC
12 ¼ �eT12 eINC

13 ¼ eINC
23 ¼ 0:

ð6:181Þ

Finally, substitute these strains into Eq. (2.122) to obtain the stresses

sINC
11 ¼ �2mM

nM

1� nM
ðeT11 þ eT22Þ þ eT11

� �

sINC
22 ¼ �2mM

nM

1� nM
ðeT11 þ eT22Þ þ eT22

� �

sINC
12 ¼ �2mMeT12 sINC

33 ¼ sINC
13 ¼ sINC

23 ¼ 0:

ð6:182Þ

6.8 Instead of using the equivalent inclusion method to obtain the results given

by Eq. (6.129) for a spherical inhomogeneous inclusion of radius R with

transformation strain eij
T = eTdij in an isotropic system, derive the same

results by solving the Navier equation directly.

Solution Treat the problem as a boundary-value problem requiring the

direct solution of the Navier equation in both the matrix and inclusion,

subject to the prevailing boundary conditions. The system contains trans-

formation strains, and we therefore employ the formulation of elasticity

theory presented in Section 3.6. The Navier equation for an isotropic

system without transformation strains is given by Eq. (3.3), and a com-

parison of Eqs. (3.2) and (3.158) shows that the corresponding Navier

equation for an isotropic system with transformation strains must there-

fore be

2mð1� nÞ

1� 2n
rðr � utotÞ � mr� ðr � utotÞ � êi

qsTij

qxj
¼ 0: ð6:183Þ

Then, since eij
T = eTdij,

2mð1� nÞ

1� 2n
rðr � utotÞ � mr� ðr� utotÞ ¼ 0: ð6:184Þ

The problem is spherically symmetric, and utot is therefore radial and a function

of r only. Therefore, employing spherical coordinates,r� utot ¼ 0, and
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rðr � utotÞ ¼
q

qr

1

r2
q

qr
r2utotr ðrÞ
� 


� �

¼ 0: ð6:185Þ

The general solutions of Eq. (6.185) in the inclusion and matrix are then,

respectively,

utot;INC
r ðrÞ ¼ uINC

r ðrÞ þ eTr ¼
cINC
1

r2
þ cINC

2 r utot;Mr ðrÞ ¼ uMr ðrÞ ¼
cM1
r2

þ cM2 r :

ð6:186Þ

In the matrix a bound is put on uM(r) by requiring that c2
M = 0. Then,

using Eqs. (G.10) and (G.11), the elastic stresses and strains in the

matrix are

uMr ¼ cM1
1

r2
uMy ¼ 0 uMf ¼ 0

eMrr ¼ �2cM1
1

r3
eMyy ¼ cM1

1
r3

eMff ¼ cM1
1
r3

sMrr ¼ �4mMcM1
1
r3

sMyy ¼ 2mMcM1
1
r3

sMff ¼ 2mMcM1
1
r3
:

ð6:187Þ

The dilatation, eM ¼ eMrr þ eMff þ eMyy, is therefore seen to vanish through-

out the matrix. When c1
M is positive, for example, each differential

volume element (Fig. G.1b) contracts in the radial r direction and

expands in the y and f circumferential directions without producing

any volume change.

In the inclusion, a singularity at the origin is avoided by requiring that

c1
INC=0. Then, using Eqs. (6.186) and (3.152),

utot;INC
r ðrÞ ¼ uINC

r ðrÞ þ uTr ðrÞ ¼ cINC
2 r ¼ uINC

r ðrÞ þ eTr; ð6:188Þ

and using Eqs. (G.10) and (G.11), the elastic strain and stress are

eINC
rr ¼ eINC

ff ¼ eINC
yy ¼ cINC

2 � eT

sINC
rr ¼ sINC

ff ¼ sINC
yy ¼ 3KINCðcINC

2 � eTÞ:
ð6:189Þ

The remaining constants, c2
INC and c1

M, can now be obtained by invoking

the boundary conditions at the inclusion/matrix interface. The radial

stresses in the matrix and inclusion must match across the interface, i.e.,

sINC
rr ðRÞ ¼ sMrr ðRÞ, and therefore

3KINCðcINC
2 � eTÞ ¼ �

4mMcM1
R3

: ð6:190Þ

The total radial displacements in the inclusion and matrix must also match,

so that

cINC
2 R ¼ cM1

1

R2
: ð6:191Þ
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Then, solving Eqs. (6.189) and (6.190) for the constants, the elastic displace-

ments are

uINC
r ðrÞ ¼ utot;INC

r ðrÞ � eTr ¼ ðcINC
2 � eTÞr ¼ �

4mM

ð3KINC þ 4mMÞ
eTr

uMr ðrÞ ¼
cM1
r2

¼
9KINCVINC

4pð3KINC þ 4mMÞ
eT

1

r2
;

ð6:192Þ

in agreement with Eq. (6.129).

6.9 In Section 6.4.4.3, the strain energy due to a spherical inhomogeneous

inclusion with a uniform transformation strain eij
T = eTdij in an isotropic

system was found in the form of Eq. (6.137) with the help of the general

Eq. (6.130). Obtain Eq. (6.137) by an alternative approach that uses the

stresses and strains associated with such an inclusion and calculates the

strain energy as the sum of the strain energies in the inclusion and

matrix.

Solution In spherical coordinates the displacements in the inclusion

and matrix are given by Eq. (6.129). Using Eq. (G.10), the strains are

therefore

eINC
rr ¼ �

4mMeT

3KINC þ 4mM
sINC
rr ¼ 3KINHeINC

rr eMrr ¼ �
2c

r3
sMrr ¼ �

4mMc

r3

eINC
yy ¼ eINC

ff ¼ eINC
rr sINC

yy ¼ sINC
ff ¼ sINC

rr eMyy ¼ eMff ¼
c

r3
sMyy ¼ sMff ¼

2mMc

r3
:

ð6:193Þ

The strain energy in the inclusion is then

WINC ¼
1

2 ∰
V

INC

ðsINC
rr eINC

rr þ sINC
yy eINC

yy þ sINC
ff eINC

ff ÞdV ¼
72KINCðmMÞ

2
VINCðeTÞ

2

ð3KINC þ 4mMÞ
2

ð6:194Þ

and the strain energy in the matrix (when the inclusion radius is a) is

WM ¼
1

2

ð

1

a

ðsMrr e
M
rr þ sMyye

M
yy þ sMffe

M
ffÞ4pr

2 dr ¼ 24pmMc2
ð

1

a

dr

r3
¼

32p2mMc2

3VINC
:

ð6:195Þ

The total strain energy is therefore

W ¼ WINC þWM ¼
18KINCmM

3KINC þ 4mM
VINCðeTÞ2 ð6:196Þ

in agreement with Eq. (6.137).
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6.10 Derive the results given by Eq. (6.155) for the final minimum energy state of

an incoherent ellipsoidal thin-disk inhomogeneous inclusion with uniform

transformation strains in an isotropic system.

Solution Using the same procedure used to obtain Eq. (6.151),

sINC
11 ¼ aðeT11 þ eT22Þ � beT11 sINC

22 ¼ aðeT11 þ eT22Þ � beT22

sINC
33 ¼ 0 a ¼

lINCf ð2n� 1Þ

1� n
b ¼ 2fmINC:

ð6:197Þ

The inclusion strain energy, from Eq. (6.130), is then

W ¼
mINCf

1� n

�

ðeT11Þ
2 þ 2neT11e

T
22 þ ðeT22Þ

2



VINC: ð6:198Þ

Equation (6.153) applies in this case, and therefore

2mINCfVINC

1� n
ðeT11 þ neT22Þ ¼ l	

2mINCf VINC

1� n
ðeT22 þ neT11Þ ¼ l	

l	 ¼ 0

eT11 þ eT22 þ eT33 ¼ eT ¼ constant:

ð6:199Þ

Solving Eq. (6.199) simultaneously for e00T11 , e
00T
22 and e00T33 then allows the

calculation of the results given by Eq. (6.155).

158 Inclusions in infinite homogeneous regions



7 Interactions between inclusions
and imposed stress

7.1 Introduction

Interaction energies and forces between homogeneous inclusions and imposed

stress are treated first using the basic expressions developed in Chapter 5. Then,

attention is shifted to inhomogeneous inclusions where the treatment is more

complicated, since the inhomogeneity associated with such inclusions perturbs

the imposed stress field. It is therefore necessary to determine the total field

produced by the imposed stress, the inhomogeneity associated with the inclusion,

and the transformation strain (misfit) of the inclusion. This problem is treated

using results obtained in Chapters 6 and 9 for ellipsoidal inhomogeneous inclu-

sions and inhomogeneities, respectively, by use of Eshelby’s equivalent homoge-

neous inclusion method.

7.2 Interaction between inclusion and imposed stress

7.2.1 Homogeneous inclusion

As shown in Chapter 5, the interaction energy between a homogeneous inclusion

of arbitrary shape and transformation strain and a general imposed stress system,

Q, can be obtained by use of Eq. (5.13) with I replaced by Q, since it is valid for

defects represented by transformation strains in homogeneous bodies.1 Therefore,

E
INC=Q
int ¼ � ∰

V
INC

s
Q
ij e

T
ij dV: ð7:1Þ

In the simple case when the transformation strain is the dilatation, eTij ¼ eTdij, and

s
Q
ij is uniform throughout V

INC
, we obtain

E
INC=Q
int ¼ �s

Q
ij e

T
ijV

INC ¼ �s
Q
ii e

TVINC ¼ �
s
Q
ii

3
�VINC ¼ PQ

�VINC; ð7:2Þ

1 Equations (5.10) and (5.15) also apply when the inclusion stress field, or, respectively, the force

density mimicking the inclusion, is known (see Exercise 7.2 for the latter case).



where PQ ¼ �s
Q
ii =3, and DVINC = 3VINCeT is the misfit volume of the inclusion

due to the transformation strain. The interaction energy is thus the familiar “work

of expansion” against hydrostatic pressure, P, and takes this form because the

inclusion with its isotropic transformation strain interacts only with the normal

stress components of the general s
Q
ij stress tensor.

When s
Q
ij varies throughout the body, the inclusion will experience a force that

can be obtained to first order by employing either Eq. (5.57) in the form

F
INC=Q
l ¼ F

INC1=Q
l ¼ ∯

S

qs
Q
ij

qxl
u
INC1;M
i � s

INC1;M
ij

qu
Q
i

qxl

 !

n̂j dS; ð7:3Þ

where u
INC1;M
i is the displacement in the matrix produced by the inclusion in an

infinite body, or Eq. (5.40) expressed as

F
INC=Q
l ðjÞ ¼ � Lim

dxl!0

dE
INC=Q
int

dxl
: ð7:4Þ

Consider the former approach first, which requires the integration of the Q field

and INC1 field properties over the surface S. To illustrate its use, it is assumed,

for simplicity, that the inclusion is spherical with eTij ¼ eTdij in an isotropic system.

The inclusion is centered at the origin, and S is chosen to be a sphere of radius

R in the matrix infinitesimally outside the inclusion–matrix interface. Prior to the

integration, the derivatives qu
Q
i =qxl and qs

Q
ij =qxl in Eq. (7.3) are expanded around

the origin to first order, i.e.,

qu
Q
i

qxl
¼

qu
Q
i

qxl

 !

0;0;0

þ
q
2u

Q
i

qxmqxl

 !

0;0;0

xm

qs
Q
ij

qxl
¼

qs
Q
ij

qxl

 !

0;0;0

þ
q
2s

Q
ij

qxmqxl

 !

0;0;0

xm:

ð7:5Þ

Then, substituting Eq. (7.5) into Eq. (7.3),

F
INC=Q
l ¼

qs
Q
ij

qxl

 !

0;0;0
∯
S

u
INC1;M
i n̂j dSþ

q
2s

Q
ij

qxmqxl

 !

0;0;0
∯
S

xmu
INC1;M
i n̂j dS

�
qu

Q
i

qxl

 !

0;0;0
∯
S

s
INC1;M
ij n̂j dS�

q
2u

Q
i

qxmqxl

 !

0;0;0
∯
S

xms
INC1;M
ij n̂j dS:

ð7:6Þ

The third integral vanishes, since the net traction on the sphere in the infinite

body must vanish. The remaining three integrals can be evaluated by switching

to spherical coordinates (Fig. A.1b), where x1 = Rcosysinf, x2 = Rsinysinf,

x3 = Rcosf, n̂j ¼ xj=R and dS = R2 sin fdfdy. The displacement field of the

inclusion in the matrix at x = R, given by Eq. (6.127), can be written as

u
INC1;M
i ðrÞ ¼ c

xi

R3
; ð7:7Þ
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where c = 3KMVINCeT/[4p(3KM þ 4mM)]. The stress s
INC1;M
ij required in Eq. (7.6)

can then be obtained by use of Eqs. (7.7), (2.5), and (2.122). Performing the

integrations,

∯
S

u
INC1;M
i n̂j dS ¼

4pc

3
dij ∯

S

xmu
INC1;M
i n̂j dS ¼ 0 ∯

S

xms
INC1;M
ij n̂j dS ¼ �

16pmMc

3
dim

ð7:8Þ

and substituting these results into Eq. (7.6),

F
INC=Q
l ¼

4pc

3

qs
Q
ii

qxl

 !

0;0;0

þ 4mM
q
2u

Q
i

qxlqxi

 !

0;0;0

2

4

3

5: ð7:9Þ

Finally, using Eqs. (7.9), (2.5), (2.126), (2.127), and (6.128), the force is given by

F
INC;Q
l ¼ �4pc

ð3KM þ 4mMÞ

3KM

qPQ

qxl

� �

0;0;0

¼ �eTVINC qPQ

qxl

� �

0;0;0

¼ ��VINC qPQ

qxl

� �

0;0;0

:

ð7:10Þ

Next, consider the second approach, which employs Eq. (7.4) and therefore

requires the determination of the change of interaction energy, dE
INC=Q
int , that

occurs when the inclusion is displaced by d xl. Since the displacement, d xl, causes

a change in the Q field throughout the inclusion given by ds
Q
ij ¼ ðqsQij =qxlÞdxl, use

of Eq. (7.1) shows that

dE
INC=Q
int ðjÞ ¼ � ∰

V
INC

qs
Q
ij

qxl
dxle

T
ij dV: ð7:11Þ

Substitution of this into Eq. (7.4) then yields

F
INC=Q
l ðjÞ ¼ ∰

V
INC

qs
Q
ij

qxl
eTij dV ¼ ∰

V
INC

qs
Q
ij

qxl
eTij dV; ð7:12Þ

since qs
Q
ij =qxl ¼ qs

Q
ij =qxl. Then, with the inclusion at the origin, qs

Q
ij =qxl can

be expanded around (0, 0, 0) to first order, as in Eq. (7.5), so that Eq. (7.12) becomes

F
INC=Q
l ðjÞ ¼ eTij ∰

V
INC

qs
Q
ij

qxl

 !

0;0;0

þ
q
2s

Q
ij

qxmqxl

 !

0;0;0

xm

2

4

3

5 dV

¼ eTijV
INC

qs
Q
ij

qxl

 !

0;0;0

þ eTij
q
2s

Q
ij

qxmqxl

 !

0;0;0
∰
V

INC

xm dV ¼ eTijV
INC

qs
Q
ij

qxl

 !

0;0;0

;

ð7:13Þ

since it is readily seen that the integral ∰
V

INC

xm dV vanishes. Then, since eTij ¼ eTdij,
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F
INC=Q
l ¼ eTVINC qs

Q
ii

qxl

 !

0;0;0

¼ �3eTVINC qPQ

qxl

� �

0;0;0

¼ ��VINC qPQ

qxl

� �

0;0;0

ð7:14Þ

after making use of PQ ¼ �s
Q
ii =3. Comparison of Eqs. (7.14) and (7.10) shows that

the approaches based on Eqs. (7.3) and (7.4), respectively, lead to the same result.2

However, both employ first-order expansions, and therefore both must be con-

sidered first-order approximations. Note that they predict that an oversize inclu-

sion will be urged in the direction of decreasing hydrostatic pressure, as expected.

In Exercise 7.2, Eq. (7.2) is obtained for this inclusion by starting with

Eq. (5.28), where the inclusion is mimicked by a force density distribution as

described in Section 5.2.1.3.

7.2.2 Inhomogeneous ellipsoidal inclusion

The relatively simple treatments used in the previous section for homogeneous

inclusions cannot be used for an inhomogeneous inclusion because the inhomogeneity

associatedwith the inclusion perturbs the imposed stress. To analyze this situation,we

focus on ellipsoidal inhomogeneous inclusions with uniform transformation strains

and compositions. The Eshelby equivalent inclusion method (Section 6.3.2.1) is then

employed to find first the elastic fields in bodies when the imposed stress is an applied

stress that would be uniform in the absence of the inclusion. Having these results, the

interaction between the imposed field and the inclusion is formulated.

The following notation is employed for this section:

eAij uniform strain field, A, that the forces applied to the

body surface would produce in the absence of the

inhomogeneous inclusion.

eA
0

ij A0 strain field corresponding to A strain field per-

turbed by inhomogeneous inclusion.

e
A0; INC
ij ; eA

0;M
ij A0 strain field in the inclusion and matrix,

respectively.

«
INC; INC
ij ; «INC;M

ij INC strain field present in the inclusion and matrix,

respectively, due to inhomogeneous inclusion in the

absence of the A field.

eINC
ij ¼ e

ðINCþA0Þ; INC
ij

¼ e
INC; INC
ij þ e

A0; INC
ij

sum of INC and A0 fields in

inhomogeneous inclusion.

eMij ¼ e
ðINCþA0Þ;M
ij

¼ e
INC;M
ij þ e

A0;M
ij

sum of INC and A0 fields in matrix around

inhomogeneous inclusion.

2 The derivation of Eq. (7.14) using the second approach is readily seen also to be valid for a general

anisotropic system.
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7.2.2.1 Elastic field in body containing inclusion and imposed stress
The system, consisting of the inclusion in a finite body subjected to an applied

A field, is constructed as follows:

(1) Start with the stress-free homogeneous body and introduce the inhomoge-

neous inclusion.

(2) Apply forces to the body that would produce a uniform applied strain field,

eAij , throughout the body in the absence of the inclusion.

The final strain field is then the sum of the field associated with the initial inhomo-

geneous inclusion (designated as the INC field and represented by e
INC;INC
ij and

e
INC;M
ij ) and the A field perturbed by the inhomogeneity associated with the

inclusion (designated as the A0 field and represented by e
A0;INC
ij and e

A0;M
ij ). It is

assumed throughout this chapter that the body is relatively large and the inclusion

sufficiently small and distant from the body surface that image strains can be

neglected, as discussed in Section 8.2.1 (see Eq. (8.3)). The INC and A0 fields in the

inclusion are therefore assumed to be the same as if the body were infinite. As

determined in Chapter 6 for ellipsoidal inclusions, the INC field in the inclusion is

therefore uniform and given by Eq. (6.51). Also, as determined in Chapter 9, the

A0 field in an ellipsoidal inclusion is uniform and given by Eq. (9.11), after setting

CINH
ijkl ¼ CINC

ijkl .
3 Therefore, the strain field in the present inhomogeneous inclusion

subjected to the imposed A field is

½eðINCþA0Þ; INC� ¼ ½eINC; INC� þ ½eA
0; INC�; ð7:15Þ

or, after substituting Eqs. (6.51) and (9.11),

½eðINCþA0Þ; INC� ¼ ½SE�½YINC�
�1
½CINC� � ½I�

	 


½eT�

þ ½SE�½YINC�
�1

½CM� � ½CINC�
� �

þ ½I�
n o

½eA�:
ð7:16Þ

In Exercise 7.4 it is demonstrated that, instead of using the results in Eqs. (6.51)

and (9.11) to obtain Eq. (7.16), it can be obtained directly by employing the

equivalent homogeneous inclusion method under conditions where the bodies

containing the inhomogeneous inclusion and the equivalent homogeneous inclu-

sion are each subjected to the applied forces that produce the A field.

7.2.2.2 Interaction energy between inclusion and imposed stress
Since the total elastic field in the body – containing the inhomogeneous inclusion

and imposed A field – consists of the sum of the INC and A0 fields, the interaction

3 These strain fields for the special case of a spherical inclusion with eTij ¼ eTdij and eAij ¼ eAdij in an

isotropic system can be obtained from Eq. (6.129), or Eq. (8.62), for e
INC;INC
ij , and Eq. (9.62) for

e
A0 ; INC
ij .
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energy between the inclusion and the A field is then the difference between the

total energy when both fields are present, EINCþA0

, and the sum of the energies of

the individual INC and A fields, i.e., EINC þ EA. Therefore,

E
INC=A
int ¼ EINCþA0

� EINC � EA: ð7:17Þ

Now, according to Eq. (5.80), the interaction energy between the inhomogeneity

associated with the inhomogeneous inclusion and the A field, E
INH=A
int , is expres-

sible in the form

E
INH=A
int ¼ EA0

� EA ð7:18Þ

and is formulated in detail in Chapter 9 (see Eq. (9.26)). Therefore, by introducing

this quantity into Eq. (7.17),

E
INC=A
int ¼ EINCþA0

� EINC þ E
INH=A
int � EA0

: ð7:19Þ

Since the interaction strain energy between the internal INC stress field and the

applied A0 field vanishes according to Eq. (5.25),

EINCþA0

¼ WINC þWA0

þ FINCþA0

EINC ¼ WINC

EA0

¼ WA0

þ FA0

ð7:20Þ

and upon substituting these expressions into Eq. (7.19),

E
INC=A
int ¼ E

INH=A
int þ FINCþA0

� FA0

¼ E
INH=A
int �∯

S
	

sA
0

ij ðu
INC; totþA0

i � uA
0

i Þn̂j dS

¼ E
INH=A
int �∯

S
	

sA
0

ij u
INC; tot
i n̂j dS:

ð7:21Þ

A further expression for the interaction energy, E
INC=A
int , can be obtained by

converting the surface integral in Eq. (7.21) to a volume integral by the

following somewhat lengthy process, which employs the transformation

strain formalism of Section 3.6, the divergence theorem, and Eqs. (2.5),

(2.65), and (2.75).

∯
S
	

sA
0

ij u
INC; tot
i n̂j dS ¼ ∰

V
	

q

qxj
ðsA

0

ij u
INC; tot
i ÞdV ¼ ∰

V
	

sA
0

ij

qu
INC; tot
i

qxj
dV

¼ ∰
V

INC

sA
0

ij

qu
INC; tot
i

qxj
dV þ ∰

V
	
�V

INC

sA
0

ij

qu
INC; tot
i

qxj
dV:

ð7:22Þ
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The penultimate integral in Eq. (7.22) then takes the form

∰
V

INC

sA
0

ij

qu
INC;tot
i

qxj
dV ¼ ∰

V
INC

CINC
ijkl

quA
0

k

qxl

qu
INC;tot
i

qxj
dV ¼ ∰

V
INC

CINC
klij

qu
INC;tot
i

qxj

quA
0

k

qxl
dV

¼ ∰
V

INC

CINC
klij ðe

INC
ij þ eTij Þ

quA
0

k

qxl
dV ¼ ∰

V
INC

s INC
kl

quA
0

k

qxl
dV þ ∰

V
INC

CINC
klij e

T
ij

quA
0

k

qxl
dV

¼ ∰
V

INC

q

qxj
ðsINC

ij uA
0

i ÞdV þ ∰
V

INC

CINC
ijkl

quA
0

k

qxl
eTij dV ¼ ∯

S
INC

sINC
ij uA

0

i n̂j dSþ ∰
V

INC

sA
0

ij e
T
ij dV;

ð7:23Þ

while the last integral in Eq. (7.22) becomes

∰
V

	
�V

INC

sA
0

ij

qu
INC;tot
i

qxj
dV ¼ ∰

V
	
�V

INC

CM
ijkl

quA
0

k

qxl

quINC
i

qxj
dV ¼ ∰

V
	
�V

INC

CM
klij

quINC
i

qxj

quA
0

k

qxl
dV

¼ ∰
V

	
�V

INC

sINC
kl

quA
0

k

qxl
dV ¼ ∯

S
	

sINC
kl uA

0

k n̂l dS� ∯
S
INC

sINC
kl uA

0

k n̂l dS:

ð7:24Þ

Then, substituting Eqs. (7.23) and (7.24) into Eq. (7.22),

∯
S
	

sA
0

ij u
INC;tot
i n̂j dS ¼ ∰

V
INC

sA
0

ij e
T
ij dV þ∯

S
	

sINC
kl uA

0

k n̂l dS ¼ ∰
V

INC

sA
0

ij e
T
ij dV; ð7:25Þ

since sINC
kl n̂l ¼ 0 on S	. Finally, substituting (7.25) into Eq. (7.21), and employing

Eq. (9.26),

E
INC=A
int ¼ E

INH=A
int � ∰

V
INC

sA
0

ij e
T
ij dV ¼ �

1

2 ∰
V

INC

sAij e
T�

ij dV � ∰
V

INC

sA
0

ij e
T
ij dV: ð7:26Þ

The interaction energy in this form therefore consists of two terms, i.e., the

interaction energy between the inhomogeneity associated with the inhomogeneous

inclusion and the imposed A field, as given by Eq. (9.26), and the interaction

energy between the transformation strain of the inclusion with the perturbed

A field, which is seen to be similar in form to the interaction energy between the

transformation strain of a homogeneous inclusion with an imposed stress, as given

by Eq. (7.1).

In Exercise 7.3, it is verified by a detailed calculation that Eqs. (7.21) and (7.26)

yield identical results for the inclusion treated in the following section.

7.2.2.3 Some results for spherical inclusion in isotropic system
Results for the case of a spherical inhomogeneous inclusion with transformation

strain eTij ¼ eTdij interacting with the imposed A field, eAij ¼ eAdij, in an isotropic
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system, can be readily determined, since all the necessary ingredients, determined

by means of the equivalent inclusion method, are available in Chapters 6 and 9.

The transformation strain for the equivalent homogeneous inclusion corres-

ponding to the inhomogeneous inclusion, [eT
�

]INC, is given by Eq. (6.122), and the

INC field in the inclusion, eINC;INC
aa , needed for Eq. (7.15) is given by Eq. (6.123).

The transformation strain for the equivalent homogeneous inclusion correspon-

ding to the inhomogeneity associated with the inhomogeneous inclusion, [eT
�

]A
0

is

given by Eq. (9.42), with INH ! INC, and the A0 field in the inclusion, eA
0;INC

aa ,

is given by Eq. (9.62) with INH ! INC.

Interaction energy

The interaction energy, E
INC=A
int , between the above inclusion and the A field, given

by Eq. (7.26), is determined by using Eqs. (9.43) and (7.44) to represent the first

and second terms, respectively. Then, by introducing the vector j, the result can be

written in the form

E
INC=A
int ðjÞ ¼ �

9ð3KM þ 4mMÞVINC

ð3KINC þ 4mMÞ

ðKM � KINCÞ

2
½eAðjÞ�

2
þ KINCeTeAðjÞ

� �

:

ð7:27Þ

Interaction force

If there is a gradient in the A field, the resulting force, obtained by employing

Eq. (5.40), is then given, to first order, by4

F
INC=A
l ¼ �

qE
INC=A
int ðjÞ

qxl
¼

9ð3KM þ 4mMÞVINC

ð3KINC þ 4mMÞ

q

qxl

�
ðKM � KINCÞ

2
½eAðjÞ�

2
þ KINCeTeAðjÞ

� �

¼
9ð3KM þ 4mMÞVINC

ð3KINC þ 4mMÞ
ðKM � KINCÞeA þ KINCeT
� 
 qeA

qxl

ð7:28Þ

afterusingq /qxl=q /qxl.Thedirectionof the forcedepends inacomplexmanneron the

signs of (KM� KINC), eA, eT, and qeA / qxl. For example, when (KM� KINC) is positive,

and the inclusion acts as a “soft” spot, the first term will urge the inclusion towards a

region of increasing compression (negative eA) aswould be expected.On the other hand,

if eT is positive, the second term will urge it to be repelled, as again would be expected.

Note thatwhenKM=KINC=K, andthe inclusion ishomogeneous,Eq. (7.28)reduces to

F
INC=A
l ¼ 9VINCKeT

qeA

qxl
¼ eTVINCK

qeA

qxl
¼ ��VINC qPA

qxl
ð7:29Þ

in agreement with Eqs. (7.10) and (7.14).

4 This first-order approximation may be compared with the first-order approximations used to obtain

Eqs. (7.10) and (7.14) for the force on a homogeneous inclusion due to a stress gradient.
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Exercises

7.1 Derive Eq. (7.10) by an alternative approach that again starts with Eq. (7.3), but

withS taken infinitesimally inside the inclusion rather thanoutside as in the text.

Solution By shrinking the surface, S, infinitesimally inside the inclusion as in

the procedure used in developing Eq. (5.13), Eq. (7.3), takes the form

F
INC=Q
l ¼ ∯

S
INC

qs
Q
ij

qxl
ðuINC1;INC

i þ uTi Þ � s
INC1;INC
ij

qu
Q
i

qxl

" #

n̂j dS

¼ ∯
S
INC

qs
Q
ij

qxl
uTi n̂j dSþ∯

S
INC

qs
Q
ij

qxl
u
INC1;INC
i � s

INC1;INC
ij

qu
Q
i

qxl

" #

n̂j dS:

ð7:30Þ

However, the last integral in Eq. (7.30) vanishes by virtue of Eq. (2.112),

and, therefore, by converting the remainder to a volume integral,

F
INC=Q
l ¼ ∯

S
INC

qs
Q
ij

qxl
uTi n̂j dS ¼ ∰

V
INC

q

qxj

qs
Q
ij

qxl
uTi

 !

dV: ð7:31Þ

Then, applying Eqs. (2.65) and (2.5),

F
INC=Q
l ¼ ∰

V
INC

qs
Q
ij

qxl

quTi
qxj

dV ¼ ∰
V

INC

qs
Q
ij

qxl
eTij dV ð7:32Þ

and, finally, substituting eTij ¼ eTdij, and using Eq. (2.127),

F
INC=Q
l ¼ ∰

V
INC

qs
Q
ij

qxl
eTij dV ¼ ∰

V
INC

qs
Q
ii

qxl
eT dV ¼�3eTVINC qPQ

qxl
¼ ��VINC qPQ

qxl

ð7:33Þ

which agrees with Eq. (7.10).

7.2 Consider a spherical homogeneous inclusion with the transformation

strain, eTij ¼ eTdij, in an infinite isotropic body, whose interaction energy

with a general stress field, Q, is given by Eq. (7.2). Instead of starting with

Eq. (7.1) to obtain the interaction energy, as in the text, start with

Eq. (5.28), for which the inclusion is mimicked by a body force density

distribution. Hint: find the necessary expression for the force density

distribution for this situation by using the Navier equation and the known

solution for the displacement field of the inclusion.

Solution First, imagine a system having a force density distribution, but no

transformation strain, and find the force density distribution that produces
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a displacement field that matches the field produced by the inclusion. For

such a system, the Navier equation, Eq. (3.3), takes the form

ðlM þ 2mMÞr½r � uINC1;MðxÞ� ¼ �fðxÞ ð7:34Þ

with uINC1;MðxÞ given by Eq. (6.127) with KINC = KM, i.e.,

uINC1;MðxÞ ¼ c
x

x3
¼

9KMVINCeT

4pð3KM þ 4mMÞ

x

x3
: ð7:35Þ

The quantity r � uINC1;M is given by Eq. (8.5), and therefore the force

density distribution to produce the displacement, uINC1;M, obtained from

Eq. (7.34), is

fðxÞ ¼ �ðlM þ 2mMÞrðr � uINC1; MÞ ¼ �ðlM þ 2mMÞ4pcrdðxÞ: ð7:36Þ

The interaction energy is then obtained by substituting Eq. (7.36) into

Eq. (5.28) and using Eq. (D.4) to evaluate the resulting integral involving

the derivative of the delta function, i.e.,

E
INC=Q
int ¼ �

ð

V

u
Q
i fi dV ¼ ðlM þ 2mMÞ4pc

ð

V

u
Q
i

qdðxÞ

qxi
dV

¼ �ðlM þ 2mMÞ4pc
qu

Q
i

qxi
¼ �ðlM þ 2mMÞ4pceQ:

ð7:37Þ

Finally, substituting for c from Eq. (6.128), and using PQ = � KM eQ,

E
INC=Q
int ¼ �

2mMð1þ nMÞVINC

1� 2nM
eTeQ ¼ �KMVINCeTeQ ¼ PQ

�VINC; ð7:38Þ

in agreement with Eq. (7.2).

7.3 Verify that Eqs. (7.21) and (7.26) yield identical expressions for the inter-

action energy, E
INC=A
int , between the inhomogeneous inclusion and imposed

A field of Section 7.2.2.3.

Solution The quantity E
INH=A
int , which appears in both equations, is given by

Eq. (9.43), and substituting this into Eqs. (7.21) and (7.26), the two expres-

sions for E
INC=A
int are, respectively,

E
INC=A
int ¼

9

2

ðKINH � KMÞð3KM þ 4mMÞVINH

ð3KINH þ 4mMÞ
ðeAÞ2 �∯

S
	

sA
0

ij u
INC;tot
i n̂j dS

ð7:39Þ

and

E
INC=A
int ¼

9

2

ðKINH � KMÞð3KM þ 4mMÞVINH

ð3KINH þ 4mMÞ
ðeAÞ2 � ∰

V
INC

sA
0

ij e
T
ij dV: ð7:40Þ
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It therefore remains to show that the surface integral in Eq. (7.39) is equal to

the volume integral in Eq. (7.40).

Evaluating the surface integral by switching to spherical coordinates,

∯
S
	

sA
0

ij u
INC;tot
i n̂j dS ¼ 4pa2sArrðaÞu

INC
r ðaÞ ð7:41Þ

after using the surface condition sA
0

ij n̂j ¼ sAij n̂j on S	. Then, using Eqs. (G.10)

and (G.11), sArrðaÞ ¼ 3KMeA, and substituting this result and the expression

for uINC
r ðaÞ given by Eq. (8.62) into Eq. (7.41),

∯
S
	

sA
0

ij u
INC;tot
i n̂j dS ¼

9KINCð3KM þ 4mMÞVINC

ð3KINC þ 4mMÞ
eAeT: ð7:42Þ

Next, the volume integral takes the form

∰
V

INC

sA
0

ij e
T
ij dV ¼ s

A0;INC
ij eTijV

INC ¼ 3KINCeA
0;INCeTVINC: ð7:43Þ

Again switching to spherical coordinates, eA
0;INC ¼ eA

0;INC
rr þ e

A0;INC
yy þ e

A0;INC
ff ¼

3eA
0;INC

rr , and using this result and Eq. (9.62) to evaluate Eq. (7.43),

∰
V

INC

sA
0

ij e
T
ij dV ¼

9KINCð3KM þ 4mMÞVINC

ð3KINC þ 4mMÞ
eAeT ð7:44Þ

in agreement with Eq. (7.42).

7.4 Construct the equivalent homogeneous inclusion corresponding to the

inhomogeneous inclusion of Section 7.2.2 while the body containing the

inclusion is being subjected to applied forces that would produce a uniform

A field in the absence of the inclusion. Then use this result to determine

directly the strain e
ðINCþA0Þ;INC
ij given by Eq. (7.16).

Solution The equivalent homogeneous inclusion is constructed by

employing the same procedure that produced the equivalent homogeneous

inclusion corresponding to the inhomogeneous inclusion in the absence of

the A field described in Section 6.3.2.1, except that the applied forces must

be applied in a sixth and final step. The applied forces must also be added to

the procedure used to produce the inhomogeneous inclusion in the absence

of these forces, as given in Section 6.3.2.1. The equal stress condition,

corresponding to Eq. (6.45), then takes the form

s
C;INC�

ij � sT
�

ij þ sAij ¼ s
C;INC
ij � sTij þ s

A0;INC
ij

CM
ijkl e

C;INC�

kl � e
T�

kl þ e
A
kl

	 


¼ CINC
ijkl e

C;INC
kl � e

T
kl þ e

A0;INC
kl

	 
 ð7:45Þ
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and the equal size and shape condition, corresponding Eq. (6.44), takes

the form

e
C;INC�

ij þ eAij ¼ e
C;INC
ij þ e

A0;INC
ij : ð7:46Þ

By substituting this latter equality into Eq. (7.45) and using Eqs. (6.29)

and (6.48),

CM
ijkl e

C;INC�

kl � eT
�

kl þ eAkl

	 


¼ CINC
ijkl e

C;INC�

kl � eTkl þ eAkl

	 


CM
ijkl S

E
klmne

T�

mn � eT
�

kl þ eAkl
� �

¼ CINC
ijkl SEklmne

T�

mn � eTkl þ eAkl
� �

YINC
ijmn e

T�

mn ¼ CINC
ijmn e

T
mn þ CM

ijmn � CINC
ijmn

	 


eAmn:

ð7:47Þ

Then, solving the above equation for eT
�

mn,

½eT
�

� ¼ ½YINC��1½CINC�½eT� þ ½YINC��1ð½CM� � ½CINC�Þ½eA�: ð7:48Þ

Equation (7.48) shows that the transformation strain of the equivalent

homogeneous inclusion corresponding to the inhomogeneous inclusion sub-

jected to the imposed stress field A, eT
�

mn, is just the sum of the transformation

strain of the equivalent inclusion corresponding to the inhomogeneous

inclusion in the absence of the A field, given by Eq. (6.49), and the trans-

formation strain of the equivalent inclusion corresponding to the inhomo-

geneity associated with the inhomogeneous inclusion subjected to the

A field, given by Eq. (9.10).

Now, the elastic strain in the inhomogeneous inclusion subjected to the

A field is given by

eINC
ij ¼ e

C;INC
ij � eTij þ e

A0;INC
ij ¼ e

C;INC�

ij � eTij þ eAij ¼ SEijmne
T�

mn � eTij þ eAij ;

ð7:49Þ

after employing Eqs. (7.46) and (6.29). Therefore, by substituting Eq. (7.48)

into Eq. (7.49),

½eINC� ¼ ½SE�½YINC��1½CINC�½eT� þ ½SE�½YINC��1ð½CM� � ½CINC�Þ½eA� � ½eT� þ ½eA�;

ð7:50Þ

in agreement with Eq. (7.16), as might have been anticipated immediately

from the form of Eq. (7.48).
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8 Inclusions in finite regions –
image effects

8.1 Introduction

Having treated inclusions in infinite homogeneous regions in Chapter 6, we now

consider inclusions in finite homogeneous regions bounded by interfaces. In such

cases, as first described in Section 3.8, the defect stress field can be taken as the

sum of the field that it would have in an infinite medium plus its image stress.

Image stresses for inclusions relatively far from interfaces in large regions are

considered first and found to be generally unimportant in the vicinity of the defect.

However, it is demonstrated that the volume change produced by the image stress of

such an inclusion can be significant. Then, attention is focused on various types of

inclusions near interfaces where image stresses must be taken into account. Solutions

for their elastic fields are found using the Green’s functions for point forces in homo-

geneous regions adjoining interfaces, derived in Chapter 4. However, results can

generally be expressed only in the form of lengthy integrals. The tractable problem of

a spherical homogeneous inclusion with a uniform transformation strain near a planar

free surface in a large isotropic system is therefore solved analytically to provide

physical insight. Finally, the strain energies of inclusions in finite bodies are considered.

The following notation is employed for this chapter:

e
1;INC
ij , e

1;M
ij strain in inclusion and matrix, respectively, associated

with inclusion in infinite body,

eIMij image strain associated with homogeneous inclusion in

finite body,

eINC
ij ¼ e

1;INC
ij þ eIMij strain in homogeneous inclusion in finite body,

eMij ¼ e
1;M
ij þ eIMij strain in matrix around homogeneous inclusion in finite

body,

e
C;M
ij canceling strain in matrix.

8.2 Homogeneous inclusion far from interfaces in large finite body
in isotropic system

8.2.1 Image stress

Consider the simple tractable case of a homogeneous spherical inclusion of radius,

R, and a uniform transformation strain eij
T = eTdij at the center of a much larger



spherical body of radius, a, so that (R/a)3 � 1. The surface of the body is traction-

free, and, following the method for formulating image stresses in Section 3.8, we

first write the stress in the matrix for the case where the same inclusion is in an

infinite matrix, which, according to Eq. (6.187), is given by

s1;M
rr ðrÞ ¼ �4mMcM1

1

r3
: ð8:1Þ

Next, all matrix material beyond r=a is removed while applying tractions

s1;M
rr ¼ �4mMcM1 =a3 to the new spherical surface so that the stress field in the

body remains unchanged. Then, equal and opposite tractions are applied to make

the surface traction-free. This produces an image hydrostatic stress field through-

out the body,

sIMrr ¼ �s1;M
rr ðaÞ ¼ 4mMcM1

1

a3
; ð8:2Þ

and, according to Eq. (3.175), the total stress field in the matrix is then

sMrr ðrÞ ¼ s1;M
rr ðrÞ þ sIMrr ¼ �4mMcM1

1

r3
1�

r

a

	 
3
� �

: ð8:3Þ

The image stress is therefore seen to be negligible compared with s1;M
rr ðrÞ in

regions of the body around the inclusion at distances where (r/a)3 � 1. This result

will be generally true for inclusions in relatively large bodies of other shapes where

r is significantly smaller than the linear dimensions of the body. This is clearly

because the stress fields of inclusions fall off relatively rapidly with distance (i.e.,

as r�3) and is of prime importance, since it means that image stresses can generally

be neglected in regions around inclusions that are in large bodies, but not

unusually close to interfaces. This result, obtained using the tractable isotropic

system outlined previously, should also apply to corresponding anisotropic

systems. However, the situation is obviously quite different when the inclusion is

near a surface at distances of the order of a few multiples of the inclusion size as

considered in Sections 8.3–8.5.

8.2.2 Volume change due to inclusion – effect of image stress

Despite the earlier conclusion that the image stress in the vicinity of an inclusion

lying well within a large homogeneous finite body with a traction-free surface can

generally be neglected relative to other more significant stresses, the image stress

can play a significant role in determining the overall volume change of the body

caused by the presence of the inclusion.

Consider the tractable case in an isotropic system of a homogeneous spherical

inclusion with the transformation strain eij
T = eTdij so that it acts as a center of

dilatation. First, the volume change that occurs when such an inclusion is created

in an infinite homogeneous region is determined. According to Eq. (6.187), the

displacement field has spherical symmetry, with radial displacements given by
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u1;M
r ðrÞ ¼ cM1 r�2: Using Cartesian coordinates, so that u

1;M
i ¼ cM1 xi=x

3, the

volume change, DV1, of any finite region, V , which is bounded by the surface,

S, and lies in the infinite matrix and contains the inclusion, is given by

�V1 ¼ ∯
S

u1;M � n̂dS ¼ cM1 ∯
S

x � n̂

x3
dS ¼ 4pcM1 ; ð8:4Þ

which is a constant independent of the size and shape of V . This may be

understood by examining the divergence of u1,M, which corresponds to the local

volume change in the medium, and is given by

r � u1;M ¼ r � cM1
x

x3

	 


¼ �cM1 r2 1

x

� �

¼ 4pcM1 dðxÞ; ð8:5Þ

with the help of Eqs. (6.127) and (D.6). The volume change of the regionV is then

�V1 ¼ ∰
V

r � u1;MdV ¼ 4pcM1 ∰
V

dðxÞdV ¼ 4pcM1 ; ð8:6Þ

in agreement with Eq. (8.4). According to (Eq. 8.5), all local volume change in the

matrix is concentrated at the origin in the form of a delta function and vanishes

everywhere else. This volume change is propagated outwards through the matrix

in divergenceless fashion, so that the volume change of any region, V , containing

the inclusion remains constant at 4pcM1 :

If the region V is now cut out of the infinite matrix and converted into a

free body, V
	
, with a traction-free surface, S

	
, as described above, it will undergo

a further volume change, DVIM, caused by the image stress and given by

(Eshelby, 1954)

�VIM ¼ ∰
V

	

eIMii dV ¼
1

3KM∰
V

	

sIMii dV: ð8:7Þ

Equation (8.7) can be developed further by introducing the vector Aj defined by

Aj = sij
IM xi. Application of Eq. (2.65) shows that

r � A ¼ sIMii ; ð8:8Þ

and by substituting this expression into Eq. (8.7), and converting the result to a

surface integral,

�VIM ¼
1

3KM∰
V

	

r � A dV ¼
1

3KM∯
S
	

A � n̂dS ¼
1

3KM∯
S
	

sIMij xin̂j dS: ð8:9Þ

Next, by substituting the relationship, sIMij n̂j ¼ �s
1;M
ij n̂j, which is valid on S

	
, and

the further relationship, s
1;M
ij ¼ 2mMðqu1;M

i =qxjÞ, which is valid in the matrix,

Eq. (8.9), with the help of u
1;M
i ¼ cM1 xi=x

3, becomes
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�VIM ¼ �
2mM

3KM∯
S
	

xi
qu

1;M
i

qxj
n̂jdS ¼ �

2mM

3KM
�2cM1 ∯

S
	

x � n̂

x3
dS

0

@

1

A: ð8:10Þ

Then, substituting Eq. (8.4) into Eq. (8.10),

�VIM ¼
4mM

3KM
�V1: ð8:11Þ

With the use of Eq. (6.128), the final total volume change of the finite body due to

the inclusion when its surface is traction-free, DV, is then

�V ¼ �V1 þ�VIM ¼ �V1 1þ
4mM

3KM

� �

¼ 4pcM1 1þ
4mM

3KM

� �

¼
3KM

3KM þ 4mM
VINCeT 1þ

4mM

3KM

� �

¼ VINCeT;

ð8:12Þ

which is seen to be independent of the body size and shape. The image stress in

this particular case is therefore responsible for an increase in the volume change due

to the inclusion amounting to the factor ð1þ 4mM=3KMÞ ¼ 3ð1� nMÞ=ð1þ nMÞ �

3=2 (when nM � 1=3). This is a significant effect, as first pointed out by Eshelby (1954).

8.3 Homogeneous inclusion near interface in large region

8.3.1 Elastic field

Consider now the elastic field of a homogeneous inclusion of arbitrary shape near the

traction-free planar surface of either a half-space or a planar interface between joined

half-spaces. TheGreen’s functions for a point force in these regions have beenobtained

in Section 4.2: we therefore employ the Green’s function method of Section 3.6.3 to

obtain uCk ðxÞ by substituting these Green’s functions into Eq. (3.168), which applies to

defects represented by transformation strains, such as inclusions.

Assuming a uniform transformation strain, Eq. (3.168) takes the form1

uCk ðxÞ ¼ Cimnle
T
nl ∰
V

INC

qGkmðx; x
0Þ

qx0i
dV0; ð8:13Þ

where the integral is taken over the region containing the transformation strain,

i.e., the inclusion. Alternatively, Eq. (8.13) can be transformed to a surface

integral form by applying the divergence theorem so that

uCk ðxÞ ¼ Cimnle
T
nl ∯
S
INC

Gkmðx; x
0Þn̂0i dS

0: ð8:14Þ

1 Note that here Gkm ¼ Gkmðx; x
0Þ rather than Gkm ¼ Gkmðx� x0Þ because of the presence of the

interface.
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If Eq. (8.13) is used, the required derivative of the Green’s function for the case of

a half-space, obtained with the help of Eqs. (4.43), (4.58), and (4.40), is

qGkmðx; x
0Þ

qx0i
¼

1

8p2jx� x0j2

þ

L̂

ŵiðk̂k̂Þ
�1
km � k̂iðk̂k̂Þ

�1
kp ½ðk̂ŵÞpj þ ðŵk̂Þpj�ðk̂k̂Þ

�1
jm

n o

ds

þ
1

4p2
R e

ð

2p

0

X

3

b�1

X

3

a¼1

A�
kaM

�
ajLjbAmbðk̂i þ pbŵiÞ

½k̂ � ðx� x0Þ þ p�ax � ŵ� pbx0 � ŵ�
2
df;

ðz > 0Þ

ð8:15Þ

Integration of the expression for the canceling displacement field, uCk ðxÞ, obtained

by substituting Eq. (8.15) into (8.13), will then require: the line integration along s

around the unit circle, L̂, traversed by k̂ in the plane perpendicular to ŵ, called for

by the first term in Eq. (8.15); the integration over f as the unit vector k̂ rotates

over the range 0 
 f 
 2p in the surface plane (which is perpendicular to ŵ),

called for by the second term in Eq. (8.15); and the final integration over the

inclusion volume, as it is traversed by the source vector, x0, called for by Eq. (8.13).

Additional details regarding the integration with respect to f are discussed in the

text following Eq. (4.58). Having obtained both ui
C, INC and ui

E by this method, the

elastic displacements in both the inclusion and matrix can then be obtained using

Eq. (6.1).

When the interface is a planar interface between joined half-spaces, the required

Green’s function derivatives can be obtained with the use of Eqs. (4.59), (4.79),

and (4.40), and the resulting expressions for the displacements can be integrated in

a similar manner.

8.3.2 Force due to image stress

The force exerted on a homogeneous inclusion by its image stress is given by

Eq. (5.57) in the form

FINC1=INCIM

a ¼ ∯
S

qs
1;M
ij

qxa
u
IM;M
i � s

IM;M
ij

qu
1;M
i

qxa

 !

n̂j dS ¼ ∯
S

qsIMij

qxa
u
1;M
i � s

1;M
ij

quIMi
qxa

 !

n̂j dS:

ð8:16Þ

Alternatively, since the inclusion is being represented by a transformation strain,

the force is also given by Eq. (5.40), i.e.,

FINC1=INCIM

a ¼ � Lim
dxa!0

dE
INC1=INCIM

int

dxa
ð8:17Þ

with the interaction energy given by Eq. (5.35). Then, assuming a uniform trans-

formation strain, and employing Eq. (5.35), the increment of interaction energy

required in Eq. (8.17) can be expressed as
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dE
INC1=INCIM

int ¼ �
1

2
d∰
V

INC

eTijs
IM
ij dV ¼ �

1

2∰
V

INC

eTij
qsIMij

qxa
dxa dV �

1

2∯
S
INC

eTijs
IM
ij dxan̂a dS:

ð8:18Þ

The first term accounts for the change in the image stress throughout the inclusion

as the inclusion is rigidly displaced relative to the surface of the body. The second

term accounts for the changes in the interaction energy that occur when differen-

tial increments of the inclusion, dV, are gained or lost around its periphery, S,

as the inclusion is displaced, as illustrated in Fig. 8.1. Therefore, substituting

Eq. (8.18) into Eq. (8.17),

FINC1=INCIM

a ðjÞ¼� Lim
dxa!0

dE
INC1=INCIM

int

dxa
¼

1

2∰
V

INC

eTij
qsIMij ðx; jÞ

qxa
dVþ

1

2∯
S
INC

eTiks
IM
ik ðx; jÞdjan̂j dS:

ð8:19Þ

However, the surface integral in Eq. (8.19) can be developed further, as follows:

∯
S
INC

eTiks
IM
ik djan̂j dS ¼ ∯

S
INC

sIMik
quTi
qxk

djan̂j dS ¼ ∯
S
INC

sIMij
quTi
qxa

þ uTi
qsIMij

qxa

 !

n̂j dS

¼ ∰
V

INC

q

qxj
sIMij

quTi
qxa

þ uTi
qsIMij

qxa

 !

dV ¼∰
V

INC

q

qxa
sIMij

quTi
qxj

� �

dV

¼ ∰
V

INC

q

qxa
sIMij eTij

	 


dV

¼ ∰
V

INC

eTij
qsIMij

qxa
dV:

ð8:20Þ

Here, the third integral in the development has been obtained by applying Stokes’

theorem, i.e., Eq. (B.10), and use has been made of Eqs. (2.65) and (2.5). Then

substituting Eq. (8.20) into Eq. (8.19),

F
INC1=INCIM

l ðjÞ ¼
1

2
eTij ∰

V
INC

qsIMij ðx; jÞ

qxl
þ
qsIMij ðx; jÞ

qxl

 !

dV: ð8:21Þ

δV = δxanadS

n̂dS

δxa

xa
After

Before

ˆ

O

Figure 8.1 Diagram for determining dV increments when inclusion displaced by dxa.
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In Exercises 8.1 and 8.2, it is verified that Eqs. (8.16) and (8.21), produce identical

results in determining the image force tending to pull the homogeneous inclusion

of Fig. 8.2 out of the half-space.

8.4 Elastic field of homogeneous spherical inclusion near surface
of half-space in isotropic system

Following Mura (1987), we now treat the tractable case of a homogeneous

spherical inclusion, with a transformation strain eij
T = eTdij, located a distance q

from a traction-free planar surface of a half-space in an isotropic system, as

illustrated in Fig. 8.2.

Its displacement field in the matrix can be found by using Eq. (8.13) after

modifying it so that it can be used for an isotropic system and assumes the form

uCi ðxÞ ¼ lMeTmmdjl þ 2mMeTjl

	 


∰
V

INC

q

qx0l
Gijðx; x

0ÞdV0: ð8:22Þ

After substituting the transformation strain, eTij = eTdij, and the Green’s functions,

Gij (x, x
0), obtained from Eqs. (4.110) and (4.116), Eq. (8.22) takes the form

uCi ¼
ð1þ nMÞeT

4pð1� nMÞ∰
V

INC

q

qx0i

1

R

� �

� ð3� 4nMÞð2d3i � 1Þ
q

qx0i

1

RIM

� ��

�2x3
q2

qx03qx0i

1

RIM

� �

)

dV0:

ð8:23Þ

The transformation

y1 ¼ x1 y01 ¼ x01 R ¼ ½ðy1 � y01Þ
2 þ ðy2 � y02Þ

2 þ ðy3 � y03Þ�
1=2

¼ jy� y0j

y2 ¼ x2 y02 ¼ x02 L ¼ y ¼ ðy21 þ y22 þ y23Þ
1=2

¼ ½x21 þ x22 þ ðx3 � qÞ2�
1=2

y3 ¼ x3 � q y02 ¼ x03 � q y0 ¼ ðy021 þ y022 þ y023 Þ
1=2

ð8:24Þ

x1 P(x)

Surface

RIM R

x Q(x′)

x′

x3
O

q

Image inclusion Inclusion

q

(x3 = 0)

Figure 8.2 Spherical inclusion at distance q from surface of a half-space. Vector constructions

are based on Fig. 4.7.
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is now made to aid in the integration of the first term in the integrand of Eq. (8.23).

Using qR=qx0i ¼ �qR=qxi,

∰
V

INC

q

qx0i

1

R

� �

dV 0 ¼ �∰
V

INC

q

qxi

1

R

� �

dV0¼�
q

qxi ∰
V

INC

1

R

� �

dV0 ¼ �
q

qyi ∰
V

INC

dV0

jy� y0j
¼ �

qfðyÞ

qyi
;

ð8:25Þ

where f(y) is the Newtonian potential of the inclusion given by Eq. (6.61). The

integration of the remaining two terms, involving 1/RIM, is carried out in similar

fashion after making the transformation

z1 ¼ x1 z01 ¼ x01 RIM ¼ ½ðz1 � z01Þ
2 þ ðz2 � z02Þ

2 þ ðz3 � z03Þ�
1=2

¼ jz� z0j

z2 ¼ x2 z02 ¼ x02 LIM ¼ z ¼ ðz21 þ z22 þ z23Þ
1=2

¼ ½x21 þ x22 þ ðx3 þ qÞ2�
1=2

z3 ¼ x3 þ q z03 ¼ �x03 þ q z0 ¼ ðz021 þ z022 þ z023 Þ
1=2

;

ð8:26Þ

with the result

∰
V

INC

q

qx0i

1

RIM

� �

dV0 ¼ �
qfðzÞ

qzi ∰
V

INC

q2

qx03qx
0
i

1

RIM

� �

dV0 ¼
q2fðzÞ

qz3qzi
: ð8:27Þ

Substituting these expressions into Eq. (8.23), and using Eq. (6.125) for the

Newtonian potential of a spherical inclusion at an exterior point in the matrix,

u
C;M
1 ¼ uM1 ¼ c

x1

L3
þ
ð3� 4nMÞx1

ðLIMÞ
3

�
6x1x3ðx3 þ qÞ

ðLIMÞ
5

( )

u
C;M
2 ¼ uM2 ¼ c

x2

L3
þ
ð3� 4nMÞx2

ðLIMÞ
3

�
6x2x3ðx3 þ qÞ

ðLIMÞ
5

( )

u
C;M
3 ¼ uM3 ¼ c

x3 � q

L3
�
½ð3� 4nMÞðx3 þ qÞ � 2x3�

ðLIMÞ
3

�
6x3ðx3 þ qÞ2

ðLIMÞ
5

( )

;

ð8:28Þ

in agreement with results obtained by Mindlin and Cheng (1950). The quantities L

and LIM are given by Eqs. (8.24) and (8.26), and c ¼ ð1þ nMÞeTVINC=½4pð1� nMÞ�

is a measure of the “strength” of the inclusion acting as a center of dilatation,

as described in Section 6.4.3.1 (see Eqs. (6.127) and (6.128) with mINC=mM

and nINC = nM). Comparison of Eq. (8.28) with Eq. (6.127) shows that the terms

in Eq. (8.28) involving L represent the displacement field that would be produced

by the inclusion at the position (0,0,q) in an infinite medium. The remaining terms,

involving the quantity LIM, therefore represent the image displacement field.

The displacements at interior points of the inclusion can be obtained by this

method by employing the Newtonian potential at interior points in a sphere

(MacMillan, 1930),

f ¼ 2p a2 �
x2

3

� �

: ð8:29Þ
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8.5 Strain energy of inclusion in finite region

The strain energy, W, due to an inclusion in a finite region, such as illustrated in

Fig. 5.2b, where an image stress is present due to an interface, S
	
, in its vicinity,

can be obtained by use of Eq. (5.30) written in the form

W ¼ W1 þ E
INC1=INCIM

int ¼ �
1

2∰
V

INC

s
1;INC
ij eTij dV þ E

INC1=INCIM

int ; ð8:30Þ

where W1 is the strain energy of the inclusion in an infinite body, given by

Eq. (6.57), and E
INC1=INCIM

int is the interaction energy between the inclusion and

its image stress, given by Eq. (5.31).

In the case where the inclusion is in a finite body with a free surface, E
INC1=INCIM

int

can be obtained from Eq. (5.35), which is valid for a defect, D, represented by a

transformation strain. Therefore, using the notation of this chapter,

E
INC1=INCIM

int ¼ �
1

2∰
V

INC

sIMij eTij dV: ð8:31Þ

Substitution of this into Eq. (8.30) then yields the inclusion strain energy in

the form

W ¼ �
1

2∰
V

INC

ðs1;INC
ij þ sIMij ÞeTij dV ¼ �

1

2∰
V

INC

sINC
ij eTij dV: ð8:32Þ

It is readily confirmed that Eqs. (8.31) and (8.32) are valid for both homogeneous

and inhomogeneous inclusions.2 Equation (8.32) is seen to be identical to Eq. (6.57),

obtained for either a homogeneous or inhomogeneous inclusion in an infinite body

in systems that are either general or isotropic, and, therefore, it is again found that

the self-energy of an inclusion depends only upon the stress in the inclusion and the

transformation strain.

In Exercise 8.5, Eq. (8.31) is obtained directly from Eq. (5.33) rather than from

Eq. (5.35), which is obtained in the text by the roundabout method of first

obtaining the general equation for the interaction energy between a defect and

its image stress in the form of a surface integral over a surface enclosing the

defect, i.e., Eq. (5.34), and then employing the procedure leading from Eq. (5.10)

to (5.13).

In Exercise 8.6, Eq. (8.32) is obtained by a direct calculation of the strain

energy in the finite body containing the inclusion, and in Exercise 8.3, the strain

energy given by Eq. (8.32) is used to determine the image force on the inclusion

in Fig. 8.2.

2 Equations (6.57) and (5.35) also hold for both homogeneous and heterogeneous inclusions (see

discussion following Eq. (5.35)).
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Exercises

8.1 Find the image force tending to pull the homogeneous inclusion of

Section 8.5 (Fig. 8.2) out of the isotropic half-space by starting with

Eq. (8.16). Hint: note the first order procedure for integrating Eq. (7.3) over

the surface S in section 7.2.1.

Solution Writing Eq. (8.16) as

F
INC1=INCIM

3 ¼ ∯
S

qsIMij

qx3
u
1;M
i � s

1;M
ij

quIMi
qx3

 !

n̂j dS; ð8:33Þ

the integral over S can be treated in the same manner as the surface integral

in Eq. (7.3) in Section 7.2.1, but with s ij
Q replaced by s ij

IM. This produces the

result

F
INC1=INCIM

3 ¼ �eTVINC qPIM

qx3
¼ ��VINC qPIM

qx3
; ð8:34Þ

corresponding to Eq. (7.10).

The dilatation of the image field, eii
IM, along (0,0,x3), is determined

by utilizing the image part of the total displacement field, ui
C,M, given by

Eq. (8.28), with the result

eIMii ð0; 0; x3Þ ¼
qu

C;M
i

qxi

 !

0;0;x3

¼
8cð1� 2nÞ

ðqþ x3Þ
3
; ð8:35Þ

where c ¼ ð1þ nÞeTVINC=½4pð1� nÞ� is the strength of the inclusion given by

Eq. (6.128)withKINC=KM=K.Then, substitutingEq. (8.35) intoEq. (8.34),

F
INC1=INCIM

3 ¼ eTVINCK
qeIM

qx3

� �

0;0;q

¼ �
12pmð1� nÞc2

q4
; ð8:36Þ

in agreement with Mura (1987), who determined the force by an alternative

method. Note that the image force is relatively short-ranged and, as

expected, tends to pull the inclusion out of the half-space, regardless of

whether the inclusion is a positive or negative center of dilatation.

8.2 Determine the image force obtained in Exercise 8.1, and given by Eq. (8.36),

by starting with Eq. (8.21) rather than with Eq. (8.16) as in Exercise 8.1.

Hint: note the first-order procedure for integrating Eq. (7.12) over the

inclusion volume in Section 7.2.1.

Solution Since eTij = eTdij, Eq. (8.21) assumes the form

F
INC1=INCIM

3 ðjÞ ¼
1

2
eTK ∰

V
INC

qeIMðx; jÞ

qx3
þ
qeIMðx; jÞ

qx3

� �

dV: ð8:37Þ
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The integral over the volume of the inclusion can be treated in the same

manner as the volume integral in Eq. (7.12) in Section 7.2.1, leading to the

result

F
INC1=INCIM

3 ¼
1

2
eTKVINC qeIMðx; jÞ

qx3

� �

þ
qeIMðx; jÞ

qx3

� �� �

x3¼x3¼q

: ð8:38Þ

As in Exercise 8.1, the required image dilatation along (0,0,x3) is obtained

by utilizing the image part of the displacement field given by Eq. (8.28), with

the result

eIMðx; jÞ ¼
8cð1� 2nÞ

ðx3 þ x3Þ
3
; ð8:39Þ

after substituting x3 for q. Then, substituting Eq. (8.39) into Eq. (8.38),

F
INC1=INCIM

3 ¼ �
12pmð1� nÞc2

q4
; ð8:40Þ

which is identical to Eq. (8.36).

8.3 Show that the image force on the inclusion in Fig. 8.2 (which is obtained in

Exercises 8.1 and 8.2 by two different methods, starting with Eqs. (8.21) and

(8.16), respectively), can be obtained by a third method that starts with

Eq. (5.38), which describes the force in terms of the change in total energy of

the inclusion as it is displaced.

Solution Since the total energy is all strain energy, Eq. (5.38) can be

written as

F
INC1=INCIM

3 ¼ � Lim
dx3!0

dW

dx3
; ð8:41Þ

where the strain energy, W, is given by Eq. (8.32), i.e.,

W ¼ �
1

2∰
V

INC

ðs1;INC
ij þ sIMij ÞeTij dV: ð8:42Þ

The increment, dW, required in the above force equation is then

dW ¼ �
1

2
d∰
V

INC

ðs1;INC
ij þ sIMij ÞeTij dV ¼ �

1

2
d∰
V

INC

sIMij eTij dV; ð8:43Þ

since sij
1, INC is invariant with respect to dx3. This expression for dW is seen

to be of exactly the same form as that for dE
INC1=INCIM

int in Eq. (8.18), which

leads to Eq. (8.21) in the text. The present approach therefore produces the

same force on the inclusion as obtained in Exercise 8.2 through the use of

Eq. (8.21).
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8.4 In Exercise 8.1, Eq. (8.35) is derived for the dilatation associated with the image

field of a homogeneous spherical inclusion, having the transformation strain

eTij = eTdij, and located a distance q from the traction-free surface of an isotropic

half-space (see Fig. 8.2). This is accomplished bymaking use of Eq. (8.28) for the

image displacement field obtained by means of the Green’s function method.

Derive Eq. (8.35) using a different approach, in which an image inclusion

is placed opposite the actual inclusion to cancel partially the tractions at the

surface caused by the actual inclusion and then making the surface traction-

free by applying an appropriate distribution of force to it.

Solution The image inclusion is located at (0,0,�q) as in Fig. 8.3, and the

combined stresses at x3 = 0 due to the image and actual inclusions, obtained

by use of Eq. (6.127), are then

sM13ðx1; x2; 0Þ ¼ �
6mcx1q

x3
þ
6mcx1q

x3
¼ 0 sM23ðx1; x2; 0Þ ¼ �

6mcx2q

x3
þ
6mcx2q

x3
¼ 0

sM33ðx1; x2; 0Þ ¼ 4mc
1

x3
� 3

q2

x5

� �

x ¼ ðx21 þ x22 þ q2Þ
1=2

:

ð8:44Þ

The image inclusion therefore cancels the sM13 and sM23 tractions but not the

sM33 tractions. The distribution of normal force that must be applied to the

surface to generate the stress, �sM33ðx1; x2; 0Þ, and thereby produce a traction-

free surface, is then

dF3ðx1; x2; 0Þ

d S
¼ �4mc

1

ðx21 þ x22 þ q2Þ
3=2

� 3
q2

ðx21 þ x22 þ q2Þ
5=2

" #

: ð8:45Þ

The displacements due to this distribution of force density can be deter-

mined by first finding the displacements due to a single unit point force and

then using this as a Green’s function to integrate over the distribution. The

displacements due to a unit point force (F3=1) applied at the surface at

(0,0,0) are given by uFi ¼ uF
1

i þ uF
IM

i , where the uF
1

i are the displacements

due to the force if the body were infinite and given by Eq. (4.110), and

x1

(x3 = 0)

Image inclusion dF3
x′

x3

x−x′

x

P
x2

Inclusion

Surface

q

O

Figure 8.3 Geometry for determining image stress of inclusion near surface (x3 = 0)

of a half-space: x0 lies in the surface; dF3 is an increment of normal force acting

on the surface.
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the uF
IM

i are the corresponding image displacements given by Eq. (4.115)

after setting q = 0 and R = RIM = x. Therefore,

uF1 ðx1; x2; x3Þ ¼
1

4pm
�ð1� 2nÞ

x1

xðxþ x3Þ
þ
x1x3

x3

� �

uF2 ðx1; x2; x3Þ ¼
1

4pm
�ð1� 2nÞ

x2

xðxþ x3Þ
þ
x2x3

x3

� �

uF3 ðx1; x2; x3Þ ¼
1

4pm
2ð1� nÞ

1

x
þ
x3x3

x3

� �

:

ð8:46Þ

Using Eq. (8.46), the dilatation at P(x1,x2,x3) due to a unit point force at the

surface is

eFii ðx1; x2; x3Þ ¼
quFi
qxi

¼ �
ð1� 2nÞ

2pm

x3

x3
: ð8:47Þ

With P on the x3 axis, the problem is cylindrically symmetric around the

axis, and by integrating over the force distribution on the surface using

Eqs. (8.45) and (8.47), the total dilatation at (0, 0, x3) caused by the forces,

after adjusting for sign conventions, is

e
FðtotÞ
ii ð0; 0; x3Þ ¼ �4cð1� 2nÞx3

ð

1

0

1

ðr02 þ x23Þ
3=2

1

ðr02 þ q2Þ
3=2

� 3
q2

ðr02 þ q2Þ
5=2

" #

r0dr0;

ð8:48Þ

where r02 ¼ x021 þ x022 : Carrying out the integration, and realizing that the

dilatation due to the real inclusion and the image inclusion vanish in an infinite

matrix, the final result is

eIMii ð0; 0; x3Þ ¼ e
FðtotÞ
ii ð0; 0; x3Þ ¼

8cð1� 2nÞ

ðqþ x3Þ
3
; ð8:49Þ

in agreement with Eq. (8.35).

8.5 Show that Eq. (8.31) can be derived directly from Eq. (5.33) rather than

from Eq. (5.35) as in the text.

Solution Using the notation of the present chapter, Eq. (5.33) is written as

E
INC1=INCIM

int ¼
1

2∰
V

INC

ðs1;INC
ij þ sIMij Þðe1;INC

ij þ eIMij ÞdV

þ
1

2 ∰
V

	
�V

INC

ðs1;M
ij þ sIMij Þðe1;M

ij þ eIMij ÞdV

�
1

2∰
V

INC

s
1;INC
ij e

1;INC
ij dV�

1

2 ∰
V

1
�V

INC

s
1;M
ij e

1;M
ij dV:

ð8:50Þ
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However, the last integral in Eq. (8.50) can be converted to a surface integral

according to

∰
V

1
�V

INC

s
1;M
ij e

1;M
ij dV ¼ ∯

S
1

s
1;M
ij u

1;M
i n̂j dS� ∯

S
INC

s
1;M
ij u

1;M
i n̂j dS

¼ �∯
S
INC

s
1;M
ij u

1;M
i n̂j dS:

ð8:51Þ

In addition, the following conditions must be satisfied at the S
	
and S

INC

interfaces:

s
1;M
ij n̂j þ sIMij n̂j ¼ 0 ðon S

	Þ

s
1;INC
ij n̂j ¼ s

1;M
ij n̂j ðon S

INCÞ

u
1;INC
i þ uTi ¼ u

1;M
i ðon S

INCÞ: ð8:52Þ

Substitution of Eqs. (8.51) and (8.52) into Eq. (8.50) then yields

E
INC1=INCIM

int ¼ �
1

2∰
S
INC

sIMij uTi n̂j dS ¼�
1

2∰
V

INC

sIMij eTij dV ð8:53Þ

in agreement with Eq. (8.31).

8.6 Determine the strain energy due to a homogeneous or inhomogeneous

inclusion in a finite homogeneous body possessing a free surface, S
	
, by a

direct calculation of the body energy starting with E ¼ ð1=2Þ∰
V

	

sijeij dV,

where the special notations, sij and eij, are used in this exercise to represent

the stress and elastic strain, respectively, throughout the body.

Solution The total strain energy in the body is

W ¼
1

2∰
V

	

sijeij dV ¼
1

2∰
V

	

sij etotij � eTij

	 


dV ¼
1

2∰
V

	

sij
qutoti

qxj
� eTij

� �

dV;

ð8:54Þ

where use has been made of Eqs. (3.151) and (3.153). Then, integrating

Eq. (8.54) by parts and using Eq. (2.65),

W ¼
1

2∰
V

	

qðsiju
tot
i Þ

qxj
dV �

1

2∰
V

INC

sije
T
ijdV; ð8:55Þ

since eij
T vanishes in the matrix. Applying the divergence theorem to the first

integral in Eq. (8.55), and since sijn̂j vanishes on S
	
,
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W ¼
1

2∯
S
	

siju
tot
i n̂j dS�

1

2∰
V

INC

sije
T
ij dV ¼ �

1

2∰
V

INC

sije
T
ij dV; ð8:56Þ

in agreement with Eq. (8.32).

8.7 Show that the result

�V ¼ �V1 þ�VIM ¼ ð1þ
4mM

3KM
Þ�V1 ð8:57Þ

given by Eq. (8.12) for the volume change experienced by a finite body

containing a homogeneous inclusion with eij
T = eT dij in an isotropic system

also holds for a spherical inhomogeneous inclusion of radius R with eij
T = eT

dij at the center of a spherical body of radius a possessing a free surface.

Assume that (R/a)3 � 1. Hint: determine the image field using the methods

of Exercise 6.8.

Solution We shall obtain Eq. (8.57) by solving for the elastic field due

to the inclusion in the spherical body with a free surface to obtain

DV and then using Eq. (6.129) to determine DV1 due to the inclusion in

an infinite body.

The elastic field in the free surface case is obtained by solving the Navier

equation using the method employed in Exercise 6.8. Using Eq. (6.186), the

general solutions for the displacements are

utot; INC
r ðrÞ ¼ cINC

2 r utot; Mr ðrÞ ¼ uMr ðrÞ ¼
cM1
r2

þ cM2 r ð8:58Þ

after setting c1
INC = 0 to avoid the singularity at r=0. The three remaining

constants are found by satisfying the boundary conditions at the interfaces.

The radial stress srr
M(r) must vanish at the free surface at r=a and, there-

fore, with the use of Eqs. (G.10) and (G.11),

3KMcM2 �
4mM

a3
cM1 ¼ 0: ð8:59Þ

The radial stresses must match across the inclusion–matrix interface, and

therefore,

3KINCðcINC
2 � eTÞ ¼ 3KMcM2 �

4mM

R3
cM1 : ð8:60Þ

The total displacements must also match there so that

cINC
2 ¼ �

cM1
R3

þ cM2 : ð8:61Þ

Then, by solving for the three constants and substituting them into

Eq. (8.58), the elastic displacements in the inclusion and matrix are
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uINC
r ðrÞ ¼ utot; INC

r ðrÞ � eTr ¼ ðcINC
2 � eTÞr ¼ �

4mM

ð3KINC þ 4mMÞ
eTr

uMr ðrÞ ¼
9KINCVINC

4pð3KINC þ 4mMÞ

eT

r2
1þ

4mM

3KM

r

a

	 
3
� �

:

ð8:62Þ

The volume change of the body due to this displacement field is then

�V ¼ 4pa2uMr ðaÞ ¼
9KINCVINC

ð3KINC þ 4mMÞ
eT 1þ

4mM

3KM

� �

: ð8:63Þ

On the other hand, the volume change in the infinite body case, DV1,

obtained using Eq. (6.129), is

�V1 ¼ 4pr2uMr ðrÞ ¼
9KINCVINC

ð3KINC þ 4mMÞ
eT: ð8:64Þ

Substitution of Eq. (8.64) into (8.63) then produces Eq. (8.57).
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9 Inhomogeneities

9.1 Introduction

Even though an inhomogeneity does not generate its own stress field, it perturbs

an imposed stress and therefore interacts with it, as described in Section 5.4. This

interaction is of importance in many phenomena (e.g., stress-induced cavity

migration) and also plays an essential role in the interaction between an inhomo-

geneous inclusion and an imposed stress because of the inhomogeneity associated

with such inclusions, as already described in Section 7.2.2.

This chapter begins with a consideration of the perturbation of the imposed stress

and the accompanying interaction energy when the inhomogeneity is in a large body

and is uniform in composition and ellipsoidal in shape, and the imposed stress field

would be uniform in the absence of the inhomogeneity. The analysis is based on the

equivalent homogeneous inclusion method of Eshelby, described in Section 6.3.2.

Finally, the interaction energy and corresponding force are formulated for the more

general case where both the inhomogeneity and imposed stress are non-uniform.

The following notation is employed for this chapter:

eAij applied strain field, A, that would be uniform in the absence of

the inhomogeneity,

�e
A;INH
ij ;�e

A;M
ij perturbation of the A strain field in the inhomogeneity and

matrix, respectively,

e
A0;INH
ij ; eA

0;M
ij perturbedA strain field in the inhomogeneity andmatrix,

respectively,

eINC�

ij elastic strain in equivalent homogeneous inclusion,

eM
�

ij elastic strain inmatrix around equivalent homogeneous inclusion,

e
C;INC�

ij ; eC;M
�

ij canceling strain in inclusion and matrix, respectively, in

equivalent homogeneous inclusion system.

9.2 Interaction between uniform ellipsoidal inhomogeneity
and imposed stress

Consider the case of an ellipsoidal inhomogeneity with uniform elastic properties

in a body subjected to an applied A field that would be uniform in the absence of



the inhomogeneity. The resulting e
A0;INH
ij and e

A0;M
ij fields are determined first, by use

of Eshelby’s homogeneous equivalent inclusion method. Following this, the inter-

action energy between the inhomogeneity and the imposed A field is formulated.

9.2.1 Elastic field in body containing inhomogeneity and imposed stress

To apply the equivalent homogeneous inclusion method, we first construct the

system, consisting of the inhomogeneity and the perturbed imposed field, i.e., the

A0 field, as follows:

(1) Start with the homogeneous stress-free body and introduce the inhomogeneity.

(2) Apply forces to the body that would produce a uniform applied strain field,

eAij , throughout the body in the absence of the inhomogeneity.

The final elastic strains in the inhomogeneity and matrix are then

e
A0;INH
ij ¼ �e

A;INH
ij þ eAij ; ð9:1Þ

where �e
A;INH
ij is the perturbation of the A field, and

e
A0;M
ij ¼ �e

A;M
ij þ eAij : ð9:2Þ

It is assumed, as previously in the treatment of an inhomogeneous inclusion in the

presence of an imposed stress in Section 7.2.2.1, that the body is relatively large

and the inhomogeneity is sufficiently small and distant from the body surface

that any image strains can be neglected in its vicinity, as discussed in Section 8.2.1

(see Eq. (8.3)).

Next, we attempt the construction of an equivalent homogeneous inclusion with

a uniform transformation strain, as follows:

(1) Cut the ellipsoidal region destined to be the inclusion out of the unstressed

homogeneous body, and subject it to the uniform transformation strain eT
�

ij

and then to forces producing the elastic strain �eT
�

ij .

(2) While holding these forces constant, insert the inclusion back into its cavity

(where it fits exactly) and apply forces that cancel the previous forces, thereby

producing the strains e
C;INC�

ij and e
C;M�

ij .

(3) Apply the same forces to the body surface that were applied previously to the

body containing the inhomogeneity. This produces the uniform strain field,

eAij , throughout the system.

The final elastic strains in the equivalent inclusion and matrix are then,

respectively,

eINC�

ij ¼ e
C;INC�

ij � eT
�

ij þ eAij ð9:3Þ

and

eM
�

ij ¼ e
C;M�

ij þ eAij : ð9:4Þ
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The requirements that the equivalent inclusion and inhomogeneity be under the

same stress and have the same size and shape are, respectively,

s
C;INC�

ij � sT
�

ij þ sAij ¼ �s
A;INH
ij þ sAij ð9:5Þ

and

e
C;INC�

ij ¼ �e
A;INH
ij : ð9:6Þ

Then, by applying Hooke’s law to the equal stress condition, and substituting the

equal strain condition into the result,

CM
ijklðe

C;INC�

kl � eT
�

kl þ eAklÞ ¼ CINH
ijkl ðeC;INC�

kl þ eAklÞ: ð9:7Þ

However, since the transformation strain, eT
�

kl , is uniform, Eq. (6.29) is valid, and

substituting it into Eq. (9.7),

CINH
ijkl � CM

ijkl

	 


SEklmn þ CM
ijmn

h i

eT
�

mn ¼ ðCM
ijmn � CINH

ijmn Þe
A
mn: ð9:8Þ

Finally, by introducing the tensor YINH
ijmn defined by

YINH
ijmn ¼ CINH

ijkl � CM
ijkl

	 


SEklmn þ CM
ijmn ð9:9Þ

and substituting it into Eq. (9.8), the transformation strain of the equivalent

inclusion is obtained in the form

½eT
�

� ¼ ½YINH��1 ½CM� � ½CINH�
� �

½eA�: ð9:10Þ

Finally, the strain in the inhomogeneity can now be determined by substituting

Eqs. (9.6), (6.29), and (9.10) into Eq. (9.1), i.e.,

½eA
0;INH� ¼ ½SE�½eT

�

� þ ½eA� ¼ ½SE�½YINH�
�1

½CM� � ½CINH�
� �

þ ½I�
n o

½eA�: ð9:11Þ

The elastic field in the matrix, which is the same as the field in the matrix

surrounding the inhomogeneous inclusion, can then be found by the methods

described in Section 6.3.1 for homogeneous inclusions.

Since eAij is uniform in Eq. (9.11), e
A0;INH
ij is also uniform. We have therefore

obtained a valid solution for the inhomogeneity problem, which demonstrates that

the elastic field in an ellipsoidal inhomogeneity subjected to a uniform imposed

stress field is uniform and that such an inhomogeneity can indeed be represented

by an equivalent homogeneous inclusion with a uniform transformation strain.

In Exercise 9.2, this method is used to obtain the elastic fields, e
A0;INH
ij and e

A0;M
ij ,

for the case of a spherical inhomogeneity in the presence of the imposed A field,

eAij ¼ eAdij, in an isotropic system.

9.2.2 Interaction energy between inhomogeneity and imposed stress

For this analysis it is assumed that the initial homogeneous body is first

subjected to the uniform applied field, A, and the inhomogeneity of the previous
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section, which is of uniform composition, is then created while the A field is main-

tained constant at the body surface. The interaction energy is then found using

Eq. (5.80), which requires expressions for the total energies of the stressed body with

and without the inhomogeneity, i.e., EA0

= WA0

þ FA0

and EA = WA þ FA,

respectively. Using Eqs. (2.133), (2.106) and the divergence theorem,

and denoting the body and its surface by V 	 and S	, the strain energies, WA and

WA0

are

WA ¼
1

2∰
V

	

sAij e
A
ij dV ¼

1

2∰
V

	

q

qxj
ðsAij u

A
i ÞdV ¼

1

2∯
S
	

sAij u
A
i n̂j dS ð9:12Þ

and

WA0

¼
1

2 ∰
V

	
�V

INH

s
A0;M
ij e

A0;M
ij þ ∰

V
INH

s
A0;INH
ij e

A0;INH
ij

0

B

@

1

C

A
dV

¼
1

2 ∯
S
	

s
A0;M
ij u

A0;M
i � ∯

S
INH

ðsA
0;M

ij u
A0;M
i � s

A0;INH
ij u

A0;INH
i Þ

2

6

4

3

7

5
n̂j dS ¼

1

2∯
S
	

s
A0;M
ij u

A0;M
i n̂j dS;

ð9:13Þ

since the integral over S
INH vanishes because of the matching tractions and

displacements at the inhomogeneity/matrix interface. Therefore, the difference,

WA0

� WA, is given by

WA0

�WA ¼
1

2∯
S
	

ðuA
0;M

i s
A0;M
ij � uAi s

A
ij Þn̂j dS: ð9:14Þ

Similarly, the corresponding difference in the potential energy of the surface

tractions is

FA0

� FA ¼ �∯
S
	

ðuA
0;M

i s
A0;M
ij � uAi s

A
ij Þn̂j dS ¼ 2ðWA �WA0

Þ: ð9:15Þ

Therefore, according to Eq. (5.80), the interaction energy is simply

E
INH=A
int ¼ WA �WA0

ð9:16Þ

or, upon substituting Eqs. (9.12) and (9.13),

E
INH=A
int ¼

1

2 ∰
V

	
�V

INH

ðsAij e
A
ij � s

A0;M
ij e

A0;M
ij Þ þ ∰

V
INH

ðsAij e
A
ij � s

A0;INH
ij e

A0;INH
ij Þ

2

6

4

3

7

5
dV:

ð9:17Þ

Equation (9.17) can be put into a more useful form by first writing it as
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E
INH=A
int ¼

1

2 ∰
V

	
�V

INH

ðsA
0;M

ij eAij � sAij e
A0;M
ij Þ þ ∰

V
INH

ðsA
0;INH

ij eAij � sAij e
A0;INH
ij Þ

2

6

4

3

7

5
dV

þ
1

2 ∰
V

	
�V

INH

ðsAij e
A
ij

2

6

4
þ sAij e

A0;M
ij � s

A0;M
ij e

A0;M
ij � s

A0;M
ij eAij Þ

þ ∰
V

INH

ðsAij e
A
ij þ sAij e

A0;INH
ij � s

A0;INH
ij e

A0;INH
ij � s

A0;INH
ij eAij Þ

#

dV:

ð9:18Þ

Then, using the same method that produced Eq. (9.13), the second bracketed term

can be converted to the surface integral, ∯
S
	

ðsA
0;M

ij � sAij Þðu
A0;M
i þ uAi Þn̂j dS, which

vanishes because of the constant surface traction condition given by

s
A0 ;M
ij n̂j ¼ sAij n̂j ðonS	 Þ: ð9:19Þ

The first term in the remaining expression also vanishes because, according to

Eq. (2.102), s
A0;M
ij eAij ¼ sAij e

A0;M
ij in the region V 	 � V

INH. Therefore, Eq. (9.18)

takes the reduced form

E
INH=A
int ¼

1

2 ∰
V

INH

ðsA
0;INH

ij eAij � sAij e
A0;INH
ij ÞdV; ð9:20Þ

Then, by using

s
A0;INH
ij ¼ CINH

ijkl e
A0;INH
kl

sAij ¼ CM
ijkle

A
kl

CM
ijkl ¼ CM

klij;

ð9:21Þ

Eq. (9.20) can be put into the form

E
INH=A
int ¼

1

2 ∰
V

INH

ðCINH
ijkl � CM

ijklÞe
A
ij e

A0;INH
kl dV: ð9:22Þ

An alternative expression for the interaction energy can be obtained from

Eq. (9.22) by introducing the transformation strain, eT
�

ij , of the equivalent

inclusion. Using Eqs. (9.1) and (9.6), the integrand in Eq. (9.22) can be

written as

ðCINH
ijkl � CM

ijklÞe
A
ij e

A0;INH
kl ¼ ðCINH

ijkl � CM
ijklÞðe

C;INC�

kl þ eAklÞe
A
ij ð9:23Þ

and then, by substituting Eq. (9.7), in the further form
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ðCINH
ijkl � CM

ijklÞe
A
ij e

A0;INH
kl ¼ �CM

ijkle
A
ij e

T�

kl : ð9:24Þ

However,

CM
ijkle

A
ij e

T�

kl ¼ CM
klije

A
ij e

T�

kl ¼ sAkle
T�

kl ð9:25Þ

and, finally, upon substituting Eqs. (9.24) and (9.25) into Eq. (9.22),

E
INH=A
int ¼ �

1

2 ∰
V

INH

sAkle
T�

kl dV: ð9:26Þ

In Exercise 9.3, it is verified that Eqs. (9.22) and (9.26) yield the same result for the

interaction energy between a spherical inhomogeneity and a stress field possessing

the strains eAij ¼ eAdij in an isotropic system.

9.2.3 Some results for isotropic system

9.2.3.1 Elastic field in body containing inhomogeneity and imposed stress
The system analyzed in the previous sections is now assumed to be isotropic. The

equivalent homogeneous inclusion method is again employed, and the equation for

the transformation strain of the equivalent inclusion appropriate for an isotropic

system is obtained by converting Eq. (9.8), by use of Eq. (2.120), to the form

ðlINH � lMÞSEmmkle
T�

kl dij þ 2ðmINH � mMÞSEijkle
T�

kl þ lMeT
�

dij þ 2mMeT
�

ij

¼ ðlM � lINHÞeAdij þ 2ðmM � mINHÞeAij :
ð9:27Þ

When i 6¼ j, the shear transformation strains can be obtained directly from

Eq. (9.27) in the form

eT
�

ab ¼
mM � mINH

2ðmINH � mMÞSEabab þ mM
eAab ða 6¼ b Þ ð9:28Þ

by invoking the properties of the Eshelby tensor, SEijkl, described in the text following

Eq. (6.92), and using Greek indices to avoid the index summation convention.

When i = j the normal transformation strains can be determined by solving the

three simultaneous linear equations obtained from Eq. (9.27), i.e.,

ðlINH � lMÞSEmmkle
T�

kl þ 2ðmINH � mMÞSEijkle
T�

kl þ lMeT
�

þ 2mMeT
�

ij

¼ ðlM � lINHÞeA þ 2ðmM � mINHÞeAij
ði ¼ jÞ: ð9:29Þ

As in the previous development, leading to Eq. (6.120), the solution is expedited

by using the contracted index notation given by Eqs. (2.89) and (2.90) and writing

Eq. (9.29) in the matrix form

½V�½«T
�

� ¼ ½W�½«A�; ð9:30Þ

where
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Vij ¼ ðlINH � lMÞðSE1j þ SE2j þ SE3jÞ þ 2ðmINH � mMÞSEij þ lM þ 2mMdij

Wij ¼ lM � lINH þ 2ðmM � mINHÞdij:
ð9:31Þ

Then, solving Eq. (9.30) for the eT
�

ij ,

½eT
�
� ¼ ½V��1½W�½e A� ði ¼ jÞ : ð9:32Þ

The elastic strains in the inhomogeneity, e
A0;INH
ij , can now be found by using

Eq. (9.11). The transformation strains, eT
�

ij , for the equivalent homogeneous inclu-

sion are given as functions of the known strains, eAij , using Eqs. (9.28) and (9.32), and

the required values of SEijkl are available in Appendix H.

The strain in the matrix, e
A0;M
ij , is the same as that around the equivalent homoge-

neous inclusion given by Eq. (9.4), where the required strains e
C;M�

ij can be found

using the methods described in Chapter 6 for treating homogeneous inclusions.

In Exercise 9.2 detailed expressions are found for e
A0;INH
ij and e

A0;M
ij for a

spherical inhomogeneity in the presence of the initial stress field, eAij ¼ eAdij.

9.2.3.2 Interaction energy between inhomogeneity and imposed stress
For an isotropic system, the interaction energy between the ellipsoidal inhomo-

geneity of the previous section and imposed strain, eAij , given by Eq. (9.22) for a

general system, can be converted, with the help of Eq. (2.120), to

E
INH=A
int ¼

1

2 ∰
V

INH

½ðlINH � lMÞeAeA
0;INH þ 2ðmINH � mMÞeAij e

A0;INH
ij �dV: ð9:33Þ

The eA
0, INH and eAij e

A0;INH
ij strains required by Eq. (9.33) are obtained by first writing

Eq. (9.11) in the contracted index form specified by Eqs. (2.89) and (2.90), i.e.,

e
A0;INH
i ¼ SEij e

T�

j þ eAi : ð9:34Þ

Then, substituting the SEij tensor from Eq. (6.96) into Eq. (9.34),

½eA
0;INH� ¼ ½SE�½eT

�

� þ ½eA� or

e
A0;INH
1

e
A0;INH
2

e
A0;INH
3

e
A0;INH
4

e
A0;INH
5

e
A0;INH
6

2

6

6

6

6

6

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

7

7

7

7

7

5

¼

SE11 SE12 SE13 0 0 0

SE21 SE22 SE23 0 0 0

SE31 SE32 SE33 0 0 0

0 0 0 2SE44 0 0

0 0 0 0 2SE55 0

0 0 0 0 0 2SE66

2

6

6

6

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

7

7

7

5

eT
�

1

eT
�

2

eT
�

3

eT
�

4

eT
�

5

eT
�

6

2

6

6

6

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

7

7

7

5

þ

eA1

eA2

eA3

eA4

eA5

eA6

2

6

6

6

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

7

7

7

5

;

ð9:35Þ

where the eT
�

i strains are provided by Eq. (9.32). Then, from Eq. (9.35), eA
0, INH and

eAij e
A0;INH
ij are obtained in the forms

eA
0;INH ¼ e

A0;INH
ii ¼ ðSE1i þ SE2i þ SE3iÞe

T�

i þ eA ð9:36Þ
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and

eAij e
A0;INH
ij ¼ eAi e

A0;INH
i þ 2ðeA4 e

A0;INH
4 þ eA5 e

A0;INH
5 þ eA6 e

A0;INH
6 Þ: ð9:37Þ

9.2.3.3 Interaction between spherical inhomogeneity and hydrostatic stress
Interaction energy

Equation (9.33) is now used to determine the interaction energy between a spher-

ical inhomogeneity of uniform composition and the imposed strain field eAij ¼ eAdij
in an isotropic system. It is seen immediately that the problem has spherical

symmetry, and that the inhomogeneity is under hydrostatic pressure. Therefore,

using Eqs. (9.36), with eT
�

1 ¼ eT
�

2 ¼ eT
�

3 ¼ eT
�

, (H.4), (9.37), and (2.129),

eA
0;INH ¼

1þ nM

1� nM
eT

�

þ 3eA ¼
9KM

3KM þ 4mM
eT

�

þ 3eA ð9:38Þ

and

eAij e
A0;INH
ij ¼ 3eAeA

0;INH ¼
eAeA

0;INH

3
: ð9:39Þ

The equivalent inclusion transformation strain, eT
�

, required in Eq. (9.38), is

provided by Eq. (9.32) with matrix elements given by Eq. (9.31) in the forms

V11 ¼ V22 ¼ V33 ¼ V ¼ ðlINH � lMÞ
1þ nM

3ð1� nMÞ
þ
2ðmINH � mMÞð7� 5nMÞ

15ð1� nMÞ
þ lM þ 2mM

V12 ¼ V21 ¼ V13 ¼ V31 ¼ V23 ¼ V32 ¼ V0 ¼ ðlINH�lMÞ
1þnM

3ð1�nMÞ
þ
2ðmINH�mMÞð5nM � 1Þ

15ð1�nMÞ
þ lM

W11 ¼ W22 ¼ W33 ¼ W ¼ ðlINH � lMÞ þ 2ðmINH � mMÞ

W12 ¼ W21 ¼ W13 ¼ W31 ¼ W23 ¼ W32 ¼ W0 ¼ lM � lINH:

ð9:40Þ

Then, substituting Eq. (9.40) into Eq. (9.32),

eT
�

eT
�

eT
�

2

4

3

5 ¼
V V0 V0

V0 V V0

V0 V0 V

2

4

3

5

�1
W W0 W0

W0 W W0

W0 W0 W

2

4

3

5

eA

eA

eA

2

4

3

5: ð9:41Þ

Solving Eq. (9.41) for ½eT
�

� and using Eq. (2.129),

eT
�

¼
ðKM � KINHÞð3KM þ 4mMÞ

KMð3KINH þ 4mMÞ
eA: ð9:42Þ

Then, substituting Eqs. (9.38), (9.39), and (9.42) into Eq. (9.33),

E
INH=A
int ¼

9

2

ðKINH � KMÞð3KM þ 4mMÞVINH

ð3KINH þ 4mMÞ
ðeAÞ2: ð9:43Þ
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Interaction force

If the A field is no longer uniform, Eq. (5.82) can be employed to obtain a first-

order expression for the resulting force exerted on the inhomogeneity by the

hydrostatic pressure components of the field which involve the strains eAdij ¼

e
A
dij (see Eq. (J.4)). Using Eq. (9.43), the force, to first order,1 is then

F
INH=A
l ¼ �

qE
INH=A
int

qxl
¼

9ðKM � KINHÞð3KM þ 4mMÞVINH

ð3KINH þ 4mMÞ
eA

qeA

qxl
: ð9:44Þ

Alternatively, the first-order expression for the force given by Eq. (9.44) can be

obtained by a different approach, which starts with Eq. (5.86) in the form

F
INH=A
l ¼ ∯

S

qsAij

qxl
�u

A;INH
i ��s

A;INH
ij

quAi
qxl

 !

n̂j dS: ð9:45Þ

Equation (9.45) can then be integrated using the same method employed in

the integration of Eq. (7.3), which led in Section 7.2.1 to Eq. (7.10) for the

force exerted on a spherical inclusion by a gradient of hydrostatic pressure. The

surface, S, is again taken to be infinitesimally outside the defect, and the A field

properties are expanded to first order around the origin, as in the case of the

Q field properties in Eq. (7.5). The perturbation of the hydrostatic component of

the A field in the inhomogeneity, using Eq. (9.54), is given to first order by

�u
A;INH
i ¼

9ðKM � KINHÞVINHeA

4pð3KINH þ 4mMÞ

xi

x3
; ð9:46Þ

after converting it to Cartesian coordinates. This quantity has the same functional

form as Eq. (7.7), and, therefore, substituting Eq. (9.46), along with the corres-

ponding stress, s
A;INH
ij , into Eq. (9.45) and carrying out the integration,

F
INH=A
l ¼

3ðKM � KINHÞVINHeA

ð3KINH þ 4mMÞ

qsAii
qxl

� �

0;0;0

þ 4mM
q
2uAi

qxlqxi

� �

0;0;0

" #

; ð9:47Þ

which may be compared with Eq. (7.9). Then, since sAii ¼ 9KMeA, and

quAi =qxi ¼ 3eA,

F
INH=A
l ¼

9ðKM � KINHÞVINHð3KM þ 4mMÞ

ð3KINH þ 4mMÞ
eA

qeA

qxl
; ð9:48Þ

in agreement with Eq. (9.44).

When KINH < KM, as, for example, in the case of a cavity, the inhomogeneity

acts as a “soft” region, and will be urged towards regions of high strain

1 This approximation may be compared with the first-order approximation used to obtain Eqs. (7.10)

and (7.14) for the force on a homogeneous inclusion due to a stress gradient.
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regardless of whether the strain is extensive or compressive, as might have been

anticipated.

9.3 Interaction between non-uniform inhomogeneity and non-uniform
imposed stress

We now consider the interaction between an inhomogeneity that is elastic-

ally non-uniform with a stiffness tensor that varies as illustrated schematic-

ally in Fig. 9.1, and an imposed stress field that is also non-uniform. The

determination of the perturbed A0 stress field in this general case is daunting,

and we shall therefore content ourselves with formulating general expres-

sions for the interaction energy and corresponding force on the inhomo-

geneity. Inspection of the formulation of the interaction energy, E
INH=A
int , in

Section 9.2.2 shows that it is also valid when the inhomogeneity and applied

stress are non-uniform. Therefore, using Eqs. (9.14) and (9.16), we can

express E
INH=A
int as

E
INH=A
int ¼ �

1

2∯
S
	

ðsA
0

ij u
A0

i � sAij u
A
i Þn̂j dS: ð9:49Þ

The corresponding force can be found by following the same procedure used

in Section 5.3.2.1 to derive the force on a defect expressed in terms of the energy–

momentum tensor. In this procedure the force is obtained by the method that

involves the change in total energy that occurs when the defect is displaced by

dxa. The displacement operation is performed in two steps: in step 1 every

quantity, f, associated with the elastic field in the body is replaced by

f � (qf/qxa)dxa, and in step 2 the constant traction condition at the body surface

is restored. For the present problem, the displacements and surface tractions

during the operation are

uA
0

i ðinitiallyÞ;

uA
0

i �
quA

0

i

qxa
dxaðafter step 1Þ;

uA
00

i ðfinally, after step 2Þ;

sA
0

ij ðinitiallyÞ;

sA
0

ij �
qsA

0

ij

qxa
dxaðafter step 1Þ;
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sA
0

ij �
qsA

0

ij

qxa
dxa þ

qsA
0

ij

qxa
dxa ¼ sA

0

ij ðfinally, after step 2Þ; ð9:50Þ

which may be compared to Eq. (5.42). Using Eq. (9.13), the change in strain

energy in step 1 is then

dWð1Þ ¼ ∯
S
	

sA
0

ij �
qsA

0

ij

qxa
dxa

 !

uA
0

i �
quA

0

i

qxa
dxa

� �

� sA
0

ij u
A0

i

" #

n̂j dS

¼ �
1

2∯
S
	

uA
0

i

qsA
0

ij

qxa
þ sA

0

ij

quA
0

i

qxa

 !

n̂jdxa dS

ð9:51Þ

and, using the same procedure employed in Section 5.3.2.1 to obtain dW(2) and

F(1)þ (2), in the forms of Eqs. (5.44), (5.45), respectively, we obtain, for the

present case,

dWð2Þ ¼ ∯
S
	

sA
0

ij ðuA
00

i � uA
0

i Þ þ
quA

0

i

qxa
dxa

� �

n̂j dS ð9:52Þ

and

d�
ð1Þþð2Þ ¼ �∯

S
	

sA
0

ij ðu
A00

i � uA
0

i Þn̂j dS: ð9:53Þ

Then,

dE ¼ dWð1Þ þ dWð2Þ þ dFð1Þþð2Þ ¼
1

2∯
S
	

sA
0

ij

quA
0

i

qxa
� uA

0

i

qsA
0

ij

qxa

 !

n̂jdxa dS ð9:54Þ

and, by use of Eqs. (5.82) and (2.113), the force is given by

FINH=A
a ¼ �

dE

dxa
¼

1

2∯
S

qsA
0

ij

qxa
uA

0

i � sA
0

ij

quA
0

i

qxa

 !

n̂j dS: ð9:55Þ

Cijmn

x
a

O

Figure 9.1 Variation of Cijmn across relatively small inhomogeneity in large body along

the xa direction. Cijmn is at a maximum near the inhomogeneity center (positioned at

the origin) and falls off with distance in all directions in the general manner indicated.
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In view of the approach used to obtain this expression, it is not surprising that it can

also be obtained by direct use of the energy–momentum tensor force equation, i.e.,

Eq. (5.51). Substituting Eq. (2.133), for the strain energy density, into Eq. (5.51),

FINH=A
a ¼ ∯

S

ðw0
dja � sA

0

ij

quA
0

i

qxa
Þn̂j dS ¼ ∯

S

1

2
sA

0

ik

quA
0

i

qxk
dja � sA

0

ij

quA
0

i

qxa

� �

n̂j dS: ð9:56Þ

Then, by substituting Stokes’ equation, Eq. (B.11), for the term containing the

delta function, Eq. (9.55) is again obtained.

Exercises

9.1 In an isotropic system, find the perturbed displacement field, i.e., uA
0;INH

r ðrÞ

and uA
0;M

r ðrÞ, generated by introducing a spherical inhomogeneity of radius

R into a large body initially containing the uniform applied strain field

eAij ¼ eAdij. Assume that the A field is maintained constant at the body

surface. As in the text, focus on the common situation where the body is

much larger than the inclusion, and the inhomogeneity is sufficiently distant

from the body surface that the eA
0;INH

rr field is essentially uniform and inde-

pendent of the location of the inhomogeneity.

Solution For this problem a simple model system can be employed in which

the inhomogeneity is at the center of a spherical body of radius a, where

(a/R)3 
1, and the surface is subjected to tractions, which maintain the

strains there at eAij ¼ eAdij. As in Exercise 6.8, where the elastic field due to

an inhomogeneous inclusion in an infinite body is determined, the problem

can be treated as a boundary value problem requiring the direct solution of

the Navier equation in both the matrix and inhomogeneity. The problem

again has spherical symmetry, and since there is no transformation strain in

the system, Eq. (6.186) can be taken as the general solution of the Navier

equation for the present problem when written in the form

uA
0;INH

r ðrÞ ¼
cINH
1

r2
þ cINH

2 r uA
0;M

r ðrÞ ¼
cM1
r2

þ cM2 r : ð9:57Þ

Then, after setting c INH
1 ¼ 0 to avoid a singularity at the origin, the remaining

three constants are determined by invoking the following three boundary

conditions that must be satisfied at the interfaces. Using Eqs. (G.10) and

(G.11), the radial stress at the body surface must be

sA
0;M

rr ðaÞ ¼ 3KMeA ð9:58Þ

and, according to Eq. (9.57), the relationship

3KMeA ¼ 3KMcM2 �
4mM

a3
cM1 ð9:59Þ
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must therefore be satisfied. The displacements must match across the

inhomogeneity/matrix interface, and therefore,

cINH
2 R ¼

cM1
R2

þ cM2 R ð9:60Þ

and the corresponding normal stresses must also match so that

3KMcM2 �
4mMcM1
R3

¼ 3KINHcINH
2 : ð9:61Þ

Then, solving Eqs. (9.59–9.61) for the three constants, dropping terms of

magnitude (R/a)3 relative to unity, and substituting the results into

Eq. (9.57),

uA
0;INH

r ðrÞ ¼ cINH
2 r ¼

3KM þ 4mM

3KINH þ 4mM
eAr

uA
0;M

r ðrÞ ¼
cM1
r2

þ cM2 r ¼ 1þ
3ðKM � KINHÞ

ð3KINH þ 4mMÞ

R

r

� �3
" #

eAr:

ð9:62Þ

The corresponding strain in the matrix, eA
0;M

rr ðrÞ therefore falls off with

distance from the inhomogeneity as r�3 and becomes essentially equal to

the strain, eA, maintained at the body surface at a distance of only a few

multiples of R. This will therefore be the case for inclusions anywhere in the

body at distances from its surface exceeding a few multiples of R.

In the following Exercise 9.2 these same results are obtained by employing

the equivalent inclusion method.

9.2 Solve Exercise 9.1 by using the equivalent inclusion method rather than the

Navier equation method.

Solution To obtain e
A0;INH
ij it is convenient to write Eq. (9.11) in the form

e
A0;INH
i ¼ SEij e

T�

j þ eAi ð9:63Þ

using contracted index notation. The required transformation strain of the

equivalent inclusion, eT
�

j , has been obtained in Section 9.3.3 in the form of

Eq. (9.42), and substituting this into Eq. (9.63),

e
A0;INH
1 ¼ e

A0;INH
2 ¼ e

A0;INH
3 ¼ eA

0;INH ¼
1þ nM

3ð1� nMÞ
þ 1

� �

eA

¼
3KM þ 4mM

3KINH þ 4mM
eA:

ð9:64Þ

The corresponding radial displacement field in spherical coordinates is then

uA
0;INH

r ¼
3KM þ 4mM

3KINH þ 4mM
eAr: ð9:65Þ
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The strain field in the matrix is given by Eq. (9.4), which is expressed here as

eA
0;M

rr ðrÞ ¼ eC;M
�

rr ðrÞ þ eA: ð9:66Þ

The quantity eC;M
�

rr ðrÞ corresponds to the strain field in the matrix produced

by a homogeneous inclusion possessing the transformation strain eT
�

j . The

displacement field corresponding to this strain field is given by Eq. (8.62),

which takes the form

uC;M
�

r ðrÞ ¼
9KMVINC

4pð3KM þ 4mMÞ

eT
�

r2
ð9:67Þ

after setting KINC = KM and eT ¼ eT
�
and dropping the image term, since it

is being assumed throughout that image effects can be neglected. Then,

substituting Eq. (9.42) into Eq. (9.67) and substituting the result into the

displacement field corresponding to Eq. (9.66),

uA
0;M

r ðrÞ ¼ uC;M
�

r ðrÞ þ eAr ¼ 1þ
3ðKM � KINHÞ

ð3KINH þ 4mMÞ

R

r

� �3
" #

eAr: ð9:68Þ

Finally, Eqs. (9.68) and (9.65) are seen to agree with Eq. (9.62).

9.3 Verify that either Eq. (9.26) or (9.22) yields the same result for the inter-

action energy, E
INH=A
int , between a spherical inhomogeneity and the uniform

hydrostatic strain field, eAij ¼ eAdij in an isotropic system.

Solution Starting with Eq. (9.26), and using contracted indices and

Eqs. (2.122) and (2.129), the integrand takes the form

sAij e
T�

ij ¼ sAi e
T�

i ¼ 9KMeAeT
�

: ð9:69Þ

The transformation strain, eT
�

ij , is given by Eq. (9.42), and substituting this

and Eq. (9.69) into Eq. (9.26),

E
INH=A
int ¼ �

1

2 ∰
V

INH

sAij e
T�

ij dV ¼ �
9

2
KMVINHeAeT

�

¼
9

2

ðKINH � KMÞð3KM þ 4mMÞVINH

ð3KINH þ 4mMÞ
ðeAÞ2:

ð9:70Þ

On the other hand, Eq. (9.22) takes the form of Eq. (9.33) in an isotropic

system, and it is shown in the text that use of Eq. (9.33) leads to Eq. (9.43),

which is identical to Eq. (9.70).
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10 Point defects in infinite
homogeneous regions

10.1 Introduction

Point defects in crystals can exist in many configurations. Substitutional point

defects occupy substitutional lattice sites and include single vacancies (unoccupied

substitutional sites) and single foreign solute atoms occupying substitutional sites

in dilute solution. Interstitial point defects correspond to atoms occupying intersti-

tial sites, i.e., sites in the interstices between substitutional sites. The interstitial

atoms may be either foreign solute atoms, or the host atoms themselves: defects of

the latter type are often referred to as self-interstitial defects. Small clusters at the

atomic scale of any of these defect types also qualify as point defects. These

clusters may consist entirely of substitutional atoms or entirely of interstitial

atoms or may be of mixed character. For example, an undersized solute atom of

one type may occupy a substitutional site and be bound to an undersized atom of

another type occupying an adjacent interstitial site.

A common feature of all these defects is that they generally distort the host

lattice and generate corresponding long-range stress and strain fields around them.

If, for example, an embedded solute atom has a larger ion core radius than its host

atoms it will, on average, push outwards against its near neighbors, causing a net

expansion of the surrounding crystal, i.e., it will act as a positive center of dilata-

tion. Conversely, a smaller solute atom will behave as a negative center. An

interstitial atom is usually larger than the interstice in the lattice that it occupies

and therefore acts as a positive center. On the other hand, the atoms around a

vacancy often tend to relax inwards towards the vacant site causing the vacancy to

act as a negative center. The symmetry of the surrounding stress field depends

upon the symmetry of the point defect, as discussed later.

Another feature of point defects, already discussed in Section 1.4, is the highly

disturbed atomic structure of their cores. Atoms in the core have different envir-

onments than in the matrix, and the effective elastic constants in this small region

therefore differ from those in the matrix, causing it to act effectively as an

inhomogeneity. A point defect therefore acts approximately as a tiny inhomo-

geneous inclusion.

This chapter begins with a description of the symmetry of point defects in Section

10.2. The force multipole model for determining the elastic field is then taken up in

Section 10.3. Here, the forces that the defect exerts on its near-neighbor atoms are



replaced by an array of point forces applied to a homogeneous medium represent-

ing the crystal. The elastic displacement field produced in infinite homogeneous

regions by these point forces is then found by employing point-force Green’s

functions. The assumption of a homogeneous medium therefore neglects the

inhomogeneous nature of the defect cores and any effects due to the difference

between the effective elastic constants of the tiny core region and those of the

lattice. Finally, in Section 10.4, the small inhomogeneous inclusion model for

point defects is discussed briefly. This model mimics both the forces exerted on

surrounding atoms and the effect of the core inhomogeneity and can be analyzed

using the methods of Chapters 6–9.

10.2 Symmetry of point defects

An important property of any point defect is its symmetry. When an otherwise

perfect crystal contains a single point defect, the symmetry of the overall structure

(which includes the strained crystal) is known as the defect symmetry. Because of

the point nature of the defect, the defect symmetry lacks translational symmetry.

Of interest then is its rotational point group symmetry and to which of the seven

crystal classes it belongs, i.e., cubic, tetragonal, hexagonal, trigonal, orthorhom-

bic, monoclinic, or triclinic. The defect symmetry can be either the same as the

symmetry of the host crystal or lower: in the latter case, the defect can generally

assume more than one structurally equivalent variant1 in the host lattice (Nowick

and Berry, 1972). Three examples are shown in Fig. 10.1. Figure 10.1a shows an

interstitial atom defect in a FCC lattice where the interstitial atom (black sphere)

occupies an octahedral site.2 The defect possesses the same cubic symmetry as the

host lattice, and, therefore, no variants are possible. Figure 10.1b shows an

interstitial atom in an octahedral site involving two nearest-neighbor and four

next-nearest-neighbor lattice sites in a BCC lattice. The defect symmetry is there-

fore tetragonal with the major tetragonal symmetry axis along the x3 axis. Since

this symmetry is lower than the cubic symmetry of the host lattice, this defect type

can exist in the form of three variants which can be produced by locating the

interstitial atom in the three structurally equivalent sites labeled 1, 2, and 3 in

Fig. 10.1b, where the major tetragonal axis is directed along [100], [010], and [001],

respectively. Lastly, Fig. 10.1c shows a self-interstitial defect in a FCC lattice

where two host atoms share a single face-centered lattice site in a “split” configur-

ation extended along a <110> direction. This defect possesses rhombohedral

symmetry, which is lower than the cubic symmetry of the host lattice. Additional

1 Structurally equivalent variants are defects that have identical atomic structures but are simply

rotated with respect to one another in the host lattice.
2 The site is considered an octahedral site since it is located at the center of an imaginary octahedron

whose vertices are located at the six nearest-neighbor lattice sites.
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structurally equivalent variants can therefore exist with their extended axes along

other <110> directions.

Further discussion of defect symmetry is given by Nowick and Berry (1972),

Nowick and Heller (1963), and Teodosiu (1982), and in Section 10.3.4.

10.3 Force multipole model

As pointed out in Section 10.1, a point defect generally exerts forces on its

neighboring atoms that are absent in the perfect crystal. These forces, in turn,

produce a displacement field around the defect that extends throughout the

surrounding matrix. An elastic model for the defect can therefore be constructed

by replacing the defect with a homogeneous elastic continuum subjected to a

localized array of point forces, i.e., a force multipole, which mimics the forces that

are imposed on the atoms surrounding the defect. These forces fall off rapidly with

distance from the defect, and it usually suffices to include only those acting on

nearest and next-nearest neighbors. The displacement field throughout the remain-

der of the body due to these forces is then found by using continuum elasticity

incorporating the appropriate point-force Green’s function. The model is there-

fore expected to be applicable outside the defect core at distances beyond at least

next-nearest-neighbor distances. Methods of determining the forces that mimic the

effect of the defect require atomistic calculations employing approaches that are

beyond the scope of this book. The continuum force multipole model is therefore

developed next, assuming that the forces are known.

10.3.1 Basic model

The treatment mainly follows those given by Siems (1968), Leibfried and Breuer

(1978), Teodosiu (1982), and Bacon, Barnett, and Scattergood (1979b). As shown

x3

x2

x1

2

3

1

(b)

(c)

(a)

Figure 10.1 (a) Interstitial atom (black sphere) in octahedral site in FCC lattice. (b) Interstitial

atom (black sphere) in octahedral site in BCC lattice. Three structurally equivalent variants

of this defect can be obtained by locating the interstitial atom on the three distinguishable 1, 2,

and 3 octahedral sites. (c) Self-interstitial defect in FCC lattice, where two host atoms share a

lattice site in a “split” configuration extended along <110>. Here, an extra host atom has been

inserted interstitially, and relaxation has occurred so that the atom that originally occupied

the face-centered site (indicated by the x) and the inserted atom (i.e., the two black atoms) are

symmetrically disposed along<110> around the x site,which constitutes the center of the defect.
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in Fig. 10.2, the field point is at x, the center of the defect is at x0, and the qth point

force due to the defect is at a vector displacement s(q)from the defect center.

Assuming N point forces, and, using Eq. (3.15), the displacement at x is then

uiðxÞ ¼
X

N

q¼1

Gijðx� x0 � s
ðqÞ
ÞF

ðqÞ
j : ð10:1Þ

Since the distances js(q)j are relatively small, Gij(x � x0 � s(q)) can be expanded in a

Taylor’s series around (x � x0) of the form

Gijðx� x0 � sðqÞÞ ¼ Gijðx� x0Þ þ
qGijðx� x0Þ

qx0m
sðqÞm þ

1

2!

q
2Gijðx� x0Þ

qx0mqx
0
n

sðqÞm sðqÞn

þ
1

3!

q
3Gijðx� x0Þ

qx0mqx
0
nqx

0
r

sðqÞm sðqÞn sðqÞr þ � � � :

ð10:2Þ

Then, substituting Eq. (10.2) into Eq. (10.1),

uiðxÞ ¼ Gijðx� x0ÞPj þ
qGijðx� x0Þ

qx0m
Pmj þ

1

2!

q
2Gijðx� x0Þ

qx0mqx
0
n

Pmnj þ
1

3!

q
3Gijðx� x0Þ

qx0mqx
0
nqx

0
r

Pmnrj þ � � � ;

ð10:3Þ

where

Pj ¼
X

N

q¼1

F
ðqÞ
j ¼ 0; ð10:4Þ

Pmj ¼
X

N

q¼1

sðqÞm F
ðqÞ
j ; ð10:5Þ

Pmnj ¼
X

N

q¼1

sðqÞm sðqÞn F
ðqÞ
j ; ð10:6Þ

Pmnrj ¼
X

N

q¼1

sðqÞm sðqÞn sðqÞr F
ðqÞ
j : ð10:7Þ
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Defect
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Figure 10.2 Geometry for Eq. (10.1).
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The zeroth-order quantity, Pj, is just the component j of the total force multipole

and therefore must vanish to satisfy mechanical equilibrium. The remaining

quantities Pmj, Pmnj, and Pmnrj are second-, third-, and fourth-rank tensors and

are termed the force dipole,3 quadrupole, and octopole moment tensors, respectively.

The total torque exerted by the force distribution must vanish, so that

P

N

q¼1

sðqÞ�FðqÞ ¼
P

N

q¼1

½ê1ðs
ðqÞ
2 F

ðqÞ
3 � s

ðqÞ
3 F

ðqÞ
2 Þ � ê2ðs

ðqÞ
1 F

ðqÞ
3 � s

ðqÞ
3 F

ðqÞ
1 Þ þ ê3ðs

ðqÞ
1 F

ðqÞ
2 � s

ðqÞ
2 F

ðqÞ
1 Þ�:

¼ ê1ðP23 � P32Þ � ê2ðP13 � P31Þ þ ê3ðP12 � P21Þ ¼ 0:

ð10:8Þ

The Pmj force dipole tensor must therefore be symmetric, i.e.,

Pmj ¼ Pjm: ð10:9Þ

Finally, using these results, and qGijðx� x0Þ=qx0i ¼ �qGijðx� x0Þ=qxi, Eq. (10.3)

takes the form (to third order),

uiðxÞ ¼ �
qGijðx� x0Þ

qxm
Pmj þ

1

2

q
2Gijðx� x0Þ

qxmqxn
Pmnj �

1

6

q
3Gijðx� x0Þ

qxmqxnqxr
Pmnrj: ð10:10Þ

It is emphasized at this point that the force multipole of a defect is an intrinsic

property of the defect and is independent of the position of the defect in the body.

10.3.2 Force multipoles

10.3.2.1 Elementary double force
The simplest forcemultipole is a double force consisting of two symmetrically opposed

point forces, as illustrated in Fig. 10.3. Such a double force constitutes a simple

nearest-neighbor model of a defect such as the octahedral interstitial in Fig. 10.1b,

where themain lattice forces exerted by the defect are assumed to be on its two nearest

neighbors. With the origin at the defect center and applying Eqs. (10.5)–(10.7), the

quadrupole tensor vanishes, since the double-force defect is centrosymmetric, i.e., it

x3

x2

x1

a

F

F

Figure 10.3 Assumed simple nearest-neighbor double-force model for interstitial defect

(black sphere) in octahedral site in BCC structure. Forces, F, are applied to defect

nearest-neighbor host atoms.

3 A force dipole moment is analogous to an electric dipole moment, p=qs, consisting of two point

charges of equal but opposite sign, q and �q, separated by the distance s.
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possesses inversion symmetry.4 The remaining non-zero components of the dipole

and octopole tensors for the double force in Fig. 10.3 are, then

P33 ¼
a

2
Fþ

a

2
F ¼ aF

P3333 ¼
a3

8
þ
a3

8
¼

a3F

4
:

ð10:11Þ

10.3.2.2 Combinations of double forces
Consider next forcemultipoles composed of combinations of double forces. A simple

example is the multipole for the defect shown in Fig. 10.4, consisting of three equal

and orthogonal double forces applied to the defect’s nearest neighbors. With the

defect center at the origin of the coordinate system, and employing Eqs. (10.5–10.7),

the only non-zero multipole moment tensor components to third order are

P11 ¼ P22 ¼ P33 ¼ aFþ aF ¼ 2aF

P1111 ¼ P2222 ¼ P3333 ¼ a3Fþ a3F ¼ 2a3F:
ð10:12Þ

10.3.2.3 Further force multipoles
In many cases, the force distribution representing the defect cannot be constructed

using combinations of double forces. An example is the assumed “split” dumbbell

self-interstitial defect in the FCC structure shown in Fig. 10.5. Here, the force

multipole consists of eight non-collinear forces imposed on the eight nearest

neighbors of the defect. Using Eqs. (10.5) and (10.6), the only non-zero multipole

moment tensor components to second order are then

F x3

F

F F

F

x2

F
x1

a

Figure 10.4 Assumed force multipole consisting of equal forces, F, acting on the six

nearest-neighbor atoms of defect (black sphere) at distance a in a simple cubic structure.

The multipole is equivalent to three equal and orthogonal double forces.

4 The inversion symmetryoperation involvesmovingapoint initially atx to�x. In the forcemultipole ofpoint

defects possessing inversion symmetry, such as, for example, those in Figs. 10.3 and 10.6, for every force, F,

acting at s, there is a reverse force,�F, acting at�s. The contributions of eachF and its�F counterpart then

exactly cancel in the sum given by Eq. (10.6) for Pmnj, and it therefore vanishes. In fact, all force moment

tensors with an odd number of indices must vanish for a point defect possessing inversion symmetry.
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P11 ¼ P22 ¼ 2aF cos y

P33 ¼ 4aF sin y:
ð10:13Þ

All of the defects considered so far have possessed a center of inversion, and all

elements of the second-order quadrupole tensor have therefore vanished. There-

fore, consider the defect in Fig. 10.6, which lacks a center of inversion. Here, the

non-vanishing elements of the dipole and quadrupole to second order are

P11 ¼ P22 ¼ 2aðFþ F0Þ P131 ¼ P311 ¼ P232 ¼ P322 ¼ a2ðF� F0Þ

P33 ¼
3a

2
ðFþ F0Þ P333 ¼

9a2

4
ðF� F0Þ:

ð10:14Þ

The second-order quadrupole moment components that are now present depend

upon the degree to which the defect lacks a center of inversion, since they

x3

F

q

x2

x1

a

2d

Figure 10.5 Assumed “split” dumbbell self-interstitial defect (black spheres) in FCC structure

with lattice forces acting onnearest-neighbor atoms.Here, an extra host atomhas been inserted

interstitially at the face-centered site, x, and relaxation has occurred so that the original

atom that occupied the x site and the inserted atom are symmetrically disposed around the

x site, which constitutes the defect center. All eight lattice forces are of magnitude F.

F′  x2

F F′  

F′  F′  

F F

F
x1

x3
F F′  

Figure 10.6 Assumed non-centrosymmetric defect composed of two dissimilar nearest-neighbor

solute atoms (black spheres) located on lattice sites in simple cubic structure, with forces acting

on nearest-neighbor host atoms.
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are proportional to the difference (F – F0), which would vanish if the defect

were centrosymmetric.

10.3.3 Elastic fields of multipoles in isotropic systems

10.3.3.1 Elementary double force
The solution for the elastic field of a double force is useful, since it can be

employed as a basic element in the construction of solutions for more complex

force multipoles that can be made up of combinations of double forces. Using

qGijðx� x0Þ=qx0m ¼ �qGijðx� x0Þ=qxm, and taking the origin at the defect center so

that x0 vanishes, Eq. (10.10) for the double force in Fig. 10.3 takes the form

ui:ðxÞ ¼ �aF
qGi3ðxÞ

qx3
þ

a2

24

q
3Gi3ðxÞ

qx33

� �

: ð10:15Þ

Then, using the Green’s function for infinite isotropic bodies given by Eq. (4.110),

uiðxÞ ¼
aF

16pmð1� nÞ

2ð1� 2nÞl3di3 � lið1� 3l23Þ

x2

�

þ
a2

8

½nð12l3 � 20l33Þdi3 þ lið3� 30l23 þ 35l43Þ�

x4

o

; ð10:16Þ

where the li = xi/x are the direction cosines of x. The displacement field has a

complicated angular dependence. The first term, which is entirely due to the first-

order force dipole, falls off with distance from the center as x�2. The second term,

which is due to the third-order force octopole, falls off much more rapidly, i.e., as

x�4, and becomes relatively unimportant at a distance from the double-force

center only several times larger than the extension of the double force, in con-

formity with St.-Venant’s principle.

10.3.3.2 Combinations of double forces
For the combination of the three equal and orthogonal double forces in Fig. 10.4,

Eq. (10.10) takes the form

uiðxÞ ¼ �2aF
qGijðxÞ

qxj
þ
a2

6

q
3GijðxÞ

qx3j

 !

: ð10:17Þ

Substitution of the Green’s function given by Eq. (4.110), into Eq. (10.17), then

yields the displacement field5

5 Note that Eq. (10.18) can be readily obtained from Eq. (10.16) for the single double force in Fig.10.3

by simple summation after cyclic interchange of i = 1,2,3 and accounting for the difference in the

labeling of the nearest-neighbor distance in Figs. 10.3 and 10.4.
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uiðxÞ ¼
aF

4pmð1� nÞ

ð1� 2nÞli
x2

þ
a2

4

½nð12li � 20l3i Þ þ 35lið�3=5þ l41 þ l42 þ l43Þ�

x4

� �

:

ð10:18Þ

As in the case of the previous simple double force, the first-order dipole term and

third-order octopole term fall off as x�2and x�4, respectively, and the second-order

quadrupole term vanishes because the multipole possesses a center of inversion.

The first-order dipole term can be written in the vector form

uðxÞ ¼ uiêi ¼
aFð1� 2nÞ

4pmð1� nÞ

xi

x3
êi ¼

aFð1� 2nÞ

4pmð1� nÞ

1

x3
x; ð10:19Þ

which is seen to be spherically symmetric. However, the octopole term contains

the angular factor ðl41 þ l42 þ l43 � 3=5Þ and odd powers of li and is therefore

cubically symmetric.6 The octopole term therefore contains detailed information

about the local distribution of force at the defect center and decays rapidly

compared with the dipole term as x increases. The far field due to the dipole term

is spherically symmetric and independent of the details of the distribution of local

force as expected on the basis of St.-Venant’s principle. The far field is seen to be

of the same form found in Chapter 6 for the displacement field around a homoge-

neous spherical inclusion acting as a center of dilatation with the pure dilatational

transformation strains eTij ¼ eTdij. In fact, by employing Eqs. (10.19), (6.127), and

(6.128), the fields are found to be identical when the dipole moment, 2Fa, is

assigned a value satisfying the relationship

aFð1� 2nÞ

4pmð1� nÞ
¼ c ¼

ð1þ nÞVINCeT

4pð1� nÞ
: ð10:20Þ

10.3.3.3 Further force multipoles
Further assumed examples of force multipoles are illustrated in Figs. 10.5 and

10.6. The forces in the multipole in Fig. 10.5, which mimic a split dumbbell self-

interstitial in the FCC structure, are non-radial, and, using Eq. (10.10), the first-

order dipole component of the displacement field is7

uiðxÞ ¼ �2aF
qGi1ðxÞ

qx1
cos yþ

qGi2ðxÞ

qx2
cos yþ

qGi3ðxÞ

qx3
2 sin y

� �

; ð10:21Þ

with Gij given for isotropic systems by Eq. (4.110).

6 As pointed out by Eshelby (1977), the quantity ð�3=5þ l41 þ l42 þ l43Þ is a surface harmonic of order

four, and the only such harmonic possessing cubic symmetry.
7 Note that this component of the displacement field becomes spherically symmetric when cosy =

2siny, or, equivalently, when the distance, 2d, into which the defect is “split” in Fig. 10.5, corresponds

to 2d = a/2.
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For the more complex, and less symmetric, force multipole in Fig. 10.6, the

displacement obtained by use of Eq. (10.10) consists of dipole and quadrupole

terms given by

u1ðxÞ ¼
al1

32pmð1� nÞ
ðFþ F0Þð9� 16n� 3l23Þ

1

x2
þ
3aðF� F0Þl3

4
ð13� 32nþ 5l23Þ

1

x3

� �

:

ð10:22Þ

Similar results are found for uM2 and uM3 . The quadrupole term falls off as x�3, i.e.,

at a rate intermediate between that of the dipole and an octopole, which would fall

off as x�4.

10.3.4 Elastic fields of multipoles in general anisotropic systems

The elastic fields of force multipoles in general anisotropic systems can be found

by employing the same formalism as used above, but with the derivatives of the

Green’s functions replaced by the corresponding derivatives valid for anisotropic

systems given in Chapter 4 by Eqs. (4.40) and (4.42). As might be expected, the

displacement fields due to force dipoles, quadrupoles, and octopoles again fall off

as x�2, x�3, and x�4, respectively. For example, in an anisotropic system, the force

dipole contribution to the displacement produced by the elementary double force

in Fig.10.3 is given by

uiðxÞ ¼ �aF
qGi3ðxÞ

qx3
¼

aF

8p2x2

þ

L̂

l̂3ðk̂k̂Þ
�1
i3 � k̂3ðk̂k̂Þ

�1
ip ½ðk̂l̂Þpj þ ðl̂k̂Þpj�ðk̂k̂Þ

�1
j3

n o

ds;

ð10:23Þ

where the derivative, qGI3(x)/qx3, has been obtained from Eq. (4.40) after

replacing ŵ with l̂.8 The displacement falls off as x�2, and has an angular depend-

ence expressed as a function of l̂, just as in Eq. (10.16) for the corresponding

isotropic system. Also, since the higher derivatives of the Green’s function have

the general form of Eq. (4.42), the octopole contribution to the displacement field

for the double force anisotropic system will fall off as x�4 just as in Eq. (10.16) for

the corresponding isotropic system.

10.3.5 The force dipole moment approximation

The previous results for both isotropic and anisotropic systems show that the

dipole, quadrupole, and octopole contributions to the displacement field fall off as

x�2, x�3, and x�4, respectively. The first-order dipole term in Eq. (10.10) carries

8 This follows from the fact that in formulating the Green’s function for an infinite body the unit

vector, ŵ, has been taken parallel to the field vector, x, which, in turn, is parallel to l̂ (see Fig. 4.2 and

the formulation of Eq. (4.22)).
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information about the long-range displacement field and is insensitive to the

details of the local distribution of forces, which mimic the defect as expected on

the basis of St.-Venant’s principle. Conversely, the higher-order terms carry infor-

mation about the near field in the direct vicinity of the force multipole and are

highly sensitive to the form of the force distribution. This has been clearly seen, for

example, in Eq. (10.18) for the displacement field due to the multipole in Fig. 10.4,

consisting of three equal orthogonal double forces. Here, the dipole term is

spherically symmetric, while the octopole term possesses the cubic symmetry of

the force distribution. The higher-order terms, obtained by the use of linear

elasticity in the near vicinity of the core structures of point effects mimicked by

multipoles, are generally expected to be relatively unreliable for quantitative

purposes,9 and, for many applications that depend primarily upon the longer-

range elastic field, it is convenient simply to omit them and adopt the force dipole

approximation, in which only the force dipole moment tensor and accompanying

first derivatives of the Green’s function are retained.

In this first-order approximation, all defects having the same dipole moment

tensor therefore have the same elastic field even though their local force distribu-

tions may differ. The forces, F
ðkÞ
j , and distances, s

ðkÞ
m , appear linearly in the dipole

moment tensor, and an infinite number of geometrically different force distribu-

tions can readily be constructed to produce the same tensor and therefore the same

elastic field. For example, in the case of the double force in Fig. 10.3, whose dipole

moment tensor components are given by Eq. (10.11), the distance a may be

decreased and the force F proportionally increased to keep the aF product con-

stant and the tensor unchanged.

The form of the force dipole moment tensor will, of course, depend upon the

choice of coordinate system. However, it must always be symmetric because of

Eq. (10.9). Its form will also be affected by the symmetry elements of the defect,

since, according to Neumann’s principle,

The symmetry elements of any physical property of a defect must include the symmetry elements

of the defect’s point group.10

Nye (1957) has described how the form of a symmetrical second-rank tensor

representing a physical property depends on the symmetry elements when conven-

tional choices for the orthogonal coordinate system are made. The results

expected for the dipole moment tensor are shown in Table 10.1. Since Pmj is a

second rank tensor, it may always be diagonalized regardless of the defect sym-

metry. As seen in Table 10.1, the conventional coordinate systems adopted are

9 Nevertheless, it should be noted that lattice models have shown that the higher-order multipole

terms reproduce, at least qualitatively, some of the main features of the local displacement field very

near the defect core, e.g., Siems (1968).
10 This must be true, since any symmetry operation on a defect that produces an indistinguishable

defect must also produce a corresponding indistinguishable physical property of the defect.
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also principal coordinate systems, except for those employed for the monoclinic

and triclinic systems.

When the dipole moment tensor is expressed in its principal coordinate system,

the displacement field given by Eq. (10.10) appears simply as

uiðxÞ ¼ �
qGi1ðxÞ

qx1
P11 þ

qGi2ðxÞ

qx2
P22 þ

qGi3ðxÞ

qx3
P33

� �

ð10:24Þ

and the force multipole is represented by three orthogonal double forces directed

along the principal directions.

For certain problems, it is useful to have an expression for the force density

distribution that can be associated with a given force dipole moment. This can be

obtained by starting with a double force consisting of the forces F and �F acting

at the vector positions s/2 and �s/2, respectively, with F parallel to s. Its force

density distribution can then be described in the usual way by using delta func-

tions so that

fðxÞ ¼ F d x�
s

2

	 


� d xþ
s

2

	 
h i

: ð10:25Þ

The force dipole moment tensor corresponding to such a double force is given by

P
ð1Þ
mj ¼ smFj ð10:26Þ

Table 10.1. Form of dipole moment tensor, Pmj, in conventional coordinate systems for defects

belonging to different symmetry systems (Nye, 1957).

Symmetry

system Characteristic symmetry

Conventional

orthogonal

coordinate system Form of Pmj

Cubic Four 3-fold axes Arbitrary

P 0 0

0 P 0

0 0 P

2

4

3

5

Tetragonal One 4-fold axis

x3 along symmetry axis:

x1 and x2 arbitrary

P 0 0

0 P 0

0 0 P33

2

4

3

5
Hexagonal One 6-fold axis

Trigonal One 3-fold axis

Orthorhombic Three orthogonal

2-fold axes

x1, x2, and x3 along

symmetry axes

P11 0 0

0 P22 0

0 0 P33

2

4

3

5

Monoclinic One 2-fold axis x2 along symmetry axis

P11 0 P13

0 P22 0

P13 0 P33

2

4

3

5

Triclinic Center of symmetry, or

no center of symmetry

Arbitrary

P11 P12 P13

P12 P22 P23

P13 P23 P33

2

4

3

5
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and therefore remains unchanged when the force components, Fj, are increased

and the extension components, sm, decreased while their products are maintained

constant, as pointed out before. Therefore, by making the sm arbitrarily small,

while keeping the dipole force tensor constant, and expanding the delta functions

in Eq. (10.25) in a Taylor’s series around s=0 to first order, the desired corres-

ponding force density distribution is obtained in the form

fðxÞ ¼ �smF
qdðxÞ

qxm
fjðxÞ ¼ �smFj

qdðxÞ

qxm
¼ �Pmj

qdðxÞ

qxm
: ð10:27Þ

This expression is useful in Chapter 11, where it is employed in an analysis of point

defects in finite bodies.

10.4 Small inhomogeneous inclusion model for point defect

As already mentioned in Section 10.1, point defects can also be modeled elastic-

ally as small inhomogeneous inclusions with misfits that possess the same fea-

tures as the inhomogeneous inclusions treated in Chapter 6. In such cases, the

core region is replaced by a small fictitious continuum inclusion that possesses

effective elastic constants, which may differ from those of the matrix and

transformation strains that cause the model to mimic the forces exerted on the

surrounding matrix. An example is the classic “ball-in-hole” model for a solute

atom consisting of a sphere forced into an undersized (or oversized) spherical

cavity in the matrix and then bonded (Christian, 1975). This model corresponds

to the spherical inhomogeneous inclusion with the transformation strain

eTij ¼ eTdij treated in Section 6.4.3.1. Such an inclusion model is, of course, useless

for describing the detailed aspects of the point defect core, but it is useful in

determining the elastic field of the point defect in the surrounding matrix and its

interactions with the stress fields of other defects. By adjusting the transform-

ation strain and effective elastic constants in the fictitious inclusion, the elastic

fields for corresponding point defects with various symmetries can be modeled.

The small inclusion model and the force multipole model employing the force

dipole approximation (Section 10.3.5) both yield stress fields that fall off as x�3.

As shown in Section 10.3.3.2 by Eq. (10.20), the elastic fields in the matrix of a

spherically symmetric point defect simulated by a small inclusion and by a force

multipole consisting of three equal orthogonal double forces of appropriately

chosen “strength” are identical.

It is worth noting that the first-order approximations for the force exerted

on an inclusion by an imposed elastic field gradient given, for example, by

Eqs. (7.10), (7.14), and (7.28), should be especially acceptable in cases where a

point defect is mimicked by a small inhomogeneous inclusion. Here, the accuracy

of the required first-order expansions benefits from the small size of the fictitious

inclusion.
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Exercises

10.1 Show that the expression for the force distribution due to a double force

given by Eq. (10.27) can be used to obtain, directly, the first-order term in

Eq. (10.3) (involving the dipole moment, Pmj).

Solution Substituting Eq. (10.27) into Eq. (3.16),

uiðxÞ ¼ �∰
1

Gijðx� x0ÞPmj

qdðx0Þ

qx0m
dV 0: ð10:28Þ

To evaluate the derivative of the delta function in Eq. (10.28), the expression

∰
1

gðxÞ
qdðxÞ

qxm
dV ¼ �

qgðxÞ

qxm

�

�

�

�

x1¼x2¼x3¼0

ð10:29Þ

is obtained using Eq. (D.4) (in three dimensions). Then, using this in (Eq. 10.28),

uiðxÞ ¼ �∰
1

Gijðx� x0ÞPmj

qdðx0Þ

qx0m
dV0 ¼

qGijðx� x0Þ

qx0m
Pmj: ð10:30Þ

10.2 Equation (10.18) gives the displacement field due to the force multipole illus-

trated in Fig. 10.4 in an infinite isotropic matrix. The first term, as expressed by

Eq. (10.19), is known fromEq. (8.5) not to produce any local volume change in

the medium around the multipole. Prove that the second term in Eq. (10.18),

associated with the octopole moment tensor, behaves in the same manner.

Solution Using Eq. (2.42), the dilatation due to the second term is

eðxÞ ¼ �
a3F

16pmð1� nÞ
r � ei½lið21�12nÞ þ 20nl3i�35liðl

4
1 þ l42 þ l43Þ�

1

x4

¼ �
35a3ð1� 2nÞF

8pmð1� nÞ
ðl41 þ l42 þ l43Þ�

3

5

� �

1

x5
:

ð10:31Þ

Then, integrating the dilatation over the region around the force multipole,

the volume change is

�V ¼ ∰
V

edV ¼ �
35a3ð1� 2nÞF

8pmð1� nÞ

�

ð

1

r	

dr

r3

ð

2p

0

ð

p

0

cos4 y sin4 fþ cos4 y sin4 fþ cos4 f�
3

5

� �

sinfdfdy ¼ 0;

ð10:32Þ

where ro is a small radius around the force multipole. The integral is

obtained by switching to spherical coordinates and using spherical trig-

onometry to express the li direction cosines as functions of y and f in the

forms l1=cosysinf, l2=sinysinf, and l3=cosf.
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11 Point defects and stress – image
effects in finite bodies

11.1 Introduction

In Chapter 10, the force multipole and small inhomogeneous models for point

defects in infinite homogeneous regions were described. The interaction of inhomo-

geneous inclusions with various types of stresses has been treated in Chapters 7 and

8. Consequently, there is no need in this chapter to devote further attention to

interactions between point defects and stress in terms of the small inhomogeneous

inclusion model. Attention is therefore focused on these interactions in terms of

the force multipole model.

Section 11.2 includes a treatment of the interaction between a single point defect

(represented by a force multipole) and a general internal or applied stress. In

Section 11.3, the force multipole model is used to investigate the volume change

due to a single point defect in a finite body possessing a traction-free surface,

where the defect image stress can play an important role. Then, with Section 11.3

in hand, Section 11.4 takes up the particularly interesting problem of the behavior

of a finite traction-free body filled with a statistically uniform distribution of point

defects, which may, for example, be vacancies in thermal equilibrium or solute

atoms dispersed throughout a solid solution. Analyses are given of the volume

changes, macroscopic shape changes and lattice parameter changes (as measured

by X-ray diffraction) produced by the defects. A demonstration is given of the

intuitive result that a uniform concentration of point defects in a finite body with a

traction-free surface produces a uniform average strain throughout the body. If

the centers are spherically symmetric and act as centers of pure dilatation, the

macroscopic body either expands or contracts uniformly throughout the body

(depending upon whether the centers possess positive or negative strengths) with

no change in body shape. If the centers possess lower symmetry, the body again

expands or contracts uniformly but undergoes a macroscopic shape change,

reflecting the symmetry of the defects.

11.2 Interaction between a point defect (multipole) and stress

Equations (5.15) and (5.29) give the interaction energy between a defect, D,

represented by point forces, and internal and applied elastic fields, respectively.



For a defect force multipole in a general stress field, Q, the corresponding equation

is then

E
D=Q
int ¼ �

X

q

F
DðqÞ
j u

Q
j ðs

DðqÞÞ; ð11:1Þ

where the center of the defect is at the origin, and sDðqÞ is the vector to the force

FDðqÞ. Then, expanding u
Q
i ðs

DðqÞÞ around the origin to third order,

E
D=Q
int ¼ �

X

q

u
Q
j ð0Þ þ

qu
Q
j

qxm
sDðqÞ
m þ

1

2!

q
2u

Q
j

qxmqxn
sDðqÞ
m sDðqÞ

n þ
1

3!

q
3u

Q
j

qxmqxnqxr
sDðqÞ
m sDðqÞ

n sDðqÞ
r þ � � �

" #

F
DðqÞ
j ;

ð11:2Þ

and substituting the multipole quantities from Eqs. (10.4)–(10.7) into Eq. (11.2),

E
D=Q
int ¼ � PD

mj

qu
Q
j

qxm
þ

1

2!
PD
mnj

q
2u

Q
j

qxmqxn
þ

1

3!
PD
mnrj

q
3u

Q
j

qxmqxnqxr
þ � � �

 !

: ð11:3Þ

If the elastic field is uniform, only the leading force dipole term contributes, and

using Eq. (2.5) and the symmetry property, Pmj ¼ Pjm, given by Eq. (10.9),

E
D=Q
int ¼ �e

Q
mjP

D
mj ¼ �PD

mjSmjiks
Q
ik: ð11:4Þ

If a field gradient is present, the corresponding force on the defect given by Eqs.

(5.40) and (11.3) takes the form

F
D=Q
l ¼ �

qE
D=Q
int

qxl
¼ �

qE
D=Q
int

qxl
¼ PD

mj

qe
Q
mj

qxl
þ

1

2!
PD
mnj

q
3u

Q
j

qxlqxmqxn
þ

1

3!
PD
mnrj

q
4u

Q
j

qxlqxmqxnqxr
þ � � � :

ð11:5Þ

For the particular case where the defect is represented by the force multipole

illustrated in Fig. 10.4 (corresponding to a center of dilatation) the only non-

vanishing force dipoles are PD
11 ¼ PD

22 ¼ PD
33 ¼ 2aF, since the quadrupole force

moments vanish because of the defect inversion symmetry. The force imposed

on the defect in the presence of a stress gradient, given by Eq. (11.5) after dropping

higher-order terms, is then

F
D=Q
l ¼ PD

mj

qe
Q
mj

qxl
¼ 2aFSmmik

qs
Q
ik

qxl
: ð11:6Þ

If the stress is hydrostatic so that s
Q
ik ¼ �PQdik, the above force reduces to

F
D=Q
l ¼ �2aFSmmkk

qPQ

qxl
: ð11:7Þ

However, as shown in Section 11.3 by Eq. (11.16), the quantity 2aFSiikk in

Eq. (11.7) is equal to the volume change caused by the force multipole acting as

a center of dilatation, and, therefore, substituting this into Eq. (11.7),
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F
D=Q
l ¼ ��VD qPQ

qxl
: ð11:8Þ

This result is seen to be identical in form to Eq. (7.10), obtained previously for the

force exerted by hydrostatic pressure on a spherical homogeneous inclusion acting

as a center of dilatation with the transformation strain eTij ¼ eTdij.

11.3 Volume change of finite body due to single point defect

The point defect is again mimicked by an array of point forces, and we wish to find

the volume change,�VD, that it produces in a finite body,V
	
, possessing a traction-

free surface. The volume change, �VF, of the body due to a single point force, F,

located at the vector position s is therefore found first, and the total volume change

is then obtained by summing the contributions made by all the point forces.

If u is the displacement field in the body due to the point force, F, the volume

change that it produces is

�VF ¼ ∰
V

	

r � udV ¼ ∰
V

	

edV ¼ Siikl∰
V

	

skldV; ð11:9Þ

after using Eq. (2.93). The last integral in Eq. (11.9) can be evaluated by starting

with the equation of equilibrium, Eq. (2.65),

qsikðxÞ

qxk
þ Fidðx� sÞ ¼ 0; ð11:10Þ

where Fidðx� sÞ is the force density distribution representing the force, and sikðxÞ

is the stress that it produces. Then, multiplying Eq. (11.10) through by the distance

xm and integrating it by parts over V
	
,

∰
V

	

xm
qsik

qxk
þ xmFidðx� sÞ

� �

dV ¼ ∰
V

	

q

qxk
ðxmsikÞdV �∰

V
	

simdV þ∰
V

	

xmFidðx� sÞdV ¼ 0:

ð11:11Þ

However,

∰
V

	

q

qxk
ðxmsikÞdV ¼ ∯

S
	

xmsikn̂k dS ¼ 0; ð11:12Þ

as a result of the divergence theorem and the traction-free surface condition,

sikn̂k ¼ 0. Therefore, substituting Eq. (11.12) into Eq. (11.11) and employing the

properties of the delta function,

∰
V

	

simðxÞdV ¼ ∰
V

	

xmFidðx� sÞdV ¼ smFi: ð11:13Þ
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The volume change produced by the point force is then obtained by substituting

Eq. 11.13 into Eq. 11.9 so that

�VF ¼ Siikl∰
V

	

skl dV ¼ SiiklslFk: ð11:14Þ

Then, if N point forces are used to mimic the defect, the total volume change due

to the defect is

�VD ¼ Siikl
X

N

q¼1

s
ðqÞ
l F

ðqÞ
k ¼ SiiklPkl; ð11:15Þ

where use has been made of Eq. 10.5. This remarkably simple result, proving that

the volume change depends only upon the compliance tensor, Sijkl, and the Pij

tensor of the defect, shows that the volume change is independent of the position

of the defect and the size or shape of the body. Since the volume change due to the

defect in an infinite body is a constant, the volume change due to the defect image

stress must also be independent of the position of the defect and the body size or

shape. This result may be compared with the closely related finding in Chapter 8,

Eq. (8.12), that the volume change of a finite body with a traction-free surface due

to an inclusion, modeled as a center of dilatation in an isotropic system, is also

independent of body size or shape.

In the case of the defect represented by the force multipole center of dilatation in

Fig. 10.4, where the only non-zero components of Pkl are P11 ¼ P22 ¼ P33 ¼ 2aF,

the volume change is

�VD ¼ SiiklPkl ¼ Siikk2aF: ð11:16Þ

In Exercise 11.1, it is shown that Eq. (11.16), applied to an isotropic system, yields

the same volume change for the defect as that produced by a small spherical

inclusion of appropriately chosen “strength”, acting as a model for the defect

instead of the force multipole. In Exercise 11.2, it is demonstrated that when

tractions are applied to the surface of a finite body they constitute a force dipole

and produce a volume change of the body given by an expression of the same form

as Eq. (11.15). Also, see Exercise 11.3.

11.4 Statistically uniform distributions of point defects

11.4.1 Defect-induced stress and changes in volume of finite body

Having the above results for a single point defect, we can now find the change of

volume, �V, of a finite homogeneous body, V
	
, of volume V, with a traction-free

surface, produced by a statistically uniform distribution of N identical point

defects. First, using the coordinates illustrated in Fig. 10.2, the force density is

determined at the field point x due to the defects distributed throughoutV
	
at the
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source points x0. According to Eq. (10.27), there will be a force density at the field

point x due to a defect located at x0 possessing a dipole moment, Pmj, given by

fjðx� x0Þ ¼ �Pmj

qdðx� x0Þ

qðxm � x0mÞ
: ð11:17Þ

The average number of defects in any volume element dV0 is ðN=VÞdV0, and the

average increment of force density present at x due to these defects is therefore

dh fji ¼
N

V
fjðx� x0ÞdV0: ð11:18Þ

Combining Eqs. (11.17) and (11.18), the total force density at x is then

h fjðxÞi ¼ �
N

V
Pmj

ððð

V

qdðx� x0Þ

qðxm � x0mÞ
dx01 dx02 dx03: ð11:19Þ

Assume, for simplicity, that the body is a large rectangular prism of dimensions

2Li with its edges aligned along the coordinate axes corresponding to the principal

axes of the dipole tensor with the origin taken at the body center as in Fig. 11.1a.

Then, using dx0i ¼ �dðxi � x0iÞ and dðx� x0Þ ¼ dðx1 � x01Þdðx2 � x02Þdðx3 � x03Þ,

Eq. (11.19) assumes the form

h fjðxÞi ¼
N

V
P1j

ð

x1�L1

x1þL1

qdðx1 � x01Þ

qðx1 � x01Þ
dðx1 � x01Þ

ð

L2

�L2

dðx2 � x02Þdx
0
2

ð

L3

�L3

dðx3 � x03Þdx
0
3 þ � � �:

ð11:20Þ

Therefore, using the properties of the delta functions,

h fjðxÞi ¼
N

V
Pmj dðxm � x0mÞ
�

�

�

�

xm�L1

xmþL1

h i

¼
N

V
Pmj½dðxm � LmÞ � dðxm þ LmÞ�; ð11:21Þ

which takes the form

h faðxaÞi ¼
N

V
Paa½dðxa � LaÞ � dðxa þ LaÞ� ða ¼ 1;2;3Þ : ð11:22Þ

(b)

Cylinder

(c)

x1

L1

(a)

O

Figure 11.1 (a) Cross section of finite body in form of rectangular prism with dimensions 2Li;

coordinate axes correspond to principal axes of force dipole tensor. (b) Same body

containing a uniform distribution of P11 type force dipoles. (c) Same body after mutual

annihilation of all equal and opposite adjacent forces. The result is a residual distribution

of force density on the �L1 surfaces.
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The force density therefore vanishes everywhere except at the body surfaces, where

it is present in the form of delta functions. The physical interpretation of this result

is that the force density associated with the force dipole moments distributed

throughout the volume cancels out in the interior, but a residual force density is

left at each surface in the form of a delta function, owing to the asymmetry of the

local environment at each surface, as illustrated in Figs. 11.1b,c. It can now be

shown that this residual force density produces an effective traction acting on each

surface. The residual force at the x1 ¼ �L1 surfaces is found by integrating

the force density given by Eq. (11.22) over the volume of the cylinder shown in

Fig. 11.1c with the result

dF1 ¼ dS

ð

cyl

h f1idx1 ¼
N

V
P11dS

ð

cyl

½dðx1 � L1Þ � dðx1 þ L1Þ�dx1

¼
N

V
P11dS

� �

x1¼L1

�
N

V
P11dS

� �

x1¼�L1

;

ð11:23Þ

where dS is the cross-sectional area of the cylinder. The quantity NP11=V can

therefore be identified as an effective traction, dF1=dS, acting at the surface in the

direction x1. Similar exercises show similar virtual tractions at the surfaces per-

pendicular to x2 and x3, due to the P22 and P33 components. These results are

consistent with a picture in which the effective tractions at the surfaces cause the

interior of the body to experience the average uniform stresses

hs11i ¼
N

V
P11 hs22i ¼

N

V
P22 hs33i ¼

N

V
P33 : ð11:24Þ

Using Eq. (2.93), the resulting average uniform normal strains are then

he11i ¼ S1111hs11i þ S1122hs22i þ S1133hs33i

he22i ¼ S1122hs11i þ S2222hs22i þ S2233hs33i

he33i ¼ S1133hs11i þ S2233hs22i þ S3333hs33i

ð11:25Þ

and the corresponding fractional volume change is

�V

V
¼ hei ¼ heiii ¼

N

V
ðS11iiP11 þ S22iiP22 þ S33iiP33Þ: ð11:26Þ

According to Eq. (11.26), the volume change per defect, �VD ¼ �V=N, is just

ðS11iiP11 þ S22iiP22 þ S33iiP33Þ, which is consistent with the volume change per

defect predicted by Eq. (11.15). Also, using Eq. (11.13), the stress s11 produced

by a single defect and averaged over the volume is ð1=VÞ
Ð

V
	

s11dV ¼ P11=V. Then,

multiplying this by N to find the average stress produced by N defects,

s11h i ¼ NP11=V, in agreement with Eq. (11.24). The dilatation caused by the

distribution of defects is therefore macroscopically uniform throughout the body.

In summary, a finite homogeneous body with traction-free surfaces filled with a

statistically uniform distribution of point defects, acting as force multipoles,
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experiences a volume change given by Eq. (11.26) and a uniform internal stress

and strain given by Eqs. (11.24) and (11.25), respectively.

It should be realized that the quantity �VD is the volume change of the

crystal due to the elastic displacement field produced by the defect and that this

quantity generally differs from the total volume change of the crystal due to the

introduction of the defect at a source in the crystal, �Vtot. When, for example,

a vacancy is thermally generated in a crystal during heating, in order to

maintain thermodynamic equilibrium, the number of atoms in the system

remains constant, and an unoccupied substitutional site (i.e., a vacancy) must

be created at a vacancy source, such as a dislocation (Balluffi, Allen, and

Carter, 2005). This causes a crystal expansion of one atomic volume, O, if no

elastic displacement field around the vacancy is allowed. However, the elastic

displacement described above will generally occur, causing the additional

volume change, �VD, so that

�Vtot ¼ Oþ�VD: ð11:27Þ

On the other hand, if the defect is a self-interstitial created at an internal source, a

substitutional site is destroyed, and the total volume change is

�Vtot ¼ �Oþ�VD: ð11:28Þ

Similar considerations hold for the addition of a substitutional solute atom from

an external source, and Eq. (11.27) therefore applies. However, if an interstitial

atom is added from an external source, the number of substitutional sites remains

constant, and the total crystal volume change is simply due to the elastic displace-

ment field so that

�Vtot ¼ �VD: ð11:29Þ

11.4.2 Defect-induced change in shape of finite body – the lð pÞ tensor

To describe conveniently the change of shape of a finite traction-free body filled

with a statistically uniform distribution of point defects,1 Nowick and Heller

(1963), Nowick and Berry (1972), and Schilling (1978) have employed the second

rank tensor, lð pÞ, given by

l
ð pÞ
ij ¼

1

Xð pÞ
heiji

ð pÞ ¼
1

Xð pÞ
Sijklhskli

ð pÞ; ð11:30Þ

where Xð pÞ is the mole fraction of type p defects, and is therefore the average

homogeneous strain produced by such defects present at a density of unit mole

fraction. The defects are assumed to be present in dilute solution, and, therefore,

1 This problem has had a tangled early history, as discussed by Eshelby (1954).
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Xð pÞ ¼ Nð pÞO=V. Then, using Eq. (11.25), which is valid in the principal coordinate

system of the dipole tensor,

lð pÞaa ¼
1

O
Saa11P11

ð pÞ þ Saa22P22
ð pÞ þ Saa33P33

ð pÞ
	 


: ð11:31Þ

Equations (11.24) and (11.26) can then be written in the respective forms

hs
ð pÞ
11 i 0 0

0 hs
ð pÞ
22 i 0

0 0 hs
ð pÞ
33 i

2

6

4

3

7

5
¼

Xð pÞ

O

P
ð pÞ
11 0 0

0 P
ð pÞ
22 0

0 0 P
ð pÞ
33

2

6

4

3

7

5
ð11:32Þ

and

�Vð pÞ

V
¼ he

ð pÞ
ii i ¼ Xð pÞl

ð pÞ
ii : ð11:33Þ

Then, if q distinguishable types of defect are present, the total average principal

strain is simply

heiji ¼
X

q

q¼1

Xð pÞl
ð pÞ
ij ; ð11:34Þ

where each lð pÞ tensor (which is initially referred to the principal coordinate system

of the corresponding Pð pÞ tensor) is referred to a common coordinate system.

11.4.3 Defect-induced changes in X-ray lattice parameter

A finite traction-free crystal containing a statistically uniform distribution of

defects is distorted non-uniformly on a scale of the order of the defect spacing.

The degree of distortion varies between adjacent defects and becomes larger as

each defect is approached. However, as discussed already, the average “smoothed-

out” distortion of the entire crystal is uniform and described by the l tensor.

An argument is now given that the fractional change in lattice parameter caused

by the defects, as measured by X-ray diffraction, must be the same as the corres-

ponding fractional change in body dimensions, as measured by the l tensor.

Consider the crystal before the introduction of the point defects as a body

consisting of a perfect three-dimensional network, where each network node

corresponds to the position of a substitutional atom, and whose macroscopic

shape is therefore identical to that of the crystal. The number of nodes is equal

to the initial number of substitutional atoms. Now introduce the defects while

keeping the network and its number of nodes intact. If a vacancy is added, a

substitutional atom is removed from its node and discarded: in this process, the

node remains but is now occupied by a vacancy instead of the discarded atom. If a

substitutional solute is added, a host atom is removed from its node and discarded

and is replaced with a solute atom taken from an external reservoir. If an intersti-

tial atom is added, it is taken from the reservoir and added at an interstice between
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nodes. The defects will cause local distortion throughout the network but the

average macroscopic smoothed-out distortion will be uniform and identical to

the corresponding uniform distortion described by the l tensor. The positions of

the Bragg peaks measured by X-ray diffraction will be determined by the spacings

of the average smoothed-out planes of the smoothed-out network. The local

distortions of the actual crystal will produce diffuse X-ray scattering away from

the Bragg diffraction peaks but will not influence the positions of the Bragg peaks,

which will be determined by the spacings of the average smoothed-out atomic

planes. The effects of adding the point defects are analogous to the effects that

would be produced by heating the crystal. When a crystal is heated, the amplitudes

of the atomic vibrations increase and local displacements from the perfect crystal

lattice positions occur everywhere. However, the smoothed-out macroscopic dis-

tortion, i.e., the macroscopic thermal expansion, is uniform and produces shifts of

the Bragg diffraction peaks, while the local atomic displacements produce thermal

diffuse scattering (James, 1954).

The rate of change of the lattice parameters of a crystal of volume V due to the

addition of defects may be calculated when the l tensor is known. For example,

for a cubic crystal containing one type of defect with cubic symmetry, the principal

values of the l tensor will all be equal and the lattice parameter changes will be

isotropic. Setting l ¼ l11 ¼ l22 þ l33, the rate of change will then be

1

a

da

dX
¼

1

3V

dV

dX
¼

1

3

dðhe11i þ he22i þ he33iÞ

dX
¼

1

3
ð3lÞ ¼ l: ð11:35Þ

If the defects have tetragonal symmetry and they are all oriented with their main

symmetry axis aligned along the x3 axis of the original cubic crystal, the principal

values of the l tensor will be related by l11 ¼ l22 6¼ l33. The rate of lattice

parameter change measured along either x1 or x2 and along x3 will then be,

respectively,

1

a1

da1

dX
¼

1

a2

da2

dX
¼

dhe11i

dX
¼

dhe22i

dx
¼ l11 ¼ l22

1

a3

d a3

dX
¼

dhe33i

dX
¼ l33: ð11:36Þ

These equations are all forms of Vegard’s law, which states that the lattice

parameters of dilute solid solutions vary linearly with the concentrations of solute

atoms and other point defects.

These phenomena provide a basis for a determining the concentrations of point

defects in thermal equilibrium in crystals. Consider a crystal with cubic crystal

symmetry in the form of a macroscopic cube of edge length L whose equilibrium

point defects are vacancies. If such a specimen, initially at a relatively low tem-

perature, where its equilibrium concentration of vacancies is negligible, is heated

to an elevated temperature and held there, its equilibrium population of vacancies

at the elevated temperature will be generated spontaneously at vacancy sources

such as climbing dislocations (Seidman and Balluffi, 1965). The principal values of

the vacancy l tensor will all be equal, and setting them equal to l, the change in

the X-ray lattice parameter of the crystal due to the displacement fields around the
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vacancies that form and the thermal expansion of the lattice due to the heating will

be, according to Eq. (11.35),

�a

a
¼ lXeq þ

�a

a

� �therm

ð11:37Þ

where Xeq is the equilibrium mole fraction of vacancies, and ð�a=aÞtherm is the

contribution of the thermal expansion. The corresponding fractional change in the

macroscopic dimensions of the crystal, �L=L, will be the sum of three terms, i.e.,

�L

L
¼

1

3

NeqO

V
þ lXeq þ

�L

L

� �therm

¼
Xeq

3
þ lXeq þ

�L

L

� �therm

; ð11:38Þ

where Neq is the number of vacancies created. The first term is due to the addition

of the Neq substitutional sites required to accommodate the Neq newly created

vacancies. Note that this expansion, in which Neq atomic volumes are simply

added to the volume, is not detected by means of X-ray diffraction, since no

changes in lattice parameter are involved. In writing this term, it is assumed that

the creation of the Neq sites at the climbing dislocation sources produces an

isotropic expansion. The second term is the change in macroscopic dimension,

L, due to the displacement fields of the vacancies, which, as discussed already,

must be identical to the corresponding change in the X-ray lattice parameter given

by Eq. (11.35). The third term is due to the thermal expansion. Taking the

difference, ð�L=L��a=aÞ, and noting that the thermal expansions of the lattice

parameter and macroscopic dimensions are equal, the simple result

Xeq ¼ 3
�L

L
�
�a

a

� �

ð11:39Þ

is obtained. Measurement of the difference, ð�L=L��a=aÞ, therefore allows the

determination of Xeq (Simmons and Balluffi, 1960; Hehenkamp, 1994).

Exercises

11.1 The volume change, �VD, produced by the force dipole moments, 2aF, of

the multipole center of dilatation in Fig. 10.4 in a homogeneous anisotropic

body with a traction-free surface is given by Eq. (11.16). Suppose that the

body is now isotropic. Show that Eq. (11.16) then predicts a volume change

due to the multipole that agrees with the volume change predicted by

Eq. (8.12) for a spherical homogeneous inclusion in the body, when the

strength of the inclusion (as measured by c ¼ cM1 ) is related to the strength of

the multipole (as measured by 2aF) by the relationship given by Eq. (10.20),

which matches the strengths of the two defects as centers of dilatation.

Solution Using the relationships in Section 2.4.4, convert Eq. (11.16) to its

form for an isotropic system to obtain
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�VD ¼ Siikk2aF ¼ 3ðS11 þ 2S12Þ2aF ¼
3ð1� 2nÞ

2mð1þ nÞ
2aF ð11:40Þ

for the volume change due to the multipole in the isotropic body.

The volume change due to the spherical inclusion, given by Eq. (8.12), is

�VD ¼ 4pc
ð3K þ 4mÞ

3K
¼ 4pc

3ð1� nÞ

1þ n
: ð11:41Þ

Then, substituting for c from Eq. (10.20),

�VD ¼ 4p
aFð1� 2nÞ

4pmð1� nÞ

� �

3ð1� nÞ

ð1þ nÞ
¼

3ð1� 2nÞ

2mð1þ nÞ
2aF; ð11:42Þ

in agreement with Eq. (11.40).

11.2 Equation (11.15) gives the volume change of a finite traction-free body

caused by a defect in the body mimicked by the force dipole moment tensor

Psi. Show that an equation of the form of Eq. (11.15) also gives the volume

change of a body in cases where no defects are present but, instead, tractions

due to applied forces are acting on the body surface.

Solution The tractions will produce stresses throughout the body, s0ik,

which, in the absence of applied forces within the body, must obey the

equilibrium equation

qs0ik

qxk
¼ 0: ð11:43Þ

Following the same procedure used to obtain Eq. (11.11),

∰
V

	

xm
qs0ik

qxk
dV ¼ ∰

V
	

q

qxk
ðxms

0
ikÞdV �∰

V
	

s0imdV ¼ 0: ð11:44Þ

Then, by applying the divergence theorem,

∰
V

	

s0imdV ¼ ∯
S
	

xms
0
ikn̂kdS ¼ ∯

S
	

xmT
0
idS ¼ ∯

S
	

xmdf
0
i ¼ P0

mi: ð11:45Þ

Here, the forces acting at the surface, df 0i , due to the tractions,T
0
i , integrated over

the surface, generate a dipole moment, i.e., P0
mi. Then, following the same

procedure that led toEq. (11.15), the correspondingvolumechange is found tobe

�V 0 ¼ SiiklP
0
kl: ð11:46Þ

11.3 A point defect, D, mimicked by a dipole force moment, is located in an

arbitrary position in a finite body of arbitrary shape with a traction-free

surface, S. Formulate a set of equations sufficient to determine the volume

change of the body, �V, caused by the defect.
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Solution Start by writing the volume change as �V ¼ �V1 þ�VIM, as in

Eq. (8.12), and consider �V1 first. Using Eq. (10.10), the displacement field

throughout an infinite body containing the defect is

u1i ðxÞ ¼ �
qG1

ij ðxÞ

qxk
PD
kj ; ð11:47Þ

where the Green’s function derivative is given by Eq. (4.40), and PD
kj is the

dipole force moment of the defect. The volume change of the region

enclosed by S, �V1, is then

�V1 ¼ ∯
S

u1 � n̂ dS ¼ ∯
S

u1i n̂idS ¼ �∯
S

qG1
ij ðxÞ

qxk
PD
kjn̂idS: ð11:48Þ

Next, �VIM can be obtained by using Eq. (11.46), i.e.,

�VIM ¼ SjjklP
IM
kl ; ð11:49Þ

where PIM
kl is the force dipole moment produced by the traction forces that

must be applied to S to make it traction-free. Using Eq. (11.45), this

moment is given by

PIM
kl ¼ ∯

S

xks
IM
li n̂idS: ð11:50Þ

The condition for S to be traction-free is

sIMli n̂i ¼ �s1li ; ð11:51Þ

and, therefore, substituting this and Eq. (11.50) into Eq. (11.49),2

�VIM ¼ �Sjjkl∯
S

xks
1
li n̂idS: ð11:52Þ

Finally, using Eqs. (3.1) and (11.47),

s1li ¼ Climn

qu1m
qxn

¼ �Climn

q
2G1

mrðxÞ

qxnqxs
PD
sr ; ð11:53Þ

and, substituting this into Eq. (11.52),

�VIM ¼ SjjklClimn∯
S

xk
q
2G1

mrðxÞ

qxnqxs
PD
sr n̂idS: ð11:54Þ

2 Note the similarity of Eq. (11.52) with Eq. (8.9), where it may be seen that the introduction of the

vector Aj is essentially equivalent to the present use of the force dipole moment produced by the image

tractions.
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The second derivative of the Green’s function is available via Eq. (4.42), and

�V is therefore given by the sum of Eqs. (11.48) and (11.54), with all

quantities known.

11.4 A finite traction-free body contains a distribution of interstitial tetragonal

defects of the type shown in Fig. 10.3 in a BCC crystal, which is mimicked

by a single double force. As indicated in Fig. 10.1b, such defects can exist in

three crystallographically equivalent sites, labeled 1, 2 and 3, in which the

double force lies along x1, x2, and x3, respectively. Find an expression for

the change in shape of the body due to the introduction of the defects,

i.e., the average defect-induced strains, when the fraction of the total

number of defects that is of type p is xð pÞ. Note that, according to

Eq. (2.96), S12aa ¼ S13aa ¼ S23aa ¼ 0 for a cubic crystal when a = 1,2,3.

Solution Using Eq. (11.31), the lð pÞ tensors for the three types of defect,

referred to the coordinate system of Fig. 10.3, are

½lð1Þ� ¼
aF

O

S1111 0 0

0 S1122 0

0 0 S1133

2

6

4

3

7

5
½lð2Þ� ¼

aF

O

S2211 0 0

0 S2222 0

0 0 S2233

2

6

4

3

7

5

½lð3Þ� ¼
aF

O

S3311 0 0

0 S3322 0

0 0 S3333

2

6

4

3

7

5
:

ð11:55Þ

From Eq. (11.34), the average defect-induced strain tensor is then

½hei� ¼ Xð1Þ½lð1Þ� þXð2Þ½lð2Þ� þXð3Þ½lð3Þ�

¼
aF

O
Xtot xð1Þ

S1111 0 0

0 S1122 0

0 0 S1133

2

6

4

3

7

5
þ xð2Þ

S2211 0 0

0 S2222 0

0 0 S2233

2

6

4

3

7

5

8

>

<

>

:

þxð3Þ
S3311 0 0

0 S3322 0

0 0 S3333

2

6

4

3

7

5

9

>

=

>

;

:

ð11:56Þ

Note that when the three populations are equal, x
ð1Þ
1 ¼ x

ð2Þ
2 ¼ x

ð3Þ
3 ¼ 1=3, and

½hei� ¼
aFXtot

3O

Sii11 0 0

0 Sii22 0

0 0 Sii33

2

4

3

5; ð11:57Þ

which is just the result expected for defects that are mimicked by three

orthogonal double forces, such as in Fig. 10.4, and present at a concen-

tration of Xtot=3.
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11.5 Suppose a finite traction-free crystal filled with a distribution of “split-

dumbbell” interstitial defects of the type shown in Fig. 10.5, with all dumb-

bell axes aligned along [001]. Find an expression for the average fractional

elongation produced by these defects along the unit vector direction q̂.

Solution Using Eqs. (10.13), (11.31), (2.96), and (11.34), the average strain

tensor in the coordinate system of Fig. 10.5 is

hei½ � ¼
2aFX

O

S1111 cos yþ S1122 cos y

þ2S1133 sin y
0 0

0
S2211 cos yþ S2222 cos y

þ2S2233 sin y
0

0 0
S3311 cos yþ S3322 cos y

þ2S3333 sin y

2

6

6

6

6

6

4

3

7

7

7

7

7

5

:

ð11:58Þ

If a new (primed) coordinate system is chosen, with the x03 axis parallel to q̂,

the desired strain will be he033i. Using Eq. (2.24) to transform to the new

system, and employing the direction cosines,

½l� ¼
l11 l12 l13
l21 l22 l23
q31 q32 q33

2

4

3

5; ð11:59Þ

the normal strain along q̂ is

he033i ¼ l3ml3nhemni ¼ q̂21he11i þ q̂22he22i þ q̂23he33i; ð11:60Þ

where the heaai strains are given by Eq. (11.58).

228 Point defects and stress



12 Dislocations in infinite
homogeneous regions

12.1 Introduction

The chapter begins with a description of the geometrical features of dislocations,

including the Burgers vector and tangent vector, and the conventions that must be

followed to solve problems systematically. Then, the elastic fields and strain energies of

awidevarietyofdislocationconfigurationsaredeterminedusinga rangeofapproaches.

The simplest cases, involving infinitely long straight dislocations ranging in

character from pure edge to pure screw, are considered first. Next, smoothly

curved loops are analyzed. Finally, the elastic fields and strain energies of seg-

mented dislocation structures composed of short straight segments are derived,

and it is shown how these results can be employed to find the elastic fields and

strain energies of a wide range of relatively complex dislocation configurations in

two and three dimensions.

12.2 Geometrical features

A differential dislocation segment is characterized by two features, i.e., its tangent

vector, t̂; and its Burgers vector, b. To establish this, consider Fig. 12.1, which

shows the geometry for the construction of a general dislocation loop, C, in an

initially perfect infinite crystal. The loop is constructed in the following steps:

(1) The locus of the loop is first marked out along the closed curve, C. A cut is

then made along an arbitrary surface, S, with unit normal n̂, terminating on

C as indicated by the cap-like surface, S.

(2) The two sides of the cut are then displaced relative to one another everywhere

by a constant displacement vector, i.e., the Burgers vector, b. To accomplish

this it will generally be necessary to eliminate overlaps and fill gaps by

removing, or adding, material.

(3) The two surfaces are then bonded together to produce the final dislocation.

To reveal the effect of the changing direction of the dislocation line around a

loop relative to the constant b vector, consider short segments of the loop, of

length ds, at various points along C. A segment where t̂ is perpendicular to b,

illustrated in Fig. 12.2a, is termed an edge dislocation segment, since the edge of a



sheet of extra material of thickness b, jammed into the body by the cut and

displacement process, lies in the dislocation core. A segment where t̂ is parallel

to b, as in Fig. 12.2c, is termed a right-handed screw dislocation segment, since an

observer traversing circuits around the segment on planes perpendicular to the

segment in a clockwise direction when looking along t̂ advances along t̂ in the

manner of a right-handed screw.1 Segments with t̂ vectors between these extremes

possess intermediate structures and are termed mixed dislocation segments. By

denoting the angle between b and t̂ by b, a mixed dislocation segment can be

regarded as the superposition of an edge dislocation segment having a Burgers

vector b sin b (its Burgers vector component perpendicular to t̂) and a screw

dislocation segment with Burgers vector b cos b (its Burgers vector component

Dislocation              Σ Σ
x2

x1

b     ds

S
ˆ t S     F                                      S F ˆ t F 

b           x1

x3

x2

ˆ n ˆ n 

x3

(c)(b)(a)

Burgers circuit Burgers circuit Burgers circuit

Reference lattice Dislocation

Figure 12.2 (a) Edge dislocation segment of length ds with SF/RH Burgers circuit (see

Fig. 12.3) showing dislocation tangent vector, t̂; Burgers vector, b, and positive unit normal

vector, n̂; to S surface. (b) Reference lattice with Burgers circuit. (c) Right-handed screw

dislocation segment.

b
Σ ˆ n P

x ˆ F

′ x  

C ˆ t 

O
x1

x3

x2

Figure 12.1 Geometry for creation of dislocation loop, C, by cut and displacement at

arbitrary surface, S: t̂ is the unit tangent vector to C, b is the Burgers vector, and n̂ is the

positive unit vector normal to S� Τhe conventions that determine the directions of these

vectors are described in the text. Also, x is the field vector to the point P, x0 is the source
vector impinging on the cut surface, S, and F̂ is a unit point force applied at P.

1 If the direction of the displacement in Fig. 12.2c were reversed, we would have a left-handed screw

dislocation segment since the observer would advance along �t̂ in the manner of a left-handed screw.
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parallel to t̂). This follows from the fact that such a segment can be produced by the

cut and displacement method by imposing the displacements b sin b and b cos b in

two successive operations.

To specify rigorously the vectors t̂, b, and n̂; it is necessary to adopt a set of

conventions. First, the positive direction along the dislocation, which is initially

arbitrary, must be chosen. This establishes t̂; which is then defined as the tangent

vector pointing in the positive direction. Next, to determine b, a Burgers circuit is

constructed using either of two alternative methods, i.e., the SF/RH or FS/RH

methods (Hirth and Lothe, 1982). In the SF/RHmethod, a closed loop consisting of

a series of discrete jumps between lattice points is constructed in a reference lattice

corresponding to the perfect crystal before the introduction of the dislocation, as

illustrated in Fig. 12.3a. This circuit is then mapped onto the crystal containing the

dislocation so that it encircles the dislocation, as in Fig. 12.3b. The circuit around

the dislocation fails to close due to the presence of the dislocation, and if the circuit

is traversed in a clockwise direction when looking along t̂, the following rule applies:

SF/RH rule: the Burgers vector, b, is defined as the closure failure of a Burgers circuit of the

type illustrated in Fig. 12.3 as measured by the vector from S to F.

Alternatively, in the FS/RH method, a closed circuit is first constructed around

the dislocation in the crystal, as in Fig. 12.4a, and then mapped onto the reference

lattice where it will fail to close as seen in Fig. 12.4b. With this construction, the

following rule applies:

FS/RH rule: the Burgers vector, b, is defined as the closure failure of a Burgers circuit of the

type illustrated in Fig. 12.4 as measured by the vector from F to S.

Both methods produce the same Burgers vector (except for small elastic distor-

tions in the SF/RH case).2 The FS/RH rule is generally preferred when a

Reference lattice b           

SF/RH circuit

(b)

S FS F

(a)

Figure 12.3 (a) SF/RH Burgers circuit (closed in reference lattice and starting at S and

finishing at F). (b) Same circuit mapped on to real crystal to surround an edge dislocation

possessing tangent vector, t̂; pointing out of paper, as in Fig. 12.2a: the circuit is clockwise

when looking along t̂; the Burgers vector, b, is given by closure failure of circuit using the

SF/RH rule.

2 Note that reversing t̂ reverses the sign of b.
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dislocation is in a highly distorted region, such as a dislocation array, since the

Burgers vector is then displayed as an unstrained lattice vector in the reference

lattice.

It now remains only to state the rule determining the sense of n̂:

Direction of n̂ rule: first, if necessary, shrink the S surface down until it is completely bounded

by the dislocation in the form of a closed loop. Then, if the loop is traversed in the direction of t̂;
n̂ must point in the direction normal to the S surface, which makes the traversal clockwise when

sighting along n̂:

Having defined t̂; b, and n̂; the manner in which the two sides of the cut surface, S,

are displaced when a dislocation is produced is specified by the following rule

(Hirth and Lothe, 1982):

S cut and displacement rule: to make the displacement at the cut, and be consistent

with the SF/RH rule for b, the medium on the negative side of S must be displaced with

respect to the medium on the positive side by b. The positive side is the side towards which

n̂ points.

Examples of this rule are evident in Figs. 12.2–12.4.

Invoking these rules, the following expressions can now be written for the edge

and screw Burgers vector components of a general dislocation in the respective

vector forms:

be ¼ t̂� ðb� t̂Þ ð12:1Þ

and

bs ¼ ðb � t̂Þ̂t; ð12:2Þ

so that, as already discussed,

be ¼ b sin b

bs ¼ b cos b:
ð12:3Þ

Reference lattice b 

FS/RH Method
(a)

F S F S

(b)

Figure 12.4 (a) FS/RH Burgers circuit (closed in crystal around an edge dislocation

possessing tangent vector, t̂; pointing out of paper as in Fig. 12.2a. The circuit is clockwise

when looking along t̂. (b) Same circuit mapped onto reference lattice. The Burgers vector,

b, is given by closure failure of circuit using the FS/RH rule.
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12.3 Infinitely long straight dislocations and lines of force

The problem of finding the elastic field of an infinitely long straight dislocation

that ranges in character from pure edge to pure screw is now taken up. The

problem of deriving the field of an infinitely long straight line of force (which will

be required later) is similar, and the dislocation and line of force problems are

therefore treated in tandem.

12.3.1 Elastic fields

The elastic fields of both long straight dislocations and lines of force are invariant

with respect to distance traveled along them, and so are two-dimensional.

They can therefore be found by employing the integral formalism for two-

dimensional problems introduced in Section 3.5.3. The source ofmost of thematerial

in Sections 12.3.1 and12.3.2 is the treatise ofBacon,Barnett, andScattergood (1979b).

With each entity taken parallel to the t̂ axis of the ðm̂; n̂; t̂Þ coordinate system

shown in Fig. 3.2, Eq. (3.36) can be adopted as a general solution for the

displacements, and Eq. (3.44) can be taken as a general solution for the corres-

ponding stress functions.3 Assuming that the function, f ðm̂ � xþ pan̂ � xÞ; has a

logarithmic form, these expressions take the forms

ui ¼
1

2pi

X

6

a¼1

AiaDa lnðm̂ � xþ pan̂ � xÞ; ð12:4Þ

cj ¼
X

6

a¼1

LjaDa lnðm̂ � xþ pan̂ � xÞ; ð12:5Þ

which, however, are problematic since pa is complex, and the logarithm is there-

fore multi-valued. However, this can be remedied by introducing the branch

cut shown in Fig. 12.5a. With this in place, and with the complex eigenvalues

written as

pa ¼ aa þ iba
paþ3 ¼ aa � iba

�

ða ¼ 1;2;3Þ; ð12:6Þ

where the aa and ba are real, the corresponding logarithms can be written in the

single-valued form

lnðm̂ � xþ pan̂ � xÞ ¼ ln jm̂ � xþ pan̂ � xj � iy y ¼ �tan�1 ban̂ � x
m̂ � xþ aan̂ � x ;

ð12:7Þ

3 Since the ðm̂; n̂; t̂Þ base vectors are referred to the crystal coordinate system, the orientation of the

dislocation in the crystal can be varied by simply varying t̂:
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where the upper sign in the � notation applies when a ¼ 1,2,3 and the lower when

a ¼ 4,5,6, and y is restricted to the range 0 
 y < 2p.4

For a dislocation, the determination of the unknown constant in Eq. (12.4),

denoted now by DDIS
a ; is aided by noting that ui must be of a form that produces a

discontinuity in the displacement across the plane used in the cut and displacement

on the surface S that produced the dislocation (i.e., the branch cut in this case)

equal to the Burgers vector, as illustrated in Fig. 12.5b. Using Eq. (12.7), it is seen

that, when m̂ � x > 0;

lnðm̂ � xþ pan̂ � xÞ ! ln jm̂ � xj � i0 as n̂ � x ! 0þ

lnðm̂ � xþ pan̂ � xÞ ! ln jm̂ � xj � i2p as n̂ � x ! 0�:
ð12:8Þ

According to the convention given by S cut and displacement rule on p. 232,

the negative side of the cut along the n̂ � x ¼ 0 plane is the 0� side indicated in

Fig. 12.5a. Using Eqs. (12.4) and (12.8), the discontinuity of displacement across

the cut, which must equal the Burgers vector, is then

�uDIS
i ¼ 1

2pi

X

3

a¼1

AiaD
DIS
a ðln jm̂ � xj þ i2pÞ þ

X

6

a¼4

AiaD
DIS
a ðln jm̂ � xj � i2pÞ �

X

6

a¼1

AiaD
DIS
a ln jm̂ � xj

( )

¼
X

6

a¼1

�AiaD
DIS
a ¼ bi:

ð12:9Þ

For a line of force, of force density, fi, a discontinuity in the function cj, given by

Eq. (3.44), must exist at the branch cut, which is of magnitude Dcj ¼ �f
j
,

according to Eq. (3.52) of Section 3.5.1.1. Therefore, using the same procedure

as for the dislocation,

Branch cut

Burgers circuit
ˆ n ˆ n ⋅ x = 0+ ˆ n 

Start 
O → ∞ O

ˆ m ˆ m Finish 
ˆ n ⋅ x = 0−

Plane
perpendicular

to t = t

(b)(a)

ˆˆ

Figure 12.5 (a) Branch cut used to make lnðm̂ � xþ pan̂ � xÞ single-valued. (b) Burgers circuit
around infinitely long straight dislocation lying along t̂ ¼ t̂ ¼ m̂� n̂ created by a cut and

displacement in the plane n̂ � x ¼ 0: The Burgers circuit, in the plane perpendicular to t̂

(dashed) must exhibit a closure failure equal to the Burgers vector.

4 Note that this conforms to the notation introduced in Eq. (3.133).
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X

6

a¼1

� LiaD
LF
a ¼ �f

i
: ð12:10Þ

For the dislocation, DDIS
a in Eq. (12.9) can now be found by noting that Eq. (12.9)

has the same form as Eq. (3.72) when the arbitrary vector, h, vanishes. Therefore,

by replacing gi with bi and using Eq. (3.74),

DDIS
a ¼ � bsLsa: ð12:11Þ

Then, by substituting this result into Eq. (12.4), the displacement field of the

dislocation is given (Bacon, Barnett, and Scattergood, 1979b) by

uDIS
i ¼ 1

2pi

X

6

a¼1

�AiaLsabs lnðm̂ � xþ pan̂ � xÞ; ð12:12Þ

which is single-valued in the entire region bounding the cut, and suffers a discon-

tinuity equal to bi across the cut as required.

For the line force, for which Eq. (12.10) applies, the corresponding unknown

quantity DLF
a can be found by a similar method with the result

DLF
a ¼ � f s Asa: ð12:13Þ

Then, by substituting this into Eq. (12.4), the displacement field of the line force is

uLFi ¼ � 1

2pi

X

6

a¼1

�AiaAsa f s lnðm̂ � xþ pan̂ � xÞ: ð12:14Þ

The elastic field of the dislocation, given by Eq. (12.12), can now be put into a

form that does not require solving the Stroh eigenvalue problem. Differentiating

Eq. (12.12),

quDIS
i ðxÞ
qxp

¼ 1

2pi

X

6

a¼1

�AiaLsabs
m̂p þ pan̂p

m̂ � xþ pan̂ � x

� �

: ð12:15Þ

Since Aia and Lsa are independent of the choice of the angle o in Fig. 3.2, m̂ can be

aligned along x so that Eq. (12.15) becomes

quDISi ðjxj;oÞ
qxp

¼ bs

2pijxj m̂p

X

6

a¼1

�AiaLsa þ n̂p
X

6

a¼1

� paAiaLsa

 !

; ð12:16Þ

where it is recognized that uDIS
i is a function of both the distance of the field point

from the infinitely long dislocation, jxj, and the angle, o (since x is now aligned

with m̂; whose direction is determined by o). Next, an expression for
P

6

a¼1

�paAiaLsa

is required. Multiplying Eq. (3.37) by �Lsa, summing over a, and substituting

Eqs. (3.134) and (3.135),

ðn̂n̂Þjk
X

6

a¼1

�paAkaLsa ¼ � 1

i
½4pBjs þ ðn̂m̂ÞjkSks�; ð12:17Þ
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so that

X

6

a¼1

�paAraLsa ¼ iðn̂n̂Þ�1
rj ½4pBjs þ ðn̂m̂ÞjkSks�: ð12:18Þ

Then, substituting Eqs. (12.18) and (3.134) into Eq. (12.16),

quDIS
i ðjxj;oÞ
qxp

¼ bs

2pjxj �m̂pSis þ n̂pðn̂n̂Þ�1
ik ½4pBks þ ðn̂m̂ÞkrSrs�

n o

: ð12:19Þ

To obtain the displacement, uDIS
i ; by integrating Eq. (12.19), the general

expression

duDIS
i ðjxj;oÞ ¼ quDIS

i

qjxj djxj þ quDIS
i

qo
do ð12:20Þ

is introduced. Then, using the expressions

quDIS
i

qjxj ¼ ruDIS
i � m̂ ¼ m̂p

quDIS
i

qxp

quDIS
i

qo
¼ ruDIS

i � n̂jxj ¼ jxjn̂p
quDIS

i

qxp
ð12:21Þ

for the partial derivatives in Eq. (12.20) and substituting Eq. (12.19) and (12.21)

into Eq. (12.20),

duDIS
i ¼ bs

2p
�Sisd ln jxj þ ðn̂n̂Þ�1

ik ½4pBks þ ðn̂m̂ÞkrSrs�do
n o

; ð12:22Þ

which can then be integrated to obtain (Bacon, Barnett, and Scattergood, 1979b)

uDIS
i ðjxj;oÞ ¼ bs

2p
�Sis ln jxj þ 4pBks

ð

ðn̂n̂Þ�1
ik doþ Srs

ð

ðn̂n̂Þ�1
ik ðn̂m̂Þkrdo

� �

;

ð12:23Þ

where any constant of integration can be dropped, since it would represent a

superfluous rigid body translation.

In Exercise 12.1, it is confirmed that if Eq. (12.23) is applied to a Burgers circuit

around the dislocation, the resulting closure failure, �uDIS
i ; is equal to the Burgers

vector, as anticipated.

The dislocation stress field is readily obtained by use of Eqs. (3.1) and (12.19)

in the form

sDIS
mn ðjxj;oÞ ¼ Cmnip

quDIS
i

qxp
¼ bsCmnip

2pjxj �m̂pSis þ n̂pðn̂n̂Þ�1
ik ½4pBks þ ðn̂m̂ÞkrSrs�

n o

:

ð12:24Þ

The traction caused by the dislocation stress field at the field point, x, on the plane

containing both the dislocation and the field point, i.e., the plane perpendicular to

the base vector, n̂; is obtained using Eq. (12.24), i.e.,
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TDIS
n ðjxj;oÞ ¼ sDIS

mn n̂m ¼ n̂mCmnip

quDIS
i

qxp

¼ bsCmnip

2pjxj �n̂mm̂pSis þ n̂mn̂pðn̂n̂Þ�1
ik ½4pBks þ ðn̂m̂ÞkrSrs�

n o

:

ð12:25Þ

However,

Cmnipn̂mm̂pSis ¼ ðn̂m̂ÞniSis
Cmnipn̂mn̂pðn̂n̂Þ�1

ik Bks ¼ ðn̂n̂Þniðn̂n̂Þ
�1
ik Bks ¼ dnkBks ¼ Bns

Cmnipn̂mn̂pðn̂n̂Þ�1
ik ðn̂m̂ÞkrSrs ¼ ðn̂n̂Þniðn̂n̂Þ

�1
ik ðn̂m̂ÞkrSrs ¼ dnkðn̂m̂ÞkrSrs ¼ ðn̂m̂ÞnrSrs

:

ð12:26Þ

Substitution of these results into Eq. (12.25) then produces the relatively

simple result5

TDIS
n ðjxj;oÞ ¼ 2bsBns

jxj : ð12:27Þ

The stresses and tractions given by Eqs. (12.24) and (12.27) fall off with the

perpendicular distance from the dislocation, jxj, as x�1, which is considerably

slower than the x�3 decrease characteristic of inclusions and point defects. Also,

singularities are present at the origin as r ! 0. These singularities are physically

unrealistic, since linear elasticity cannot be applied in the bad material in the core

region where realistic interatomic force laws preclude infinite stresses. However, it

is demonstrated explicitly in Section 12.4.1.1, using results for an isotropic system

because of its tractability, that even though these singularities exist, the elastic

solutions given by the above results are expected to hold with acceptable accuracy

up to relatively small distances from the core.

Finally, the distortion field of the line force can also be put into a form that

does not require solving the Stroh eigenvalue problem by using essentially the

same procedure just employed for the dislocation (Bacon, Barnett, and Scatter-

good, 1979b). First, the distortion field is obtained by differentiating Eq. (12.14)

so that

quLFi
qxl

¼ � 1

2pi

X

6

a¼1

�AiaAsaf s

m̂l þ pan̂l

ðm̂ � xþ pan̂ � xÞ : ð12:28Þ

Then, aligning m̂ along x, as in the derivation of Eq. (12.16),

quLFi
qxl

¼ � 1

2pijxj f s m̂l

X

6

a¼1

�AiaAsa þ n̂l
X

6

a¼1

�paAiaAsa

 !

: ð12:29Þ

5 This result will be of use in Section 13.3.4.1.
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The sum
P

6

a¼1

�paAiaAsa in Eq. (12.29) can be expressed in terms of the Qij and Sij

tensors of Section 3.5.2.1 by first multiplying Eq. (3.37) through by �Asa, sum-

ming over a, and using Eqs. (3.133) and (3.134) to obtain

X

6

a¼1

�paAraAsa ¼ iðn̂n̂Þ�1
rj ðn̂m̂ÞjkQsk þ Ssj

h i

: ð12:30Þ

Then, substituting Eqs. (3.133) and (12.30) into Eq. (12.29),

quLFi
qxl

¼ 1

2pjxj f s
m̂lQis � n̂lðn̂n̂Þ�1

ij ðn̂m̂ÞjkQsk þ Ssj

h in o

: ð12:31Þ

Equation (12.31) can be integrated to obtain the line force displacements by

employing the same method used to integrate Eq. (12.19) to obtain Eq. (12.23)

for the dislocation displacements with the result

uLFi ðjxj;oÞ ¼
f
s

2p
Qis ln jxj � Qsk

ð

ðn̂n̂Þ�1
ij ðn̂m̂Þjkdo� Ssj

ð

ðn̂n̂Þ�1
ij do

� �

: ð12:32Þ

12.3.2 Strain energies

Now that the elastic field of a long straight dislocation has been obtained, its

strain energy can be determined. The procedure is first to find the strain energy in

a cylindrical shell, V , of outer radius, R, and inner radius, r	 (corresponding to

the radius of the dislocation core), centered on the dislocation, as in Fig. 12.6.

Then, an increment of energy is added to account for the contribution made by

the material in the core. The dislocation, located at the origin, lies along

t̂ ¼ t̂ ¼ m̂� n̂ and has been produced by a cut and displacement that displaced

the S+ and S� surfaces relative to one another by b. The strain energy in the

shell region, V , is then

S R S

ˆ nR 
ˆ n R

ˆ n
−
 Σ

+

q
ˆ m

r°
r°

r°

ˆ n 

Dislocation ˆ n+
 Σ

−

Figure 12.6 Geometry for determining the strain energy in a cylindrical shell of outer radius R

and inner radius r	 due to dislocation lying along shell axis: n̂ is positive unit normal vector

to S cut surface used to produce dislocation; n̂þ and n̂� are unit normal vectors to positive

and negative sides of cut, respectively.
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W ¼ 1

2∰
V

sijeijdV ¼ 1

2∰
V

qðsijujÞ
qxi

dV ¼ 1

2∯
S

sijujn̂i dS ð12:33Þ

after applying the divergence theorem. The surface, S, corresponds to S ¼ SR þ
Sr	 þ Sþ þ S�, and Eq. (12.33) may therefore be written as

W ¼ 1

2∯
�þ

sþij u
þ
j n̂

þ
i dSþ

1

2∯
��

s�ij u
�
j n̂

�
i dSþ

1

2∯
SR

sRiju
R
l n̂

R
i dSþ

1

2∯
Sr	

sr	ij u
r	
j n̂

r	
i dS:

ð12:34Þ

However, on the surfaces of the cut, n̂þi ¼ �n̂�i ; u�j � uþi ¼ bj; and sþij n̂
þ
i þ

s�ij n̂
�
i ¼ 0: Therefore, the energy per unit length of dislocation is

w ¼ 1

2

ð

R

r	

sijbjn̂idjxj þ
1

2 ∯
jxj¼R

sRiju
R
j n̂

R
i dSþ

1

2 ∯
jxj¼r	

sr	ij u
r	
j n̂

r	
i dS; ð12:35Þ

where the quantities sij ¼ sþij ; and n̂ ¼ �n̂þ have been introduced. Now,

Eq. (12.23) shows that the displacements on the cylindrical surfaces of radii R

and r	 vary as

uRi ¼ Ai lnRþ giðoÞ
ur	i ¼ Ai ln r	 þ giðoÞ;

ð12:36Þ

where Ai = constant. Therefore, the sum of the last two integrals in Eq. (12.35),

indicated by I, takes the form

I ¼ 1

2 ∯
jxj¼R

Aj lnRs
R
ij n̂

R
i dSþ ∯

jxj¼r	

Aj ln r	s
r	
ij n̂

r	
i dSþ ∯

jxj¼R

gjðoÞsRij n̂Ri dSþ ∯
jxj¼r	

gjðoÞsr	ij n̂r	i dS

2

6

4

3

7

5
:

ð12:37Þ

Also, the form of Eq. (12.24) indicates that when jxj = constant,

sijdS ¼ sijjxjdo ¼ hijðoÞdo: ð12:38Þ

Then, substituting Eq. (12.38) into Eq. (12.37),

I ¼ 1

2 ∯
jxj¼R

Aj lnRs
R
ij n̂

R
i dSþ ∯

jxj¼r	

Aj ln r	s
r	
ij n̂

r	
i dSþ ∯

jxj¼R

gjðoÞn̂Ri hijdoþ ∯
jxj¼r	

gjðoÞn̂r	i hijdo

0

B

@

1

C

A
:

ð12:39Þ

The first two integrals in Eq. (12.39) vanish, since mechanical equilibrium requires

that the net forces on the cylindrical surfaces vanish. Also, the two remaining

integrals cancel each other, since n̂Ri ¼ �n̂r	i : Therefore, I = 0, and, after substitut-

ing Eq. (12.27) into Eq. (12.35) for the traction sijn̂i;
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w ¼ 1

2

ð

R

r	

sijbjn̂idjxj ¼ bjbsBjs

ð

R

r	

djxj
jxj ¼ w	 ln

R

r	
; ð12:40Þ

where w	, the dislocation strain energy factor, is given by

w	 ¼ bjbsBjs: ð12:41Þ

This relatively simple result shows that the strain energy is just the work done in

displacing the two sides of the cut during the creation of the dislocation by the cut

and displacement process.

The energy increment associated with the core is now added in a formal manner

by introducing the parameter, a, defined by

a � b=r	; ð12:42Þ

into Eq. (12.40) so that the total energy assumes the form

w ¼ bjbsBjs ln
aR

b
; ð12:43Þ

which is dependent upon the magnitude of a. The determination of the correct

magnitude requires an atomistic calculation, and typical values are found to be of

order a � 1 (Hirth and Lothe, 1982).

Equation (12.43) shows that the energy diverges logarithmically with increasing

R and becomes infinite as R ! 1. However, this physically unrealistic result does

not apply to a dislocation in a real finite body where image stresses (Chapter 13)

and stresses due to other defects are present so that stress cancellation occurs over

large distances, and finite energies are obtained.

12.4 Infinitely long straight dislocations in isotropic system

12.4.1 Elastic fields

The elastic fields of infinitely long straight dislocations in isotropic systems are

now obtained by employing Eq. (12.24) after rewriting it to apply to an isotropic

system. These fields can also be obtained by alternative methods, and several of

these are described.

12.4.1.1 Edge dislocation
By use of integral formalism

Consider an edge dislocation with b ¼ (b,0,0) and t̂ ¼ 0;0;1ð Þ; corresponding to

Fig. 12.2a. Its stress field can be determined by using Eq. (12.24), with the help of

Eqs. (2.120), (3.141), and (3.147) to determine the necessary elastic constants and

Bij and Sij matrices for an isotropic medium. Also, since m̂ and x were taken to be

parallel in the derivation of Eq. (12.24), m̂ and n̂ can be expressed as
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m̂1 ¼ x1

x21 þ x22
� �1=2 m̂2 ¼ x2

x21 þ x22
� �1=2 m̂3 ¼ 0

n̂1 ¼ �x2

x21 þ x22
� �1=2 n̂2 ¼ x1

x21 þ x22
� �1=2 n̂3 ¼ 0:

ð12:44Þ

Using these relationships, the edge dislocation stress field is found to be

s11 ¼ � mb

2pð1� nÞ
x2ð3x21 þ x22Þ
ðx21 þ x22Þ

2
s22 ¼

mb

2pð1� nÞ
x2ðx21 � x22Þ
ðx21 þ x22Þ

2

s12 ¼
mb

2pð1� nÞ
x1ðx21 � x22Þ
ðx21 þ x22Þ

2
s33 ¼ nðs11 þ s22Þ s13 ¼ s23 ¼ 0:

ð12:45Þ

Adopting polar coordinates, the stresses in Eq. (12.45) are of the form

s11 ¼ � mb

2pð1� nÞ
sin yð2cos2yþ 1Þ

r
s22 ¼

mb

2pð1� nÞ
sin yð2cos2y� 1Þ

r

s12 ¼
mb

2pð1� nÞ
cos yð2cos2y� 1Þ

r
s33 ¼ nðs11 þ s22Þ s13 ¼ s23 ¼ 0

ð12:46Þ

and, more simply, they appear in cylindrical coordinates, after using Eq. (G.7), as

srr ¼ syy ¼ � mb

2pð1� nÞ
sin y

r
sry ¼

mb

2pð1� nÞ
cos y

r

szz ¼ nðsrr þ syyÞ srz ¼ syz ¼ 0:

ð12:47Þ

Singularities, such as those appearing in these equations at the origin as jxj ! 0,

are physically unrealistic. However, as is now shown, these solutions are expected

to hold with acceptable accuracy up to relatively small distances from the disloca-

tion core.

First, hollow out the dislocation core by removing all material within the

relatively small radius, r	 � b, while simultaneously applying surface tractions to

keep the stresses in the remaining medium unchanged. Next, remove these trac-

tions by applying a stress field that cancels them, and thus produces a hollow

dislocation with a stress-free interior surface. This requires the cancellation of the

srr(r	,y) and sry(r	,y) stresses, and can be accomplished by using the Airy stress

function from Table I.1,

c ¼ A sin y

x
; ð12:48Þ

where A¼ constant. Using the stresses associated with this stress function

(given in Table I.1), and converting them to stresses in cylindrical coordinates using

Eq. (G.7), s0rr ¼ �2A sin y=r3 and s0ry ¼ 2A cos y=r3: Cancellation is then achieved
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when A ¼ �mbr2	=½4pð1� nÞ�; and by adding the Airy function stresses to the

stresses given by Eq. (12.47), the total stresses due to the hollow dislocation are

srr ¼ � mb

2pð1� nÞ
sin y

r
1� r	

r

	 
2
� �

syy ¼ � mb

2pð1� nÞ
sin y

r
1þ r	

r

	 
2
� �

szz ¼ nðsrr þ syyÞ:

sry ¼
mb

2pð1� nÞ
cos y

r
1� r	

r

	 
2
� �

srz ¼ syz ¼ 0:

ð12:49Þ

These stresses rapidly approach the stresses given by Eq. (12.47) with increasing

distance from the core, showing that the stresses in the matrix, even close to the core,

are relatively insensitive to the boundary conditions at r= r	. The stress field given by

Eqs. (12.45)–(12.47) is therefore acceptable with the understanding that it is reliable

only at distances from the core greater that a few multiples of r	 ~ b. A more accurate

analysis near the core requires an atomistic calculation to establish the correct trac-

tions that the core exerts on the matrix. However, this is beyond our present scope.

The stress field for a straight edge dislocation given by Eq. (12.45) can be

obtained by several methods. In Exercise 12.2, it is obtained by using the Volterra

equation, and in Exercise 12.6, it is obtained by employing the Airy stress function

approach, described in Section 3.7, since it is a case of plane strain. In addition, the

displacement field corresponding to the stress field given by Eq. (12.45) is obtained

below in the form of Eq. (12.54) by use of the transformation strain formalism.

By use of transformation strain formalism

The elastic field, expressed in terms of displacements, can be determined by

employing the transformation strain formalism of Section 3.6. In this method

(Mura, 1987) the localized displacement across the cut used to create the edge

dislocation segment in Fig. 12.2a, is represented by a highly localized transform-

ation strain in the form of a delta function. The displacement field is then found by

integrating Eq. (3.168). The delta function representation of the localized shear

displacement at the S surface, which is of magnitude b in the �x1 direction on the

x2 = 0 plane, is indicated in Fig. 12.7.

The transformation strain is then first written as

x2 x2 x2

b b Σ

e12= −
b

2
d (x2)

f 0
b = f = −2e12

(a)

x1

(b)

x1

(c)

Figure 12.7 (a) A uniform distribution of shear strain producing a shear displacement, b. (b)

Localization of the shear strain on the S surface. (c) Representation of the localized shear

strain in the form of a delta function.
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eT12ðx1; x2Þ ¼ � b

2
dðx2ÞHðx1Þ; ð12:50Þ

where H(x1) is the Heaviside step function. The transformation stress is therefore

sT12ðx1; x2Þ ¼ 2meT12ðx1; x2Þ ¼ �mbdðx2ÞHðx1Þ; ð12:51Þ

and substituting this into Eq. (3.168), and realizing that the displacements are

restricted to the x1 and x2 directions, the u1(x) displacement is

u1ðxÞ ¼ �mb

ð

1

�1

Hðx01Þdx01
ð

1

�1

ð

1

�1

dðx02Þ
qG1

12ðx� x0Þ
qx01

þ qG1
11ðx� x0Þ
qx02

� �

dx02dx
0
3:

ð12:52Þ

Then, substituting Eq. (4.110), setting the field point in the x3 = 0 plane (since the

solution is invariant along x3), and integrating over dx02,

u1ðx1; x2Þ ¼ � b

8pð1� nÞ

ð

1

�1

Hðx01Þdx01
ð

1

�1

ð1� 2nÞx2
R3

þ 3ðx1 � x01Þ
2
x2

R5

" #

dx03;

ð12:53Þ

where R ¼ ½ðx1 � x01Þ
2 þ x22 þ ðx03Þ

2�1=2: The integration of Eq. (12.53) over dx3
0, and

dx1
0 involves only elementary functions (Gradshteyn and Ryzhik, 1980), and the

final expressions for u1, and also u2, which is obtained by similar means, are

u1ðx1; x2Þ ¼
b

2p
tan�1 x2

x1
þ 1

2ð1� nÞ
x1x2

ðx21 þ x22Þ

� �

u2ðx1; x2Þ ¼ � b

8pð1� nÞ ð1� 2nÞ lnðx21 þ x22Þ þ
x21 � x22
x21 þ x22

� �

:

ð12:54Þ

In Exercise 12.5, the same method is used to obtain the displacement field of a

screw dislocation.

12.4.1.2 Screw dislocation
Consider next a screw dislocation with b ¼ (0,0,b) and t̂ ¼ 0;0;1ð Þ; corresponding
to Fig. 12.2c. Starting with Eq. (12.24), and using the same procedure as employed

to obtain Eq. (12.45) for the edge dislocation, all non-vanishing stresses for the

screw dislocation are found to be the shear stresses

s13 ¼ � mb

2p

x2

ðx21 þ x22Þ
s23 ¼

mb

2p

x1

ðx21 þ x22Þ
s11 ¼ s22 ¼ s33 ¼ s12 ¼ 0;

ð12:55Þ
which, in polar coordinates, appear as

s13 ¼ � mb

2p

sin y

r
s23 ¼

mb

2p

cos y

r
s11 ¼ s22 ¼ s33 ¼ s12 ¼ 0; ð12:56Þ
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and, more simply, in cylindrical coordinates as

syz ¼
mb

2pr
srr ¼ syy ¼ szz ¼ sry ¼ srz ¼ 0: ð12:57Þ

The displacement field corresponding to the above stress field is derived in Exer-

cise 12.5 by means of the transformation strain formalism (see Eq. (12.274)).

12.4.1.3 Mixed dislocation
As discussed in Section 12.2, a mixed dislocation with a general Burgers vector, b,

may be regarded as the superposition of an edge dislocation component with

Burgers vector, b sin b, and a screw dislocation component with Burgers vector,

b cos b. Its stress field is therefore readily calculated by use of the previous results.

Finally, examination of Eqs. (12.46) and (12.56) reveals the asymmetric

property

sijðyþ pÞ ¼ �sijðyÞ: ð12:58Þ

12.4.2 Strain energies

The strain energy, per unit length, of a straight dislocation lying along x3 is obtained

by employing Eq. (12.40) with Bjs given, for the present isotropic system, by

Eq. (3.147) with the result

w ¼ m

4p

1

1� n
ðb21 þ b22Þ þ b23

� �

ln
R

r	
: ð12:59Þ

The energy increment associated with the material in the core is then added, as

previously in the anisotropic case (see Eqs. (12.42) and (12.43)), by introducing the

parameter a = b/r	 into Eq. (12.59) so that

w ¼ m

4p

1

1� n
ðb21 þ b22Þ þ b23

� �

ln
aR

b
: ð12:60Þ

Therefore, for pure edge and screw dislocations,

w ¼ mb2

4pð1� nÞ ln
aR

b
ðedgeÞ

w ¼ mb2

4p
ln
aR

b
ðscrewÞ;

ð12:61Þ

and for mixed dislocations,

w ¼ mb2

4p

sin2b

ð1� nÞ þ cos2b

� �

ln
aR

b
: ð12:62Þ

It is demonstrated in Exercise 12.8 that Eq. (12.61) for the edge dislocation can be

obtained alternatively by simply integrating the strain energy density over the

volume of the cylindrical shell enclosed by SR
and Sr	 in Fig. 12.6.
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12.5 Smoothly curved dislocation loops

12.5.1 Elastic fields

The elastic field of a smoothly curved closed loop, such as illustrated in Fig. 12.1, can

be determined in a number of alternative ways, as described in the following sections.

12.5.1.1 By use of Volterra equation
TheVolterra equation yields the displacement field produced by a general dislocation

loop in the form of a surface integral taken over the cut surface, S, in Fig. 12.1.

The equation can be obtained by employing an argument given by Hirth and Lothe

(1982), where it is imagined that a constant applied point force, F, is present at the

field point, x (see Fig. 2.1), during the creation of the loop.6 If the elastic displacement

at x due to the loop creation is u(x), the change in potential energy of the force is then

�F ¼ �F � uðxÞ ¼ �FiuiðxÞ: ð12:63Þ

Since, the elastic field of the force is an applied field, and the field of the loop is an

internal field, the interaction strain energy between them vanishes (see Eq. (5.25)).

The loss in potential energy of the force, �DF, must therefore appear in the form

of work, DW , done by its stress field during the cut and displacement at the S

surface that produced the loop, i.e.,

�W ¼ ��F: ð12:64Þ

The stress at x0 at the S surface due to the force acting at x; i.e., s0mn(x � x0),
generates a traction acting on the surface given by T0

mðx� x0Þ ¼ s0mnn̂
0
n: The dis-

placement everywhere on the face of the cut on the negative side of S relative to

the positive side is b, because of the S cut and displacement rule given on p. 232.

Therefore, the work done by the stress field of the force on an area dS0 on S

is dW ðx� x0Þ ¼ �T0
mbmdS

0 ¼ �s0mnbmn̂
0
ndS

0: Then, substituting this result and

Eq. (12.63) into Eq. (12.64),

FiuiðxÞ ¼ �bm

ðð

�

s0mnðx� x0Þn̂0ndS0: ð12:65Þ

The stress at x0 due to the force at x is given by

s0mnðx� x0Þ ¼ Cmnjlejlðx� x0Þ ¼ Cmnjl

1

2

qujðx� x0Þ
qx0l

þ qulðx� x0Þ
qx0j

" #

¼ Cmnjl

1

2

qGjiðx� x0Þ
qx0l

þ qGliðx� x0Þ
qx0j

" #

Fi ¼ Cmnjl

qGjiðx� x0Þ
x0l

Fi;

ð12:66Þ

6 The Volterra equation can also be obtained by an alternative procedure (Mura, 1987) in which the cut

and displacement at the surface, S, is mimicked by a localized transformation strain in the form of a

delta function as in the derivation of Eq. (12.143) in Section 12.5.1.6.
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where Gij(x � x0) is the Green’s function given by Eq. (4.25), and use has been

made of Eq. (3.15) and the symmetry properties of the Cmnjl tensor. Then, substi-

tuting Eqs. (12.66) into Eq. (12.65) and canceling out the common factor, Fi, for

each component taken separately, the Volterra equation is obtained in the form

uiðxÞ ¼ �Cmnjlbm

ðð

�

qGjiðx� x0Þ
qx0l

n̂0ndS
0: ð12:67Þ

Substitution of Eq. (4.40), for the derivatives of the Green’s function, into

Eq. (12.67) then yields the further expression

uiðxÞ ¼ �Cmnjlbm

8p2

ðð

�

1

jx� x0j2
n̂0ndS

0
þ

L̂

ŵlðk̂k̂Þ�1
ji � k̂lðk̂k̂Þ�1

jp ½ðk̂ŵÞpr þ ðŵk̂Þpr�ðk̂k̂Þ
�1
ri

n o

ds;

ð12:68Þ

which involves a line integral along s around the unit circle, L̂ (see text following

Eq. (4.40)), and a surface integral over S0 corresponding to the S cut surface.

The evaluation of Eq. (12.68) is simplified when the loop is planar. Consider, for

example, the planar loop in Fig. 12.8. Taking the cut surface, S, and the origin in

the plane of the loop so that x1
0 ¼ 0, Eq. (12.68) is reduced to

uiðxÞ ¼ �Cm1jlbm

8p2

ðð

�

1

jx� x0j2
dx02dx

0
3

þ

L̂

ŵlðk̂k̂Þ�1
ji � k̂lðk̂k̂Þ�1

jp ½ðk̂ŵÞpr þ ðŵk̂Þpr�ðk̂k̂Þ
�1
ri

n o

ds:

ð12:69Þ

Even though the Volterra equation has been derived to apply to a closed disloca-

tion loop, it can be readily used to find the displacement field of an infinitely long

straight dislocation. Consider the square planar dislocation loop of edge-length L

in Fig. 12.9. Using Eq. (12.67), the loop displacement field is

uiðxÞ ¼ �Cmnjlbm

ðð

�

qGjiðx� x0Þ
qx0l

n̂0ndS
0 ¼ �Cm2jlbm

ð

L

0

dx01

ð

L=2

�L=2

qGjiðx� x0Þ
qx0l

� �

x0
2
¼0

dx03:

ð12:70Þ

If, as in Eq. (12.68), Eq. (4.40) is then substituted for the Green’s function

derivatives, and L is increased without limit,

x2 b

′ x 
ˆ n 
x1

ˆ t x

x3
Σ

Figure 12.8 Planar dislocation loop. The loop plane, S cut surface, and source vector, x0, lie in
the x1 = 0 plane.
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uiðxÞ ¼ �Cm2jlbm

8p2

ð

1

0

dx01

ð

1

�1

1

jx� x0j2
þ

L̂

ŵlðk̂k̂Þ�1
ji � k̂lðk̂k̂Þ�1

jp ½ðk̂ŵÞps þ ðŵk̂Þps�ðk̂k̂Þ
�1
si

n o

ds dx03;

ð12:71Þ

where the source vector, x0, lies in the loop plane so that jx� x0j ¼ [(x1� x1
0)2þ x2

2þ
(x3 � x3

0)2]1/2. Equation (12.71) yields the displacement field produced by the long

straight dislocation segment AB in the region around the origin in the infinite

crystal, since the remaining segments of the loop, which are at infinite distances,

do not contribute significantly.

In Exercise 12.2, this method is used to obtain the displacement field of a long

straight edge dislocation corresponding to Fig. 12.2a in an isotropic system.

12.5.1.2 By use of Mura equation
The Mura equation yields the distortions produced by a dislocation loop in terms

of a line integral along the loop and is obtained by applying Stokes’ theorem to the

Volterra equation. First, the Volterra equation is differentiated so that

quiðxÞ
qxk

¼ Cmnjlbm

ðð

�

q2Gjiðx� x0Þ
qx0kqx

0
l

n̂0n dS
0: ð12:72Þ

An additional expression is now needed that can be used in conjunction with

Eq. (12.72) to obtain an equation amenable to Stokes’ theorem. This is obtained

by first substituting Eq. (3.15), i.e.,

ujðx0Þ ¼ Gjiðx� x0ÞFi ð12:73Þ

into Eq. (3.154) in the absence of transformation strains, i.e.,

smnðx0Þ ¼ Cmnjl

qujðx0Þ
qx0l

ð12:74Þ

to obtain

smnðx0Þ ¼ Cmnjl

qGjiðx� x0ÞFi

qx0l
: ð12:75Þ

However, the stress smn(x
0) must obey the equilibrium condition, Eq. (2.65), and,

since x0 is in a region free of body force, substitution of Eq. (12.75) into Eq. (2.65),

with fi ¼ 0, yields

x2 B ˆ n Σ

x 
O x1 L

A ′ x 

x3 ˆ t 

Figure 12.9 Square planar dislocation loop. The loop plane, cut surface S, and source vector,

x0, lie in the x2 = 0 plane.
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qsmnðx0Þ
qx0n

¼ Cmnjl

q2Gjiðx� x0ÞFi

qx0nqx
0
l

¼ 0: ð12:76Þ

Then, to satisfy Eq. (12.76) for arbitrary Fi, the condition

Cmnjl

q2Gjiðx� x0Þ
qx0nqx

0
l

¼ 0 ð12:77Þ

must be valid. The desired expression is then obtained by using Eq. (12.77) to write

Cmnjl

q2Gjiðx� x0Þ
qx0nqx

0
l

bmn̂k ¼ 0; ð12:78Þ

which must also be valid. Then, by adding Eqs. (12.78) and (12.72),

quiðxÞ
qxk

¼ bmCmnjl

ðð

�

qG2
jiðx� x0Þ
qx0kqx

0
l

n̂0n �
q2Gjiðx� x0Þ

qx0nqx
0
l

n̂0k

" #

dS0: ð12:79Þ

Next, Eq. (12.79) is converted to a line integral around the dislocation loop, C,

illustrated in Fig. 12.10 by employing Stokes’ theorem in the form of Eq. (B.4).

The final result is the Mura equation, expressed as

quiðxÞ
qxk

¼ bmCmnjlenkp

þ

C

qGjiðx� x0Þ
qx0l

dx0p ¼ bmCmnjlenkp

þ

C

qGjiðx� x0Þ
qx0l

t̂p ds
0; ð12:80Þ

where use has been made of d x0 ¼ d s0 ¼ t̂ d s0:
Substitution of Eq. (4.40) into Eq. (12.80) yields the further expression

quiðxÞ
qxk

¼bmCmnjlenkp

8p2

þ

C

1

jx� x0j2
t̂p ds

0
þ

L̂

ŵlðk̂k̂Þ�1
ji �k̂lðk̂k̂Þ�1

js ½ðk̂ŵÞsrþðŵk̂Þsr�ðk̂k̂Þ
�1
ri

n o

ds;

ð12:81Þ

which involves a line integral along s around the unit circle, L̂ (see text following

Eq. (4.40)), and another along s0 around the loop, C, as illustrated in Fig. 12.10.

Having this result, corresponding strains and stresses are readily determined. Note

that Eqs. (12.80) and (12.81) are completely free of quantities associated with the cut

surface in contrast to the form of the Volterra equation. This confirms the fact that

O

x
′ x P

d ′ s 
C

ˆ t 

Figure 12.10 Geometry for performing line integral around dislocation loop C.
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the choice of the surface employed in the cut and displacement method for produ-

cing a given loop is arbitrary, as is also demonstrated explicitly in Exercise 12.3.

As shown in Exercise 12.14, the Mura equation given by Eq. (12.80) can be

reformulated to yield the stress field produced by the loop C. Also, the Mura

equation, in combination with Eq. (4.40) for derivatives of the Green’s function,

can be used to find the elastic field of infinitely long straight dislocations in

a manner similar to the method used in Section 2.5.1.1, which employed the

Volterra equation to obtain Eq. (12.71). This method is used in Exercise 12.4 to

find the distortions of an infinitely long edge dislocation, corresponding to

Fig. 12.2a in an isotropic system.

12.5.1.3 By use of modified Burgers equation
The Burgers equation for the displacement field produced by a loop in an isotropic

body is derived in Section 12.6.1.1 (see Eq. (12.152)). More recently, Leibfried

(1953), Indenbom and Orlov (1968) and Lothe (1992b) have obtained a compar-

able expression for the displacement field in a general anisotropic body, which can

be found by assuming a solution of a form that is similar in many respects to the

isotropic solution. Using Eqs. (12.151) and (12.152), the isotropic solution can be

written as

uiðxÞ ¼ � bi

4p
Oþ 1

8p

þ

C

� 2eijk

jx� x0j �
ejmk

ð1� nÞ
q2jx� x0j
qx0iqx

0
m

� �

bjdx
0
k: ð12:82Þ

To obtain a corresponding solution for an anisotropic system, a solution is

assumed (Lothe, 1992b) of the form

uiðxÞ ¼ � bi

4p
Oþ 1

8p

þ

C

Uijkðx� x0Þbj dx0k; ð12:83Þ

where Uijk(x � x0) is expressed in the Fourier form, see Eq. (F.4), as

Uijkðx� x0Þ ¼
ð ð

1

�1

ð

�UijkðkÞeik�ðx�x0Þ dk1 dk2 dk3: ð12:84Þ

The stresses are then found by substituting Eq. (12.83) into Eq. (3.1) to obtain

sijðxÞ ¼ � bi

4p
Cijklbk

qO

qxl
þ 1

8p
Cijkl

q

qxl

þ

C

Ukpmðx� x0Þbp dx0m: ð12:85Þ

The quantity qO/qxl is given by Eq. (12.159), which, with the help of the standard

Fourier expression,

1

jx� x0j ¼
1

2p2

ð ð

1

�1

ð

1

k2
eik�ðx�x0Þ dk1 dk2 dk3 ð12:86Þ
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can be written as

qO

qxl
¼ i

2p2

þ

C

elms dx
0
m

ð ð

1

�1

ð

ks

k2
eik�ðx�x0Þdk1 dk2 dk3: ð12:87Þ

Then, substituting Eq. (12.87) into Eq. (12.85),

sijðxÞ ¼
i

8p

þ

C

dx0m

ð ð

1

�1

ð

� ks

p2k2
Cijklelmsbk þ Cijklbpkl �UkpmðkÞ

� �

eik�ðx�x0Þdk1 dk2 dk3:

ð12:88Þ

Since no force density is present in the elastic field of the dislocation, and equilib-

rium must be maintained, Eq. (2.65) in the form

qsij

qxj
¼ 0 ð12:89Þ

must be satisfied. Substituting Eq. (12.88) into Eq. (12.89) then yields

qsijðxÞ
qxj

¼� 1

8p

þ

C

dx0m

ð ð

1

�1

ð

� kskj

p2k2
CijklelmsbkþCijklbpklkj �UkpmðkÞ

� �

eik�ðx�x0Þdk1dk2dk3 ¼ 0;

ð12:90Þ

which is satisfied for all ki if

� kskj

p2k2
Cijklelmsbk þ Cijklbpklkj �UkpmðkÞ

� �

¼ 0: ð12:91Þ

Furthermore, Eq. (12.91) must be valid for all bi, and, putting it into the form

� kskj

p2k2
Cijplelms þ Cijklklkj �UkpmðkÞ

� �

bp ¼ 0; ð12:92Þ

it is evident that the relationship

� kskj

p2k2
Cijplelms þ Cijklklkj �UkpmðkÞ ¼ 0 ð12:93Þ

must be valid as well. Equation (12.93) can now be used to solve for �UkpmðkÞ: It is
readily confirmed that

kselms ¼ ðêm � kÞl; ð12:94Þ

where the êi are the usual coordinate base vectors, and substituting this equality

into Eq. (12.93), and using the usual contracted Christoffel tensor notation,

ðkkÞik �UkpmðkÞ ¼
ðk; êm � kÞip

p2k2
: ð12:95Þ
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Therefore, �UkpmðkÞ is given by7

�UkpmðkÞ ¼
1

p2k2
ðkkÞ�1

ki ðk; êm � kÞip: ð12:96Þ

Next, substituting Eq. (12.96) into Eq. (12.84),

Uijkðx� x0Þ ¼ 1

p2

ð ð

1

�1

ð

1

k2
ðkkÞ�1

is ðk; êk � kÞsj eik�ðx�x0Þ dk1 dk2 dk3; ð12:97Þ

and substituting this result into Eq. (12.83),

uiðxÞ ¼ � bi

4p
Oþ 1

8p3

þ

C

dx0k

ð ð

1

�1

ð

1

k2
ðkkÞ�1

is ðk; êk � kÞsjbj eik�ðx�x0Þ dk1 dk2 dk3:

ð12:98Þ

But, dx0 ¼ ê0idx
0
i ¼ ds0 ¼ t̂ds0; and Eq. (12.98) can therefore be written as

uiðxÞ ¼ � bi

4p
Oþ 1

8p3

þ

C

ds0
ð ð

1

�1

ð

1

k2
ðkkÞ�1

is ðk; t̂� kÞsjbj eik�ðx�x0Þ dk1 dk2 dk3; ð12:99Þ

where the line integral involving ds0 is illustrated in Fig. 12.10. The amplitude,

A(k) of the Fourier integral embedded in Eq (12.9.9) is a homogeneous function

of degree �2 in the variable k, and, as pointed out by Lothe (1992b), in such a case

it can be reduced to a line integral around a unit circle with its plane normal to the

unit vector ŵ ¼ ðx� x0Þ=jx� x0j by following the rule

ð ð

1

�1

ð

AðkÞeik�ðx�x0Þdk1dk2dk3 ¼
p

jx� x0j

ð

2p

0

Aðm̂Þdy; ð12:100Þ

where the unit vector, m̂; lies in the plane normal to ŵ; as illustrated in

Fig. (12.11).

Using this rule, Eq. (12.99) finally reduces to the double integral

uiðxÞ ¼ � bi

4p
Oþ 1

8p2

þ

C

ds0
1

jx� x0j

ð

2p

0

ðm̂m̂Þ�1
is ðm̂; t̂� m̂Þsjbjdy ð12:101Þ

for the displacement field of the loop, C.

7 For clarity, for this particular analysis a comma has been inserted in the usual Christoffel notation

so that ðk; êm � kÞip ¼ ðkêm � kÞip:
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12.5.1.4 By use of Brown’s formula
Planar loop

Brown’s formula yields the stress field of a planar dislocation loop in the plane of

the loop. It has the notable feature that it is expressed in terms of parameters that

are characteristic of infinitely long straight dislocations and therefore can be

determined using the methods described in Section 12.3. Even though the formula

provides only the in-plane stress, it can also be used to obtain the solutions of a wide

range of problems involving three-dimensional dislocation configurations, as dem-

onstrated later, for example, in Section 12.7.1.3. Following Lothe (1992a,b), all

dislocation configurations that can be analyzed by application of Brown’s formula,

and additional related formulae that will be derived, can be produced by combining

basic dislocation “hairpins” having the configuration illustrated in Fig. 12.12a.

The first task, therefore, is to find the stress field of such a “hairpin” at a field

point P, as indicated in Fig. 12.12a. For this purpose, the hairpinmay be regarded as

an array of abutting infinitesimal loops as is done, for example, in Fig. 12.19 to find

the stress due to a finite dislocation loop. According to Eq. (12.169), the stress field

of an infinitesimal loop, dsij(x), falls off as x
�3, possesses a complicated angular

dependence, and is an even function of x.8 It is therefore assumed that in the planar

r, y coordinate system of Fig. 12.12b the stress follows the general form

dsijðr; yÞ ¼
1

r3
aijðyÞdS; ð12:102Þ

where dS is its area, and the function aij(y) obeys

aijðyþ pÞ ¼ aijðyÞ: ð12:103Þ

By integrating over the stresses contributed by the array of infinitesimal loops that

comprise the hairpin, the stress at P at a distance R from the base of the hairpin in

Fig. 12.12a is

dsijðPÞ ¼ dy

ð

1

R

1

r3
aijðyÞrdr ¼ aijðyÞdy

ð

1

R

1

r2
dr ¼ aijðyÞdy

R
¼ aijðyÞdw

R2
; ð12:104Þ

Reference  vector

O q

ˆ m 

ˆ w 

Figure 12.11 Geometry for line integration of Eq. (12.101) around unit circle with its plane

normal to ŵ:

8 This can be readily shown by taking derivatives of Eq. (12.169) to obtain distortions and then

employing Hooke’s law.
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after using dS ¼ rdydr and dw ¼ Rdy. If the base of the hairpin is oblique at the

angle a, as illustrated in Fig. 12.12c, dsij(P) remains unchanged to first order, and

dw becomes dw ¼ sin (y � a)ds. Therefore, Eq. (12.104) takes the form

dsijðPÞ ¼
aijðyÞ
R2

sinðy� aÞds: ð12:105Þ

Next, consider Fig. 12.13, which shows how an infinitely long straight dislocation

located at a distance r from the field point P can be constructed by employing an

array of abutting hairpins. The dashed line along t̂ in Fig. 12.13a represents the

desired position of the dislocation, and a segment of the dislocation, ds, due to the

presence of a single hairpin is shown in place. In Fig. 12.13b, the dislocation is

built up by adding further hairpins. All abutting hairpin elements cancel, and only

the ds base segments are left on the dislocation line, along with two semi-infinite

outer segments. However, for an infinite dislocation length these latter segments

can be neglected when considering the stress at P. The stress there is then just the

sum of the stresses contributed by all hairpins, and using Eq. (12.105),

sijðPÞ ¼
ð

dsijðPÞ ¼
ð

1

�1

aijðyÞ
R2

sinðy� aÞds: ð12:106Þ

The function aij(y) can now be expressed in terms of parameters associated with

long straight dislocations by noting that, since the stress field at P is the field of a

P P(r,q) P

R r R

dw

ˆ t q ref ref refq
ˆ t ds

−∞ ∞ Hairpin

(a) (b) (c)

q a

Figure 12.12 (a) Dislocation “hairpin” configuration extending to �1; y is measured from

reference line. (b) Infinitesimal dislocation loop (small square); field point P at coordinates

(r, y). (c) Hairpin, same as in (a), but with base at oblique angle a measured from reference

line. All elements are in the plane of paper.

r

ˆ t q a ref
ˆ t ds ˆ t t̂ 

−∞ ∞

A B

P P

R Dislocation

(b)(a)

Figure 12.13 Construction of long straight dislocation by using hairpin dislocations.

(a) Dashed line along t̂ is intended position of dislocation, with segment ds, due to one

hairpin, in place. (b) The dislocation is built up by adding further hairpins. All elements

are in the plane of the paper.
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long straight dislocation, it must fall off as r�1 (at constant a) and also be

dependent on a. It can therefore be written in the general form

sijðPÞ ¼
1

r
�ijðaÞ: ð12:107Þ

Then, equating Eqs. (12.106) and (12.107),

1

r
�ijðaÞ ¼

ð

1

�1

aijðyÞ
R2

sinðy� aÞds: ð12:108Þ

But, from the geometry of Fig. 12.13,

r ¼ R sinðy� aÞ; ds

dy
¼ R

sinðy� aÞ : ð12:109Þ

Also, since r is constant, the relationship

�ijðaÞ ¼
ð

aþp

a

aijðyÞ sinðy� aÞdy ð12:110Þ

is obtained, which establishes a link between the quantities Sij(a) and aij(y).

Differentiating Eq. (12.110), while invoking Leibniz’s rule (since the

limits of integration are functions of a) and making use of the form of

Eq. (12.103),

d�ijðaÞ
da

¼ �
ð

aþp

a

aijðyÞ cosðy� aÞdy

d2�ijðaÞ
da2

¼ �
ð

aþp

a

aijðyÞ sinðy� aÞdyþ aijðaþ pÞ þ aijðaÞ

¼ �
ð

aþp

a

aijðyÞ sinðy� aÞdyþ 2aijðaÞ:

ð12:111Þ

Then, using Eqs. (12.110) and (12.111),

aijðaÞ ¼
1

2
�ijðaÞ þ

d2�ijðaÞ
da2

" #

: ð12:112Þ

Finally, substituting Eq. (12.112) into Eq. (12.105),

dsijðPÞ ¼
1

2R2
sinðy� aÞ �ijðyÞ þ

d2�ijðyÞ
dy2

" #

ds ð12:113Þ

is obtained for the stress increment at P due to the hairpin in Fig. 12.12c.
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Having this result, an expression for the stress produced by a closed planar loop

at a field point P coplanar with the loop can be determined by integrating

Eq. (12.113) around the loop. Figure 12.14a shows the construction of such a

loop by using hairpins in the same manner as in Fig. 12.13b. All dislocation

segments except those remaining on the loop cancel in this case, and by integrating

Eq. (12.113) with the help of Fig. 12.14b, we obtain Brown’s formula,

sijðxÞ ¼
1

2

þ

C

sinðy� aÞ
R2

�ijðyÞ þ
d2�ijðyÞ
dy2

" #

ds; ð12:114Þ

where R ¼ jx � x0j.
The second derivative in Eq. (12.114) can be eliminated by first substituting

Eq. 12.109 so that

sijðxÞ ¼
1

2

þ

C

1

R
�ijðyÞ þ

d2�ijðyÞ
dy2

" #

dy ð12:115Þ

and then integrating the second derivative term by parts to obtain

þ

C

1

R

d2�ijðyÞ
dy2

dy ¼ 1

R

d�ijðyÞ
dy

�

�

�

�

�

�

�

�

þ
þ

C

1

R2

d�ij

dy
dR ¼ �

þ

C

1

R

d�ij

dy
cotðy� aÞdy; ð12:116Þ

after using the relation

dR ¼ �R cotðy� aÞdy ð12:117Þ

x PP

P

O 

R = |x − x′ |

x′
ref

ds
ref

(a)

ˆ t C C 

• (x − x′)

r
Infinitely long dislocation

(c)

(b)

q

q

ref

α–Π

Figure 12.14 (a) Construction of closed planar loop C using hairpins. (b) Geometry for

finding stress due to dislocation loop at field point P by integrating around the loop.

(c) Diagram for finding Sij(y) for segment ds in (b) (see text). All elements are in the plane

of the paper. If the S surface for the loop is taken to be in the plane of the paper, the

n̂ vector for this surface is normal to the paper and directed towards the reader.
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obtained from the geometry in Fig. 12.14. Then, substituting Eq. (12.116) into

Eq. (12.115),

sijðxÞ ¼
1

2

þ

C

1

R2
sinðy� aÞ�ijðyÞ � cosðy� aÞ d�ijðyÞ

dy

� �

ds: ð12:118Þ

It is often useful to know the in-plane traction in the direction of b due to the stress

field of the loop. With the use of Eq. (12.115), this is given by

Tb ¼
T � b
b

¼ Tibi

b
¼ sijðPÞn̂jbi

b
¼ 1

b

þ

C

sinðy� aÞ
R2

FðyÞ þ q2

qy2
FðyÞ

� �

ds; ð12:119Þ

where

FðyÞ ¼ 1

2
�ijðyÞbin̂j: ð12:120Þ

When employing these expressions it must be emphasized that the quantitySij(y)/r,

by virtue of Eq. (12.107), is the in-plane stress at a point P at a distance r from an

infinitely long straight dislocation lying at the angle y with respect to the reference

line as illustrated in Fig. 12.14c. The distance r is in the direction n̂� ðx� x0Þ
relative to the dislocation line (Bacon, Barnett, and Scattergood, 1979b). Also, of

course, the straight dislocation must have the same Burgers vector as the loop, and

the reference line in (b) and (c) must have the same orientation in the crystal

coordinate system.

The required values of Sij(y), and its derivatives, can be obtained from calcula-

tions of the stress fields of straight dislocations using the methods of Section 12.3

and then stored in a useful data bank. Bacon, Barnett, and Scattergood (1979b)

give detailed descriptions of optimum methods for obtaining the necessary data,

and the reader is referred to their work for details.

Non-planar loop

As is evident from the geometry of Fig. 12.15, Brown’s formula can also be used

to determine the three-dimensional stress field of a closed non-planar loop

P

ds

ds

ˆ t 
ds

3D loop

Figure 12.15 Contributions of three hairpins to the construction of a three-dimensional

non-planar loop. Upon completion of the loop, all hairpin segments will have mutually

annihilated except for the ds segments remaining on the periphery of the loop. The stress

at P will then be the sum of the contributions of all the hairpins.
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(see caption). Since the stress at P is the sum of the stresses contributed by all

segments, it will be given by an equation of the type of Eq. (12.118), which was

derived previously for two-dimensional loops. However, in the present case the

line integral is three-dimensional, and its evaluation is more tedious, since the

stress increment for each differential segment, ds, must be calculated using

parameters that refer to the plane containing P and ds.

12.5.1.5 By use of rational differential segments
The elastic field of a smoothly curved loop can also be found by the use of rational

differential segments (Eshelby and Laub, 1967; Indenbom and Dubnova, 1967;

Lothe, 1992b), one of which is illustrated in Fig. 12.16. Such a segment consists of

a differential length of dislocation, ds ¼ t̂ds, with the Burgers vector, b, lying

between an initial node, where it is joined to a very large number (N!1) of half-

infinite straight dislocations that converge radially on the node, and a terminating

node, where it is joined to a similar distribution of N emanating dislocations. The

incoming and outgoing dislocations are each of infinitesimal Burgers vector

strength and are uniformly distributed in all radial directions. Also, the sum of

the Burgers vectors of all dislocations entering the initial node and leaving the

terminating node must be equal. A rational differential segment is therefore

completely characterized by its Burgers vector and tangent vector.

Such a segment has the unique property that, when it is joined end-to-end to

another rational segment with the same Burgers vector and positive sense, the

overlapping semi-infinite radial dislocations at the junction exactly cancel, regard-

less of the angle between the two segments, since they have opposite Burgers

vectors and are uniformly distributed in all directions. A dislocation loop of any

shape can therefore be produced by joining rational segments together end-to-end

in the form of a closed chain, and the resulting elastic field will simply be the sum

of the fields contributed by the individual segments. Then, if the elastic field of an

individual segment is known, the field of the loop can be determined by means of a

line integral around the loop. We therefore proceed to find the elastic field of a

single rational segment following the derivation of Lothe (1992b), which employs

the transformation strain formalism of Section 3.6.

The transformation strain required to produce a rational segment is obtained by

imagining that it is constructed by introducing N ! 1 semi-infinite dipole loops

with infinitesimal Burgers vectors, which converge radially so that their short

ds

Figure 12.16 Rational differential segment, (ds, b). Arrows indicate positive direction along

dislocations.
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transverse end segments superimpose to form the segment ds having a finite

Burgers vector, b, as illustrated in Fig. 12.17a, where only a few of the N ! 1
dipoles are shown. Note that the incoming and outgoing dislocations contributed

by the dipoles are in the desired radial configuration at each end of the segment.

Since the directions of the incoming dipoles are uniformly distributed over all

radial directions, the various cuts and displacements required to create the dipole

loops produce a plastic (transformation) displacement field, uTi ðxÞ; throughout the
surrounding crystal.

To determine this field, consider the plastic displacement produced at the vector

position x relative to the displacement at the nearby vector position r by the radial

distribution of dipole loops lying in the region between x and r in Fig. 12.17b. One

of these loops is shown in Fig. 12.17b, where it produces a trace where it passes

through the area dS. The upper diagram in Fig. 12.17c is an oblique view of the

traces produced by some of the radial dipole loops lying between x and r passing

through an extension of the plane of dS. The length of each trace is equal to the

width of the dipole loop, which is given by

wdip ¼jds� t̂j¼ jds� rj
r

; ð12:121Þ

and the total number of dipole loops that pass through the plane, per unit area, is

given, to a good approximation (since x is in close proximity to r), by

n dip ¼ 1

dS
N
dO

4p
¼ 1

dS
N

dS

4pr2
¼ N

4pr2
: ð12:122Þ

Now, by means of small insignificant shifts of the inclinations of these loops they

can be aligned (for purposes of calculation) so that the individual loop planes

Dipole loop

dS

ˆ t 

r
r x − r

dW
x 

d

ds ds

(a) (b) (c)

Figure 12.17 (a) Construction of rational segment, ds, by cuts and displacements

corresponding to dipole loops with their end segments superimposed on ds. (b) Dipole loop

lying in solid angle dO centered on vector r. Area dS is perpendicular to r. A trace is

produced on dS where the dipole loop passes through it. (c) Upper diagram: oblique view of

the traces of some of the dipole loops emanating from ds and lying nearly parallel to r and x
(not shown in the figure) passing through an extension of the plane of dS. Lower diagram:

traces of the sheets of displacement that would be obtained by consolidating all of the

dipoles shown in the upper diagram into the sheets.
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merge and form continuous and uniformly spaced sheets of displacement in the

vicinity of x and r, which produce the traces seen in the lower frame of Fig. 12.17c.

The spacing between sheets is then

d ¼ 1

wdipndip
¼ 4pr3

jds� rjN ; ð12:123Þ

and there will be a displacement across each sheet corresponding to the dipole

Burgers vector given by

bdip ¼ b

N
: ð12:124Þ

Having all these quantities, the plastic displacement at x relative to the displace-

ment at r due to the presence of the intervening sheets is

duTðxÞ � duTðrÞ ¼ ½ðx� rÞ � n̂dip� 1

d

� �

½bdip� ¼ ½ðx� rÞ � ðds� rÞ�b
4pr3

; ð12:125Þ

where n̂dip is the unit normal vector to the plane of each dipole given by

n̂dip ¼ ds� r

jds� rj : ð12:126Þ

The first quantity in square brackets in Eq. (12.125) is the distance between x and r

projected along the unit normal to the sheets, the second quantity is the number of

sheets per unit distance normal to the sheets, and the third quantity is the

displacement across each sheet.

Having the displacements given by Eq. (12.125), the transformation distortion

quTi =qxj is given by

quTi
qxj

¼ bi

4pr3
q

qxj
ðx � ds� rÞ ¼

biðds� rÞj
4pr3

¼ bidsmrnejmn

4pr3
; ð12:127Þ

with the help of Eq. (E.5). A similar expression is obtained for quTj =qxi; and using

Eq. (2.5), the transformation strain is then

deTij ðrÞ ¼
ðbiejmn þ bjeimnÞdsmrn

8pr3
¼ biejmndsmrn

4pr3
: ð12:128Þ

The vector r in Eq. (12.128) can now be replaced by x (which is now designated the

field vector). Then, by use of the equality,

q

qxn

1

x

� �

¼ � xn

x3
; ð12:129Þ

Eq. (12.128) can be written as

deTij ðxÞ ¼ � ðbiejmn þ bjeimnÞdsm
8p

q

qxn

1

x

� �

: ð12:130Þ
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Finally, by substituting Eq. (12.86) into the above expression, the transformation

strain associated with the rational segment is obtained in the form

deTij ðxÞ ¼ � iðbiejmn þ bjeimnÞdsm
16p3

ð ð

1

�1

ð

k̂nk
�1eik�xdk1dk2dk3: ð12:131Þ

Having Eq. (12.131), an expression for the stress due to a smooth dislocation loop

can now be obtained. A comparison of Eq. (12.131) with Eq. (F.4), shows that the

Fourier transform of deTij ðxÞ; is

d�eTij ðkÞ ¼ � iðbiejmn þ bjeimnÞdsm
16p3

k̂nk
�1 ¼ � ik�2

16p3
½biðds� kÞj þ bjðds� kÞi�;

ð12:132Þ

and, having this, the transform of the stress due to the segment can be obtained by

employing the Hooke’s law-type expression between transforms given by Eq.

(3.164), i.e.,

d�sijðkÞ ¼ C�
ijklðk̂Þd�eTklðkÞ ¼ � ik�2

8p3
C�
ijklðk̂Þbkðds� kÞl ¼ � ik�2

8p3
C�
ijklðk̂Þbkðd̂t� kÞl ds:

ð12:133Þ

Then, by inverting Eq. (12.133) and using Eq. (F.4), the increment of stress at x

contributed by a rational differential segment at x0 is

dsijðx� x0Þ ¼ � 1

8p3

ð

1

�1

ð

1

�1

ð

1

�1

C�
ijklðk̂Þbkðd̂t� kÞleik�ðx�x0Þik�2dk1 dk2 dk3 ds

0:

ð12:134Þ

Finally, by use of Eq. (12.134), the stress due to a loop, C, at a field point x is

obtained by performing a line integral around the loop, as in Fig. 12.10, i.e.,

sijðxÞ ¼ � 1

8p3

þ

C

ds0
ð

1

�1

ð

1

�1

ð

1

�1

C�
ijklðk̂Þbkðdt̂� kÞleik�ðx�x0Þik�2dk1 dk2 dk3: ð12:135Þ

12.5.1.6 By use of infinitesimal loops
The final method for obtaining the stress field of a loop that we shall consider, i.e.,

the method of using infinitesimal loops, is now described. The concept of an

infinitesimal dislocation loop (Kroupa 1962; 1966; Hirth and Lothe, 1982) is

introduced, and its use in the anisotropic elasticity theory of finite loops is

described.

A general infinitesimal dislocation loop of area, dS, shown in Fig. 12.18a, is

characterized by its Burgers vector and its positive unit normal vector, n̂;

as defined by the S cut and displacement rule given on p. 232. The displacement
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field produced by the loop can be readily obtained by the method employed in

Section 12.4.1.1 and Exercise 12.5, where the loop is created by a cut and displace-

ment on the surface S, which is mimicked by a concentrated transformation strain

in the form of a delta function. The displacement field is then obtained by

determining the corresponding transformation stress using Hooke’s law and

substituting the stress into Eq. (3.168). The transformation strain is initially taken

to be a homogeneous strain distributed throughout the regionV in Fig. 12.18b, in

which the upper surface is displaced relative to the lower surface by �b in

accordance with the S cut and displacement rule given on p. 232. If the thickness

of V is h, and the center of V is at x0 as in Fig. 12.18c, the transformation

displacement at y is

uTðyÞ ¼ �b
ðy� x0Þ � n̂

h
or uTk ðyÞ ¼ � bkðyi � x0iÞn̂i

h
ð12:136Þ

and the corresponding strain is

eTkj ¼
1

2

quTk
qyj

þ
quTj

qyk

" #

¼ � 1

2h
ðbkn̂j þ bjn̂kÞ: ð12:137Þ

Having this, the transformation strain can be localized in the plane of the cut by

writing it in the delta function form9

eTkj ¼ � 1

2
ðbkn̂0j þ bjn̂kÞdðxÞ; ð12:138Þ

where d(x) is a one-dimensional delta function and x measures the distance from

the surface dS along n̂: Then, substituting Eq. (12.138) into Eq. (3.168), and using

Hooke’s law, and the symmetry properties of the Cjkmn tensor, the differential

displacement at x due to an infinitesimal loop of area dS located at x0, is

duiðxÞ ¼ �Cjkmnbm

ð

1

�1

qG1
ik ðx� x0Þ
qx0j

n̂0ndðx0Þdx0dS0; ð12:139Þ

ˆ n dS ˆ n

b ˆ n x
ˆ t ′ x   y h

Σ
′ x y

(c)(b)(a)

O

V V

Figure 12.18 (a) Infinitesimal dislocation loop of area dS. (b) Region V containing

transformation strain that produces the loop in (a). (c) Enlarged view of the regionV in the

vicinity of its center located at x0. Viewing direction parallel to the two broad faces of V .

9 See, as an example, Fig. 12.7.
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or

duiðxÞ ¼ �Cjkmnbm
qG1

ik ðx� x0Þ
qx0j

n̂0ndS
0: ð12:140Þ

Then, substituting Eq. (4.40) for the Green’s function derivatives,

duiðxÞ ¼ �Cjkmnbmn̂
0
n

8p2
1

jx� x0j2
þ

L̂

ŵjðk̂k̂Þ�1
ik � k̂jðk̂k̂Þ�1

is ½ðk̂ŵÞsr þ ðŵk̂Þsr�ðk̂k̂Þ
�1
rk

n o

ds dS0:

ð12:141Þ

According to St.-Venant’s principle, the displacement field of a dislocation loop

should be independent of the detailed shape of the loop at distances from the

loop larger than about its largest dimension. The differential displacement, dui,

given by Eq. (12.141) is seen to be proportional to the differential area of the

loop, dS. Therefore, Eq. (12.141) is expected to give the finite displacement

field, ui(x), of a finite loop of area S (obtained by increasing dS to S) at

distances that are large compared with the loop dimensions. Also, as shown

in Fig. 12.19, a finite loop is equivalent to an array of abutting infinitesimal

loops, and, therefore, the field of a finite loop at all distances from the loop

outside of its core can be obtained (Kroupa, 1966), by summing the contribu-

tions made at the field point by the infinitesimal loops comprising the array

according to

uiðxÞ ¼
ðð

�

duiðxÞ; ð12:142Þ

where S is any surface region bounded by the loop. Therefore, substituting Eq.

(12.140) into Eq. (12.142),

uiðxÞ ¼ �Cjkmnbm

ðð

�

qG1
ik ðx� x0Þ
qx0j

n̂0n dS
0: ð12:143Þ

Equation (12.143) is seen to be identical to the Volterra equation, i.e., Eq. (12.67),

as might have been anticipated. The development leading to Eq. (12.143) is

therefore, in essence, an alternative derivation of this basic equation.

ˆ t 

(a) (b)

Figure 12.19 Equivalence between a finite dislocation loop in (b) and an array of abutting

infinitesimal loops in (a). In (b) all adjacent interior segments present in (a) have mutually

annihilated one another.
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12.5.2 Strain energies

The strain energy of a dislocation loop can be readily obtained from the inter-

action energy between two dislocation loops as expressed by Eq. (16.22) in Section

16.3.1.2. To demonstrate this, consider a general dislocation loop, labeled C(1).

Now imagine superposing on this loop a second loop, C(2), that is an exact

duplicate, to produce the arrangement shown in Fig. 12.20, which is elastically

equivalent to a dislocation with twice the Burgers vector of either loop. The elastic

strain energy of any loop must vary as b2, since both its stress field and strain field

are proportional to b. Therefore, the strain energy of the superposed loops,

WCð1ÞþCð2Þ
; will be four times as large as the strain energy of loop, C(1), i.e.,WCð1Þ

:

This establishes the strain energy relationship,

WCð1ÞþCð2Þ ¼ 4WCð1Þ ¼ WCð1Þ þWCð2Þ þW
Cð1Þ=Cð2Þ

int ; ð12:144Þ

where W
Cð1Þ=Cð2Þ

int is the interaction energy between the two superposed loops, and

WCð1Þ ¼ WCð2Þ
: Thus,

WCð1Þ ¼ 1

2
W

Cð1Þ=Cð2Þ

int ; ð12:145Þ

proving that the loop strain energy is just half of the interaction energy between the

loop and its duplicate. This latter quantity is given by Eq. (16.22), with C(1) = C,

C(2) = C, b(1) = b(2) = b, and therefore, the strain energy of a loop C is given by

WC ¼ 1

16p2

þ

Cð1Þ¼C

þ

Cð2Þ¼C

1

jxð1Þ � xð2Þj

ð

2p

0

C�
ijklðm̂Þbkðdsð1Þ � m̂Þlbiðdsð2Þ � m̂Þjdy:

ð12:146Þ
The energy given by Eq. (12.146) will diverge in an unrealistic manner when

segments ds(1) and ds(2) become close together during the double line integration,

and 1/jx(1) � x(2)j ! 1. This singularity can be avoided by assuming that the

segments do not interact when they are closer than a cut-off distance, denoted by r.

Note that this is just another example of dealing with the breakdown of linear

elasticity at the dislocation core. This cut-off stratagem is also used in Section

12.6.2, where isotropic systems are considered, and an example of its application

appears in Exercise 12.11.

(x(1) − x(2))
ds(1)

ds(2)

x(1) x(2)

C(1) + C(2)

O

Figure 12.20 Superposed dislocation loops C(1) and C(2), which are duplicates of one another.
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12.6 Smoothly curved dislocation loops in isotropic system

12.6.1 Elastic fields

The elastic field of a loop in an isotropic system can be obtained using the

Volterra and Mura equations, but it is often more convenient to employ a

modified Volterra equation in the form of either the Burgers equation or the

Peach–Koehler equation, which are derived in the following two sections. Both

involve line integrals around the loop, but the Burgers equation yields the

displacement field, while the Peach–Koehler equation yields the stress field.

However, as pointed out by Khraishi, Hirth, and Zbib (2000), the task of

obtaining analytical closed-form solutions of these equations is non-trivial. The

integrations, when possible, are generally complicated and tedious and will not

be pursued here in any detail. Examples of successful integrations include the

integration of the Peach–Koehler equation to obtain the stress field of a circular

loop with a general Burgers vector by Khraishi, Hirth, and Zbib (2000), and the

integration of the Burgers equation to obtain its displacement field by Khraishi,

Hirth, Zbib, and Khaleel (2000).

12.6.1.1 By use of Burgers equation
The Burgers equation (Burgers 1939a; b; Hirth and Lothe, 1982) for the dis-

placement field due to a loop in an isotropic system is derived from the Volterra

equation by converting the elastic constants to isotropic constants, introducing

the isotropic Green’s function, and then recasting the equation as a line integral

with the help of Stokes’ theorem. Substitution of Eq. (2.120) into Eq. (12.67)

gives

uiðxÞ ¼
ðð

�

�l
qGijðx� x0Þ

qx0j
bmn̂

0
m � m

qGimðx� x0Þ
qx0n

bmn̂
0
n � m

qGinðx� x0Þ
qx0m

bmn̂
0
n

" #

dS0;

ð12:147Þ

where the geometry for the surface integration is shown in Fig. 12.1. Next,

Eq. (4.110) for the Green’s function is substituted to obtain

uiðxÞ ¼ � 1

4p

ð ð

�

bin̂
0
n

q

qx0n

1

jx� x0j

� �

þ bmn̂
0
i

q

qx0m

1

jx� x0j

� �

þ l

m
bmn̂

0
m

q

qx0i

1

jx� x0j

� ��

� 1

4ð1� nÞ
l

m
bmn̂

0
m

q3jx� x0j
qx0iqx

0
jqx

0
j

� 1

2ð1� nÞ bmn̂
0
n

q3jx� x0j
qx0iqx

0
nqx

0
m

#

dS0:

ð12:148Þ

Equation (12.148) is next put into a form suitable for the application of Stokes’

theorem by substituting the equality
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l

m
bmn̂

0
m

q

qx0i

1

jx� x0j

� �

� 1

4ð1� nÞ
l

m
bmn̂

0
m

q3jx� x0j
qx0iqx

0
jqx

0
j

¼ 1

2ð1� nÞ bmn̂
0
m

q3jx� x0j
qx0iqx

0
jqx

0
j

� bmn̂
0
m

q

qx0i

1

jx� x0j

� �

;

ð12:149Þ

so that

uiðxÞ ¼ � 1

4p

ð ð

�

bin̂
0
n

q

qx0n

1

jx� x0j

� �

dS0

� 1

4p

ð ð

�

bmn̂
0
i

q

qx0m

1

jx� x0j

� �

� bmn̂
0
m

q

qx0i

1

jx� x0j

� �� �

dS0

þ 1

8pð1� nÞ

ð ð

�

bmn̂
0
n

q3jx� x0j
qx0iqx

0
mqx

0
n

� bmn̂
0
m

q3jx� x0j
qx0iqx

0
jqx

0
j

" #

dS0:

ð12:150Þ

Applying Stokes’ theorem, given by Eq. (B.4), the second and third surface

integrals in Eq. 12.150 are converted into line integrals so that

uiðxÞ ¼ � 1

4p

ð ð

�

bin̂
0
n

q

qx0n

1

jx� x0j

� �

dS0 � 1

4p

þ

C

eimkbm
1

jx� x0jdx
0
k

� 1

8pð1� nÞ

þ

C

emjkbm
q2jx� x0j
qx0iqx

0
j

dx0k:

ð12:151Þ

The geometry for the line integration is illustrated in Fig. 12.10. Alternatively,

Eq. (12.151) may be converted to a vector form by expressing its three terms as

uðxÞ ¼ � b

4p
O� 1

4p

þ

C

b� ds0

jx� x0j �
1

8pð1� nÞr
þ

C

½b� ðx� x0Þ� � ds0
jx� x0j ; ð12:152Þ

where

O ¼
ðð

�

ðx� x0Þ � n̂
jx� x0j3

dS0: ð12:153Þ

The quantity O, is the solid angle subtended by the cut surface, S, when viewed

from x and is positive when viewed from the positive side of S. Also, the magni-

tude of the first term in Eq. (12.152) undergoes a discontinuity of 4p when x passes

through S. This term therefore produces a discontinuity in u equal to Du ¼ b (see

Exercise 12.9), which is consistent with the cut and displacement procedure for

producing the dislocation.

12.6.1.2 By use of Peach–Koehler equation
The Peach–Koehler equation for the stress field due to a loop in an isotropic

system (Peach and Koehler, 1950) is obtained by taking derivatives of the
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displacements given by the Burgers equation. First, following deWit (1960) and

Hirth and Lothe (1982), Eqs. (3.1) and (2.120) are used to write the stress in the

form

sabðxÞ ¼ ½ldabdml þ mðdaldbm þ damdblÞ�
qumðxÞ
qxl

: ð12:154Þ

The displacement in Eq. (12.154), is now replaced by the first term from

Eq. (12.152) and the second and third terms from Eq. (12.151) so that

sabðxÞ ¼ � bm

4p
½ldabdlm þ mðdaldbm þ damdblÞ�

qO

qxl

� 1

4p
½ldabdlm þ mðdaldbm þ damdblÞ�

þ

C

emikbi
q

qxl

1

jx� x0j

� �

dx0k

� 1

8pð1� nÞ ½ldabdlm þ mðdaldbm þ damdblÞ�
þ

C

eijkbi
q3jx� x0j
qxlqx0mqx

0
j

dx0k;

ð12:155Þ

after changing some of the dummy indices. An expression for qO/qxl in the first

term can be obtained in the form of a line integral by considering Fig. 12.21. The

quantity O has been identified in Section 12.6.1.1 as the solid angle subtended by

the surface, S, when viewed on its positive side from the point x. If the point at x is

shifted by dx, then the surface will appear from the viewing point to have shifted

by �dx. The resulting change in O, dO, can then be determined from the geometry

of Fig. 12.21. The incremental change in area is d� ¼ dx0 � ð�dxÞ ¼ dxmðêm � dx0Þ;
and, therefore,

dO ¼ �
þ

C

ðx� x0Þ � ½dxmðêm � dx0Þ�
jx� x0j3

ð12:156Þ

and

dO

dxj
¼ �

þ

C

ðx� x0Þ � ðêj � dx0Þ
jx� x0j3

: ð12:157Þ

δΣ ˆ t 

Before displacement, −δx
−δx δx′

|x − x′|= R After displacement, −δx

x′
δx ˆ n′

x 

O

Figure 12.21 Geometry for the determination of qO/qxl.

266 Dislocations in infinite homogeneous regions



Since

d�

dx1
¼ �

þ

C

ðx� x0Þ � ðê1 � dx0Þ
jx� x0j3

¼ �
þ

C

ðx3 � x03Þdx02 � ðx2 � x02Þdx03
jx� x0j3

¼ �
þ

C

ei1k
q

qx0i

1

jx� x0j

� �

dx0k;

ð12:158Þ

Eq. (12.157) can be written as

dO

dxj
¼ �

þ

C

eijk
q

qx0i

1

jx� x0j

� �

dx0k: ð12:159Þ

Therefore, substituting Eq. (12.159) into Eq. (12.155), and changing some of the

dummy indices, using the properties of the alternator (Appendix E), and

employing the relationship q/qxl = �q/qx0l,

sab ¼ m

4p
ðdaldbm þ damdblÞeilk þ ðdaidbl þ daldbiÞelmk
� 


bm

þ

C

q

qx0i

1

jx� x0j

� �

dx0k

� m

4pð1� nÞ eimkbm
þ

C

q3jx� x0j
qx0iqx

0
aqx

0
b

dx0kþ
mn

2pð1� nÞ dabeimkbm
þ

C

q

qx0i

1

jx� x0j

� �

dx0k:

ð12:160Þ

Equation (12.160) can then put into a more symmetrical form by employing the

identity eijkeklm ¼ dildjm � dimdjl from Eq. (E.4) to obtain the Peach-Koehler

equation in the form10

sab ¼� m

4p
eimabm

þ

C

q

qx0i

1

jx� x0j

� �

dx0b �
m

4p
eimbbm

þ

C

q

qx0i

1

jx� x0j

� �

dx0a

� m

4pð1� nÞ eimkbm
þ

C

q3jx� x0j
qx0iqx

0
aqx

0
b

dx0k þ
m

2pð1� nÞ dabeimkbm
þ

C

q

qx0i

1

jx� x0j

� �

dx0k;

ð12:161Þ
or, alternatively, with the use of q/qxi=�q/qx0i,R= jx� x0j, and∇2R=∇02R=2/R,

sabðxÞ ¼
m

8p
eimabm

þ

C

q

qxi
ðr2RÞdx0b þ

m

8p
eimbbm

þ

C

q

qxi
ðr2RÞdx0a

þ m

4pð1� nÞ eimkbm
þ

C

q3R

qxiqxaqxb
� dab

þ

C

q

qxi
ðr2RÞ

2

4

3

5dx0k;

ð12:162Þ

where the geometry for the line integration is shown in Fig. 12.10. This equation

can be written in a more concise vector form by employing the tensor product of

10 The procedure, described in detail by Hirth and Lothe (1982), is tedious, but straightforward.
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two vectors (see Appendix C). Consider, for example, the first term, denoted by

sab(1), which may be written as

sabð1Þ ¼ � m

4p

þ

C

e12ab2
q

qx01
þ e13ab3

q

qx01

�

þ e21ab1
q

qx02

þ e23ab3
q

qx02
þ e31ab1

q

qx03
þ e32ab2

q

qx03

�

1

R
ds0b;

ð12:163Þ

or in matrix form as

½sð1Þ� ¼ m

4p

þ

C

1

R

b2
q

qx03
� b3

q

qx02

� �

ds01 b2
q

qx03
� b3

q

qx02

� �

ds02 b2
q

qx03
� b3

q

qx02

� �

ds03

b3
q

qx01
� b1

q

qx03

� �

ds01 b3
q

qx01
� b1

q

qx03

� �

ds02 b3
q

qx01
� b1

q

qx03

� �

ds03

b1
q

qx02
� b2

q

qx01

� �

ds01 b1
q

qx02
� b2

q

qx01

� �

ds02 b1
q

qx02
� b2

q

qx01

� �

ds03

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

:

ð12:164Þ

A comparison of Eq. (12.164) with Eqs. (C.1) and (C.2) shows that the tensor sð1Þ
can be written as the tensor product of the two vectors ðb�r0Þ 1

R
and ds0, i.e.,

sð1Þ ¼ m

4p

þ

C

ðb�r0Þ 1
R
� ds0: ð12:165Þ

The remaining terms in Eq. (12.162) can be rewritten using the same method to

produce the relatively concise result

sðxÞ ¼ m

4p

þ

C

ðb�r0Þ 1
R
� ds0 þ m

4p

þ

C

ds0�ðb�r0Þ 1
R

� m

4pð1� nÞ

þ

C

½r0 � ðb� ds0Þ�½r � r� Ir2�R:
ð12:166Þ

12.6.1.3 By use of infinitesimal dislocation loops
The use of infinitesimal dislocation loops for finding the elastic fields of finite loops

has been described in Section 12.5.1.6. Equation (12.140) of that section can be

converted to apply to the present case of an isotropic system by using Eq. (2.120)

to obtain the differential displacement at x due to a differential dislocation loop

located at x0 in the form

duiðxÞ ¼ �½lbln̂0ldkj þ mðbkn̂0j þ bjn̂
0
kÞ�

qG1
ik ðx� x0Þ
qx0j

dS0; ð12:167Þ

or, equivalently,
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duiðxÞ ¼ �mbj
qG1

ij ðx� x0Þ
qx0k

þ qG1
ik ðx� x0Þ
qx0j

þ 2n

1� 2n
djk

qG1
imðx� x0Þ
qx0m

" #

n̂0kdS
0:

ð12:168Þ

Then, substituting the Green’s function given by Eq. (4.110), the expression

duiðxÞ ¼ � 1

8pð1� nÞ
ð1� 2nÞðn̂ibkxk þ bin̂kxk � bkn̂kxiÞ

x3
þ 3bkn̂lxixkxl

x5

� �

dS

ð12:169Þ

is obtained for the infinitesimal displacement at x produced by an infinitesimal

loop characterized by its Burgers vector, b, positive unit normal, n̂; and area, dS,

and located at the origin (x0 = 0).

In Exercise 12.12, Eq. (12.169) is employed to formulate an integral

expression for the displacement field produced by a finite prismatic disloca-

tion loop.

As demonstrated by Groves and Bacon (1969) and Bacon and Groves

(1970), the displacement fields of a number of infinitesimal loops are elastic-

ally equivalent to the fields produced by classical nuclei of strain, i.e., small

clusters of applied point forces (Love, 1944). For example, for an infinitesi-

mal prismatic edge-type loop with b ¼ (0,0,b) and n̂ ¼ 0;0;1ð Þ; Eq. (12.168)
reduces to

duiðxÞ ¼ 2mb
qG1

i3 ðx� x0Þ
qx3

þ n

1� 2n

qG1
imðx� x0Þ
qxm

� �

dS0: ð12:170Þ

By comparing Eq. (12.170) with Eqs. (10.15) and (10.17), it may be seen that the

first term of Eq. (12.170) produces a displacement field of the same functional

form as that produced by a double force without moment in the force dipole

moment approximation of Section 10.3.5, while the second term produces a field

attributable to a center of dilatation. For a shear loop with b ¼ (b,0,0) and

n̂ ¼ 0;0;1ð Þ; Eq. (12.168) yields the displacements

duiðxÞ ¼ mb
qG1

i1 ðx� x0Þ
qx3

þ qG1
i3 ðx� x0Þ
qx1

� �

dS0; ð12:171Þ

corresponding to the displacements produced by the pair of double forces with

equal, but opposite, moments shown in Fig. 12.22, since use of Eqs. (10.5) and

(10.10) shows that

uiðxÞ ¼ 2aF
qG1

i1 ðxÞ
qx3

þ qG1
i3 ðxÞ
qx1

� �

: ð12:172Þ

Nuclei of strain such as these are useful, since their displacement fields can be used

to construct solutions for a variety of elasticity problems.
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12.6.2 Strain energies

The strain self-energy of a dislocation loop is found in Section 12.5.2 to be just half

the interaction energy between two superimposed loops that are duplicates of one

another. The interaction energy between two loops in an isotropic system is given

by Eq. (16.34), and, therefore, after setting b(1) = b(2) = b, and C(1) = C(2) = C,

and dividing by 2, the strain self-energy of a single loop, C, in an isotropic system

is (Hirth and Lothe, 1982)

WC¼ m

8p

þ

Cð1Þ¼C

þ

Cð2Þ¼C

ðb � d sð1ÞÞðb � d sð2ÞÞ
R

þ m

8pð1� nÞ

þ

Cð1Þ¼C

þ

Cð2Þ¼C

ðb�d sð1ÞÞ�T �ðb�d sð2ÞÞ:

ð12:173Þ

As in the case of Eq. (12.146), singularities are avoided in the double integration

by assuming that the segments do not interact when they are closer than a cut-off

distance, r.

In Exercise 12.11, Eq. (12.173) is used to find the strain energy of a circular

planar loop with b lying in the loop plane.

12.7 Segmented dislocation structures

Many common dislocation structures consist of segments of straight dislocations

joined together in various configurations. Examples include polygonal dislocation

loops and dislocation networks of various types including small-angle grain bound-

aries (Fig. 14.11). Furthermore, smoothly curved dislocation lines or loops can be

well approximated by short contiguous straight segments linked together in chains.

Many three-dimensional dislocation models composed of ensembles of relatively

short interconnected segments have been constructed, which approximate the

complex dislocation structures produced by plastic deformation (Zbib, Rhee, and

Hirth, 1998; Devincre, Kubin, Lemarchand, and Madec, 2001; Devincre, Kubin,

and Hoc, 2006).

By invoking linear superposition, the total elastic fields produced by such seg-

mented configurations can be found by simply summing the stresses contributed by

the individual segments. Expressions are now found for the elastic fields contributed

by single straight finite dislocation segments that are suitable for this purpose.

F x3

F x2

x1

F 

F 

a

Figure 12.22 Pair of double forces with equal, but opposite, moments around the x2 axis. All

moment arms of length a.
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The stress fields due to relatively simple multi-segment planar structures correspond-

ing to dislocation nodes, angular dislocations, and polygonal loops are then formu-

lated. Finally, three-dimensional segmented structures are considered. References

include Asaro and Barnett (1976); Bacon, Barnett, and Scattergood (1979a); Bacon,

Barnett and Scattergood (1979b); Hirth and Lothe (1982); and Lothe (1992b).

12.7.1 Elastic fields

12.7.1.1 Straight segment
By use of Brown’s formula

Figure 12.23 shows a finite straight segment AB that is part of a larger infinitely

extended configuration of the type illustrated in Fig. 12.13b, and which, following

Bacon, Barnett, and Scattergood (1979b), is termed a bi-angular dislocation. The

in-plane stress produced by the entire bi-angular dislocation at the field point P

can be obtained by simply integrating Eq. (12.113), which holds for a single

hairpin, along the AB segment. As demonstrated later, complex structures con-

sisting of joined straight finite segments can be produced by joining bi-angular

dislocations in such a manner that their semi-infinitely long end segments mutu-

ally annihilate. The resulting total stress field is then simply the sum of the stresses

obtained by integrating over the surviving finite segments.

The stress, sAB
ij ðPÞ; at the field point P of Fig. 12.23 due to the bi-angular

dislocation is now obtained by integrating Eq. (12.113) along AB. After changing

variables by use of Eq. (12.109), and expressing the integral in terms of the angular

limits yA and yB, Eq. (12.113) takes the form

sAB
ij ðPÞ ¼ 1

2r

ð

yB

yA

sinðy� aÞ �ijðyÞ þ
d 2�ijðyÞ
d y2

� �

dy; ð12:174Þ

P

x

O

r q B a ref  

′ x q B ˆ t 

ˆ t   

q A
ds ∞

 A

ˆ t 

−∞

ref

ref

Figure 12.23 Geometry for integrating Eq. (12.113) along the dislocation segment AB. All

elements of the diagram are in the plane of the paper.
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and, upon integrating by parts twice,

sAB
ij ðPÞ ¼ 1

2r
� cosðy� aÞ�ijðyÞ þ sinðy� aÞ d�ijðyÞ

d y

�

�

�

�

�

�

�

�

yB

yA
: ð12:175Þ

Examination of Eq. (12.175) shows that the stress depends only upon r, a, the two

terminating angles yA and yB, and the data for infinitely long straight dislocations

which determines Sij(y). It is essential to recognize that any attempt in this

formalism to isolate the contribution of the straight segment AB to the stress

field of the overall bi-angular dislocation, will be fruitless since this contribution

has no meaning by itself if considered in isolation. Note that when the segment

length becomes infinite, yB ! a þ p, and yA ! a, and Eq. (12.175) takes the

form s
�1;1
ij ðPÞ ¼ �ijðaÞ=r; which corresponds to the situation in Fig. 12.14c with

y = a, and is characteristic of an infinitely long straight dislocation according to

Eq. (12.107).

It is noted that the ends of the bi-angular dislocation in Fig. 12.23 can be

connected at an infinite distance from the finite AB segment to form a closed loop

without sensibly affecting the stress contributed by the segment at finite distances

from the segment. The stress increment given by Eq. (12.175) can therefore also be

regarded as the contribution of the bi-angular dislocation when it is taken to be

part of a closed loop. It is also noted that when hairpins are used to obtain the

stress field of a closed loop as by use of Eq. (12.114) the required integrand is not

unique. Since the stress field of the loop is determined by a line integral around the

loop, any function that is a perfect differential can be added without altering the

result. Finally, even though the above results were restricted to a single plane, it is

demonstrated in Section 12.7.1.3 that they can be used to obtain three-dimensional

stress fields produced by three-dimensional structures composed of straight segments.

By integration of Mura equation

As shown by Willis (1970), Steeds and Willis (1979), and Lothe (1992b), the elastic

field contributed by a straight segment can be determined by employing further

methods to integrate along the segment. In the following, attention is focused on the

determination by Lothe (1992b) of the distortion field of a straight segment, such as

segment AB in Fig. 12.23, by the integration of the Mura equation in a form that is

conveniently expressed in terms of the integral formalism of Section 3.5.2.

The distortion contributed by the segment AB in Fig. (12.23), can be expressed

by the Mura equation, Eq. (12.80), in the form11

qumðxÞ
qxs

¼ biCijklejsn

ð

x0B

x0A

qGkmðx� x0Þ
qx0l

dx0n: ð12:176Þ

11 This is valid, since, as just remarked in the discussion of Eq. (12.175), the segment AB can be

regarded as part of a closed loop. Therefore, the Mura equation applies.

272 Dislocations in infinite homogeneous regions



After substituting for the derivative of the Green’s function by use of Eq. (4.40),

Eq. (12.176) takes the form

qumðxÞ
qxs

¼ biCijklejsn

8p2

ð

x0B

x0A

d x0n
jx� x0j2

þ

L̂

ŵlðk̂k̂Þ�1
km � k̂lðk̂k̂Þ�1

kp ½ðk̂ŵÞpj þ ðŵk̂Þpj�ðk̂k̂Þ
�1
jm

n o

d s;

ð12:177Þ

where it is recalled (Fig. 4.2) that the line integral along s goes around the unit

circle, L̂; traversed by the unit vector k̂ as it rotates in the plane perpendicular to

ŵ: However, Lothe (1992b) has shown that Eq. (12.176) can be integrated along

AB using the geometry shown in Fig. 12.24. Here, a dislocation-based ðê; n̂; t̂Þ
coordinate system is employed, so that the vector x � x0 can be expressed by

x0 � x ¼ hêþ wn̂þ l̂t: ð12:178Þ

As a consequence, Gkm(x � x0) ! Gkm(h,w,l) where the coordinates in the crystal

ðê1; ê2; ê3Þ system and ðê; n̂; t̂Þ system are related by

ðx01 � x1Þ
ðx02 � x2Þ
ðx03 � x3Þ

2

6

4

3

7

5
¼

ê1 n̂1 t̂1

ê2 n̂2 t̂2

ê3 n̂3 t̂3

2

6

4

3

7

5

h

w

l

2

6

4

3

7

5

h

w

l

2

6

4

3

7

5
¼

ê1 ê2 ê3

n̂1 n̂2 n̂3

t̂1 t̂2 t̂3

2

6

4

3

7

5

ðx01 � x1Þ
ðx02 � x2Þ
ðx03 � x3Þ

2

6

4

3

7

5
:

ð12:179Þ

The operator q/qx0l in Eq. (12.176) is therefore given by

q

qx0l
¼ êl

q

qh
þ n̂l

q

qw
þ t̂l

q

ql
ð12:180Þ

and by employing Eq. (12.180) in Eq. (12.176), and using the relation dx0n ¼ t̂nds;

qum

qxs
¼ biCijklejsn t̂n êl

ð

lB

lA

qGkm

qh
d sþ n̂l

ð

lB

lA

qGkm

qw
d sþ t̂l

ð

lB

lA

qGkm

ql
ds

0

B

@

1

C

A
: ð12:181Þ

mB

ˆ w B       B

x

ˆ w ˆ t 

′ x A
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P

h

O

A mA

Figure 12.24 Dislocation segment AB showing dislocation-based ðê; n̂; t̂Þ coordinate system
used to obtain the elastic field contributed by the segment at P. The unit base vector n̂ (not

visible) is given by n̂ ¼ t̂� ê and so points into paper. Also, shown are the unit vectors

ŵ ¼ ðx� x0Þ=jx� x0j and m̂: Note that n̂ is given alternatively by n̂ ¼ ŵ� m̂:
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Lothe (1992b) has evaluated the three integrals by an unusually lengthy proced-

ure, and therefore only the result is presented, expressed in terms of the integral

formalism in the form

qum

qxs
¼ 1

4ph
biCijklejsn t̂n �m̂lQmk þ n̂l ðn̂n̂Þ�1

mr ðn̂m̂ÞrpQpk þ ðn̂n̂Þ�1
mpSpk

h in oB

A
; ð12:182Þ

where the vector m̂ is shown in Fig. 12.24, and the vector n̂ corresponds to

n̂ ¼ ŵ� m̂: The vector ŵ is given by ŵ ¼ ðx� x0Þ=jx� x0j; and the matrices Qij

and Sij are given by Eqs. (3.133) and (3.134), where m̂ and n̂ in the integrals in

these equations rotate by the angle o in the plane perpendicular to ŵ:

12.7.1.2 Two-dimensional multi-segment structures
Dislocation node

A three-fold planar dislocation node can be constructed as shown in Fig. 12.25a,

where three bi-angular dislocations consisting of straight segments of the type

shown in Fig.12.23 are assembled to form the node at A. The three semi-infinite

end segments lying between A and �1 mutually annihilate, and, if each

remaining end segment is extended out to infinity, the three-fold node consisting

of the three semi-infinite segments shown in Fig. 12.25b is produced. Since all

three segments emanate from the node, the Burgers vector nodal condition

bAB þ bAC þ bAD ¼ 0 ð12:183Þ

applies.

The in-plane stress at P contributed by the segment AB in Fig. 12.25a can then

be obtained by employing Eq. (12.175). In this case, r = R sin (y � a), and when

B is extended to infinity, as in Fig. 12.25b, yB ! p þ a. Therefore, upon setting

yA ¼ y, Eq. (12.175) takes the form

sAB
ij ðPÞ ¼ 1

2R
cscðy� aÞ�ijðaÞ þ cotðy� aÞ�ijðyÞ �

d�ijðyÞ
d y

� �

: ð12:184Þ

P P(R,q)

∞
D R ∞

D B p− a AD q                    B

refA a AB       ref 
A

C ∞
C

∞

(a)

∞

(b)

∞ −∞

Figure 12.25 (a) Construction of three-fold node at A by assembling three bi-angular

dislocations containing finite straight segments, AB, AC, and AD, respectively. (b) Final

node after extending B, C, and D to infinity. All elements are in the plane of the paper.
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Similar expressions are obtained for the remaining segments AC and AD. If

additional segments are added so that N segments are present, the total stress at

P can be expressed as the sum

sijðPÞ ¼
1

2R

X

N

m¼1

cscðy� aðmÞÞ�ðmÞ
ij ðaðmÞÞ þ cotðy� aðmÞÞ�ðmÞ

ij ðyÞ �
d�

ðmÞ
ij ðyÞ
d y

" #

;

ð12:185Þ

where the segments are now labeled in the order 1,2,. . .,N. However, the relationship

X

N

m¼1

d�
ðmÞ
ij ðyÞ
d y

¼ 0 ð12:186Þ

is valid, since d�
ðmÞ
ij ðyÞ=d y for segment m in this sum is linear and homogeneous

with respect to its Burgers vector, b(m). Therefore, applying the nodal condition

given by Eq. (12.183), the sum corresponding to Eq. (12.186) vanishes, and

Eq. (12.185) reduces to (Asaro and Barnett, 1976)

sijðPÞ ¼
1

2R

X

N

m¼1

cscðy� aðmÞÞ�ðmÞ
ij ðaðmÞÞ þ cotðy� aðmÞÞ�ðmÞ

ij ðyÞ
h i

: ð12:187Þ

Angular dislocation

Consider the angular dislocation in Fig. 12.26 composed of two joined non-

collinear semi-infinite segments. Comparison with Fig. 12.25b shows that this

angular dislocation is nothing more than a two-fold node, with the Burgers vector

of one segment reversed. Therefore, using Eq. (12.187) with N = 2, and reversing

the Burgers vector of segment 1, the in-plane stress at P is given by

sijðPÞ ¼
1

2R
cscðy� aðmÞÞ�ðmÞ

ij ðaðmÞÞ þ cotðy� aðmÞÞ�ðmÞ
ij ðyÞ

h im¼2

m¼1
: ð12:188Þ

Polygonal loop

As shown in Fig. 12.27, a triangular loop can be produced by assembling three bi-

angular dislocations consisting of straight segments. The in-plane stress produced

at P could be determined by using Eq. (12.175) to sum the stress contributions of

−∞
1 P(R, )

R

2 ∞

− a (1) (2) ref
O

2π
q

q

a

Figure 12.26 Angular dislocation.
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the three segment sides. However, when each segment is part of a closed loop, as in

the present case, a simpler formulation can be found based on Eq. (12.118), which

is valid for a closed loop. The contribution of segment AB, obtained by integrating

Eq. (12.118) along AB, is

sAB
ij ðPÞ ¼ 1

2r

ð

yB

yA

sinðy� aÞ�ijðyÞ � cosðy� aÞ d�ijðyÞ
d y

� �

dy ð12:189Þ

after applying Eq. (12.109). The second term can be integrated by parts to obtain

ð

yB

yA

cosðy� aÞ d�ijðyÞ
d y

dy ¼
ð

yB

yA

sinðy� aÞ�ijðyÞdyþ cosðy� aÞ�ijðyÞ
� 
yB

yA
; ð12:190Þ

and, after substituting Eq. (12.190) into Eq. (12.189),

sAB
ij ðPÞ ¼ 1

2r
� cosðy� aÞ�ijðyÞ
� 
yB

yA
: ð12:191Þ

Equation (12.191) is simpler than Eq. (12.175) and has the advantage that it does

not require knowledge of the derivative of Sij(y), which can be troublesome to

determine accurately, as discussed by Bacon, Barnett, and Scattergood (1979b). It

is therefore the preferred expression for segments of closed loops.

Therefore, using Eq. (12.191) and the parameters illustrated in Fig. 12.28, the

stress at P due to the three segments of the triangular loop in Fig. 12.28 is obtained

in the form

sijðPÞ ¼
1

2rð12Þ
½� cosðyð2Þ � a

ð1Þ
þ Þ�ijðyð2ÞÞ þ cosðyð1Þ � a

ð1Þ
þ Þ�ijðyð1ÞÞ�

þ 1

2rð23Þ
½� cosðyð3Þ � a

ð2Þ
þ Þ�ijðyð3ÞÞ þ cosðyð2Þ � a

ð2Þ
þ Þ�ijðyð2ÞÞ�

þ 1

2rð31Þ
½� cosðyð1Þ � a

ð3Þ
þ Þ�ijðyð1ÞÞ þ cosðyð3Þ � a

ð3Þ
þ Þ�ijðyð3ÞÞ�:

ð12:192Þ

P

Figure 12.27 Construction of planar triangular loop by assembling three bi-angular

dislocations of the type shown in Fig. 12.23. The anti-parallel semi-infinite end segments

emanating from the corners mutually annihilate.
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Then, the two terms containing the common factor Sij(y
(1)) can be combined in the

form

cosðyð1Þ � a
ð1Þ
þ Þ�ijðyð1ÞÞ

2rð12Þ
� cosðyð1Þ � a

ð3Þ
þ Þ�ijðyð1ÞÞ

2rð31Þ

¼ sinðað1Þþ � að1Þ� Þ cscðyð1Þ � a
ð1Þ
þ Þ cscðyð1Þ � að1Þ� Þ�ijðyð1ÞÞ

2Rð1Þ

ð12:193Þ

after using the following relationships derived from Fig. 12.28,

a
ð3Þ
þ ¼ að1Þ� rð12Þ ¼ Rð1Þ sinðyð1Þ � a

ð1Þ
þ Þ rð31Þ ¼ Rð1Þ sinðyð3Þ � að1Þ� Þ:

ð12:194Þ

Similarly, two additional terms of the same general form can be obtained by

combining the remaining two pairs of terms. Furthermore, additional sides can

be added to the original triangle to form an N-sided planar polygonal loop. As a

result, each side will contribute a term of the form of Eq. (12.193), leading to the

total stress at P, due to an N-sided planar polygonal loop,

sijðPÞ ¼
1

2

X

N

m¼1

sinðaðmÞþ � aðmÞ� Þ cscðyðmÞ � a
ðmÞ
þ Þ cscðyðmÞ � aðmÞ� Þ�ijðyðmÞÞ

RðmÞ : ð12:195Þ

12.7.1.3 Three-dimensional multi-segment structures
As demonstrated in Section 12.5.1.4 (Fig. 12.15), the Brown’s formula method can

be used to find the stress produced by a smoothly curved non-planar loop in

three dimensions. The method can also be applied to three-dimensional multi-

segmented structures, and several examples are shown in Fig. 12.29. Figure 12.29a

a−
(2)

2p − q (2)

(a) (b)

2 2 R
(2) P 

r(12)

(1)
r(31)

a+
(1) R

(3) q
(1)

1 a −
(1) 1

q
(3)

3 +
(3) 3

2p − a−
(3)

2p − a+
(2)

refref

a

R

Figure 12.28 (a) Triangular dislocation loop. Three vertices indicated by (1,2,3). a
ðiÞ
þ is the

angle with respect to reference line of segment leaving junction (i); aðiÞ� is the corresponding

angle of the segment entering junction (i). (b) Same loop as in (a), but the lines from the field

point P to the vertices and the angles between these lines and the reference direction now

shown.
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shows a non-planar polygonal loop composed of bi-angular dislocations, where

the semi-infinite end segments mutually annihilate, and the five planes containing

the field point P and the segments, i.e., PAB, PBC, PCD, PDE, and PEA, are non-

coplanar.12 Figure 12.29b shows a non-planar three-fold node, where the three

semi-infinite end segments emanating from A mutually annihilate, the segment

ends at B, C, and D can be extended out to infinity, and the planes containing

P and the various segments are non-coplanar. Figure 12.29c shows a segmented

line where the semi-infinite segments emanating from the junctions mutually

annihilate, the semi-infinite segment ends at A, and F can be extended out to

infinity, and the five planes containing P and the various segments are non-

coplanar. In all cases, the stress at P contributed by each segment can be deter-

mined by use of the previous methods with the quantities involved for each

segment referred to the local plane containing P and the segment.

12.7.2 Strain energies

12.7.2.1 Straight segment
Just as the stress field contributed by a straight segment that is part of a closed

dislocation loop can be obtained by integrating the equation for the stress field of

the loop along the length of the segment, the strain energy contributed by the

segment can be obtained by integrating the equation for the loop strain energy

along the length of the segment. Employing Eq. (12.146), the strain energy

contribution of an AB segment is therefore

P
P

E

(a) (b)

A
D

D
B

A

B C

P

C

(c)

C D
A B E F

Figure 12.29 (a) Non-planar polygonal loop ABCDE. (b) Non-planar three-fold node with

segments AB, AC, and AD. (c) Non-planar segmented line.

12 Note that Fig. 12.29a is just a coarsely polygonized version of Fig. 12.15.
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WAB ¼ 1

16p2

ð

Lð1Þ¼AB

ð

Lð2Þ¼AB

1

jxð1Þ � xð2Þj

ð

2p

0

C�
ijklðm̂Þbkðd sð1Þ � m̂Þlbiðd sð2Þ � m̂Þjd y;

ð12:196Þ

where the line integrals, L(1) and L(2), involving ds(1) and ds(2), are each taken

along the AB segment.

12.7.2.2 Multi-segment structure
Hirth and Lothe (1982) have shown that the strain energy associated with a

segmented structure can be determined with acceptable accuracy as the sum of

the strain energies contributed by all segments comprising the structure plus the

interaction energies between all distinguishable pairs of segments in the structure

as obtained by the use of our present models. The energy contributed by each

segment is then obtained by employing Eq. (12.196), and the interaction energy

contributed by each pair of segments by employing Eq. (16.23).

The demonstration given by Hirth and Lothe (1982) employs an isotropic

system where analytical results for simple tractable cases can be readily derived,

and the reader is therefore referred to Section 12.8.2.2 for a detailed account.

12.8 Segmented dislocation structures in isotropic system

12.8.1 Elastic fields

12.8.1.1 Straight segment
To find the stress at P, contributed by a straight finite segment that is part of a

bi-angular dislocation or closed loop in an isotropic system, we follow deWit

(1967) and Devincre (1995) and integrate the Peach–Koehler equation along the

segment using the geometry in Fig. 12.30.

The origin of the coordinate system can be positioned arbitrarily, the vectors

R = x � x0 and r run from the segment to P, L0 is the projection of R on t̂; and

t̂ ¼ dx0

ds0
dx0i ¼ t̂ids

0: ð12:197Þ

x P(x)

′ x + d ′ x 

O R r ′ x 

′ x B

dx′ = tds′ˆ 

ˆ t ′ L

(a)

A

(b)

Figure 12.30 (a) Geometry used to find stress at field point P due to straight dislocation

segment AB. (b) Detail of geometry for line integral along segment.
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The following relationships then hold for the quantities in Fig. 12.30:

L0 ¼ ðx� x0Þ � t̂ ¼ R � t̂ r ¼ R� L0̂t
dL0

d s0
¼ �1

dR

d s0
¼ � L0

R

qL0

qxi
¼ t̂i

qR

qxi
¼ Ri

R

qðr2Þ
qxi

¼ 2ri
qri
qxj

¼ dij � t̂i t̂j:

ð12:198Þ

Following Devincre (1995), and, using q/qx0m = �q/qxm, and the relation

q

qxm

1

R

� �

¼ q

qxm

1

2
r2R

� �

¼ 1

2

q3R

qxmqxpqxp
; ð12:199Þ

the Peach–Koehler equation, i.e., Eq. (12.162), is rewritten in the form

sijðxÞ ¼
mbn

8p

þ

C

q3R

qxmqxpqxp
ðeimnd x0j þ ejmnd x

0
iÞ þ

2

1� n
emnk

q3R

qxmqxiqxj
� dij

q3R

qxmqxpqxp

� �

d x0k

� �

:

ð12:200Þ

For present purposes, this can then be put into a more usable form by introducing

the variable, q, defined by the indefinite integral

q � 1

t̂i

þ

C

Rd x0i ¼
þ

C

Rd s ¼ �
þ

C

½r2 þ ðL0Þ2�dL0 ¼ � 1

2
½r2 lnðRþ L0Þ þ L0R� þ f ðrÞ;

ð12:201Þ

where use has been made of Eqs. (12.197) and (12.198), and f(r) is the constant of

integration. Then, substituting Eq. (12.201) into Eq. (12.200), with the constant of

integration assigned the value f(r) = r2/4,13

sijðxÞ ¼
mbn

8p

q3q

qxmqxpqxp
ðeimn t̂j þ ejmnt

0
iÞ þ

2

1� n

q3q

qxmqxiqxj
� dij

q3q

qxmqxpqxp

� �

emnk t̂k

� �

:

ð12:202Þ

Useful expressions for the derivatives of q in Eq. (12.202) are now required.

Introducing the vector

Yi � Ri þ Rt̂i; ð12:203Þ
derivatives of q of the forms

13 This requirement on f(r) is obtained by demanding that the final formalism developed with the use

of f(r) ¼ r2/4, i.e., Eqs. (12.202) and (12.211), yields the known correct stresses produced by

infinitely long straight dislocations. The use of this formalism in determining such stresses is

illustrated in Exercise 12.7.

280 Dislocations in infinite homogeneous regions



qq

qxi
¼ � 1

2
2ri lnðRþ L0Þ � 1

2

� �

þ r2 t̂i

ðRþ L0Þ þ Yi

� �

; ð12:204Þ

q2q

qxiqxj
¼ � 1

2
2ðdij � t̂i t̂jÞ lnðRþ L0Þ þ

2riYj þ YjðRþ L0Þt̂i þ Rrj t̂i þ ðL0 � RÞt̂iYj
RðRþ L0Þ

� �

¼ � ðdij � t̂i t̂jÞ lnðRþ L0Þ þ
ri t̂j þ rj t̂i þ L0 t̂i t̂j

ðRþ L0Þ þ Rjðri þ L0 t̂iÞ
RðRþ L0Þ

� �

¼ � ðdij � t̂i t̂jÞ lnðRþ L0Þ þ
ri t̂j þ rj t̂i þ L0 t̂i t̂j

R
þ

ðrirjÞ
RðRþ L0Þ

� �

;

ð12:205Þ

and

q3q

qxmqxiqxj
¼� qri

qxm
t̂j þ

qrj

qxm
t̂i þ t̂i t̂j t̂m

� �

1

R
� qri

qxj
Ym þ qri

qxm
rj þ

qrj

qxm
ri

� �

1

RðRþ L0Þ

þ ðri t̂j þ rj t̂i þ t̂i t̂jL
0ÞRm

R3
þ rirj

Rm

R3ðRþ L0Þ þ
Ym

R2ðRþ L0Þ2

" #

ð12:206Þ

are obtained. However, when Eq. (12.206) is substituted into Eq. (12.202), factors

of the form

ekmn t̂k t̂m ¼ 0 ð12:207Þ

appear. Since they vanish, Eq. (12.206) can be simplified by removing the terms

leading to such factors with the result

q3q

qxmqxiqxj
¼� dimYj þ djmYi

RðRþ L0Þ

� rm
qri
qxj

1

RðRþ L0Þ � ðri t̂j þ rj t̂i þ t̂i t̂jL
0Þ 1

R3

�

�rirj
1

R3ðRþ L0Þ þ
1

R2ðRþ L0Þ2

" #)

:

ð12:208Þ

In addition, the following derivatives are obtained:

q2q

qxqqxq
¼ �2 lnðRþ L0Þ � 1 ð12:209Þ

and

q3q

qxmqxqqxq
¼ � 2Ym

RðRþ L0Þ : ð12:210Þ
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Finally, the stress at x contributed by the segment AB is obtained by evaluating

Eq. (12.202) at the limits x0 = x0B and x0 = x0A, i.e.,

sAB
ij ðxÞ ¼ sijðxÞ

�

�

�

�

x0¼x0B

x0¼x0A
: ð12:211Þ

Results for a wide range of segmented configurations can be determined using the

above method by integrating along each segment referred to a common origin. In

addition, stresses for smoothly curved loops can be obtained by approximating the

loops as N-sided polygons. For example, Khraishi, Hirth, and Zbib (2000) have

used this approximation to obtain the stresses due to circular dislocation loops

and have shown that results closely approaching the exact analytical solution can

be obtained by employing manageable values of N.

This method is employed in the next section to obtain the stress field due to the

angular dislocation shown in Fig. 12.31. In Exercise 12.7, Eq. (12.202) is used to

obtain the s11 stress due to an infinitely long straight edge dislocation of the type

illustrated in Fig. 12.2a.

12.8.1.2 Angular dislocation
The stress field of the angular dislocation in Fig. 12.31 in an isotropic system can

be found by summing the stress fields due to the two segments obtained by use of

Eq. (12.202). The results are cumbersome, and, therefore, only the s23 stress is

considered for the case when b ¼ (0,b,0). For segment 1, using the geometry in

Fig. 12.31, t̂ð1Þ ¼ ð� sin y; 0;� cos yÞ; and Eq. (12.202) then reduces to

s
ð1Þ
23 ðPÞ ¼

mb

4pð1� nÞ
q3q

qx3qx2qx3
sin y� q3q

qx1qx2qx3
cos y

� �

: ð12:212Þ

Using Eq. (12.208), with m¼3, i¼2, and j¼3 and then with m¼1, i¼2, and j¼3 to

evaluate the first and second terms, respectively,

s
ð1Þ
23 ðPÞ ¼

mb

4pð1� nÞ
r2 cos y

R3
� r2r3ðL0 þ 2RÞ

R3ðL0 þ RÞ2

" #

ðr1 cos y� r3 sin yÞ �
R2 sin y

RðL0 þ RÞ

( )x0 ¼ 0

x0!1
:

ð12:213Þ

Then, after evaluating the limits,

−∞ x1

1
P

ˆ t (1)

x

2 

O ∞
ˆ t (2) x

3

q

Figure 12.31 Angular dislocation consisting of semi-infinite straight segments 1 and 2.
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s
ð1Þ
23 ðPÞ ¼

mbx2

4pð1� nÞx
� sin y

ðx� x3Þ
þ x1 cos y

x2
þ 2x21 sin y

xðx� x3Þ2
� x21x3 sin y

x2ðx� x3Þ2

" #

; ð12:214Þ

with

x1 ¼ x1 cos y� x3 sin y x3 ¼ x1 sin yþ x3 cos y : ð12:215Þ

For segment 2, with t̂ð2Þ ¼ ð0; 0; 1Þ; Eq. (12.202) reduces to

s
ð2Þ
23 ðPÞ ¼

mb

4pð1� nÞ
q3q

qx1qx2qx3
: ð12:216Þ

Then, using Eq. (12.208), with m¼1, i¼2, and j¼3,

s
ð2Þ
23 ðPÞ ¼

mb

4pð1� nÞ
r1r2
R3

�

�

�

�

�

�

x0!1

x0 at O
¼ � mb

4pð1� nÞ
x1x2

x3
: ð12:217Þ

The total stress is then

s23ðPÞ ¼ s
ð1Þ
23 ðPÞ þ s

ð2Þ
23 ðPÞ

¼ mbx2

4pð1� nÞx
� sin y

ðx� x3Þ
� x1

x2
þ x1 cos y

x2
þ x21 sin y

xðx� x3Þ2
þ x21 sin y

x2ðx� x3Þ

" #

;

ð12:218Þ

in agreement with results obtained by Yoffe (1960; 1961), who first determined the

field by integrating the Burgers equation, and Hirth and Lothe (1982), who

summed the stresses of the segments after finding each in its local coordinate

system.

12.8.1.3 Three-dimensional multi-segment structures using triangular loops
The stress fields due to more complex three-dimensional multi-segment structures

in isotropic systems can obviously be found by employing the previous solutions

for finite straight segments, and the methods described. As pointed out by Barnett

(1985), the displacement field of a triangular dislocation loop can often be used as

a basic element for the efficient determination of the displacement fields produced

by a wide range of segmented structures. For example, as shown in Fig. 12.32, a

non-planar dislocation loop and a segmented dislocation line, respectively, can be

constructed by assembling abutting triangular loops. If the displacement field of

each triangular loop is known at the field point P in a common coordinate system,

the total field can be determined by simple summation.

We therefore follow Barnett (1985) and obtain the displacement field of a single

triangular loop by integrating the general Burgers displacement equation, i.e.,

Eq. (12.152), around the loop. The result is obtained in a coordinate-free vectorial

form, so that the field due to any ensemble of abutting loops is expressed directly

in a common coordinate system. The geometry is shown in Fig. 12.33, and

Eq. (12.152 therefore takes the form
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uðPÞ ¼ � b

4p
Oþ FAB þ FBC þ FCA; ð12:219Þ

where O is the total solid angle subtended by the loop, and the contribution of

segment AB is of the form

FAB ¼ � 1

4p
ðb� t̂ABÞ

ð

sB

sA

d s

R
�r

ð

sB

sA

ðb� t̂
ABÞ � R
R

d s; ð12:220Þ

after using dx0 ¼ t̂ABds. FBC and FCA are obtained by the cyclic interchange of A,

B, and C.

The FAB term is evaluated first using the geometry of Fig. 12.33b. For the first

integral,

ðb� t̂ABÞ
ð

sB

sA

ds

R
¼ ðb� t̂ABÞ

ð

sB

sA

ds

½s2 þ r2�1=2
¼ ðb� t̂ABÞ ln RB þ RB � t̂AB

RA þ RA � t̂AB

 !

:

ð12:221Þ

P P(a) (b)

A

A D
B B C F G

C D E

Figure 12.32 (a) Non-planar segmented dislocation loop constructed by assembling abutting

triangular loops, such as ABC and ACD. Planes of the triangles, such as ABC and ACD,

are not necessarily coplanar. Abutting segments, such as along AC, mutually annihilate,

leaving only the peripheral loop. (b) Non-planar segmented dislocation BCDEGF

constructed, as in (a), by assembling abutting triangular loops, such as ABC and ACD. If

the points A, B, and G are moved out to infinity, the result will be an infinite line containing

the two offsets CD and EF.

P P

x

O

a R
B

RA RC RB RA r R ′ x 

(a)

ˆ n Σ

(b)

ˆ m 

C B ˆ t AB

A ˆ t 
AB

sA O s sB

Figure 12.33 (a) Triangular dislocation loop ABC with vectorsRA,RB, andRC emanating from

field point P. (b) Geometry for integrating Burgers equation along the loop segment AB.

284 Dislocations in infinite homogeneous regions



For the second integral,

�r
ð

sB

sA

ðb� t̂
ABÞ � R
R

ds ¼ �eijkbj t̂
AB
k r

ð

sB

sA

ðx0i � xiÞ
R

ds: ð12:222Þ

However, since

r x0i � xi

R

� �

¼ � êi
R
þ ðx0i � xiÞR

R3
; ð12:223Þ

� eijkbjt
AB
k r

ð

sB

sA

ðx0i � xiÞ
R

ds ¼ ðb� tABÞ
ð

sB

sA

d s

R
�
ð

sB

sA

½ðb� tABÞ � R�R
R3

ds: ð12:224Þ

To evaluate the latter integral, R is needed as a function of s. Using the unit vector,

m̂, in Fig. 12.33b, R ¼ rm̂þ ŝtAB; and

ðb� t̂ABÞ � R ¼ ðb� t̂ABÞ � ðrm̂þ ŝtABÞ ¼ ðb� t̂ABÞ � rm̂: ð12:225Þ

Then substituting Eq. (12.225) into Eq. (12.224), and integrating,

�
ð

sB

sA

½ðb� t̂
ABÞ � R�R
R3

ds ¼ �ðb� t̂ABÞ � rm̂
ð

sB

sA

ðrm̂þ ŝt
ABÞ

ðr2 þ s2Þ3=2
ds

¼ �ðb� t̂ABÞ � m̂ ðsm̂� r̂t
ABÞ

ðr2 þ s2Þ1=2

�

�

�

�

�

�

�

�

�

�

sB

sA

:

ð12:226Þ

However,

R

R
¼ rm̂þ ŝt

AB

ðr2 þ s2Þ1=2
¼ m̂ cos aþ t̂AB sin a; ð12:227Þ

and, therefore,

sm̂� rt̂
AB

ðr2 þ s2Þ1=2
¼ � d

d a

R

R

� �

: ð12:228Þ

This result identifies the quantity ðsm̂� r̂tABÞ=ðr2 þ s2Þ1=2 as a unit vector that

can be written as

sm̂� rt̂
AB

ðr2 þ s2Þ1=2
¼ R� n̂AB

R
; ð12:229Þ

where n̂AB is the unit vector

n̂AB ¼ RA � RB

jRA � RBj
: ð12:230Þ
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Then, substituting Eq. (12.229) into Eq. (12.226), and using t̂AB � m̂ ¼ �n̂AB;

�ðb� t̂ABÞ � m̂ ðsm̂� r̂t
ABÞ

ðr2 þ s2Þ1=2

�

�

�

�

�

�

�

�

�

�

sB

sA

¼ �ðb� t̂ABÞ � m̂ R� n̂AB

R

�

�

�

�

�

�

�

�

�

�

sB

sA

¼ ðb � n̂ABÞ RB

RB
� RA

RA

� �

� n̂AB:

ð12:231Þ

Finally, after gathering all terms required for FAB, as given by Eq. (12.220),

FAB ¼� ð1� 2nÞ
8pð1� nÞ ðb� t̂ABÞ ln RB þ RB � t̂AB

RA þ RA � t̂AB

 !

þ 1

8pð1� nÞ ðb � n̂ABÞ RB

RB
� RA

RA

� �

� n̂AB:

ð12:232Þ

Using Eq. (12.219), the displacement field can then be conveniently expressed as

uðPÞ ¼ � bO

4p
� ð1� 2nÞ
8pð1� nÞ ½f

AB þ fBC þ fCA� þ 1

8pð1� nÞ ½g
AB þ gBC þ gCA�;

ð12:233Þ
where, for example, for the AB segment,

fAB ¼ ðb� t̂
ABÞ ln RB

RA

ð1þ l̂
B � t̂ABÞ

ð1þ l̂
A � t̂ABÞ

" #

gAB ¼ ½b � ðl̂A � l̂
BÞ�ðl̂A þ l̂

BÞ
ð1þ l̂

A � l̂BÞ
;

ð12:234Þ

and l̂
A
; l̂

B
; and l̂C are unit vectors parallel to RA, RB, and RC, respectively.

It now remains to find an expression for the solid angle, O, which, as shown by

Barnett (1985), can be obtained by means of spherical trigonometry. If one

imagines a unit sphere centered on the field point at P, as in Fig. 12.34a, the solid

B
ˆ Bl

l

l

a

P ˆ n P c

C ˆ C

ˆ A
b

(a)

A

(b)

Figure 12.34 (a) Spherical triangle (shaded) delineated on surface of unit sphere by solid

angle subtended by the triangular loop ABC when viewed from the field point, P,

located at sphere center; n̂ is the positive unit vector normal to the ABC plane.

(b) Enlarged view of spherical triangle in (a).
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angle subtended by the triangular loop ABC when viewed from the field point

defines a spherical triangle on the surface of the unit sphere (shaded area). As seen

in the enlarged view of the triangle in Fig. 12.34b, the unit vectors l̂
A
; l̂

B
; and l̂

C

connect the field point to the three corners of the triangle, and the three sides of

the triangle (expressed in radians) are therefore given by

a ¼ cos�1ðl̂B � l̂CÞ; b ¼ cos�1ðl̂A � l̂CÞ; c ¼ cos�1ðl̂A � l̂BÞ : ð12:235Þ

From spherical trigonometry (Reitz, Reilly, and Woods 1936), the area of the

triangle, ST, is then given by

tan2
ST

4

� �

¼ tan
s

2

	 


tan
s� a

2

	 


tan
s� b

2

� �

tan
s� c

2

	 


; ð12:236Þ

where s = (a þ b þ c)/2. Since the area of the triangle is equal to the solid angle

that it defines on the unit sphere,

O ¼ �sgnðl̂A � n̂ÞST; ð12:237Þ

after taking our sign conventions into account.

In Exercise 12.9, Eq. (12.237) is used to demonstrate formally that u undergoes

a discontinuous change, Du ¼ b, when the field point just penetrates the ABC

plane of the loop from its positive side. Barnett and Balluffi (2007) have shown

that Eq. (12.232) reduces to an expression for the displacement given by Hirth and

Lothe (1982) for the more restrictive case where a Cartesian ðê1; ê2; ê3Þ coordinate
system is employed and the AB segment lies along the ê3 axis, and the field point is

located in the x2 = 0 plane. In Exercise 12.10, Eq. (12.233) is employed to derive

the displacement field of an infinitely long straight screw dislocation in an iso-

tropic system.

12.8.2 Strain energies

12.8.2.1 Straight segment
As discussed in Section 12.7.2.1, the strain energy contributed by a straight

segment can be obtained by regarding the segment as part of a closed loop and

integrating the equation for the strain energy of the loop along the length of the

segment. Using Eq. (12.173), the strain energy contributed by a segment AB in an

isotropic system is then

W ¼ m

8p

ð

Lð1Þ¼AB

ð

Lð2Þ¼AB

ðb � dsð1ÞÞðb � dsð2ÞÞ
R

þ m

8pð1� nÞ

ð

Lð1Þ¼AB

ð

Lð2Þ¼AB

ðb� dsð1ÞÞ � T � ðb� dsð2ÞÞ;
ð12:238Þ
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where the line integrals, L(1) and L(2), involving ds(1) and ds(2), are each taken

along the AB segment, and

R ¼ ½ðxð1Þ1 � x
ð2Þ
1 Þ2 þ ðxð1Þ2 � x

ð2Þ
2 Þ2 þ ðxð1Þ3 � x

ð2Þ
3 Þ2�1=2

Tij ¼
qR

qx
ð1Þ
i qx

ð1Þ
j

¼ 1

R
dij �

ðxð1Þi � x
ð2Þ
i Þðxð1Þj � x

ð2Þ
j Þ

R3
:

ð12:239Þ

The x3 axis of the coordinate system can be taken along the segment without

loss of generality so that dsð1Þ ¼ t̂dx
ð1Þ
3 ; dsð2Þ ¼ t̂dx

ð2Þ
3 ; T11 = T22 = 1/R, T33 = 0,

Tij(i 6¼ j) ¼ 0, and R ¼ x
ð1Þ
3 � x

ð2Þ
3 : Then, substituting these quantities into

Eq. (12.238), and writing dx
ð1Þ
3 ¼ dsð1Þ and dx

ð2Þ
3 ¼ dsð2Þ;

W ¼ m

8p
ðb � t̂Þ2 þ jb� t̂j2

1� n

" #

ð

Lð1Þ¼AB

ð

Lð2Þ¼AB

1

sð1Þ � sð2Þ
d sð1Þd sð2Þ: ð12:240Þ

However, for a segment of length L, with the use of the cut-off parameter, r,

introduced in Section 12.5.2, the double integral in Eq. (12.240) has the value

ð

Lð1Þ¼AB

ð

Lð2Þ¼AB

1

sð1Þ � sð2Þ
dsð1Þdsð2Þ ¼

ð

L

0

dsð1Þ
ð

sð1Þ�r

0

dsð2Þ

sð1Þ � sð2Þ
þ

ð

L

sð1Þþr

dsð2Þ

sð1Þ � sð2Þ

2

6

4

3

7

5

¼ 2L ln
L

re

ð12:241Þ
and, therefore, the strain energy contributed by a straight segment of length L is

(Hirth and Lothe, 1982)

W ¼ m

4p
ðb � t̂Þ2 þ jb� t̂j2

1� n

" #

L ln
L

re
: ð12:242Þ

12.8.2.2 Multi-segment structure
As stated in Section 12.7.2.2, the total strain energy associated with a multi-

segment structure is given, with acceptable accuracy, by the sum of the strain

energies contributed by the various segments comprising the structure and the

interaction energies between all distinguishable pairs of segments in the structure

as obtained using our present models. Following Hirth and Lothe (1982), the

validity of this conclusion is now demonstrated by means of detailed calculations

for two simple cases in an isotropic system.

The energy contributed by each segment is given by Eq. (12.242), while the

interaction energy contributed by each pair of segments is obtained by regarding

each segment as belonging to its own closed loop and then integrating the

equation for the interaction energy between the two loops along the lengths of

the two segments. The interaction energy between two loops is given by
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Eq. (16.34), and, therefore, using this equation, the interaction energy between

two segments, AB and CD, is of the form

W
AB=CD
int ¼� m

2p

ð

LAB

ð

LCD

ðbAB � bCDÞ � ðdsAB � dsCDÞ
R

þ m

4p

ð

LAB

ð

LCD

ðbAB � dsABÞðbCD � dsCDÞ
R

þ m

4pð1� nÞ

ð

LAB

ð

LCD

ðbAB � dsABÞ � T � ðbCD � dsCDÞ;

ð12:243Þ

where the line integrals, LAB and LCD, involving dsAB and dsCD, are taken along

AB and CD, respectively.

Consider now the simple case of a straight segment AC with a point B lying

between the end points A and C. Such a structure may be regarded as either a

single segment of length (LAB þ LBC) or a multi-segment structure consisting of

two individual collinear segments of lengths LAB and LBC, respectively. For

simplicity, the segments are assumed to be of pure screw orientation. According

to the two-segment interpretation, the total strain energy should then be

W ¼ WAB þWCD þW
AB=BC
int ; ð12:244Þ

where, WAB and WCD are each given by Eq. (12.242), and W
AB=BC
int by Eq. (12.243)

in the form

W
AB=BC
int ¼ m

4p

ð

LAB

ð

LCD

ðbAB � dsABÞðbBC � dsBCÞ
R

¼mb2

4p

ð

LAB

0

dsAB

ð

LBC

0

dsBC

sAB þ sBC

¼ mb2

4p
LAB ln

LAB þ LBC

LAB

� �

þ LBC ln
LAB þ LBC

LBC

� �� �

:

ð12:245Þ
Then, substituting Eqs. (12.242) and (12.245) into (Eq. 12.244), the total strain

energy is

W ¼ mb2

4p
ðLAB þ LBCÞ ln LAB þ LBC

re

� �

: ð12:246Þ

On the other hand, if the structure is regarded as a single segment of lengthLABþ LBC,

the total strain energy, according to Eq. (12.242), is

W ¼ mb2

4p
L ln

L

re
¼ mb2

4p
ðLAB þ LBCÞ ln LAB þ LBC

re

� �

; ð12:247Þ

which is seen to be identical to the result given by Eq. (12.246).

A further demonstration is provided by the structure shown in Fig. 12.35, which

consists of two long straight parallel dislocation segments, AB and CD, of screw
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character with bAB = �bCD and length L. The segment AB lies along the axis of a

cylinder of radius a, and segment CD is off-axis by the distance q, where q� L. In

this case, Eq. (12.244) takes the form

W ¼ WAB þWCD þW
AB=BC
int ¼ mb2

2p
L ln

L

re

� �

� mb2

4p

ð

L

0

d sCD
ð

L

0

d sAB

½q2 þ ðsAB � sCDÞ2�1=2
:

ð12:248Þ

Performing the first integration in Eq. (12.248),

ð

L

0

dsAB

½q2 þ ðsAB � sCDÞ2�1=2
¼ ln

L� sCD þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðL� sCDÞ2 þ q2
q

�sCD þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðsCDÞ2 þ q2
q

2

6

4

3

7

5

¼ ln
ðL� sCDÞð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ e21Þ
q

sCDð
ffiffiffiffiffiffiffiffiffiffiffiffi

1þ e22

q

� 1Þ

2

6

4

3

7

5
;

ð12:249Þ

where

e1 ¼
q

L� sCD
e2 ¼ q

sCD
: ð12:250Þ

To perform the second integration, it is recognized that e21 � 1 and e22 � 1 over

essentially the entire range of the integral, and therefore, expanding the integrand

to first order,

ð

L

0

ln
ðL� sCDÞð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ e21Þ
q

sCDð
ffiffiffiffiffiffiffiffiffiffiffiffi

1þ e22

q

� 1Þ

2

6

4

3

7

5
dsCD ¼

ð

L

0

ln
4ðL� sCDÞsCD

q2

� �

dsCD ¼ 2L ln
2L

eq
:

ð12:251Þ
Finally,

W ¼ WAB þWCD þW
AB=BC
int ¼ mb2

2p
L ln

L

re

� �

� mb2

2p
L ln

2L

eq
¼ mb2

2p
L ln

q

2r

� �

:

ð12:252Þ

x2

R

a C ds
CD D

q x1 A q ds
AB B 

O s → L 

(a) (b)

Figure 12.35 (a) End view of segments AB and CD in cylinder of radius a. AB lies along

cylinder axis. (b) View along x2 of parallel segments AB and CD separated by distance q.
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This result may be compared with the total strain energy calculated by carrying out

a calculation (Hirth and Lothe, 1982) in which the AB segment is first introduced

into the cylinder and then the CD segment is introduced by the cut and displace-

ment method. The final strain energy is then the sum of the strain energy of the

initial segmentAB, plus thework required to displace the two sides of the cut during

the introduction of the CD segment. The AB segment is assumed to be a screw

dislocation of the type in Fig. 12.2c, with the cut surface taken on the x2 =0 plane.

The increment of work required to displace an area Ld x1 on this cut surface is

dWCD ¼ �
ð

b

0

db0s23ðx1; 0ÞLdx1; ð12:253Þ

where s23(x1,0) is the stress acting at the cut surface given by

s23ðx1; 0Þ ¼
mb

2p

1

x1
� mb0

2p

1

ðx1 � qÞ þ
mb0

2p

1

ðx1 � R2=qÞ : ð12:254Þ

The first term is the stress due to the presence of the AB segment (see Eq. (12.55)),

the second is the stress that would be generated by the introduction of the CD

segment if the cylinder were infinite, and the third is the image stress that causes

the surface of the cylinder to be traction-free.14 Substituting Eq. (12.254) into

Eq. (12.253) and integrating over the cut surface, the final total strain energy is

W ¼ WAB þWCD

¼ mb2

4p
L ln

R

r	
� mb

2p
L

ð

R

q

ð

b

0

dx1

x1
d b0 þ m

2p
L

ð

R

qþr	

ð

b

0

dx1

ðx1 � qÞ b
0db0

� m

2p
L

ð

R

q

ð

b

0

dx1

ðx1 � R2=qÞ b
0db0

¼ mb2

2p
L ln

q

r	
¼ mb2

2p
L ln

qa

b
;

ð12:255Þ

after dropping a second order term in q/R and using Eq. (12.61). Comparing this

result with that given by Eq. (12.252), it is seen that they are identical if r= b/(2a).

This is close to what should be expected since a is of order unity. Furthermore, the

strain energy is relatively insensitive to the exact value of these factors since they

appear in the argument of the logarithm. It is therefore again found that the

formalism proposed initially for determining the total strain energy of a seg-

mented structure is of acceptable accuracy.15

14 As shown in Exercise 13.4, the image stress in this case is the stress generated by a screw dislocation

of opposite Burgers vector at the position x1 = R2/q.
15 Hirth and Lothe (1982) perform a similar exercise for a pair of edge dislocation segments and reach

the same conclusion.
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Exercises

12.1 Verify that if Eq. (12.23) is applied to a Burgers circuit around the disloca-

tion, the resulting closure failure, Dui, is equal to the Burgers vector.

Solution Using Eq. (12.23), and choosing a Burgers circuit of sense similar

to the one in Fig. 12.5, but circular and of constant jxj,

�ui ¼
bs

2p
4pBks

ð

2p

0

ðn̂n̂Þ�1
ik doþSrs

ð

2p

0

ðn̂n̂Þ�1
ik ðn̂m̂Þkrdo

2

4

3

5: ð12:256Þ

Then, substituting Eqs. (3.133) and (3.134),

�ui ¼ �bsð4pBksQki þ SrsSirÞ; ð12:257Þ

and finally, applying Eq. (3.140),

�ui ¼ �bsð4pBksQki þ SrsSirÞ ¼ bsdsi ¼ bi: ð12:258Þ

12.2 Obtain the displacement field of a straight edge dislocation of the type in

Fig. 12.2a in an isotropic body by employing the Volterra equation in the

form of Eq. (12.70).

Solution Here, b ¼ (b,0,0), t̂ ¼ 0;0;1ð Þ and n̂¼ 0;1;0ð Þ so that Eq. (12.70) for

u1(x) becomes

u1ðxÞ ¼ �b

ð

1

0

dx01

ð

1

�1

C12jl

qG1jðx� x0Þ
qx0l

� �

x0
2
¼0

dx03

¼ �mb

ð

1

0

dx01

ð

1

�1

qG11ðx� x0Þ
qx02

þ qG12ðx� x0Þ
qx01

� �

x0
2
¼0

dx03:

ð12:259Þ

Then, using Eq. (4.110) for G1
ij ; and setting x3¼ 0 (allowable, since u1 is

constant along x3),

u1ðx1; x2Þ ¼ � b

8pð1� nÞ

ð

1

0

dx01

ð

1

�1

ð1� 2nÞx2
R3

þ 3x2ðx1 � x01Þ
2

R5

" #

dx03;

ð12:260Þ

with R ¼ ½ðx1 � x01Þ
2 þ x22 þ ðx03Þ

2�1=2; and, by integrating over dx03 and dx01;

u1ðx1; x2Þ ¼
b

2p
tan�1 x2

x1

� �

þ 1

2ð1� nÞ
x1x2

ðx21 þ x22Þ

� �

: ð12:261Þ

Also, by applying the same procedure to find u2(x1, x2),

u2ðx1; x2Þ ¼ � b

8pð1� nÞ ð1� 2nÞ lnðx21 þ x22Þ þ
x21 � x22
x21 þ x22

� �

: ð12:262Þ
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12.3 The Mura equation, i.e., Eq. (12.80), which involves only a line integral

around a dislocation loop, indicates that a dislocation produced by the cut

and displacement method must be independent of the surface, S, chosen for

the cut. Demonstrate this explicitly in an isotropic system by using the

Volterra equation to show that the displacement field of the straight edge

dislocation produced in Fig. 12.36 by making the cut on the x1 =0 surface is

identical to the one found in Exercise 12.2 by making the cut on the x2 = 0

surface.

Solution Using the Volterra equation, i.e., Eq. (12.67), the displacement for

the dislocation in Fig. 12.36 with b¼ (b,0,0), t̂¼ 0;0;1ð Þ; and n̂ ¼ �1;0;0ð Þ; is
given by

u1ðxÞ ¼ b

ð

1

0

dx02

ð

1

�1

C11jl

qG1
1j

qx0l

� �

x0
1
¼0

dx03

¼ 2mb

1� 2n

ð

1

0

dx02

ð

1

�1

ð1� nÞ qG
1
11

qx01
þ n

qG1
12

qx02
þ qG1

13

qx03

� �� �

x0
1
¼0

dx03:

ð12:263Þ

Then, using Eq. (4.110) for G1
ij ; and setting x3 ¼ 0 (since u1 is constant along

x3),

u1ðx1; x2Þ ¼
b

8pð1� nÞ

ð

1

0

dx02

ð

1

�1

ð1� 2nÞx1
R3

þ 3x31
R5

� �

dx03; ð12:264Þ

with R ¼ ½x21 þ ðx2 � x02Þ
2 þ ðx03Þ

2�1=2: After integrating over d x03 and d x01,

u1ðx1; x2Þ ¼
b

2p
tan�1 x2

x1

� �

þ 1

2ð1� nÞ
x1x2

ðx21 þ x22Þ

� �

þ a1; ð12:265Þ

where a1 ¼ constant. Dropping the constant, which simply represents a rigid

body translation, Eq. (12.265) is seen to agree with Eq. (12.261) for the

dislocation in Fig. 12.2a. A similar result is obtained for u2.

x2 b  

ˆ n 

ˆ t 

x1

x3

Figure 12.36 Straight edge dislocation produced by a cut on the x1 = 0 surface.
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12.4 Use the Mura equation, i.e., Eq. (12.80), to find the strains produced by a

long straight edge dislocation of the type shown in Fig. 12.2a in an isotropic

system.

Solution Employ the same general approach as that used in Section 12.5.1.1

to obtain the elastic field of a long straight dislocation by use of the Volterra

equation. Assume the square edge dislocation loop with sides of length 2L in

the coordinate system of Fig. 12.37 and focus on the dislocation segment

AB. When L is increased without limit, the strains in the vicinity of the

origin can be attributed to the segment AB, and it is therefore only necessary

to evaluate the line integral along AB in the limit L ! 1. For e11, the Mura

equation, with b ¼ (b,0,0), takes the form

e11 ¼
qu1

qx1
¼ bC1njlen1p

þ

C

qG1
j1

qx0l
dx0p ¼bC13jl

þ

C

qG1
j1

qx0l
dx02 � bC12jl

þ

C

qG1
j1

qx0l
dx03

¼ mb

þ

C

qG1
11

qx03
þ qG1

13

qx01

� �

dx02 �
qG1

11

qx02
þ qG1

12

qx01

� �

dx03

� � ;

ð12:266Þ

with the help of Eq. (2.120), and after substituting the Green’s function

given by Eq. (4.110),

e11 ¼
b

8pð1� nÞ

þ

C

ð1� 2nÞðx3 � x03Þ
R3

þ 3ðx1 � x01Þ
2ðx3 � x03Þ

R5

" #

dx02

(

� ð1� 2nÞðx2 � x02Þ
R3

þ 3ðx1 � x01Þ
2ðx2 � x02Þ

R5

" #

dx03

)

:

ð12:267Þ

Then, for integration along the ê3 axis in the interval �L < x3
0 < L,

Eq. (12.267) is expressed as

e11 ¼ � b

8pð1� nÞ x2
ð

L

�L

½1� 2n�
R3

þ 3x1
2

R5

� �

dx03; ð12:268Þ

x2
B

′ x b 
ˆ t x1

A ˆ n 

x3 2L x 

Σ

Figure 12.37 Square edge dislocation loop. The loop plane, S cut surface, and x0 are in
the x1 = 0 plane.
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with R ¼ jx� x0j ¼ jx� t̂x03j ¼ ðx21 þ x22 þ x023 Þ
1=2

after setting x3 = 0.

Finally, performing the integration, and taking the limit as L ! 1,

e11 ¼ � b

4pð1� nÞ
ð1� 2nÞx32 þ ð3� 2nÞx21x2

ðx21 þ x22Þ
2

" #

: ð12:269Þ

It is readily confirmed that this result agrees with the e11 strain obtained by

using Eq. (12.261) and e11 = qu1/qx1. Similar results are obtained for the

remaining strains.

12.5 The displacement field for an edge dislocation of the type in Fig. 12.2a in an

isotropic system was obtained in Section 12.4.1.1 by use of the transform-

ation strain formalism. Use this method to find the displacement field of a

screw dislocation of the type in Fig. 12.2c.

Solution In this case, the transformation strain is written as

eT23ðx1; x2Þ ¼ � b

2
dðx2ÞHðx1Þ; ð12:270Þ

and the transformation stress is then

sT23ðx1; x2Þ ¼ 2meT23ðx1; x2Þ ¼ �mbdðx2ÞHðx1Þ: ð12:271Þ

Substituting Eq. (12.271) into Eq. (3.168), and realizing that the only

displacements are in the x3 direction,

u3ðxÞ ¼ �mb

ð

1

�1

Hðx01Þdx01
ð

1

�1

ð

1

�1

dðx02Þ
qG1

32ðx� x0Þ
qx03

þ qG1
33ðx� x0Þ
qx02

� �

dx02dx
0
3:

ð12:272Þ

Then, substituting Eq. (4.110) for the Green’s function, setting the field

point in the x3 ¼ 0 plane (since the solution is invariant along x3), and

integrating over dx02,

u3ðx1; x2Þ ¼ � b

8pð1� nÞ

ð

1

�1

Hðx01Þdx01
ð

1

�1

ð1� 2nÞx2
R3

þ 3x2ðx03Þ
2

R5

" #

dx03;

ð12:273Þ

where R ¼ ½ðx1 � x01Þ
2 þ x22 þ ðx03Þ

2�1=2: Integration of Eq. (12.273) over dx03
and dx01 to obtain u3 then yields the displacement field

u1ðx1; x2Þ ¼ u2ðx1; x2Þ ¼ 0

u3ðx1; x2Þ ¼ � bx2

2p

ð

1

0

d x01
ðx1 � x01Þ

2 þ x22
¼ b

2p
tan�1 x2

x1
¼ b

2p
y:

ð12:274Þ

295Exercises



It is readily confirmed that this displacement field is consistent with previous

results for a screw dislocation. For example, using Eq. (12.274),

s13 ¼ 2me13 ¼ m
qu1

qx3
þ qu3

qx1

� �

¼ � mb

2p

x2

ðx21 þ x22Þ
; ð12:275Þ

in agreement with Eq. (12.55).

12.6 Show that in an isotropic system the stress field of an edge dislocation of the

type in Fig. 12.2a given by Eq. (12.45) can be obtained by employing the

Airy stress function method described in Section 3.7, since it is a case of

plane strain. Hint: try the first stress function listed in Table I.1.

Solution The displacements are obtained first by integrating the strains. For

plane strain Eq. (2.122), with s33 ¼ n (s11 þ s22), yields the strains

e11 ¼
qu1

qx1
¼ 1

2m
s11 � nðs11 þ s22Þ½ �

e22 ¼
qu2

qx2
¼ 1

2m
s22 � nðs11 þ s22Þ½ �:

ð12:276Þ

Selecting the first stress function in Table I.1, and writing it in the form

c ¼ Axlnxsiny, where A ¼ constant, and substituting the corresponding

stresses given in Table I.1 into Eq. (12.276),

qu1

qx1
¼ Ax2

2m

3x21 þ x22 � 2nx21 � 2nx22

ðx21 þ x22Þ
2

" #

qu2

qx2
¼ Ax2

2m

�x21 þ x22 � 2nx21 � 2nx22

ðx21 þ x22Þ
2

" #

:

ð12:277Þ

Then, integrating Eq. (12.277),

u1 ¼ �Að1� nÞ
m

tan�1 x2

x1
þ x1x2

2ð1� nÞðx21 þ x22Þ

� �

u2 ¼
A

4m
ð1� 2nÞ lnðx21 þ x22Þ þ

ðx21 � x22Þ
ðx21 þ x22Þ

� �

:

ð12:278Þ

The constant, A, can be determined by making a Burgers circuit around the

dislocation and equating the resulting closure failure and discontinuity in u1
to the Burgers vector. Therefore, using Eq. (12.278), with Dtan�1(x2/x1)¼ 2p,

�u1 ¼ �Að1� nÞ
m

2p ¼ b; ð12:279Þ

so that A ¼ �mb/[2p(1 � n)]. Substitution of this value of A into Eq. (12.278)

then produces agreement with the expressions for u1 and u2 given by

Eqs. (12.261) and (12.262).
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12.7 Show that in an isotropic system the s11 stress for an infinitely long straight

edge dislocation of the type in Fig. 12.2a given by Eq. (12.45) can be

obtained by employing Eq. (12.202) for the stress field of a dislocation

segment.

Solution Since b ¼ (1,0,0) and t̂ ¼ 0;0;1ð Þ; Eq. (12.202) reduces for the case
of the s11 stress to

s11ðxÞ ¼ � mb

4pð1� nÞ
q3q

qx2qx1qx1
� q3q

qx2qxpqxp

� �

: ð12:280Þ

Next, using Eqs. (12.208), with m ¼ 2 and i ¼ j ¼ 1, and Eq. (12.210) to

evaluate the derivatives,

s11ðxÞ ¼
mb

4pð1� nÞ

� r2
RðL0 þ RÞ � r2r

2
1

1

R3ðL0 þ RÞ þ
1

R2ðL0 þ RÞ2

" #

� 2r2
RðL0 þ RÞ

( )

:

ð12:281Þ

The stress due to an infinitely long segment can now be obtained by taking

the origin on the segment as in Fig. 12.38 and evaluating Eq. (12.281) at the

limits L0 ! �1. Since r ¼ (x1,x2,0), and L0 is negative when x3 > 0, use of

Eq. (12.211) shows that the stress due to an infinite length is

s11ðxÞ ¼ � Lim
jL0 j!1

mbx2

4pð1� nÞR

� 1

½�jL0j þ R� þ x21
1

R2ð�jL0j þ RÞ þ
1

Rð�jL0j þ RÞ2

 !" #(

� 1

ðjL0j þ RÞ þ x21
1

R2ðjL0j þ RÞ þ
1

RðjL0j þ RÞ2

 !" #)

:

ð12:282Þ

Since R2 ¼ ðL0Þ2 þ r2 ¼ ðL0Þ2 þ x21 þ x22; and R ! jL0j at large jL0j, R is given

to first order by

R ¼ jL0j þ x21 þ x22
2jL0j : ð12:283Þ

x1

ˆ t ′ L ′ L 
x3

ρ
R R

Figure 12.38 Geometry for determining stress due to infinitely long straight dislocation

along x3.
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Then, substituting Eq. (12.283) into Eq. (12.282) and taking the limit,

s11 ¼ � mb

2pð1� nÞ
x2ð3x21 þ x22Þ
ðx21 þ x32Þ

2
; ð12:284Þ

in agreement with Eq. (12.45).

12.8 Equation (12.61) gives the strain energy produced by a straight edge

dislocation in a coaxial cylindrical shell of outer radius, R, and inner radius,

r	 ¼ b/a, in an isotropic system (see Fig. 12.6). The dislocation is of the type

in Fig. 12.2a and possesses a stress field given by Eq. (12.47). Obtain the

same expression for the strain energy by simply integrating the strain

energy density throughout the volume of the shell.

Solution The strain energy density in the shell given by Eq. (2.136),

expressed in cylindrical coordinates, assumes the form

w ¼ 1

2E
½ð1þ nÞðs2rr þ s2yy þ s2zz þ 2s2ry þ 2s2rz þ 2s2yzÞ � nY2�: ð12:285Þ

Substituting Eq. (12.47) and integrating over the volume of the shell, the

strain energy per unit shell length is then

w ¼ 1

2m

ð

2p

0

ð

R

r	

s2ry þ
1

2ð1þ nÞ ðs
2
rr þ s2yy � 2nsrrsyy � s2zzÞ

� �

rdrdy

¼ mb2

4pð1� nÞ ln
R

r	
:

ð12:286Þ

12.9 Assume that the cut surface, S, used to produce a triangular dislocation

loop corresponds to the plane of the loop. Now, use Eq. (12.237) to

demonstrate formally that the displacement, u, due to the loop undergoes

a discontinuous change, Du ¼ b, when the field point just penetrates the

plane of the loop from its positive side.

SolutionWhen the field point is on the positive side of the plane of the loop

and is just about to penetrate it, lA � n̂< 0: Therefore, according to

Eq. (12.237), O ¼ ST. The spherical triangle is a unit circle with a þ b þ
c ¼ 2p, and so, according to Eq. (12.236), O ¼ ST ¼ 2p. Just after

penetration, lA � n̂ > 0; and O changes sign so that O ¼ �2p. The change

in O due to the penetration is therefore, DO ¼ �2p � 2p ¼ � 4p, and the

change in u, according to Eq. (12.152) is Du = b. Note that this result is

consistent with the S cut and displacement rule given on p. 232.

12.10 Use Eq. (12.233), for the displacement field of a triangular dislocation

loop, to obtain the displacement field of a long straight screw dislocation

in an isotropic system.
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Solution Adopt the coordinate system in Fig. 12.39, where the AB segment

is a segment of screw dislocation of length 2L, and the field point, P, is

located at x ¼ (x1,x2,0). Then, determine u(x1, x2) under conditions where

L is very large compared with x1 and x2 so that u(x1, x2) is not significantly

affected by the presence of the distant segments BC and CA. Using the

vectors

RA ¼ �x1;�x2;�Lð Þ
RB ¼ �x1;�x2; Lð Þ
RC ¼ ð

ffiffiffi

3
p

L� x1Þ;�x2; 0
� �

t̂
AB ¼ 0; 0; 1ð Þ

t̂
BC ¼

ffiffiffi

3
p

=2; 0;�1=2
� �

t̂
CA ¼ �

ffiffiffi

3
p

=2; 0;�1=2
� �

ð12:287Þ

and b = (0, 0, b), and Eq. (12.234), it is found that fAB ¼ gAB ¼ 0 and

fBC þ fCA ¼ 0 and gBC þ gCA ¼ 0. Therefore, Eq. (12.233) simplifies to

uðPÞ ¼ � b

4p
O: ð12:288Þ

In this case, O may be calculated by making the triangle sufficiently large

relative to x1 and x2 that the angle subtended by the triangle when viewed

from P is adequately approximated by the angle subtended by the entire

half plane x2 ¼ 0, x1>0. Then, using Eq. (12.153) with n̂¼ 0;1;0ð Þ and

(x0 � x) ¼ ((x01 � x1), x2, x
0
3),

O ¼ x2

ð

1

0

d x01

ð

1

�1

dx03

½ðx01 � x1Þ2 þ x22 þ x023 �
3=2

¼ 2p� 2tan�1 x2

x1
: ð12:289Þ

Finally, employing Eq. (12.288),

uðPÞ ¼ � b

4p
O ¼ b

2p
tan�1 x2

x1
� b

2
; ð12:290Þ

in agreement with Eq. (12.274), since the term, b/2, in Eq. (12.290) is

simply a rigid body translation that may be dropped.

12.11 Determine the strain energy of a circular planar dislocation loop with its

Burgers vector lying in the loop plane in an isotropic system.

x2 RC
x1

P
A

RA

L

C

RB

B x3

Figure 12.39 Coordinate system with triangular equilateral dislocation loop ABC.
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Solution Employ Eq. (12.173) with b parallel to x1 as in Fig. 12.40. The

various quantities in Eq. (12.173) are then given by

b � dsð1Þ ¼ �b sinfdsð1Þ

b � dsð2Þ ¼ �b sin ydsð1Þ

b� dsð1Þ ¼ ê3b cosfds
ð1Þ

b� dsð2Þ ¼ ê3b cos yds
ð2Þ

ðb� dsð1ÞÞ � T � ðb� dsð2ÞÞ ¼ b2 cosf cos yT33ds
ð1Þdsð2Þ

T33 ¼
q2R

qx
ð1Þ
3 qx

ð1Þ
3

" #

x
ð1Þ
3
¼x

ð2Þ
3
¼0

¼ 1

R
d33 �

ðxð1Þ3 � x
ð2Þ
3 Þ

2

R3

2

4

3

5

x
ð1Þ
3
¼x

ð2Þ
3
¼0

¼ 1

R
:

ð12:291Þ

Substituting these results into Eq. (12.173), while assuming a cut-off dis-

tance, r, within which the segments do not interact,

W ¼ mb2

8p

þ

C

sinfdsð1Þ
ð

2pa�r

r

sin ydsð2Þ

R
þ mb2

8pð1� nÞ

þ

C

cosfdsð1Þ
ð

2pa�r

r

cos ydsð2Þ

R
:

ð12:292Þ

Next, substituting

dsð1Þ ¼ adf dsð2Þ ¼ ady R ¼ 2a sin
y� f

2
ð12:293Þ

into Eq. (12.292) and integrating, the strain energy is

W ¼ � mb2a

4

ð2� nÞ
ð1� nÞ ln tan

r

4a

	 


þ 2 cos
r

2a

	 
h i

: ð12:294Þ

However, for the linear elastic model to remain valid, a
 r. Therefore, using

the expansions tan[r/(4a)]� r /(4a) and cos [r/(2a)]� 1, Eq. (12.294) assumes

the form

x2 ds
(2)

a b 

R
ds

(2)

x1

ˆ t 

q
f

Figure 12.40 Circular dislocation loop of radius a. The loop plane is in the x3 = 0

plane.
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x2

ˆ n x − ′ x 
′ x 

x 

x1
ˆ t b

Σ
x3

Figure 12.41 Circular prismatic dislocation loop. The loop plane, S cut surface,

and x0 are in the x1 = 0 plane.

W ¼ mb2a

4

ð2� nÞ
ð1� nÞ ln

4a

r

� �

� 2

� �

: ð12:295Þ

12.12 Derive an integral expression for the displacement field of the circular

prismatic dislocation loop in Fig. 12.41 in an isotropic system.

Solution One method is to consider the loop as an array of infinitesimal

loops, as in Fig. 12.19, and integrate their displacements over the array.

Using Eq. (12.169), the displacement at x produced by an infinitesimal loop

with b ¼ (b,0,0) and n̂ ¼ �1;0;0ð Þ; and area dS located at the origin, is

d u1ðxÞ ¼
b

8pð1� nÞ
ð1� 2nÞx1

x3
þ 3x31

x5

� �

d S: ð12:296Þ

The displacement at x in Fig. 12.41, obtained as the sum of the displace-

ments contributed by the infinitesimal loops distributed over the loop area,

S, at source points x0, is then

u1ðxÞ ¼ ∯
�

d u1 ¼
b

8pð1� nÞ∯
�

ð1� 2nÞx1
R3

þ 3x31
R5

� �

d x02d x
0
3; ð12:297Þ

where R ¼ ½x21 þ ðx2 � x02Þ
2 þ ðx3 � x03Þ

2�1=2:
This result, of course, can be obtained more directly by simply starting with

the Volterra equation, i.e., Eq. (12.67), and employing the Green’s function

given by Eq. (4.110).
12.13 Show that the in-plane stress at a field point P lying within a smoothly

curved planar loop, C, such as in Fig. 12.14, is given by

sijðPÞ ¼
1

2

þ

C

k�ijðyÞcsc3ðy� aÞd y; ð12:298Þ

where k is the local loop curvature (Asaro and Barnett, 1976). Hint: use

Eqs. (12.115) and (12.116).

Solution Substituting Eq. (12.116) into Eq. (12.115),

sijðPÞ ¼
1

2

þ

C

1

R
�ijðyÞ �

d�ijðyÞ
d y

cotðy� aÞ
� �

d y ð12:299Þ
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An expression for the second term in Eq. (12.299) can be obtained by

introducing the derivative

d
1

R
�ijðyÞ cotðy� aÞ

� �

¼� 1

R
�ijðyÞcsc2ðy� aÞðd y� d aÞ

þ cotðy� aÞ d�ijðyÞ
d y

� �ijðyÞ
R

dR

d y

� �

1

R
d y:

ð12:300Þ
Then, taking the line integral of the above derivative around the loop,
þ

C

d
1

R
�ijðyÞ cotðy� aÞ

� �

¼ 0

¼
þ

C

1

R
�ijðyÞcsc2ðy� aÞðd y� d aÞ þ cotðy� aÞ d�ijðyÞ

d y
� �ijðyÞ

R

dR

d y

� �

1

R
d y:

ð12:301Þ
which can be rearranged with the use of Eq. (12.117) to produce the equality
þ

C

1

R

d�ijðyÞ
d y

cotðy� aÞd y

¼
þ

C

1

R
�ijðyÞ ½csc2ðy� aÞ � cot2ðy� aÞ�d y� csc2ðy� aÞd a

� �

:

ð12:302Þ

Next, Eq. (12.302) is substituted into Eq. (12.299) with the result

sijðPÞ ¼
1

2

þ

C

1

R
�ijðyÞcsc2ðy� aÞd a: ð12:303Þ

The curvature is defined by k ¼ d a/ds, and, therefore, with the use of

Eq. (12.109),

d a ¼ kR

sinðy� aÞ d y: ð12:304Þ

Finally, substituting Eq. (12.304) into Eq. (12.303),

sijðPÞ ¼
1

2

þ

C

k�ijðyÞcsc3ðy� aÞd y: ð12:305Þ

12.14 Show that the Mura equation, i.e., Eq. (12.80), can be reformulated to yield

the stress field produced by a general dislocation loop in an infinite body

expressed in the form

sabðxÞ ¼ �ibkCabjsCkpimerps

þ

C

e�ik�x0Þd x0r

ð

1

�1

ð

1

�1

ð

1

�1

ðkkÞ�1
ij eik�xkmd k1d k2d k3:

ð12:306Þ

302 Dislocations in infinite homogeneous regions



Solution Using Eqs. (2.75) and (2.5), Eq. (12.80) takes the form

sabðxÞ ¼ �bkCabjsCkpimerps

þ

C

qGijðx� x0Þ
qxm

d x0r: ð12:307Þ

Next, using Eqs. (F.4) and (3.23), the Green’s function is given by

Gijðx� x0Þ ¼
ð

1

�1

ð

1

�1

ð

1

�1

�GijðkÞeik�ðx�x0Þd k1d k2d k3

¼
ð

1

�1

ð

1

�1

ð

1

�1

ðkkÞ�1
ij eik�ðx�x0Þd k1d k2d k3

ð12:308Þ

and the derivative required in Eq. (12.307) is

qGijðx� x0Þ
qxm

¼ i

ð

1

�1

ð

1

�1

ð

1

�1

ðkkÞ�1
ij ðkÞeik�ðx�x0Þkmd k1d k2d k3: ð12:309Þ

Substitution of this result into Eq. (12.307) then yields Eq. (12.306).
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13 Dislocations and stress – image
effects in finite regions

13.1 Introduction

We now take up interactions between dislocations and various types of stress

fields. Forces between dislocations and imposed internal or applied fields are

considered first, and are shown to be described by the Peach–Koehler force

equation. Following this, the interaction between a dislocation and its image stress

is analyzed in situations where the dislocation lies in a finite, or semi-infinite,

homogenous region in the proximity of an interface.

With these results in hand, a number of dislocation image stress problems are

treated that involve long straight dislocations lying parallel to several types of

interfaces, straight dislocations impinging on planar interfaces at various angles,

and dislocation loops lying near planar interfaces.

Extensive treatments and reviews of a wide variety of dislocation image prob-

lems have been published by Eshelby (1979), Belov (1992), and Lothe (1992c).

The following notation is employed for this chapter:

eij=eij
1 + eij

IM strain produced by dislocation in finite homogeneous region,

eij
1 strain produced by dislocation in infinite homogeneous

region,

eij
IM image strain of dislocation in finite homogeneous body,

eij
Q imposed internal or applied strain.

13.2 Interaction of dislocation with imposed internal or applied stress:
the Peach–Koehler force equation

Consider a dislocation loop in either a finite or an infinite body, in the presence of

an imposed stress field, Q, which can be either internal or applied. The interaction

energy between the loop and Q can then be written as

E
DIS=Q
int ¼ ∯

S

ðsiju
Q
i � s

Q
ij uiÞn̂

S
j dS; ð13:1Þ



where n̂Sj is the normal unit vector to the surface S, regardless of whether the

dislocation is in a finite or infinite body.1 Assume now that the loop was created by

the cut and displacement method and that a cross section of the loop and the

surface of the cut, S, appears as illustrated in Fig. 13.1a. Now, shrink the surface,

S, down so that it takes the form in Fig. 13.1b (see caption). Then, collapse S
further so that Sþ ! Sþ, S�! S�, ro ! 0, n̂S

þ

! n̂, and n̂S
�

! �n̂. Equation

(13.1) can then be written as the sum of two integrals over the S surface, given by2

E
DIS=Q
int ¼ ∯

�
þ

ðsiju
Q
i � s

Q
ij uiÞn̂j dS�∯

�
�

ðsiju
Q
i � s

Q
ij uiÞn̂j dS; ð13:2Þ

with boundary conditions at these surfaces expressed by

sijð�
þÞn̂j ¼ sijð�

�Þn̂j

uið�
�Þ � uið�

þÞ ¼ bi

s
Q
ij ð�

þÞn̂j ¼ s
Q
ij ð�

�Þn̂j

u
Q
i ð�

þÞ ¼ u
Q
i ð�

�Þ:

ð13:3Þ

Substitution of these conditions into Eq. (13.2) then yields the interaction energy

in the form

E
DIS=Q
int ¼ bi∯

�

s
Q
ij n̂j dS: ð13:4Þ

Having the interaction energy, the corresponding force per unit length experienced

by the loop at any point along its length can be found by virtually displacing the

Σ

ˆ n S+

ˆ nS+ 

n
S−

ˆ

(b)

S−

r°

ˆ nS

ˆ nS

Σ S

ˆ n 

(a)

Figure 13.1 (a) Cross section of dislocation loop created by cut and displacement on the

surface S. The loop is enclosed by surface S with unit normal vector, n̂S . (b) View after

shrinking S down around the dislocation loop and the S surface. The S surface now

consists of two tubes of radius r∘, coaxial with the loop, and two surfaces, Sþ (with unit

normal n̂S
þ

) and S� (with unit normal n̂S
�

), which closely approach the S surface.

1 In the notation of this chapter, the stress due to the dislocation in Eq. (13.1) can be written as either

sij or sij
1, since, as shown by Eqs. (5.10) and (5.11), and also Eqs. (5.18) and (5.19), the interaction

energy between the image stress of a dislocation and an imposed stress vanishes. As shown by the

Peach–Koehler force equation (Eq. (13.9)), the force between a dislocation and an imposed stress

depends only upon the imposed stress and the Burgers vector and tangent vector of the dislocation.
2 See Eshelby (1956) and Bacon, Barnett, and Scattergood (1979b) for further aspects regarding this

procedure.
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loop everywhere along its perimeter by the vector dj(x). Each segment of loop

length, ds, then sweeps out a differential area, dS, of the cut surface, S, in

Eq. (13.4), thus changing its area by

dS ¼ dj� t̂ ds ¼ elsjdxl t̂sêj ds: ð13:5Þ

The corresponding change in the interaction energy between the loop and the

imposed stress, dE int
DIS/Q, is then obtained by use of Eqs. (13.4) and (13.5) in

the form

dE
DIS=Q
int ¼ bid∯

d�

s
Q
ij n̂j dS ¼ elsjbi

þ

C

s
Q
ij dxl t̂s ds; ð13:6Þ

where component j of the incremental surface area vector, dS ¼ dSn̂, correspond-

ing to dSn̂j in Eq. (13.4) has been replaced by elsjdl t̂sds, obtained from Eq. (13.5),

and the surface integration over dS has been replaced by line integration along

C. Then, if f l
DIS/Q is the local force (per unit length) exerted on the loop by the

stress Q at any point along its length, the total work performed during the loop

displacement is

dW ¼

þ

C

f DIS=Q

l
dxl ds; ð13:7Þ

which decreases the interaction energy between the loop and the imposed stress

according to

dE
DIS=Q
int ¼ �dW : ð13:8Þ

Substitution of Eqs. (13.6) and (13.7) into Eq. (13.8) then yields the force per unit

length,

f DIS=Q
l ¼ �elsjs

Q
ij bi t̂s ¼ ejsls

Q
ij bi t̂s: ð13:9Þ

Equation (13.9) is known as the Peach–Koehler force equation (Peach and Koehler,

1950) and is often written in the equivalent vector form

f DIS=Q ¼ d� t̂ f DIS=Q
l

¼ ejsldj t̂s; ð13:10Þ

where d is given by

½d� ¼ ½b�½sQ� dj ¼ bis
Q
ij : ð13:11Þ

The Peach–Koehler force equation is an essential general relationship that yields

the force per unit length exerted by an imposed stress field on a dislocation lying in

either a finite or infinite homogeneous region. Note that the equation predicts that

the force is always perpendicular to the dislocation line, i.e., perpendicular to t̂, as

expected, since, as shown by Eq. (13.5), the only component of the displacement

vector dj that makes a non-vanishing contribution to the area swept out by

motion of the dislocation is perpendicular to t̂.
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Applications of the Peach–Koehler equation are carried out in Exercises 13.1

and 13.3. It is demonstrated in Exercise 13.2 that the equation can be obtained by

an alternative calculation involving the direct determination of the extra work

required to displace a dislocation when an imposed stress field is present.

13.3 Interaction of dislocation with its image stress

13.3.1 General formulation

Consider the case where a dislocation loop is in a finite body with a traction-free

surface, S	, and is therefore subjected to a force due to the image stress associated

with the surface. The interaction energy between the loop and its image stress is

then given by Eq. (5.34) written in the form

E
DIS1=DISIM

int ¼
1

2∯
S

ðs1ij u
IM
i � sIMij u1i Þn̂Sj dS; ð13:12Þ

where n̂Sj is the normal unit vector to the S surface, as in Fig. 13.1a. Now, shrink S
down on the loop as done previously to obtain Eq. (13.4). Equation (13.12) then

assumes the form

E
DIS1=DISIM

int ¼
1

2∯
�þ

ðs1ij u
IM
i � sIMij u1i Þn̂jdS�

1

2∯
��

ðs1ij u
IM
i � sIMij u1i Þn̂jdS; ð13:13Þ

which may be compared with Eq. (13.2). The boundary conditions at the S+ and

S� surfaces are

s1ij ð�
þÞn̂j ¼ s1ij ð�

�Þn̂j

u1i ð��Þ � u1i ð�þÞ ¼ bi

sIMij ð�þÞn̂j ¼ sIMij ð��Þn̂j

uIMi ð�þÞ ¼ uIMi ð��Þ;

ð13:14Þ

which may be compared to Eq. (13.3), and substituting them into Eq. (13.13),

E
DIS1=DISIM

int ¼
1

2
bi∯

�

sIMij n̂j dS: ð13:15Þ

Having the interaction energy, the force per unit length exerted on the loop at any

point along its perimeter can be determined, as in the previous section, by virtually

displacing the loop along its perimeter by dj(x). Previously, the displacement was

carried out in the presence of a constant imposed stress, and the only result was a

change in the area of the cut surface, S. However, in the present case an added

complication is present, since the image stress changes as the loop is displaced.

Therefore, starting with Eq. (13.15) and using Eq. (13.5) to account for the change
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in the area of S, as previously, and including the effect of the change in image

stress, the interaction energy can be written as

dE
DIS1=DISIM

int ¼
1

2
elsjbi

þ

C

sIMij dxl t̂s d sþ
1

2
bi∯

�

dsIMij n̂j dS: ð13:16Þ

It is now shown, following Gavazza and Barnett (1975), that the line and surface

integrals in Eq. (13.16) are equal. First, introduce the quantities

sij ¼ s1ij þ sIMij
eij ¼ e1ij þ eIMij
ui ¼ u1i þ uIMi

s0ij ¼ s01ij þ s0IMij
e0ij ¼ e01ij þ e0IMij
u0i ¼ u01i þ u0IMi ;

ð13:17Þ

where the prime indicates a quantity after the loop displacement. Then, since the

primed and unprimed fields are corresponding fields obeying Eq. (2.106),

∰
V 	

�V

ðs1ij þ sIMij Þðe01ij þ e0IMij Þ � ðs01ij þ s0IMij Þðe1ij þ eIMij Þ
h i

dV ¼ 0; ð13:18Þ

whereV is the region enclosed by S in Eq. (13.12). Next, by converting Eq. (13.18)

to a surface integral using the divergence theorem, and, since ðs1ij þ sDISIM

ij Þ and

ðs01ij þ s0DISIM

ij Þ both vanish on S	
, the equation

∯
S

ðs1ij þ sIMij Þðu01i þ u0IMi Þ � ðs01ij þ s0IMij Þðu1i þ uIMi Þ
h i

n̂Sj dS

¼ ∯
S

ðs1ij u
01
i � s01ij u1i Þ þ ðs1ij u

0IM
i � s01ij uIMi Þ þ ðsIMij u0i � s0IMij uiÞ

h i

n̂Sj dS ¼ 0

ð13:19Þ

is obtained. Now, Eq. (13.19) must remain valid if the S	
surface is expanded to

infinite size, in which case the image field on S vanishes. Therefore, it must be

concluded that

∯
S

ðs1ij u
01
i � s01ij u1i Þn̂Sj dS ¼ 0 ð13:20Þ

and, consequently

∯
S

ðs1ij u
0IM
i � s01ij uIMi Þn̂Sj dSþ∯

S

ðsIMij u0i � s0IMij uiÞn̂
S
j dS ¼ 0: ð13:21Þ

Now shrink the surface S in Eq. (13.21) down around the unprimed and primed

loops, using the same procedure employed previously to obtain Eqs. (13.4) and

(13.15). The first term in Eq. (13.21) vanishes because the image displacement field is

continuous across the S and S0 surfaces. Since the dislocation displacement field
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has a discontinuity equal to the Burgers vector on the S and S0 surfaces, the

remainder can be expressed as

bi∯
�0

sIMij n̂j dS ¼ bi∯
�

s0IMij n̂j dS: ð13:22Þ

However, writing dsIMij ¼ s0IMij � sIMij , and substituting this into Eq. (13.22), and

using Eq. (13.5),

1

2
bi∯

�

dsIMij n̂j dS ¼
1

2
bi ∯

�0��

sIMij n̂j dS ¼
1

2
elsjbi

þ

C

sIMij dxl t̂s ds; ð13:23Þ

which proves the equality of the two integrals in Eq. (13.16). Substitution of Eq.

(13.23) into Eq. (13.16) then yields

dE
DIS1=DISIM

int ¼ elsjbi

þ

C

sIMij dxl t̂s ds: ð13:24Þ

The force experienced by the loop as a consequence of this interaction energy is

then obtained by following the same procedure used to derive Eq. (13.9), i.e., the

Peach–Koehler force equation, from Eq. (13.6). This yields

f DIS1=DISIM

l ¼ �elsjs
IM
ij bi t̂s ¼ ejsls

IM
ij bi t̂s; ð13:25Þ

which is seen to be of the same form as Eq. (13.9) with the imposed stress, sij
Q, and

image stress, sij
IM, playing equivalent roles. The force exerted on a dislocation by

its image stress in a body with a free surface can therefore be obtained by

employing the image stress in the Peach–Koehler force equation.

13.3.2 Straight dislocations parallel to free surfaces

13.3.2.1 General dislocation in half-space with planar surface
Elastic field

Consider a long straight general dislocation with t̂ ¼ t lying parallel to a planar

traction-free surface of a half-space at a distance q in the ðm̂; n̂; t̂Þ coordinate

system illustrated in Fig. 13.2. A solution for its stress field can be obtained

(Barnett and Lothe, 1974) by assuming a displacement field of the form

ui ¼ u1i þ uIMi ¼ u1i þ
X

3

a¼1

Aia

ð

1

0

DaðkÞe
ik½m̂�xþpaðn̂�x�qÞ�dk

þ
X

3

a¼1

A�
ia

ð

1

0

D�
aðkÞe

�ik½m̂�xþp�aðn̂�x�qÞ�dk:

ð13:26Þ

The first term is the displacement field that the dislocation would have in an

infinite body, while the remaining terms constitute the image field. Equation

(12.12) can then be used for the ui
1(x) displacement in the form
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u1i ðxÞ ¼
1

2pi

X

6

a¼1

�AiaLsabs lnðm̂ � xþ paðn̂ � x� qÞ; ð13:27Þ

since the dislocation is displaced from the origin by x � n̂ ¼ q. Then, substituting

Eq. (13.27) into Eq. (13.26) and employing Eq. (3.1),

smn ¼ s1mn þ sIMmn

¼ Cmnip

X

3

a¼1

(

bs

2pi

AiaLsaðm̂p þ pan̂pÞ

m̂ � xþ paðn̂ � x� qÞ
�

A�
iaL

�
saðm̂p þ p�an̂pÞ

m̂ � xþ p�aðn̂ � x� qÞ

� �

þAia

ð

1

0

DaðkÞe
ik½m̂�xþpaðn̂�x�qÞ�ðm̂p þ pan̂pÞik dk

� A�
ia

ð

1

0

D�
aðkÞe

�ik½m̂�xþp�aðn̂�x�qÞ�ðm̂p þ p�an̂pÞik dk

)

:

ð13:28Þ

The unknown coefficients Da(k) and D�
aðkÞ can be found by invoking the boundary

condition of vanishing tractions on the surface at x � n̂ ¼ 0 expressed by

Tn ¼ ðsmnnmÞx�n̂¼0

¼
X

3

a¼1

(

bs

2pi
�

LnaLsa

ðm̂ � x� paqÞ
þ

L�naL
�
sa

ðm̂ � x� p�aqÞ

� �

�Lna

ð

1

0

DaðkÞe
ikðm̂�x�paqÞik dk þ L�na

ð

1

0

D�
aðkÞe

�ikðm̂�x�p�aqÞi kdk

9

=

;

¼ 0:

ð13:29Þ

Then, by substituting the two equalities

ðm̂ � x� paqÞ
�1 ¼ i

ð

1

0

e�ikðm̂�x�paqÞdk

ðm̂ � x� p�aqÞ
�1 ¼ �i

ð

1

0

e�ikðm̂�x�p�aqÞdk

ð13:30Þ

x 

x2

ˆ n  

ˆ m     x1

Dislocationq

Half-space Free

surface

O

Figure 13.2 End view of straight dislocation lying parallel to planar free surface of

half-space at distance q in ðm̂; n̂; t̂Þ coordinate system, where t̂ ¼ m̂� n̂.
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into Eq. (13.29), and collecting the resulting coefficients of eikðm̂�xÞ and e�ikðm̂�xÞ, and

setting the collected coefficients in each case equal to zero to satisfy Eq. (13.29),

the two expressions

X

3

a¼1

�LnaLsabs

2p
ei kpaq þ ikD�

aL
�
nae

ikp�aq

� �

¼ 0

X

3

a¼1

L�naL
�
sabs

2p
e�ikp�aq þ ikDaLnae

�ikpaq

� �

¼ 0

ð13:31Þ

are obtained. Then, multiplying the first Eq. (13.31) through byMbn
* , which has the

inverse properties with respect to Lna
* indicated by Eq. (3.118), to solve for Da

*

and multiplying the second Eq. (13.31) by Mbn, with the inverse properties given

by Eq. (3.117), to solve for Da,
3

Db ¼ �
Mbn

2p i k
ei kpbq

X

3

a¼1

L�naL
�
sabse

�ikp�aq

D�
b ¼

M�
bn

2p i k
e
�ikp�

b
q
X

3

a¼1

LnaLsabse
ikpaq:

ð13:32Þ

The image stress is then determined by substituting Eq. (13.32) into Eq. (13.28) to

obtain

sIMmn ¼
Cmnip

2pi

X

3

a¼1

X

3

b¼1

AiaMajL
�
jbL

�
sbbsðm̂p þ pan̂pÞ

½m̂ � xþ paðn̂ � xÞ � p�bq�
�
A�
iaM

�
ajLjbLsbbsðm̂p þ p�an̂pÞ

½m̂ � xþ p�aðn̂ � xÞ � pbq�

( )

:

ð13:33Þ

Image force

The force exerted on the dislocation by the above image stress can now be

determined by substituting Eq. (13.33) (with m̂ � x ¼ 0 and n̂ � x ¼ q) into the

Peach–Koehler force equation, i.e., Eq. (13.25). Symmetry requires that the force

be normal to the surface, and, after arranging quantities so that a positive result

indicates a force towards the surface, the force assumes the form

f DIS1=DISIM ¼ sIMmn bnn̂m ¼ sIMmn bnm̂m: ð13:34Þ

Making the substitution and applying Eq. (3.38), and interchanging a and b in the

second term of the result,

f DIS1=DISIM ¼ �
bnbs

2piq

X

3

a¼1

X

3

b¼1

paLnaMajL
�
jbL

�
sb þ p�bL

�
nbM

�
bjLjaLsa

p�b � pa

 !

; ð13:35Þ

and then, by interchanging n and s in the first term,

3 As indicated in Section 3.5.1.2, the [M] matrices are inverse with respect to corresponding [L] matrices,

i.e., [M][L] = [I]. Note the similarity of this procedure to that used to solve Eq. (4.54) for Eka
* .
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f DIS1=DISIM

¼ �
bnbs

2piq

X

3

a¼1

X

3

b¼1

LsaL
�
nbðp

�
bM

�
bjLja þ paMajL

�
jbÞ

p�b � pa

" #

: ð13:36Þ

Next, by substituting Eq. (3.123) into Eq. (13.36) and using Eq. (13.137),

f DIS1=DISIM

¼ �
bnbs

2piq

X

3

a¼1

LjaLsa
X

3

b¼1

L�nbM
�
bj ¼ �

bnbs

2piq
dnj
X

3

a¼1

LjaLsa ¼ �
bjbs

2piq

X

3

a¼1

LjaLsa ¼
bjbsBjs

q
:

ð13:37Þ

However, according to Eq. (12.41), the quantity bjbsBjs is equal to the energy

factor, w∘ = bjbsBjs, for the same dislocation in an infinite body, and therefore

Eq. (13.37) assumes the relatively simple form

f DIS1=DISIM

¼
w	

q
: ð13:38Þ

Since the strain energy is always positive, the image force is directed towards the

surface and varies inversely with the distance q. Also, since w	 depends only upon

the t̂ and b vectors of the dislocation and the Cijkl tensor of the crystal, Eq. (13.38)

establishes the noteworthy result that all free surfaces parallel to a dislocation of

fixed t̂ and b, and at a distance q, exert the same image force, despite the fact that

the various crystal planes that are parallel to the dislocation are not crystal-

lographically equivalent.

13.3.2.2 Some results for isotropic system
Screw dislocation in half-space with planar surface

A particularly simple situation is a straight screw dislocation (with b= (0,0,b) and

t̂ ¼ 0; 0;1ð Þ) lying parallel to a nearby planar free surface of a half-space, as

illustrated in Fig. 13.3. As now shown, the image stress required to produce a

traction-free surface is just the stress field produced by the image screw dislocation

shown in Fig. 13.3 possessing a Burgers vector opposed to that of the actual

dislocation. Using Eq. (12.274), the displacement field at P produced by the two

dislocations, with their Burgers vectors related by b =�bIM, is

u3ðx1; x2Þ ¼
b

2p
y� yIM
� �

¼
b

2p
tan�1 x2

x1 � q
� tan�1 x2

x1 þ q

� �

ð13:39Þ

x2 P(x1,x2)

qq

IM

x 
IM

x1

Free

surface

Image dislocation Dislocation

q q
O

Half-spaceLL

Figure 13.3 End view of a long straight dislocation and its image lying parallel to x3 at x1= q and

x1 =�q, respectively. Dislocation in a half-space with a free surface in the x1=0 plane.
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and the corresponding stresses are

s13ðx1; x2Þ ¼ 2me13 ¼ m
qu3

qx1
¼ �

mbx2

2p

1

L2
�

1

ðLIMÞ
2

( )

; s23ðx1; x2Þ ¼
mb

2p

x1 � q

L2
�

x1 þ q

ðLIMÞ
2

( )

;

ð13:40Þ

where

L2 ¼ ðx1 � qÞ2 þ x22; ðLIMÞ
2
¼ ðx1 þ qÞ2 þ x22 : ð13:41Þ

The only stress that must be canceled on the surface is the s13 stress, and this is

seen to vanish as required.

The image stresses, obtained from Eq. (13.40), are then

sIM13 ¼ s13 � s113 ¼
mb

2p

x2

ðLIMÞ
2
; sIM23 ¼ s23 � s123 ¼ �

mb

2p

ðx1 þ qÞ

ðLIMÞ
2 ð13:42Þ

and the force they impose on the dislocation is readily found by inserting them

into the Peach–Koehler force equation, i.e., Eq. (13.10), with b = (0,0,b) and

t̂ ¼ 0; 0; 1ð Þ. Therefore,

ff DIS1=DISIM ¼ d� t̂ ¼ bsIM23 ðq; 0Þê1 � bsIM13 ðq; 0Þê2 ¼ �
mb2

4pq
ê1: ð13:43Þ

The image stress therefore tends to pull the dislocation out of the body with a

force that varies inversely with its distance from the surface.

Screw dislocation along axis of cylindrical body

Consider a straight screw dislocation with b = (0,0,b) and t̂ ¼ 0; 0;1ð Þ in an

isotropic system lying along the z axis of a long cylinder of radius R with end

faces at z=�L, where L
R. According to Eq. (12.57), the stress field in cylin-

drical coordinates of the same dislocation in an infinite body is given by

s1yz ðrÞ ¼ mb=ð2prÞ. Therefore, to obtain a traction-free surface on the cylinder,

this stress must be canceled on the end faces by an equal and opposite image stress.

Note that no cancelation is required on the cylindrical surface. Using Eq. (12.57),

the integrated effect of imposing this distribution of image stress on the end faces

is equivalent to that produced by applying a torque around the z axis given by

tIM ¼ �2p

ð

R

0

s1yz r
2d r ¼ �

mbR2

2
: ð13:44Þ

Such a torque will induce a twist angle per unit length along the z axis, y, and a

corresponding shear strain eyz
IM=yr/2 and shear stress syz

IM=myr. Since the

image torque is given by

tIM ¼ 2p

ð

R

0

sIMyz r
2dr ¼

pmR4

2
y; ð13:45Þ
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y must be of magnitude y = �b / (p R2). Even though application of this torque

and associated image stress eliminates the net torque experienced by the cylinder,

it does not produce detailed cancelation of the s1yz ðrÞ ¼ mb=ð2prÞ stress distribu-

tion on the end faces. However, according to St.-Venant’s principle, this failure to

achieve detailed cancelation will be significant only in relatively small regions of

the cylinder at distances from the cylinder ends less than about 2R. Neglecting

these regions, a suitable image stress is then

sIMyz ¼ myr ¼ �
mb

pR2
r: ð13:46Þ

The final total stress in essentially the entire traction-free cylinder is then

syz ¼ s1yz þ sIMyz ¼
mb

2pr
�

mb

pR2
r ¼

mb

2pr
1� 2

r

R

	 
2
� �

ð13:47Þ

and the contribution of the image stress is therefore negligible in regions where r is

small relative to R.

The corresponding strain energy per unit length due to the screw dislocation is

readily found by substituting Eq. (13.47) into Eq. (2.136) to obtain

w ¼
1

2m

ð

2p

0

ð

R

r	

s2yzr d r d y ¼
1

2m

ð

2p

0

ð

R

r	

mb

2pr
1� 2

r

R

	 
2
� �� �

2

r d r dy ¼
mb2

4p
ln

R

r	
� 1

� �

:

ð13:48Þ

Then, accounting for the core energy by employing the a parameter (see Eq. (12.42)),

w ¼
mb2

4p
ln
aR

b
� 1

� �

; ð13:49Þ

which may be compared with Eq. (12.61). As expected, the strain energy is

therefore reduced when the image stress is added to the system.

Edge dislocation in half-space with planar surface

The problem of finding the image stress for a straight edge dislocation in an

isotropic system lying parallel to a nearby planar surface of a half-space is more

complicated than for the above screw dislocation, since a traction-free surface is not

obtained by simply introducing a negative image dislocation. Consider an edge

dislocation (with b=(b,0,0) and t̂ ¼ 0;0;1ð Þ) lying parallel to x3 at x1= q alongwith

a negative image dislocation lying along x1 =�q as in Fig. 13.3. Equation (12.45)

shows that, while the resulting total s11 stress vanishes at x1=0, the total s12 stress

does not. Additional image stresses must therefore be added.

Following Dundurs (1969), a solution can be found in the form of a stress

function that is a combination of Airy stress functions taken from Table I.1, i.e.,

c ¼ �
mb

2pð1� nÞ
L lnL sin y� LIM lnLIM sin yIM þ a1 sin 2y

IM þ a2
sin yIM

xIM

� �

; ð13:50Þ

314 Dislocations and stress



where the quantities L, LIM, y, and yIM are shown in Fig. 13.3. As seen from

Exercise 12.6, the first two terms are the stress functions of the real dislocation and

its negative image, respectively, while the two additional functions are added to

produce a traction-free surface. Using Eq. (3.171), the stresses associated with the

stress function x(1) ln x(1) sin y(1) are, for example,

s11 ¼ �Ax2
3ðx1 � qÞ2 þ x22

L4
; s22 ¼ Ax2

ðx1 � qÞ2 � x22
L4 ; s12 ¼ A

ðx1 � qÞ½ðx1 � qÞ2 � x22�

L4
;

ð13:51Þ

where A = mb /[2p(1 � n)]. Using Eq. (3.171) to determine the stresses contributed

by the remaining terms in Eq. (13.50), a traction-free surface at x1 = 0 is obtained

when a1 = q and a2 = �2q2. The final total stress field is then

s11 ¼ �Ax2
3ðx1 � qÞ2 þ x22

L4
�
3ðx1 þ qÞ2 þ x22

ðLIMÞ
4

� 4qx1
3ðx1 þ qÞ2 � x22

ðLIMÞ
6

" #

s22 ¼ Ax2
ðx1 � qÞ2 � x22

L4
�
ðx1 þ qÞ2 � x22

ðLIMÞ
4

"

þ 4q
2ðx1 þ qÞ3 � 3x1ðx1 þ qÞ2 þ 2ðx1 þ qÞx22 þ x1x

2
2

ðLIMÞ
6

#

s12 ¼ A
ðx1 � qÞ½ðx1 � qÞ2 � x22�

L4
�
ðx1 þ qÞ½ðx1 þ qÞ2 � x22�

ðLIMÞ
4

(

þ 2q
ðx1 þ qÞ4 � 2x1ðx1 þ qÞ3 þ 6x1ðx1 þ qÞx22 � x42

ðLIMÞ
6

)

:

ð13:52Þ

The force exerted on the dislocation by its image stress is determined inExercise 13.6.

Edge dislocation along axis of cylindrical body

Consider a straight edge dislocation with b= (b,0,0) and t̂ ¼ 0;0;1ð Þ in an isotropic

system lying along the axis of a long traction-free cylinder of radius R with flat end

faces at x3=� L, where L
 R. According to Eq. (12.47), the same dislocation in an

infinite bodywould generate stress components s1rr and s
1
ry that produce tractions on

cylindrical surfaces and a s1zz component that produces tractions on constant z

surfaces. However, integrals of the latter tractions taken over the end faces of the

cylinder vanish. Assuming a solution that is the sum of an infinite body solution and

an image stress, there is then no need to introduce an image stress to produce detailed

cancelation of these tractions, since, according to St.-Venant’s principle, their effects

essentially vanish at insignificant distances (approximately 2R) from each end.

Turning to the cylindrical surface, the Airy stress function

cIM ¼ Ar3 sin y ¼ Aðx21 þ x22Þx2 ðA ¼ constant Þ ð13:53Þ

listed in Table I.1 provides stresses that can be used to cancel the infinite body

tractions on this surface. Using Eq. (3.171) and the equations of elasticity in
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cylindrical coordinates given in Appendix G, the required stresses provided by this

stress function are

sIMrr ¼ 2Ar sin y and sIMry ¼ �2Ar cos y: ð13:54Þ

The conditions for a traction-free cylindrical surface are then

srrðR; yÞ ¼ s1rr ðR; yÞ þ sIMrr ðR; yÞ ¼ �
mb sin y

2pð1� nÞR
þ 2AR sin y ¼ 0

sryðR; yÞ ¼ s1ryðR; yÞ þ sIMry ðR; yÞ ¼
mb cos

2pð1� nÞR
� 2AR cos y ¼ 0

9

>

>

>

=

>

>

>

;

; ð13:55Þ

after use of Eq. (12.47). Then, solving for A,

A ¼
mb

4pð1� nÞR2
ð13:56Þ

and the stress field in the finite cylinder with a traction-free surface is

srr ¼ s1rr þ sIMrr ¼ �
mb sin y

2pð1� nÞr
1�

r

R

	 
2
� �

syy ¼ s1yy þ sIMyy ¼ �
mb sin y

2pð1� nÞr
1� 3

r

R

	 
2
� �

sry ¼ s1ry þ sIMry ¼
mb cos y

2pð1� nÞr
1�

r

R

	 
2
� �

szz ¼ s1zz ¼ nðsrr þ syyÞ

srz ¼ s1rz þ sIMrz ¼ 0 syz ¼ s1yz þ sIMyz ¼ 0:

ð13:57Þ

Comparing these stresses with the infinite body stresses given by Eq. (12.47), it is

seen that the image stress can be neglected in the vicinity of the dislocation where r

is small relative to R.

Following Hirth and Lothe (1982), the strain energy in the traction-free

cylinder can be determined by calculating the change in strain energy due to

the introduction of the image stresses and adding this to the strain energy before

the introduction of the image stresses, which is given by Eq. (12.61). Assume

that the cylinder containing the dislocation is first cut out of the infinite matrix

while tractions are simultaneously applied to the R = constant surface so that

no stress relaxation occurs. Then, introduce the Airy stresses to cancel these

tractions. This causes the displacements, uIMr and uIMy , thereby requiring that

work be done against the existing tractions. Since the existing tractions decrease

linearly as these displacements increase, the change in strain energy per unit

cylinder length is

w ¼
1

2

ð

2p

0

½s1rr ðR; yÞu
IM
r ðR; yÞ þ s1ryðR; yÞu

IM
y ðR; yÞ�R dy: ð13:58Þ

The displacements, uIMr and uIMy , required in Eq. (13.58), are obtained by integrat-

ing the image strains according to
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uIMr ¼

ð

quIMr
qr

dr ¼

ð

eIMrr dr

uIMy ¼

ð

quIMy
qy

dy ¼

ð

ðreIMyy � uIMr Þdy:

ð13:59Þ

The strains required in Eq. (13.59), obtained from the image stress function, Eq.

(13.53), by use of Eq. (3.171) and the standard relationships in Appendix G, are

eIMrr ¼
Að1� 4nÞ

m
r sin y

eIMyy ¼
Að3� 4nÞ

m
r sin y:

ð13:60Þ

Then, substituting these strains into Eq. (13.59) and performing the integrations,

and substituting the resulting displacements into Eq. (13.58) and performing the

integration,

w ¼ �
mb2ð3� 4nÞ

16pð1� n2Þ
; ð13:61Þ

after using Eq. (13.56). Then, finally adding this result to the strain energy given

by Eq. (12.61), the expression

w ¼
mb2

4pð1� nÞ
ln
aR

b
�
ð3� 4nÞ

4ð1þ nÞ

� �

ð13:62Þ

is obtained for the strain energy (per unit length) of an edge dislocation along the

axis of a finite traction-free cylinder. As in the case of Eq. (13.49) for the screw

dislocation in a traction-free cylinder, the relaxation due to the addition of the

image stress produces a relatively small decrease of the strain energy.

13.3.3 Straight dislocation parallel to planar interface between dissimilar half-spaces

13.3.3.1 General dislocation
Elastic field

Consider the general straight dislocation in half-space 1 near the planar interface

between half-spaces 1 and 2 illustrated in Fig. 13.4. Barnett and Lothe (1974) have

Half-space 1

C ijkl

(2)
C ijkl

(1)
x

x2
ˆ n 

ˆ m

x1

DislocationInterface

Half-space 2 

q

O

Figure 13.4 End view of straight dislocation lying in half-space 1 parallel to planar interface

between dissimilar half-spaces 1 and 2 at distance q in ðm̂; n̂; t̂Þ coordinate system, where

t̂ ¼ m̂� n̂.
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determined its elastic field in both half-spaces by imagining that the arrangement

shown in Fig. 13.4 is reached in the two-step procedure illustrated in Fig. 13.5. In

Fig. 13.5a, the two half-spaces are not yet joined, and possess traction-free planar

surfaces facing each other. In step 1, the dislocation is introduced into half-space 1

by a cut and displacement along the S surface illustrated in Fig. 13.5b. In step 2, the

half-spaces are forcibly bonded so that points that were opposite one another across

the gap in Fig. 13.5a are rejoined, as illustrated in Fig. 13.5c. The stress field in Fig.

13.5b due to the dislocation, denoted s
ð1Þ0

ij , is already known from the results of

Section 13.3.2.1. The stresses induced in half-spaces 1 and 2 by step 2, denoted

s
ð1Þ00

ij and s
ð2Þ00

ij , respectively, can be found by imagining that an infinite number of

infinitesimal straight parallel dislocations is passed through half-space 2 and

deposited in the interface, in the manner illustrated in Fig. 13.6. If the distribution

of the Burgers vector strength of these dislocations, as a function of distance along

x1, is chosen so that the plastic displacements at the interface produced by the

passage of the dislocations are equal and opposite to the known elastic displace-

ments at the interface in half-space 1 at the end of step 1, the stress field in half-space

2 will vanish, and the stress field in half-space 1 will return to s
ð1Þ0

ij . Therefore,

s
ð1Þ00

ij ¼ �s
DISð1Þ
ij

s
ð2Þ00

ij ¼ �s
DISð2Þ
ij ;

ð13:63Þ

where s
DISð1Þ
ij and s

DISð2Þ
ij are the stress fields in half-spaces 1 and 2 due to the

dislocations in the interface. The final stresses in the half-spaces are then

ˆ n x2

ˆ m 

x1

Dislocation 

(b)(a)

Dislocation 

1212

Figure 13.6 (a) End view of introduction of infinite number of parallel infinitesimal

dislocations into half-space 2 of joined half-spaces 1 and 2 shown previously in Fig. 13.5c.

(b) Final positions of dislocations in interface.

2 1 2 1 2 1

(2) (1)
Σ Interface

DislocationDislocation

(b)(a) (c)

Figure 13.5 (a) Half-spaces 1 and 2 with traction-free surfaces S(1) and S(2) initially facing

each other. (b) Dislocation (end view) introduced into half-space 1 via S cut surface.

(c) Half-spaces 1 and 2 joined together to create interface.
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s
ð1Þ
ij ¼ s

ð1Þ0

ij þ s
ð1Þ00

ij ¼ s
ð1Þ0

ij � s
DISð1Þ
ij

s
ð2Þ
ij ¼ s

ð2Þ00

ij ¼ �s
DISð2Þ
ij :

ð13:64Þ

Expressions for the stresses s
DISð1Þ
ij and s

DISð2Þ
ij are now required to complete the

problem. The displacement condition at the interface that must be satisfied is,

uDISð2Þ
i ðx1Þ ¼ �u

ð1Þ0

i ðx1; 0Þ; ð13:65Þ

where uDISð2Þ
i ðx1Þ is the plastic displacement along the interface due to the passage

of the dislocations, and u
ð1Þ0

i ðx1; 0Þ is the elastic displacement at the interface due to

the dislocation at (0,q). If the Burgers vector strength of the infinitesimal disloca-

tions lying in the interface between x1 and x1 þ dx1 is Bi(x1) dx1, the plastic

displacement they produce in half-space 2 is related to Bi(x1) by

Biðx1Þ ¼ �
duDISð2Þ

i

dx1
: ð13:66Þ

The required distribution Bi(x1) is therefore obtained by substituting Eq. (13.65)

into Eq. (13.66), so that

Biðx1Þ ¼
qu

ð1Þ0

i ðx1; x2Þ

qx1

" #

n̂�x¼0

: ð13:67Þ

Then, substituting Eqs. (13.26), (13.27), and (13.32) for u
ð1Þ0

i ðx1; x2Þ, and using s to

measure distance along the interface in the direction of m̂,

BiðsÞ ¼
bs

2pi

X

6

a¼1

�A
ð1Þ
ia L

ð1Þ
sa

s� p
ð1Þ
a q

þ
X

3

a¼1

A
ð1Þ
ia M

ð1Þ
aj

X

3

b¼1

L
�ð1Þ
jb L

�ð1Þ
sb

s� p
�ð1Þ
b q

0

@ �
X

3

a¼1

A
�ð1Þ
ia M

�ð1Þ
aj

X

3

b¼1

L
ð1Þ
jb L

ð1Þ
sb

s� p
ð1Þ
b q

1

A:

ð13:68Þ

Next, the stresses, s
DISð1Þ
ij and s

DISð2Þ
ij , due to the distribution of Burgers vector

strength in the interface, Bi(s), are obtained by employing Eq. (14.76). For a single

dislocation in an interface the quantities E
ð1Þ
a and E

ð2Þ
a in Eq. (14.76) are expected to

be proportional to its Burgers vector and therefore expressible in the forms

E
ð1Þ
a ¼ � J

ð1Þ
sa bs E

ð2Þ
a ¼ � J

ð2Þ
sa ða ¼ 1; 2; . . . ; 6Þ ; ð13:69Þ

where the J
ðiÞ
sa are constants. For example, for the special case where the twohalf-spaces

are identical, a comparison of Eqs. (14.76) and (12.12) shows that Ea = Lsabs. For the

present dislocation distribution, the quantities E
ð1Þ
a and E

ð2Þ
a are again expected to be

proportional to the Burgers vector strength and therefore, expressible in the forms

E
ð1Þ
a ¼ � J

ð1Þ
sa BsðsÞ E

ð2Þ
a ¼ � J

ð2Þ
sa BsðsÞ ða ¼ 1;2; . . . ;6Þ ; ð13:70Þ

where the J
ðiÞ
sa are the same constants as in Eq. (13.69) and are to be determined.

Then, by using Eqs. (14.76) and (13.70) for half-space 1, and integrating over the

distribution of Burgers vector strength along the interface,
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s
DISð1Þ
ij ðxÞ ¼ Cmnip

qu
ð1Þ
1

qxp
¼

1

2pi

X

6

a¼1

C
ð1Þ
mnipA

ð1Þ
ia ð� Jð1Þsa Þðm̂p þ pan̂pÞ

ð

1

�1

BðsÞds

m̂ � x� sþ p
ð1Þ
a n̂ � x

: ð13:71Þ

The only remaining unknown quantity is now J
ð1Þ
sa in Eq. (13.71), and this can be

obtained (Barnett and Lothe, 1974) by the following rather lengthy but straight-

forward process. Consider a single dislocation in the interface and begin by

multiplying Eq. (14.80) by L
ð2Þ
ib and Eq. (14.88) by A

ð2Þ
ib , adding the results, and

substituting Eq. (3.71) to obtain

X

6

a¼1

ðA
ð1Þ
ia L

ð2Þ
ib þ A

ð2Þ
ib L

ð1Þ
ia ÞEð1Þ

a ¼
X

6

a¼1

ðA
ð2Þ
ib L

ð2Þ
ia þ A

ð2Þ
ia L

ð2Þ
ib ÞEð2Þ

a ¼
X

6

a¼1

dabE
ð2Þ
a ¼ E

ð2Þ
b :

ð13:72Þ

Similarly, by using L
ð1Þ
ib and A

ð1Þ
ib as multipliers,

X

6

a¼1

ðA
ð1Þ
ia L

ð1Þ
ib þ A

ð1Þ
ib L

ð1Þ
ia ÞEð1Þ

a ¼ E
ð1Þ
b ¼

X

6

a¼1

ðA
ð1Þ
ib L

ð2Þ
ia þ A

ð2Þ
ia L

ð1Þ
ib ÞEð2Þ

a : ð13:73Þ

Then, after setting

Kab ¼ ðA
ð1Þ
ib L

ð2Þ
ia þ A

ð2Þ
ia L

ð1Þ
ib Þ; ð13:74Þ

Eqs. (13.72) and (13.73)) reduce to

E
ð1Þ
b ¼

P

6

a¼1

KabE
ð2Þ
a E

ð2Þ
b ¼

P

6

a¼1

KbaE
ð1Þ
a : ð13:75Þ

Furthermore, it can be confirmed, by direct substitution and the use of the

completeness relationships, Eqs. (3.76)–(3.78), and also Eq. (3.71), that

X

6

a¼1

KabKam ¼ dbm ð13:76Þ

and

P

6

b¼1

KabL
ð1Þ
sb ¼ L

ð2Þ
sa

P

6

b¼1

KbaL
ð2Þ
sb ¼ L

ð1Þ
sa ; ð13:77Þ

P

6

b¼1

KabA
ð1Þ
sb ¼ A

ð2Þ
sa

P

6

b¼1

KbaA
ð2Þ
sb ¼ A

ð1Þ
sa : ð13:78Þ

Another relationship is obtained by substituting Eq. (13.75) into Eqs. (14.89) and

(14.81), multiplying the results by A
ð2Þ
ib and L

ð2Þ
ib , respectively, and adding the results

so that

X

6

a¼1

ð� L
ð1Þ
ia ÞA

ð2Þ
ib þ ð�A

ð1Þ
ia ÞL

ð2Þ
ib

h i

Eð1Þ
a þ ð� L

ð2Þ
ia ÞA

ð2Þ
ib þ ð�A

ð2Þ
ia ÞL

ð2Þ
ib

h i

X

6

m¼1

KamE
ð1Þ
m

( )

¼ 2L
ð2Þ
ib bi:

ð13:79Þ
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Then, substituting Eqs. (13.74) and (3.71) into Eq. (13.79),

X

6

a¼1

ð�KbaÞE
ð1Þ
a þ

X

6

a¼1

X

6

m¼1

ð� dmbÞKmaE
ð1Þ
a ¼ 2L

ð2Þ
ib bi: ð13:80Þ

When b = 1,2,3, and when b = 4,5,6, Eq. (13.80) reduces, respectively, to

P

3

a¼1

KbaE
ð1Þ
a ¼ L

ð2Þ
ib bi ðb ¼ 1;2;3Þ ; ð13:81Þ

P

6

a¼4

KbaE
ð1Þ
a ¼ �L

ð2Þ
ib bi ðb ¼ 4;5;6Þ : ð13:82Þ

The solution for E
ð1Þ
a (a = 1,2,3) can now be obtained. First, multiply Eq. (13.81)

through by the matrix,M
ð2Þ
bs , which is the inverse of L

ð2Þ
sa as indicated by Eq. (3.117),

sum over b = 1,2,3, and use Eq. (13.74) to obtain

X

3

b¼1

L
ð2Þ
ib M

ð2Þ
bs bi ¼ bs ¼

X

3

b¼1

X

3

a¼1

M
ð2Þ
bs KbaE

ð1Þ
a ¼

X

3

b¼1

X

3

a¼1

ðA
ð1Þ
ia L

ð2Þ
ib M

f2g
bs þ A

ð2Þ
ib L

ð1Þ
ia M

ð2Þ
bs ÞE

ð1Þ
a :

ð13:83Þ

Then, by using Eq. (3.117),
P

3

b¼1

P

3

a¼1

A
ð1Þ
ia L

ð2Þ
ib M

f2g
bs ¼

P

3

b¼1

P

3

a¼1

A
ð1Þ
sb L

ð1Þ
ia M

f1g
bi , and

Eq. (13.83) can be expressed in the form

X

3

a¼1

FsiL
ð1Þ
ia Eð1Þ

a ¼ bs; ð13:84Þ

where

Fsi ¼
X

3

b¼1

ðA
ð1Þ
sb M

ð1Þ
bi þ A

ð2Þ
ib M

ð2Þ
bs Þ: ð13:85Þ

Using matrix notation, the solution of Eq. (13.84) for E
ð1Þ
a (a=1,2,3) is

½F�½Lð1Þ�½Eð1Þ� ¼ ½b�

½Lð1Þ�½Eð1Þ� ¼ ½F��1½b�

½Eð1Þ� ¼ ½Lð1Þ��1½F��1½b� ¼ ½Mð1Þ�½F��1½b�:

ð13:86Þ

Now, from Eq. (13.70), E
ð1Þ
a ¼ J

ð1Þ
sa bs (a=1,2,3). Also, from Eq. (13.86), [E(1)], in

component form, is given by E
ð1Þ
a ¼ M

ð1Þ
ak F

�1
ks bs (a = 1,2,3). Therefore, finally,

J
ð1Þ
sa ¼ M

ð1Þ
ak F

�1
ks ða ¼ 1;2;3Þ : ð13:87Þ

As shown later, the matrix Fkj has the properties

Fks ¼ �F�
sk or ½F� ¼ �½F�� T; ð13:88Þ

F�1
ks ¼ �F��1

sk or ½F�
�1

¼ � ½F���1
h iT

: ð13:89Þ
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Equation (13.88) can be derived by substituting Eq. (3.129) into Eq. (13.85) so that

Fks ¼ �
X

3

b¼1

ðA
�ð1Þ
sb M

�ð1Þ
bk þ A

�ð2Þ
kb M

�ð2Þ
bs Þ: ð13:90Þ

However, F�
ks ¼

P

3

b¼1

ðA
�ð1Þ
kb M

�ð1Þ
bs þ A

�ð2Þ
sb M

�ð2Þ
bk Þ, and, upon comparing this with Fks,

expressed by Eq. (13.90), Eq. (13.88) is obtained. Equation (13.89) can be obtained

by the operations

½F� ¼ �½F��T

½F�½F��1 ¼ �½F��T½F��1 ¼ ½I�

� ½F��1
h iT

½F��½F���1 ¼ � ½F��1
h iT

¼ ½I�½F���1 ¼ ½F���1

½F��1 ¼ � ½F���1
h iT

:

ð13:91Þ

The quantity J
ð1Þ
sa (a = 4,5,6) can be obtained in a similar manner starting with

Eq. (13.82) with the result

J
ð1Þ
s;aþ3 ¼ J

�ð1Þ
sa ¼ M

�ð1Þ
ak F��1

ks ða ¼ 1;2;3Þ : ð13:92Þ

These equations therefore suffice to determine s
DISð1Þ
ij ðxÞ. The corresponding field in

half-space 2 can be obtained by minor extensions of the analysis (Barnett and Lothe,

1974), and the final stresses in the two half-spaces are then given by Eq. (13.64).

Image force

The image force on the dislocation can be obtained by substituting the final stress

field given by Eq. (13.64) into the Peach–Koehler force equation. The force due to

the s
ð1Þ0

ij stress is already known, since, by use of Eq. (13.38), it takes the form

f DIS1=DISIM
0

¼ w 0
	=q, where w

0
	 is the strain energy factor for the same dislocation

in an infinite body,which is given byEq. (12.41). Barnett andLothe (1974) show, by an

extension of the results in Section 13.3.3.1, that the force due to the s
ð1Þ00

ij stress is of the

similar form f DIS1=DISIM
00

¼ �w00
	=q, wherew

00
	 is the strain energy factor for the same

dislocation in the interface which is given by Eq. (14.97). The total image force is then

f DIS1=DISIM

¼ f DIS1=DISIM
0

þ f IDIS1=DISIM
00

¼ ðw0
	 �w00

	Þ=q: ð13:93Þ

Note that when the two half-spaces are identical elastically, f DIS1=DISIM

¼ 0, as

must be the case. In Section 13.3.2.1 it is shown that all free surfaces that are

parallel to a dislocation lying in a half-space with a fixed t̂ and b, and at a distance q

from the surface, exert the same image force, f DIS1=DISIM
0

, on the dislocation (see

Eq. (13.38)). Furthermore, the results of Barnett and Lothe (1974) show thatw00
	 is a

function only of t̂ and b of the dislocation, as described in each half-space, and

the C
ðiÞ
ijkl tensors of the half-spaces. Therefore, all interfaces between dissimilar half-

spaces that are parallel to a dislocation lying in one half-space with t̂ and b fixed
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in each half-space, and at a distance q from the interface, exert the same image force,

f DIS1=DISIM

, on the dislocation.4

13.3.3.2 Some results for isotropic system
Screw dislocation

Consider the image field associated with a straight screw dislocationwith b=(0,0,b)

and t̂ ¼ 0;0;1ð Þ in an isotropic system lying in the half-space region 1 parallel to the

nearby planar interface illustrated in Fig. 13.7. This image problem can be treated by

employing a somewhat more complicated image dislocation arrangement than used

previously for the free surface case. With the real dislocation located at q, place

an image dislocation at x1 =�q with the modified Burgers vector (0,0,�a1b), and

calculate the elastic field in region 1 assuming that m = m(1) everywhere. To obtain

the field in half-space region 2 place a single screw dislocation at x1 = q with the

modified Burgers vector (0,0,a2), and assume that m = m(2) everywhere. The quan-

tities a1 and a2 are mismatch parameters, introduced to account for the difference in

elastic constants across the interface, and will be determined by the boundary

conditions at the interface. Therefore, with the use of Eq. 12.274,

u
ð1Þ
3 ðx1; x2Þ ¼

b

2p
tan�1 x2

x1 � q
� a1tan

�1 x2

x1 þ q

� �

u
ð2Þ
3 ðx1; x2Þ ¼

b

2p
a2tan

�1 x2

x1 � q

� �

:

ð13:94Þ

The boundary condition u
ð1Þ
3 ð0; x2Þ ¼ u

ð2Þ
3 ð0; x2Þ is then satisfied when

a1 þ 1 ¼ a2: ð13:95Þ

The corresponding s13 stresses are then

s
ð1Þ
13 ¼ mð1Þ

qu
ð1Þ
3

qx1
¼

mð1Þb

2p

�x2

ðx1 � qÞ2 þ x22

þ a1
x2

ðx1 þ qÞ2 þ x22

" #

s
ð2Þ
13 ¼ �

mð2Þb

2p

ða1 þ 1Þx2

ðx1 � qÞ2 þ x22

" #
ð13:96Þ

x2 P(x1,x2)

LLIM

m(2) m(1)

qqIM

x1O

DislocationImage dislocation

q q

Interface

Half-space 1Half-space 2
x

Figure 13.7 Dissimilar half-spaces 1 and 2 joined along planar interface in x1 = 0 plane.

Long straight dislocation in half-space 1 lying parallel to x3 at x1 = q. Parallel image

dislocation at x1 =�q.

4 This result may be compared to the similar result obtained at the end of section 13.3.2.1 for a

dislocation lying parallel to the free surface of a half-space.
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and the boundary condition s
ð1Þ
13 ð0; x2Þ ¼ s

ð2Þ
13 ð0; x2Þ is satisfied when

a1 ¼
mð1Þ � mð2Þ

mð1Þ þ mð2Þ
: ð13:97Þ

The assumed arrangement of image dislocations therefore provides a solution

that satisfies all conditions. By introducing the distances LIM and L, defined by

Eq. (13.41) (also Fig. 13.7), the corresponding s23 stresses are readily obtained in

the forms

s
ð1Þ
23 ¼ mð1Þb

2p
x1�q

L2 � a1ðx1þqÞ

ðLIMÞ
2

� �

s
ð2Þ
23 ¼ mð2Þb

2p

ð1þa1Þðx1�qÞ

L2

h i

: ð13:98Þ

The final image stresses, from the above results, are therefore

s
ð1Þ;IM
13 ¼

mð1Þba1

2p

x2

ðLIMÞ
2

s
ð2Þ;IM
13 ¼ �

mð2Þba1

2p

x2

L2

s
ð1Þ;IM
23 ¼ �

mð1Þba1

2p

ðx1 þ qÞ

ðLIMÞ
2

s
ð2Þ;IM
23 ¼

mð2Þba1

2p

ðx1 � qÞ

L2
:

ð13:99Þ

Note that when m(1)=m(2), and a1=q=0, the above solution reduces to

Eq. (12.55) for the dislocation in an infinite homogeneous body. When m(2) = 0,

and a1 = 1, it reduces for region 1 to Eq. (13.40).

The corresponding force exerted on the dislocation is found by inserting the

image stress into the Peach–Koehler force equation with the result

ff
DIS1=DISIM ¼ d� t̂ ¼ bs

ð1Þ;IM
23 ðq; 0Þê1 � bs

ð1Þ;IM
13 ðq; 0Þê2

¼ b
�mð1Þba1

2pðx1 þ qÞ

� �

x1¼q

ê1 ¼ �
mð1Þ � mð2Þ

mð1Þ þ mð2Þ

� �

mð1Þb2

4pq
ê1:

ð13:100Þ

When m(1) > m(2), and half-space 1 is stiffer than half-space 2, a1 is positive. The

dislocation is then urged along �ê1, i.e., towards the softer region as expected.

Edge dislocation

Consider next the image field associated with a straight edge dislocation, with

b = (b,0,0) and t̂ ¼ 0;0;1ð Þ in an isotropic system lying in the half-space region 1

parallel to a nearby planar interface, as illustrated in Fig. 13.7. This problem

cannot be solved by simply introducing image dislocations, as in the case of the

above screw dislocation. However, Dundurs (1969) has constructed a solution for

the image field using a stress function approach employing several of the stress

functions listed in Table I.1. The results are lengthy and tedious and have been

written out in full for a variety of situations by Asaro and Lubarda (2006), and,

therefore, will not be reproduced here. As in the case of the screw dislocation, the

edge dislocation is generally repelled by the stiffer half-space and attracted to the

softer one.
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13.3.4 Straight dislocation impinging on planar free surface of half-space

13.3.4.1 Elastic field of general dislocation
Consider the long straight general dislocation impinging on the free surface of the

half-space in Fig. 13.8a. As shown by Lothe, Indenbom, and Chamrov (1982) and

Lothe (1992c), its elastic field in the half-space can be obtained as the sum of two

fields, i.e., the elastic field of a corresponding dislocation of infinite length in an

infinite body (running parallel to the semi-infinite impinged dislocation) and the

field of a dislocation fan in an infinite body lying in the x3 = 0 plane and centered on

the point at which the dislocation pierces the plane, as shown in Fig. 13.8b. The fan

consists of a planar array of an infinite number of infinitely long straight disloca-

tions of infinitesimal Burgers vector strength intersecting at a point in a fan-like

radial configuration (Lothe, 1992b). The Burgers vector strength of the dislocations

comprising the fan has an angular distribution, b(c), where db = b(c)dc is the

total Burgers vector strength of the dislocations lying in the fan at angles between c

and c þ dc. The distribution, b(c), is a variable of the model, that, when properly

formulated, causes the tractions on the x3=0 plane due to the elastic field of the fan

to cancel the tractions due to the dislocation, thus producing a traction-free surface.

The elastic field in the half-space in Fig. 13.8a can therefore be expressed as

sij ¼ s1ij þ sFAN
ij ; ð13:101Þ

where s1ij is the stress in the infinite body due to the dislocation, and sFANij is the stress

in the infinite body due to the fan serving as an image stress. We proceed by first

determining the traction on the x3 = 0 plane due to the dislocation and then the

traction due to the fan, in order to find the condition on b(c) for vanishing net

traction. Having this, sFAN
ij and s1ij are determined for substitution into Eq. (13.101).

Traction on x3 = 0 plane at P due to dislocation

The coordinate systems and geometry in Fig. 13.9 are employed. Here, the field

point P lies in the plane O0APB, which is perpendicular to the dislocation, and is

located at the polar coordinates (r, o) with the origin taken at O0. Alternatively,

x1 x1

x2

x3 x2 x3

(b)(a)

Impinged dislocation Dislocation

y

qq

Free surface

Figure 13.8 (a) Long straight dislocation impinged on free surface of half-space at angle y.

(b) Corresponding infinitely long straight dislocation in infinite body piercing x3 = 0 plane

at angle y. Also present is a dislocation fan lying in the x3 = 0 plane and centered on

the point of its intersection with the long straight dislocation.
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P lies in the x3 = 0 plane, located at the polar coordinates (r, c) with the origin

taken at O.

To obtain the traction acting on the x3 = 0 plane at P(r,o) due to the elastic

field of the dislocation, the corresponding distortion is first determined by

integrating the Mura equation, Eq. (12.80), using the method employed in

Exercise 12.4. Here, the elastic field of an infinitely long straight dislocation is

obtained by starting with a loop initially containing a straight segment of the

desired dislocation type and then extending it to the limit of infinite length in the

subsequent line integration. Using Eq. (12.80), the distortion can therefore be

written as

qu1j ðxÞ

qxs
¼ �bkCkpimeqps

ð

1

�1

qG1
ij ðx� t̂s0Þ

qxm
t̂q ds

0; ð13:102Þ

where s0 measures distance along the dislocation, and x0 ¼ s0̂t. The required

derivative of the Green’s function can be obtained by use of Eq. (4.31) which

can be put into a useful form by employing the delta function relationship

ddðk̂ � ŵÞ

dðk̂ � ŵÞ
¼ jx� x0j2

ddð½k̂ � ðx� x0Þ�

d½k̂ � ðx� x0Þ�
; ð13:103Þ

which can be established using Eqs. (c) and (d) in Table D.1. Insertion of

Eq. (13.103) into Eq. (4.31) then yields

qG1
kmðx� x0Þ

qxi
¼

1

8p2 ∯̂
S

ðk̂k̂Þ�1
km k̂i

dd½k̂ � ðx� x0Þ�

d½k̂ � ðx� x0Þ�
dS; ð13:104Þ

where the surface integral is over the unit sphere Ŝ ðk̂ ¼ 1Þ. Insertion of

Eq. (13.104) into Eq. (13.102) then yields

qu1j ðxÞ

qxs
¼ �

1

8p2
bkCkpimeqps ∯̂

S

ðk̂k̂Þ�1
ij k̂m

ð

1

�1

dd½k̂ � ðx� t̂s0Þ�

d½k̂ � ðx� t̂s0Þ�
t̂q ds

0 dS: ð13:105Þ

P(r,y ) P(r,w )

   B          x1

x2

x3
ˆ t 

O

ˆ n = ˆ e3 °

O′ Dislocation

r

or

r

w

A

y

qa

Figure 13.9 Coordinate systems and geometry for analyzing the traction at field point

P(r,o) on the x3 = 0 plane due to an infinitely long straight dislocation intersecting it at

the angle y, and a dislocation fan, of the type illustrated in Fig. 13.8b, lying on the x3 = 0

plane and centered at O. Entire system is embedded in an infinite homogeneous body.
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However, according to Eq. (h) in Table D.1,

ð

1

�1

dd½k̂ � ðx� t̂s0Þ�

d½k̂ � ðx� t̂s0Þ�
ds0 ¼

�2dðk̂ � t̂Þ

ðk̂ � xÞ
; ð13:106Þ

and, substituting this into Eq. (13.105),

qu1j ðxÞ

qxs
¼

1

4p2
bkCkpimeqps ∯̂

S

ðk̂k̂Þ�1
ij k̂m

ðk̂ � xÞ
dðk̂ � t̂Þt̂qdS: ð13:107Þ

However, the delta function dðk̂ � t̂Þ in Eq. (13.107) reduces the surface integral

over the unit sphere Ŝ ðk̂ ¼ 1Þ to a line integral in which the unit vector, k̂,

traverses the unit circle L̂ðk̂ ¼ 1Þ lying in the plane k̂ � t̂ ¼ 0. Using Eq. (13.107),

the distortion at x due to the dislocation can therefore be expressed in the

alternative line integral form

qu1j ðxÞ

qxs
¼

1

4p2
bkCkpimeqps

þ

L̂

ðk̂k̂Þ�1
ij k̂m

ðk̂ � xÞ
t̂qdf; ð13:108Þ

where the integral is around a unit circle in a plane perpendicular to t̂ (i.e., the

dislocation), and f measures the rotation of k̂ around the unit circle.

At this point the coordinates shown in Fig. 13.10a are introduced: these include

the usual ðm̂; n̂; t̂Þ coordinates of the integral formalism and the base vectors of a

second ðm̂0; n̂0; t̂0Þ system obtained by rotating the ðm̂; n̂; t̂Þ system around its t̂ ¼ t̂

axis by the relative angle (o0 � o). The dislocation lies along t̂ ¼ t̂, and all

remaining vectors lie in the O0BPA plane of Fig. 13.9. After putting the field

point at x ¼ rm̂,5 replacing the vector k̂ with the vector n̂0, and using

k̂ � x ! n̂0 � x ¼ rn̂0 � m̂ ¼ �r sinðo0 � oÞ and f = o0 þ p/2, Eq. (13.108) becomes

P(r,y ) ˆ t′  

ˆ n P(r,w) dy ′ 

ˆ ˆ ′ m 

ˆ m 

′ O x1

ˆ ττ = ˆ t 
x2

(b)(a)

Dislocation

Fan dislocations

AOB

r

A

n′

w
w ′ 

r

y y ′ 

Figure 13.10 (a) Coordinate systems used for finding the distortions at the field point P(r,o) of

Fig. 13.9 due to the dislocation lying along t̂ ¼ t̂ ¼ m̂� n̂. All vectors except t̂ ¼ t̂ lie in

the O0BPA plane, which is perpendicular to t̂ ¼ t̂. (b) Coordinate system for finding the

traction at P(r,c) on the x3 =0 plane of Fig. 13.9 due to a dislocation fan lying in the x3 =0

plane. Only elements of the fan in the angular range between c0 and c0 + dc0 are shown:

the positive directions of the fan dislocations are taken to be outwards from the origin.

5 See Eq. (12.16).
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qu1j ðr;oÞ

qxs
¼ �

bkCkpim

2p2r
eqps

ð

p

0

ðn̂0n̂0Þ�1
ij n̂0m

sinðo0 � oÞ
t̂qdo

0: ð13:109Þ

Also, since m̂0 � n̂0 ¼ t̂, eqps t̂q ¼ m̂0
pn̂

0
s � m̂0

sn̂
0
p, and putting this into Eq. (13.109),

qu1j ðr;oÞ

qxs
¼ �

bkCkpim

2p2r

ð

p

0

ðm̂0
pn̂

0
s � m̂0

sn̂
0
pÞðn̂

0n̂0Þ�1
ij n̂0m

sinðo0 � oÞ
do0; ð13:110Þ

which, upon introducing Christoffel stiffness matrices, takes the simpler form

qu1j ðr;oÞ

qxs
¼ �

bk

2p2r

ð

p

0

½n̂0sðm̂
0n̂0Þkiðn̂

0n̂0Þ�1
ij � m̂0

sdkj�

sinðo0 � oÞ
do0: ð13:111Þ

The traction on the x3 = 0 plane at P(r,o) due to the dislocation is then

T1
j ðr;oÞ ¼ s1ij n̂

	
i ¼ Cijrs

qu1r
qxs

n̂	i

¼ �
bk

2p2r

ð

p

0

½ðn̂	i Cijrsn̂
0
sÞðm̂

0n̂0Þkpðn̂
0n̂0Þ�1

pr � ðn̂	i Cijrsm̂
0
sÞdkr�

sinðo0 � oÞ
do0

¼
bk

2p2r

ð

p

0

½ðn̂	m̂0Þjk � ðn̂	n̂0Þjrðn̂
0n̂0Þ�1

rp ðn̂
0m̂0Þpk�

sinðo0 � oÞ
do0;

ð13:112Þ

where the relation ðm̂0n̂0Þki ¼ ðn̂0m̂0Þik has been used.

Traction on x3 = 0 plane at P due to fan

The traction at P(r, c) on the x3 = 0 plane due to the dislocation fan can be

determined with the help of the coordinate system in Fig. 13.10b. The perpendicular

distance from each source of Burgers vector strength in the fan is jxj = r sin

(c � c0), and, therefore, using Eq. (12.27), the traction at the field point P(r, c),

obtained by integrating the contributions of all dislocations in the fan, is

TFAN
j ðr;cÞ ¼

2

r

ð

p

0

Bjkðc
0ÞbFAN

k ðc0Þ

sinðc� c0Þ
dc0; ð13:113Þ

where bFAN
k ðc0Þ is the angular distribution of Burgers vector strength in the fan.

The condition for a traction-free surface at P in Fig. 13.9 is then

TFAN
j ðr;cÞ ¼ �T1

j ðr;oÞ

¼
2

r

ð

p

0

Bjkðc
0ÞbFAN

k ðc0Þ

sinðc� c0Þ
dc0 ¼

bk

2p2r

ð

p

0

½ðn̂	m̂0Þjk�ðn̂	n̂0Þjrðn̂
0n̂0Þ�1

rp ðn̂
0m̂0Þpk�

sinðo� o0Þ
do0:

ð13:114Þ
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Both integrals in Eq. (13.114) are principal value type integrals because of the

singularities that occur as o0 ! o and c0 ! c. However, the integral equation can

be solved for bFAN
k ðc0Þwithout evaluating either integral. Recognizing that the

angle y in Fig. 13.9 is constant, the following relationships hold between the

angles, y and a, o, and c, and their primed counterparts:

sin a ¼ r=r sin a0 ¼ r0=r0

sino ¼ sinc= sin a sino0 ¼ sinc0= sin a0

coso ¼ sin y cosc= sin a coso0 ¼ sin y cosc0= sin a0

coto ¼ sin y cotc coto0 ¼ sin y cotc0:

ð13:115Þ

Then, by employing these expressions, the two further relationships,

sinðo� o0Þ ¼
sin y

sin a sin a0
sinðc� c0Þ

do0 ¼
sin y

sin2a0
dc0

9

>

>

=

>

>

;

ð13:116Þ

are obtained, and upon substituting them into Eq. (3.114), we obtain

ð

p

0

Bjkðc
0ÞbFAN

k ðc0Þ

sinðc� c0Þ
dc0 ¼

bk

4p2

ð

p

0

½ðn̂	m̂0Þjk � ðn̂	n̂0Þjrðn̂
0n̂0Þ�1

rp ðn̂
0m̂0Þpk�

sin a0 sinðc� c0Þ
dc0: ð13:117Þ

Equation (13.117) is therefore satisfied if

Bjkðc
0ÞbFAN

k ðc0Þ ¼
bk

4p2 sin a0
½ðn̂	m̂0Þjk � ðn̂	n̂0Þjrðn̂

0n̂0Þ�1
rp ðn̂

0m̂0Þpk�: ð13:118Þ

The angular distribution for the fan, bFAN
k ðc0Þ, required to produce a traction-free

surface, is then

bFAN
r ðc0Þ ¼

B�1
rj ðc

0Þbk

4p2 sin a0
½ðn̂	m̂0Þjk � ðn̂	n̂0Þjqðn̂

0n̂0Þ�1
qp ðn̂

0m̂0Þpk�: ð13:119Þ

Stress field in half-space containing impinged dislocation

Having the above results, the stress field in the half-space containing the impinged

dislocation is obtained by use of Eq. (13.101). To determine the dislocation contri-

bution, s1ij , we introduce the coordinate system and geometry in Fig. 13.11a, where

the dislocation lies along OO0, and the field point, P, is at the spherical coordinates

(r= R, c. f) at a perpendicular distance from the dislocation, r. Using Eq. (12.24),

the stress at P(R, c, f) due to the dislocation is then

s1mnðR;c;fÞ ¼ Cmnip

qu1i
qxp

¼
bsCmnip

2pr
�m̂pSis þ n̂pðn̂n̂Þ

�1
ik ½4pBks þ ðn̂m̂ÞkrSrs�

n o

;

ð13:120Þ

where r, m̂, and n̂ are given next by Eq. (13.122). To obtain these quantities it is

noted from Fig. 13.11a that the vectors from O to P and from O to O0 are given by
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OP ¼ Rðsinf coscê1 � sinf sincê2 þ sinf cosfê3Þ

OO0 ¼ ðOP � t̂Þ̂t ¼ Rðsinf cosct̂1 � sinf sinct̂2 þ sinf cosft̂3Þ̂t:
ð13:121Þ

Then, since O0P ¼ OP� ðOP � t̂Þ̂t, and r = jO0Pj, and m̂ ¼ O0P=r,

r ¼ R ½sinf cosc� f ðf;cÞt̂1�
2
þ ½sinf sinc� f ðf;cÞt̂2�

2
þ ½sinf cosf� f ðf;cÞt̂3�

2
n o1=2

m̂ ¼
½sinf cosc� f ðf;cÞt̂1�ê1 þ ½sinf sinc� f ðf;cÞt̂2�ê2 þ ½sinf cosf� f ðf;cÞt̂3�ê3

½sinf cosc� f ðf;cÞt̂1�
2
þ ½sinf sinc� f ðf;cÞt̂2�

2
þ ½sinf cosf� f ðf;cÞt̂3�

2
n o1=2

n̂ ¼ t̂� m̂;

8

>

>

>

>

>

<

>

>

>

>

>

:

ð13:122Þ

where f ðf;cÞ ¼ ðsinf cosct̂1 � sinf sinct̂2 þ sinf cosft̂3Þ.

The stress at P contributed by the fan, determined by use of the coordinate

system and geometry of Fig. 13.11b and Eq. (12.24), is

sFAN
mn ðR;c;fÞ ¼ Cmnip

quFAN
i

qxp

¼
1

2p

ð

p

0

bFAN
s ðc0ÞCmnip

r0
�m̂0

pS
0
is þ n̂0pðn̂

0n̂0Þ�1
ik ½4pB0

ks þ ðn̂0m̂0ÞkrS
0
rs�

n o

dc0;

ð13:123Þ

where bFAN
s ðc0Þ is obtained from Eq. (3.119), and r0, m̂0, and n̂0 are given by

Eq. (13.125). To obtain these quantities, refer to Fig. 13.11b, where

DP ¼ R cosfê3
ED ¼ �R sinf sinðc� c0Þ½sinc0ê1 þ cosc0ê2�:

�

ð13:124Þ

x3 = 0 plane

−x2
ˆ t′

y

x1

f

r ′ x1

r

x3 ′ O P (R,y ,f)

P (R,y ,f)

ˆ t x3

x2

(a) (b)

Fan dislocationDislocation

R
O

CB

A D

E

BqO

y ′ 

y

R

A

f

Figure 13.11 (a) Coordinate system and geometry for determining stress at field point

P(R,c,f) due to dislocation lying along OO0 in infinite body. Planes OAP and OBO0are

perpendicular to x3 = 0 plane. (b) Geometry for determining stress at P due to dislocation

fan on x3 = 0 plane in infinite body. Only one dislocation of the fan is shown along OE.

Plane PDE is perpendicular to OE. Plane POD is perpendicular to x3 = 0 plane.

Points A, B, C, D, and E lie in x3 = 0 plane.

330 Dislocations and stress



Then, using r0 = (DE þ DP),

r0 ¼ R½cos2 fþ sin2 f sin2ðc� c0Þ�1=2

m̂0 ¼ R
r0
½� sinf sinðc� c0Þ sinc0ê1 � sinf sinðc� c0Þ cosc0ê2 þ cosfê3�

n̂0 ¼ t̂
0
� m̂0:

8

>

<

>

:

ð13:125Þ

Finally, the stress in the half-space is obtained by substituting Eqs. (13.120) and

(13.123) into Eq. (13.101).

13.3.4.2 Some results for isotropic systems
A great many solutions have been found for the image stress fields associated with

dislocations impinging upon free surfaces in isotropic systems using a variety of

methods including applications of potential theory (see reviews by Eshelby, 1979;

Lothe, 1992c).6

Screw dislocation at normal incidence

A relatively simple case is that of a screw dislocation with b = (0,0,b) normal to a

planar free surface, as in Fig. 13.12 (Eshelby and Stroh, 1951; Yoffe, 1961).

According to Eq. 12.55, if the dislocation were of infinite length in an infinite

body, it would produce the tractions

T1 ¼ s113 ¼ �
mbx2

2pðx21 þ x22Þ
T2 ¼ s123 ¼

mbx1

2pðx21 þ x22Þ
ð13:126Þ

on the x3 = 0 plane. An image field is therefore sought to cancel these tractions.

As shown previously by Eq. (13.44), these stresses produce a twisting torque

around the x3 axis on the x3 = 0 plane. As discussed by Eshelby (1979), this

suggests an image displacement field of the form

uIM ¼ r� ½0; 0; a1fðx1; x2; x3Þ� ¼ a1
qf

qx2
ê1 � a1

qf

qx1
ê2; ð13:127Þ

x3

x2

x1
ˆ t 

Free surface

O

Dislocation

Figure 13.12 Dislocation impinging at normal incidence on planar free surface of half-space.

6 Eshelby (1979) states that, “By ransacking textbooks of electrostatics and hydrodynamics we could

write down the solutions for an indefinite number of special cases.”
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where f(x1, x2, x3) is a harmonic function and a1 is a constant. Such a field corres-

ponds to rotation around the x3 axis, which presumably could cancel the torque

produced by the infinite dislocation. Also, since f is harmonic, it satisfies the Navier

equation, as may be verified by direct substitution into Eq. (3.3), and so would be an

acceptable solution. The image stresses due to this displacement field are

sIM13 ¼ 2meIM13 ¼ ma1
q2f

qx3qx2
sIM23 ¼ 2meIM23 ¼ �ma1

q2f

qx3qx1
: ð13:128Þ

In a first try at finding the unknown f, the harmonic function f=a1/x corres-

ponding to the potential for a point electrical charge, as given by Eq. (3.10), is

attempted. However, this produces the stresses

sIM13 ðx1; x2; x3Þ ¼
3a1mx2x3

x5
sIM23 ðx1; x2; x3Þ ¼ �

3a1mx1x3

x5
; ð13:129Þ

which fall off with distance from the dislocation as x�3 and vanish on the x3 = 0

plane and thus are unsuitable. In a second try, a candidate potential of the form

f = a1 ln (x3 þ x) is obtained by uniformly spacing point charges along the

dislocation (i.e., along x3), and integrating their contributions (i.e., the a1/x quan-

tities) along x3. However, use of this potential results in image stresses on the

x3 = 0 plane of the form

sIM13 ðx1; x2; 0Þ ¼ �
a1mx2

ðx21 þ x22Þ
3=2

sIM23 ðx1; x2; 0Þ ¼
a1mx1

ðx21 þ x22Þ
3=2 ; ð13:130Þ

which are finite but fall off as x�2 and are therefore also unsuitable. However, in a

third try, use of the potential f= a1[x3 ln (x3 þ x)� x], obtained by integrating the

above result a second time along x3, produces the image stresses

sIM13 ðx1; x2; x3Þ ¼
a1mx2

xðxþ x3Þ
sIM23 ðx1; x2; x3Þ ¼ �

a1mx1

xðxþ x3Þ
; ð13:131Þ

which satisfactorily fall off as x�1 and cancel the surface tractions of the infinite

dislocation when x3=0 and a1=b/(2p). Using these image stresses, the final stress

field for the impinging screw dislocation is then

s13ðx1; x2; x3Þ ¼ s113 þ sIM13 ¼ �
mbx2

2pðx21 þ x22Þ
þ

mbx2

2pxðxþ x3Þ

s23ðx1; x2; x3Þ ¼ s123 þ sIM23 ¼
mbx1

2pðx21 þ x22Þ
�

mbx1

2pxðxþ x3Þ

9

>

>

>

=

>

>

>

;

: ð13:132Þ

Edge dislocation at normal incidence

When the dislocation in Fig. 13.12 is an edge dislocation with b = (b,0,0), in an

isotropic system, use of Eq. (12.45) shows that the only surface traction requiring

cancelation is the normal traction

s33 ¼ �
mbn

pð1� nÞ

x2

ðx21 þ x22Þ
: ð13:133Þ
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Yoffe (1961) and Eshelby (1979) have shown that a harmonic function can be

found in this case which can be used to construct a suitable image stress.

Inclined dislocations

As demonstrated by Yoffe (1961), solutions for the image fields of inclined disloca-

tions impinged on free surfaces in isotropic systems, such as illustrated in Fig. 13.13,

can be constructedwith the help of angular dislocations, whose stress fields have been

analyzed in Section 12.8.1.2. The three cases of interest occurwhen theBurgers vector

is parallel to x1, x2, and x3, respectively. In the first case, when b = (b,0,0), corres-

ponding to an edge dislocation, Yoffe (1961) finds that if the impinged dislocation in

Fig. 13.13a is replaced by an angular dislocation, as in Fig. 13.13b, with segment 1

identical to the impinged dislocation and segment 2 in the image position shown, all

tractions on the surface vanish, except a normal s33 traction. A harmonic stress

function can then be found, which yields an image stress that cancels the s33 traction.

A similar result is found when b = (0,b,0). However, when b = (0,0,b), the angular

dislocation produces shear tractions on the surface. The situation can be partially reme-

died by aligning segment 2 with x3 and adding a second angular dislocation, with acute

segments 3 and 4, in the configuration shown in Fig. 13.13c. This arrangement results in

shear stresses that are the same as the shear stresses produced by a screw dislocation

normal to the surface plus a normals33 traction. The final total stress field resulting in a

traction-free surface thenconsists of thefieldsdue to the twoangulardislocations (known

from the results of Section 12.8.1.2), the image field for the normal screw dislocation,

known fromEq. (13.132), and an image field that cancels the s33 traction.

Further aspects of the above problems are considered by Shaibani and Hazzledine

(1981), who also point out several minor misprints in Yoffe (1961).

13.3.5 Dislocation loop near planar free surface of half-space

13.3.5.1 Image field
To find the image displacement field for a general dislocation loop near a planar

free surface of a half-space, the geometrical arrangement in Fig. 13.14 is adopted,

2

aaa

342
(c)

11

(b)

x3

x2

x1

Free surface
(a)

Impinged

dislocation

O

Figure 13.13 (a) Dislocation impinged on free surface of half-space at angle a. (b) Angular

dislocation present with segment 1 the same as the impinged dislocation in (a) and

segment 2 in the image position. (c) Angular dislocations 1–2 and 3–4 present, with

segment 1 the same as the impinged dislocation in (a) and segment 3 in the image position.
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and the Volterra equation, i.e., Eq. (12.67), is employed. This will yield the image

displacement field of the above loop if the derivative of the Green’s function

required by the Volterra equation simply corresponds to the derivative of the

image Green’s function for a point force in a half-space given by the second term

in Eq. (8.15), i.e.,

qGIM
ik ðx; x0Þ

qx0i
¼

1

4p2
R e

ð

2p

0

X

3

b¼1

X

3

a¼1

A�
iaM

�
arLrbAkbðk̂j þ pbŵjÞ

½k̂ � ðx� x0Þ þ p�ax � ŵ� pbx0 � ŵ�
2
df: ð13:134Þ

Therefore, after substituting this expression into Eq. (12.67), the image displace-

ment field due to the loop in Fig. 13.14 is given by

uIMi ðyÞ ¼ �
Cjkmnbm

4p2
R e

ðð

�

ð

2p

0

X

3

b¼1

X

3

a¼1

A�
iaM

�
arLrbAkbðk̂j þ p

b
ŵjÞ

½k̂ � ðx� x0Þ þ p�ax � ŵ� p
b
x0 � ŵ�

2
dfn̂0ndS

0:

ð13:135Þ

13.3.5.2 Some results for isotropic systems
The image displacement field for a finite loop near a planar free surface of an

isotropic half-space can be found, as in the previous section, by employing the

Volterra equation, i.e., Eq. (12.67), with the required Green’s function, given in this

case by the image Green’s function for isotropic half-spaces given by Eq. (4.116).

Even though Eq. (4.116) is relatively simple compared with its anisotropic counter-

part, the results are lengthy and therefore will not be written out here.

Using the same approach, the image displacement field, du i
IM(x) of an infini-

tesimal loop located at x0 in a half-space can be obtained by employing the

Volterra equation in the form of Eq. (12.168) after modifying it so that its Green’s

function is the image Green’s function for a half-space, so that it assumes the form

duIMðxÞ ¼ �mbjn̂k
qGIM

ij ðx; x0Þ

qx0k
þ
qGIM

ik ðx; x0Þ

qx0j
þ

2n

1� 2n
djk

qGIM
im ðx; x0Þ

qx0m

" #

dS; ð13:136Þ

x2

Dislocation loop

Free surface

S surface

x

x1

x3

x ′  

dS ′  

O

Figure 13.14 General dislocation loop in half-space near planar free surface. The loop is

threaded by the x3 axis, and the S surface is arbitrary. The field point is at x, and the source

vector, x0, goes to source points on the S surface.
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with Gij
IM(x, x0) given by Eq. (4.116). Again, writing out the final results for

dui
IM(x) will be lengthy, but, fortunately, only differentiation is required.

Bacon and Groves (1970) have obtained solutions for a variety of different types

of infinitesimal loops located at x0 = (0,0,q) by a somewhat different, but essen-

tially equivalent, route that again requires only differentiation. Here, an image

dislocation loop is introduced at (0,0,�q), and the solution is expressed as the sum

of the displacement fields that the actual loop and its image would produce in an

infinite body, plus an additional term that is needed to produce a traction-free

surface. The additional term is found by using Mindlin’s (1936) solution for the

displacements due to a point force in a half-space, which serves as the basis for the

Green’s function given by Eq. (4.116), and which is called for in Eq. (13.136).

13.3.6 Dislocation loop near planar interface between dissimilar half-spaces

13.3.6.1 Image field
The image displacement field for a finite loop in half-space 1 near a planar interface

between joined dissimilar half-spaces 1 and 2 can be obtained by the same approach

used above for a loop in a half-space with a free surface. For this problem, the

Volterra equation, Eq. (12.67), can again be used but with its Green’s function now

given by the Green’s functions for joined dissimilar half-spaces given by Eq. (4.79)

for anisotropic systems and by Eqs. (4.105) and (4.106) for isotropic systems.

For the anisotropic case, the derivative of the image Green’s function for half-

space 1 required for the Volterra equation, obtained with the use of Eq. (4.79), is

qg
IMð1Þ
ik ðx; x0Þ

qx0j
¼

1

4p2
Re

ð

2p

0

X

3

a¼1

X

3

g¼1

A
�ð1Þ
ig W grUraA

ð1Þ
ka ðk̂j þ p

ð1Þ
a ŵjÞ

½k̂ � ðx� x0Þ þ p
�ð1Þ
g x � ŵ� p

ð1Þ
a x0 � ŵ�

2
df:

ð13:137Þ

Substituting this into the Volterra equation, the image displacement field in half-

space 1 (containing the dislocation loop) is then

u
IMð1Þ
i ðxÞ ¼ �

Cjkmnbm

4p2
Re

ð

2p

0

X

3

a¼1

X

3

g¼1

A
�ð1Þ
ig W grUraA

ð1Þ
ka ðk̂j þ p

ð1Þ
a ŵjÞ

½k̂ � ðx� x0Þ þ p
�ð1Þ
g x � ŵ� p

ð1Þ
a x0 � ŵ�

2
dfn̂0ndS

0:

ð13:138Þ

The corresponding displacement field induced in the adjoining half-space 2 can be

obtainedbysimilarmeansusingtheGreen’s functionforhalf-space2givenbyEq.(4.79).

Exercises

13.1 Find the forces exerted on long straight edge and screw dislocations of the

types illustrated in Fig. 12.2 by a general stress tensor, sij
Q.
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Solution For the edge dislocation in Fig. 12.2a, b = (b,0,0) and t̂ ¼ 0;0;1ð Þ,

and Eq. (13.11) yields

½d� ¼ ½b�½sQ� ¼ ½ b 0 0 �

s
Q
11 s

Q
12 s

Q
13

s
Q
12 s

Q
22 s

Q
23

s
Q
13 s

Q
23 s

Q
33

2

6

6

4

3

7

7

5

¼ b½ sQ11 s
Q
12 s

Q
13
�: ð13:139Þ

Then, using Eq. (13.10),

f
DIS=s

ðedgeÞ ¼ b det

ê1 ê2 ê3

s
Q
11 s

Q
12 s

Q
13

0 0 1

�

�

�

�

�

�

�

�

�

�

�

�

�

�

¼ bðsQ12ê1 � s
Q
11ê2Þ: ð13:140Þ

For the screw dislocation in Fig. 12.2c, b= (0,0,b) and t̂ ¼ 0;0;1ð Þ. Then, by

similar calculations,

½d� ¼ ½b�½sQ� ¼ b½ sQ13 s
Q
23 s

Q
33
�

f
DIS=s

ðscrewÞ ¼ bðsQ23ê1 � s
Q
13ê2Þ:

ð13:141Þ

Having these results, the force on any long straight dislocation is easily

determined.

Note that the s22
Q and s33

Q stress components are not involved as might

have been expected, since neither dislocation can move in a direction that

allows these imposed stresses to perform work.

13.2 Instead of starting with Eq. (13.1), as in the text, derive the Peach–Koehler

in the form of Eq. (13.10) by displacing the dislocation a differential

distance in the presence of an imposed stress field and determining directly

the extra work required due to the presence of the stress field.

Solution When a dislocation segment of length ds is displaced by dj as in

Fig. 13.15 in the presence of a stress system Q, the force on the dislocation

due to the stress does the work dW ¼ ( f DIS/Q � dj)ds. This must be equal to

the work done by the stress when the two sides of the cut associated with the

dislocation are displaced with respect to each other by the Burgers vector

during the displacement. Taking the S cut and displacement rule on p. 232

into account, this latter work is given by dW = �b � TQ jdjjds, where TQ is

ˆ n 

ˆ t ds

δx

Dislocation

Figure 13.15 Segment of dislocation line, ds, displaced by dj.
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the traction on the side of the cut having the normal vector �n̂. Then,

equating these expressions, and using Eq. (E.5),

f DIS=Q

n
djn ¼ bis

Q
ij n̂jjdjj ¼ bis

Q
ij ð̂t� djÞj ¼ emnjbis

Q
ij t̂mdxn: ð13:142Þ

Finally, since dxn can be varied independently,

f DIS=Q

n
¼ ejmnbis

Q
ij t̂m; ð13:143Þ

in agreement with Eq. (13.10).

13.3 Show that the net force on a dislocation loop lying in a uniform imposed

stress field, Q, vanishes.

Solution Using Eq. (13.10), the total force is given by the line integral

F
LOOP=Q
l ¼

þ

C

f LOOP=Q

l
ds ¼ ejkls

Q
ij bi

þ

C

t̂kds; ð13:144Þ

since sij
Q and bi are constant around the loop. Then, substituting

t̂k ds ¼ dxk,

F
LOOP=Q
l ¼ ejkls

Q
ij bi

þ

C

t̂kds ¼ejkls
Q
ij bi

þ

C

dxk ¼ 0: ð13:145Þ

13.4 Suppose a long cylindrical isotropic body of radius R co-axial with the

x3 axis contains a straight screw dislocation lying parallel to x3 at x1 = q.

The cylindrical surface of the body can be made traction-free by adding

the elastic field of a parallel image screw dislocation of opposite Burgers

vector lying along x1 = h. Find the required distance, h, in terms of q

and R.

Solution Using Eq. (12.55), the stress produced by the real dislocation and

its image in an infinite body is

s113 ¼
mb

2p

�x2

ðx1 � qÞ2 þ x22

þ
x2

ðx1 � hÞ2 þ x22

" #

s123 ¼
mb

2p

ðx1 � sÞ

ðx1 � qÞ2 þ x22

�
ðx1 � hÞ

ðx1 � hÞ2 þ x22

" #

:

ð13:146Þ

Using Eq. (2.59), this field produces a traction component at the point

P(x1,x2) on the cylindrical surface of radius R given by

T3 ¼ s113
x1

R
þ s123

x2

R
: ð13:147Þ

Combining Eqs. (3.146), (13.147), and x1
2+x2

2=R2, the condition for the

cylindrical surface to be traction-free is
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�
x2x1

R½R2 � 2qx1 þ q2�
þ

x2x1

R½R2 � 2hx1 þ h2�

þ
ðx1 � qÞx2

R½R2 � 2qx1 þ q2�
�

ðx1 � hÞx2
R½R2 � 2hx1 þ h2�

¼ 0:
ð13:148Þ

Then, solving Eq. (13.148) for h, h = R2/q.

13.5 Figure 13.16 shows a positive straight screw dislocation, þD, parallel to the

S(1) and S (2) free surfaces of a large flat isotropic plate of thickness d. If þD

is at the distance q from surface, S(1), find an expression for the image stress

at the dislocation.

Solution Following Hirth and Lothe (1982), first put a negative screw disloca-

tion (i.e.,�D) at x1 =2q to cancel s13 on S (1) due toþD at x1 = 0. Put aþD

at x1 =�2d to cancel s13 on S (2) due to �D at x1 = 2q. Put a �D at x1 =

2(d+ q) to cancel s13 on S (1) due toþD at x1=�2d. Put aþD at x1=�4d to

cancel s13 on S
(2) due to�Dat x1=2(d+ q), etc. Put a�Dat x1=2(�d+ q)

to cancel s13 on S
(2) due toþDat x1=0. Put aþDat x1=2d to cancel s13 on

S (1) due to�D at x1=2(�d+ q). Put a�D at x1=2(�2d+ q) to cancel s13
on S (2) due toþD at x1=2d. Put aþD at x1=4d to cancel s13 on S (1) due to

�D at x1 = 2(�2d + q), etc. An infinite number of image dislocations is

therefore required, and the final image stresses at the dislocation are found by

summing their contributions at x1=0. Using Eq. 12.55, all s13
IM contributions

vanish, while the s23
IM contributions can be written as the infinite series

sIM23 ¼
mb

2p

X

1

n¼�1

1

2ðnd þ qÞ
; ð13:149Þ

which, in turn, corresponds to the function (Morse and Feshbach, 1953)

sIM23 ¼
mb

4d
cot

pq

d
: ð13:150Þ

13.6 Determine the image force exerted on a long straight edge dislocation

parallel to a nearby flat surface (Fig. 13.3), whose total stress field is given

by Eq. (13.52).

S (2) x2 S (1)

+D −D +D −D +D −D +D −D +D

−4d 2(−2d + q) −2d 2(−d + q) 2(d + q)
x1 →

d

2q 2d0 4d

Figure 13.16 End view of positive straight screw dislocation, þD, lying parallel to

x3 at x1 = x2 = 0 at a distance q from the surface, S (1), of an infinite thin plate.

The remaining �Ds represent image dislocations.
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Solution The image force can be found by substituting the image stress at

the dislocation obtained from Eq. (13.52) into the Peach–Koehler force

equation, as given by Eqs. (13.10) and (13.11). Then, since b = (b,0,0)

and t̂ ¼ 0; 0; 1ð Þ,

½d� ¼ ½ b 0 0�

sIM11 sIM12 0

sIM12 sIM22 0

0 0 sIM33

2

6

4

3

7

5
¼ b½ sIM11 sIM12 0 �; ð13:151Þ

so that

f
DIS1=DISIM

¼ d� t̂ ¼ det

ê1 ê2 ê3

bsIM11 bsIM12 0

0 0 1

�

�

�

�

�

�

�

�

�

�

�

�

�

�

¼ bsIM11 ðq; 0Þê1 � bsIM12 ðq; 0Þê2:

ð13:152Þ

The image stresses according to Eq. (13.52) are sIM12 ðq; 0Þ ¼ �A=ð2qÞ and

sIM11 ¼ 0, and substituting them into Eq. (13.152), the image force is

f
DIS1=DISIM

¼ �
mb2

4pð1� nÞq
ê1; ð13:153Þ

which is towards the surface, as expected.
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14 Interfaces

14.1 Introduction

A variety of distinguishable types of internal interfaces exists in crystalline materials.

Many consist entirely of arrays of discrete dislocations, or else contain arrays of

discrete dislocations and therefore possess stress fields that extend significant dis-

tances into the two adjoining crystals. In this chapter, we will consider some of the

major types of such interfaces and focus on their structures, elastic fields, and strain

energies.

To treat these interfaces, it is convenient to divide them into two major classes:

interfaces where the elastic properties of the two crystals adjoining the interface

can be assumed to be effectively the same (i.e., iso-elastic interfaces), and those

where they differ significantly (i.e., hetero-elastic interfaces).1

The chapter begins with a description of several essential geometrical features of

interfaces in crystalline bodies and then goes on to analyze the elastic fields of a

number of iso-elastic and hetero-elastic interfaces possessing structures containing

arrays of discrete dislocations. The elastic fields of single dislocations in hetero-

elastic interfaces are also determined as part of the overall treatment.

The following notation is employed for this chapter:

e1ij strain field due to single dislocation in either infinite homogeneous

body or iso-elastic interface in infinite body,

e
ð1Þ
ij strain field in half-space 1 due to single dislocation in hetero-elastic

interface between half-spaces 1 and 2,

e
array1

ij strain field due to dislocation array in iso-elastic interface in infinite

body,

e
arrayð1Þ

ij strain field in half-space 1 due to dislocation array in hetero-phase

interface,

eLF
1

ij strain field due to single line force in infinite homogeneous body,

e
LFarray1

ij strain field due to line force array in infinite homogeneous body.

1 Note, for example, that in the case of a large-angle grain boundary, the two crystals adjoining the

boundary are of the same phase and so have identical elastic constants. However, since they have

significantly different crystal orientations, their elastic constants will, in general, effectively differ

across the boundary. Such an interface is therefore classified as hetero-elastic.



14.2 Geometrical features of interfaces – degrees of freedom

Interfaces are most easily studied in the form of planar configurations in bicrystals

(Sutton and Balluffi, 2006). An infinite number of distinguishable structures can

be produced by varying the crystal misorientation of the two crystals adjoining the

interface and the inclination of the interface plane with respect to the crystal axes

of the adjoining crystals. There are then five macroscopic degrees of freedom that

can be independently varied to produce the full range of possible homophase and

heterophase interfaces.2 These can be chosen in several ways. Consider homophase

interfaces first. A useful set for present purposes is obtained by constructing a

planar interface in a bicrystal as follows:

(1) Start with a single crystal labeled as crystal 1 and establish the desired

interface plane by specifying its unit normal vector, n̂, in the coordinate

system of crystal 1. Since n̂ is a unit vector, this involves two degrees of

freedom, i.e., two direction cosines.

(2) Rotate the crystal region on the side of the interface towards which n̂ is

pointing around an axis, â, lying in the interface plane, thus converting this

region to crystal 2. The â axis lies at an angle a with respect to a reference line

inscribed in the interface plane, and the angle of rotation around â is y. This

introduces the two additional degrees of freedom, a and y.

(3) Finally, rotate crystal 2 around n̂ by the angle f, which is then the fifth degree

of freedom.

For heterophase interfaces we need only add a step in which crystal 2 is trans-

formed into the required new phase. However, this does not involve a continuous

variable and does not contribute a further degree of freedom.

14.3 Iso-elastic interfaces

An important type of iso-elastic interface is the small-angle homophase interface

where the crystals adjoining the interface are only slightly misoriented. For such

interfaces, the effect of the relatively small difference in crystal orientation across

the interface on the elastic constants can be neglected, and the elastic fields of

dislocations in the interface can be determined to a good approximation as if they

were embedded in a single crystal. As discussed next, certain large-angle homo-

phase interfaces also support discrete dislocations. Interfaces of this type are iso-

elastic in isotropic systems but not in anisotropic systems, since the difference in

the effective elastic constants caused by the relatively large misorientation across

the interface is then significant and must be taken into account.

2 For a homophase interface, the two crystals adjoining the interface are of the same phase: for a

heterophase interface, the phases of the two crystals differ.
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14.3.1 Geometrical features

14.3.1.1 Small-angle tilt, twist, and mixed homophase interfaces
A small-angle tilt homophase interface, consisting of an array of discrete, straight,

parallel, edge dislocations, is shown in Fig. 14.1c. The bicrystal containing this

interface can be constructed by the following steps:

(1) Start with a single crystal and bend it elastically until its outer extremes are

tilted with respect to each other by the desired angle, y, as in Fig. 14.1a. Long-

range applied bending stress is therefore present throughout the crystal.

(2) Introduce edge dislocations throughout the crystal to accommodate the

bending and eliminate the long-range bending stress, as shown in Fig. 14.1b.

Note that local stress due to the individual dislocations is present, but the

long-range bending stress has been eliminated.

(3) Gather the dislocations into a planar interface consisting of an array of

uniformly spaced dislocations, as in Fig. 14.1c. In this arrangement, the strain

fields of the individual dislocations tend to cancel partially, their total elastic

strain energy is thereby reduced, and the two crystalline regions adjoining the

interface are tilted with respect to each other by the angle y and are free of

long-range stress.

A small-angle twist interface consisting of a square array of discrete screw dislocations

canbe producedby essentially the samemethod. InFig. 14.2a, the initial single crystal

is first twisted elastically around the intended interface normal by the angle f.

A distribution of screw dislocations is then introduced (not shown) to eliminate the

long-range stress that was required to twist the crystal initially. Then, these disloca-

tions are arranged in a square planar grid of screw dislocations to produce the

interface shown in Fig. 14.2b. Figure 14.2c shows a section of the grid in more detail.

q q/2 /2

(b)(a) (c)

a

Figure 14.1 Construction of small-angle tilt interface. The crystal structure is simple cubic

with lattice parameter a. (a) Single crystal is elastically bent around axis normal to plane of

paper to produce a tilt angle y between left and right surfaces. (b) Distribution of edge

dislocations is introduced to accommodate the bending and eliminate imposed long-range

bending stress in (a). (c) Dislocations introduced in (b) are now gathered in planar array to

decrease the elastic strain energy further and form the small-angle tilt interface.
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More complex small-angle interfaces can be constructed by combining tilt and

twist rotations (i.e., y and f rotations) to produce small-angle mixed interfaces. In

such cases, arrays of several types of dislocations must be introduced to accom-

modate the crystal misorientation.

In Exercise 14.3, this procedure, in conjunction with Eq. 14.11, is employed to

find the dislocation structures (including the dislocation types and spacings) of the

interfaces in Figs. 14.1 and 14.2. In Exercise 14.1, the dislocation structure of the

interface in Fig. 14.2 is found by the alternative method of applying the Frank–

Bilby equation (derived later in the form of Eq. (14.24)).

14.3.1.2 Large-angle homophase vicinal interfaces
The dislocation spacings in the small-angle homophase interfaces described previ-

ously decrease as the crystal misorientation increases, since larger numbers of

dislocations are required to accommodate the increased misorientation. For

example, for the tilt interface in Fig. 14.1c, each vertical plane that terminates in

the interface injects an edge dislocation into the interface, and it is readily seen that

the dislocation spacing in the interface plane, d, is therefore given by

d ¼
a

2 sinðy=2Þ
ffi

a

y
: ð14:1Þ

At angles exceeding about 15 degrees, or so, the dislocation spacing becomes

sufficiently small to cause the dislocation cores to overlap, and the interfaces

f

ˆ n = (0,0,10)

(a)

(b)

1

(c)

2

a

Figure 14.2 Construction of small-angle twist interface. The crystal structure is simple

cubic. (a) Single crystal initially twisted elastically around n̂ by angle f. (b) Final

interface consisting of square grid of screw dislocations, which accommodates the twist

misorientation between the upper and lower regions of the crystal in (a) in the absence

of long-range torsional stress. (c) Detailed view along n̂ of dislocation grid showing the

first lattice planes of the upper and lower crystals adjoining the interface.
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therefore no longer consist of arrays of discretely separated dislocations possess-

ing Burgers vectors that are vectors of the crystal lattice. Such interfaces are

classified as large-angle homophase interfaces.

Although such interfaces do not contain arrays of discrete crystal disloca-

tions,3 many contain arrays of discrete dislocations possessing Burgers vectors

that are not crystal lattice vectors. This may be understood by considering

singular and vicinal large-angle interfaces. A singular interface is defined as

one possessing a free energy that is at a minimum with respect to at least one

degree of freedom, while a vicinal interface is one that is near a singular interface

with respect to its degrees of freedom. It is therefore energetically favorable for a

vicinal interface to adopt a structure consisting of the structure of the nearby

singular interface plus a superimposed array of discrete line defects (which may

be dislocations, dislocations with step character, or steps) whose function is to

accommodate the difference between the degrees of freedom of the two inter-

faces (Sutton and Balluffi, 2006). An example where the line defects are disloca-

tions is illustrated in Fig. 14.3a, which shows a singular large-angle symmetrical

tilt interface possessing a structure of short periodicity and relatively low energy.

Then Fig. 14.3b shows an interface with a tilt angle that is only slightly larger

than that of the singular interface and is therefore vicinal with respect to it. The

vicinal interface possesses a structure corresponding to that of the nearby

singular interface plus a superimposed array of discrete edge dislocations (at

arrows) that accommodates the difference between the tilt angles of the two

(a) (b) (c)

Figure 14.3 (a) Large-angle singular interface. (b) Large-angle interface with slightly

larger tilt angle than the singular interface in (a) and therefore vicinal to it. The

interface consists of array of edge dislocations embedded in the interface structure of

the singular interface. (c) Detailed view of core structure of dislocations indicated by

arrows in (b).

3 A crystal dislocation is a dislocation having a Burgers vector that is a translation vector of the crystal

lattice.
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interfaces. Furthermore, the Burgers vector of these dislocations is not a crystal

lattice vector, as seen in Fig. 14.3c, which presents an enlarged view of their core

structure.4 The vicinal interface in Fig. 14.3b can be produced by the same

general method employed previously to produce the small-angle tilt interface

of Fig. 14.1c, by starting with a bicrystal containing the singular interface instead

of a single crystal. The bicrystal is then elastically bent to produce the added tilt

angle, and the accommodation dislocations are introduced to eliminate the

resulting long-range bending stress.

14.3.2 The Frank–Bilby equation

The pure tilt and twist interfaces possessed relatively simple structures, and the

dislocation structures required to accommodate their tilts and twists in the

absence of long-range stress were readily found. A general method for accom-

plishing this for any interface whose five degrees of freedom are specified is

now developed based on the Frank–Bilby equation. First, I introduce two

essential tensors, i.e., the aij tensor, which specifies the dislocation content of

a dislocated crystal, and the kij tensor, which describes the lattice rotation that

is present locally within a crystal when it is bent or twisted (or both). Next, a

formalism linking these tensors under the condition of vanishing long-range

stress is developed. Then, having these results, the Frank–Bilby equation is

formulated.

14.3.2.1 The “state of dislocation” tensor, aij
To specify the dislocation content of a dislocated crystal, we follow Nye (1953)

and introduce the “state-of-dislocation” tensor, aij, by starting with a body con-

taining a distribution of discrete crystal dislocations. The dislocations are first

smeared out into an infinite number of dislocations having infinitesimal Burgers

vectors so that the dislocation content is smoothly distributed on a local scale at a

density that varies continuously with the field vector, x. A small tetrahedron is

then constructed in the crystal, and Burgers circuits are performed around each

face, as illustrated in Fig. 14.4. Since the circuit ABC on the front face is equiva-

lent to the sum of the three circuits around the back faces,

BABC ¼ BOBC þ BOCA þ BOAB; ð14:2Þ

where, for example, BOBC is the sum of the Burgers vectors of all dislocations

threading the area OBC, which is perpendicular to ê1. The “state-of-dislocation”

tensor, a, is now defined as the tensor whose component, aij, is equal to the sum of

the i components of the Burgers vectors of all dislocations that thread a unit area

4 Further description of vicinal large-angle interfaces, along with methods for determining the Burgers

vectors of the accommodating dislocations, is given by Sutton and Balluffi (2006).
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in the body perpendicular to the j axis. The quantities in Eq. (14.2) can then be

expressed in the form

BOBC ¼ ða11ê1 þ a21ê2 þ a31ê3ÞA
OBC

BOCA ¼ ða12ê1 þ a22ê2 þ a32ê3ÞA
OCA

BOAB ¼ ða13ê1 þ a23ê2 þ a33ê3ÞA
OAB;

ð14:3Þ

where, for example, AOBC is the area of face OBC. Next, settingB equal to the sum

of the Burgers vectors of all dislocations threading unit area perpendicular to l̂,

B ¼
BABC

AABC
¼

BOBC þ BOCA þ BOAB

AABC
: ð14:4Þ

Then, substituting Eq. (14.3) into Eq. (14.4),

Bi ¼ aijlj: ð14:5Þ

The second rank tensor aij therefore couples the vectorsB and l̂. (Note thatBi and

aij both have the dimensions m�1).

If the dislocations throughout the body can be effectively grouped into families

of parallel dislocations, where family k consists of n(k) dislocations per unit area

perpendicular to t̂ðkÞ with Burgers vector b(k), an expression for the corresponding

aij tensor can be formulated, since

Bi ¼
X

N

k¼1

nðkÞb
ðkÞ
i ð̂tðkÞ � l̂Þ ¼

X

N

k¼1

nðkÞb
ðkÞ
i t̂

ðkÞ
j l̂j; ð14:6Þ

and, therefore,

aij ¼
X

N

k¼1

nðkÞb
ðkÞ
i t̂

ðkÞ
j ; ð14:7Þ

where the diagonal and off-diagonal components of aij correspond to screw and

edge dislocations, respectively.

x3

ˆ 
l 

x2

x1

A

C

BO

Figure 14.4 Small tetrahedron embedded in dislocated crystal, where l̂ is the unit normal

vector to the ABC face. Clockwise Burgers circuits around each face are indicated.
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14.3.2.2 The curvature tensor, kij
If a crystal is filled with a uniform distribution of dislocations as specified by the

tensor aij, the dislocations will generally induce lattice rotations, which cause the

crystal to be macroscopically bent or twisted without the generation of long-range

stress as, for example, in Fig. 14.1b. In the case where the crystal is bent around

the i axis, as in Fig. 14.5a, the crystal lattice rotates by the angle dfi around the

i axis when an advance is made in the crystal along the j axis of the distance dxj.

For small advances, dxj = Rdfi, as in Fig. 14.5b, and the crystal curvature

associated with the bending can be expressed as

kij ¼ Lim
dxj!0

dfi

dxj
¼

1

R
¼

qfi

qxj
: ð14:8Þ

The quantity kij therefore serves as a general curvature tensor, which couples the

crystal rotation that occurs when an advance is made in a bent or twisted crystal.

Its diagonal components represent pure twists, while its off-diagonal components

represent pure bends.

14.3.2.3 Relationship between the aij and kij tensors
The relationship that must exist between the aij and kij tensors for a bent or twisted

dislocated crystal under the condition of vanishing long-range stress is now

obtained by examining the closure failures of unit square Burgers circuits embed-

ded in the crystal with their planes normal to the coordinate axes as illustrated, for

example, in Fig. 14.6.

δxj

δfi

δfi / 2
δfi

(b)(a)

R

xj

xi

xj

Figure 14.5 (a) Crystal bent around êi axis. (b) Rotation, dfi, around êi axis produced by

traversing bent crystal by distance, dxj, along êj axis. The view is along the êi axis.

x3

x2

x1

EB

A

DC

Figure 14.6 Unit square Burgers circuit in dislocated crystal with its plane normal to

the x1 axis.

34714.3 Iso-elastic interfaces



First, the closure failure of the circuit in Fig. 14.6 is obtained in terms of the

curvature tensor by the following procedure:

(1) Take point C as a fixed reference point and determine the displacement of the

starting point at A relative to C due to crystal rotation as the unit segments CB

and BA are traversed.

(2) Next, determine the displacement of the finish point at E relative to C as the

segments CD and DE are traversed.

(3) Then, take the difference between the two displacements.

Using diagrams such as Fig. 14.6, the vector displacements at E due to traversing

CD and DE are dCD ¼ ((k22 � k32/2),�k12,k12/2) and dDE ¼ (k23/2,�k13/2,0),

respectively. Similarly, the displacements at A due to traversing CB and BA are

dCB ¼ ((k23/2�k33),�k13/2,k13) and dBA ¼ (�k32/2,0,k12/2), respectively. The

closure failure of the circuit, measured from start to finish (i.e., from A to E), is

then dCD þ dDE � dCB � dBA.

Now, according to the SF/RH rule (p. 231), if no long-range stress is present,

this closure failure must be equal to the sum of the Burgers vectors of all disloca-

tions threading the circuit, which, in turn, is equal to the vector B. Therefore,

dCD þ dDE � dCB � dBA ¼ ðk22 þ k33Þ;�k12;�k13 ¼ B; ð14:9Þ

and, with the help of Eq. (14.5),

B1 ¼ a11 ¼ ðk22 þ k33Þ B2 ¼ a21 ¼ �k12 B3 ¼ a31 ¼ �k13 : ð14:10Þ

By combining these results with results obtained for similar circuits normal to

axes 2 and 3, the relationship5

aij ¼ dijkkk � kji ð14:11Þ

is finally obtained connecting the state of the dislocations in a dislocated crystal to

the corresponding curvature of the crystal when it is free of long-range stress.

14.3.2.4 Dislocation content of an interface – the Frank–Bilby equation
The relationship that must exist between the dislocation content of an interface

and its five degrees of freedom in the absence of long-range stress, i.e., the

Frank–Bilby equation, is now found by producing the interface by the method

illustrated in Fig. 14.1. For simplicity, the crystals adjoining the interface are

assumed to possess the simple cubic structure present in Figs. 14.1–14.3.6

Starting with a dislocated crystal that is generally bent or twisted (or both) and

free of long-range stress, as illustrated, for example, for simple bending in

5 The sign of Eq. (14.11) is opposite to that given originally by Nye (1953) because of a difference in

dislocation sign conventions.
6 The analysis can be readily generalized to include general crystal structures (Sutton and Balluffi,

2006).
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Fig. 14.1b, construct a small local Burgers circuit in the crystal by employing the

FS/RH method illustrated in Fig. 12.4. Now, let

d v ¼ dxia
C
i ðxÞ ð14:12Þ

be a small vector in the dislocated crystal where the aCi ðxÞ are the base vectors of

the crystal (which are functions of position because of the continuously varying

rotations in the crystal), and the xi are dimensionless coefficients. Also, express the

base vectors of the crystal as a linear combination of the base vectors of the

reference lattice so that

aCi ¼ Dija
R
j ; aRi ¼ D�1

ij aCj : ð14:13Þ

The Burgers circuit (which is closed in the dislocated crystal because of the use of

the FS/RH method) is then represented by the line integral,
þ

C

dv ¼

þ

C

dxia
C
i ðxÞ ¼ 0: ð14:14Þ

Then map this circuit onto the reference lattice by the procedure illustrated

in Fig. 12.4. In the mapping process, each vector displacement increment,

d v ¼ dxia
C
i ¼ dxiDija

R
j , in the crystal circuit is transformed into a corresponding

increment d v0 ¼ dxia
R
i in the reference circuit. The mapped circuit fails to close,

and using the FS/RH rule (p. 231), the sum of the Burgers vectors of all

dislocations threading the circuit in the dislocated crystal, btot, is given by

� btot ¼

þ

C

d v0 � d v ¼ dxi½a
R
i � Dija

R
j �: ð14:15Þ

Upon transforming the circuit to a Cartesian coordinate by means of the coordin-

ate transformation aRi ¼ aêi, and writing coordinate displacements in the Carte-

sian system as d xi = a d xi, b
tot assumes the form

� btot ¼

þ

C

dxi½a
R
i � Dija

R
j � ¼

þ

C

ðd xi � Dji d xjÞêi ð14:16Þ

or, equivalently,

� btoti ¼

þ

C

ðd xi � Dji d xjÞ ¼

þ

C

ðdij � DjiÞd xj: ð14:17Þ

Equation (14.16) can now be converted to a surface integral by using Stokes’

theorem, as given by Eq. (B.3); i.e.,

� btot ¼

þ

C

ðd xi � Dji d xjÞêi ¼ ejkn

ð

S

ð

qDni

qxk
êin̂j d S

� btoti ¼ ejkn

ð

S

ð

qDni

qxk
n̂jdS;

ð14:18Þ
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where S is any surface terminating on C. Now, using Eq. (14.5), the sum of the bi

of all dislocations threading the surface ∯
S

n̂j d S can also be expressed by

btoti ¼

ðð

S

aijn̂j d S: ð14:19Þ

Therefore, upon comparing Eqs. (14.18) and (14.19),

aij ¼ �ejkn
qDni

qxk
: ð14:20Þ

Next, to produce the interface, as, for example, in Fig. 14.1c, the distribution of

dislocations in the dislocated crystal is gathered into a thin slab of thickness q as

illustrated in Fig. 14.7. The two regions adjoining the slab then become crystals

1 and 2, which are misoriented with respect to one another. Also, since aij has

vanished in both crystals outside the slab, the deformation tensor, Dni, according

to Eq. (14.20), is constant in each crystal and changes discontinuously upon

crossing the interface slab.

The slab thickness, q, can now be made arbitrarily small, while aij is correspon-

dingly increased to maintain the dislocation content in the slab constant. A closed

Burgers circuit enclosing a representative sample of the dislocations in the slab can

then be constructed following the path C ) p(2) � p(1), where p(2) and p(1) lie in

crystals 2 and 1 infinitesimally outside the slab, as shown in Fig. 14.7. To apply

Eq. (14.18) to this circuit, the derivative in the integrand is written as

qDni

qxk
¼

ðD
ð2Þ
ni � D

ð1Þ
ni Þ

q
n̂ � êk ¼

ðD
ð2Þ
ni � D

ð1Þ
ni Þ

q
n̂k; ð14:21Þ

where n̂ is the interface normal. Then, substituting Eq. (14.21) into Eq. (14.18),

� btoti ¼ ejkn
ðD

ð2Þ
ni � D

ð1Þ
ni Þ

q
n̂k

ðð

S

n̂Sj dS; ð14:22Þ

ˆ n 

Dni
(2)

ni
(1)

p(2) p
(1)

q

Crystal 1

D

Crystal 2

Figure 14.7 Thin slab of thickness q containing dislocations, which cause misorientation

of dislocation-free crystals 1 and 2.
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where n̂Sj is the normal to the circuit in Fig. 14.7. But, with the use of Eq. (E.5),

ðð

S

n̂Sj dS ¼ qðn̂� pÞj ¼ �qejsrn̂rps ð14:23Þ

and substituting this into Eq. (14.22), and using Eq. (E.4), we obtain the Frank–

Bilby equation in the form

btoti ¼ ejknejsrðD
ð2Þ
ni � D

ð1Þ
ni Þn̂kn̂rps ¼ ðD

ð2Þ
ni � D

ð1Þ
ni Þpn ¼ p

ð2Þ
i � p

ð1Þ
i : ð14:24Þ

Here, information about the five degrees of interface freedom is embedded in the

Dij tensors, which, in turn, are coupled to the Burgers vector content of the

interface represented by btot.7

As an example of its use, consider the small-angle symmetrical tilt interface in

Fig. 14.1c and assume that its degrees of freedom are specified but that its

dislocation content is unknown and to be determined. Crystal 1, crystal 2, the

reference lattice, and the Cartesian axes are then as shown in Fig. 14.8. Crystals

2 and 1 are symmetrically tilted around the ê3 axis (corresponding to the aC3
crystal axis) by the angles y/2 and �y/2, respectively, and, therefore, according

to Eq. (14.13),

D
ð2Þ
ji ¼

cosðy=2Þ � sinðy=2Þ 1
sinðy=2Þ cosðy=2Þ 1

0 0 1

2

4

3

5 D
ð1Þ
ji ¼

cosðy=2Þ sinðy=2Þ 1
� sinðy=2Þ cosðy=2Þ 1

0 0 1

2

4

3

5

ð14:25Þ

p(2)

q / 2

Crystal 2

p(1)

a2
C(1)

a2
C(2)a2

R

−q / 2

Crystal 1
(c)(b)

x2

p(1) p(2)

x1

b

Reference lattice

Cartesian axis

(a)

tot

tot

Figure 14.8 Arrangement of crystal 1, crystal 2, the reference lattice, and the Cartesian

axes for determining the dislocation content of the small-angle symmetric tilt interface

in Fig. 14.1c aRi
�

�

�

� ¼ a
Cð1Þ
i

�

�

�

�

�

� ¼ a
Cð2Þ
i

�

�

�

�

�

� ¼ a:

7 The Frank–Bilby equation, which is based purely on geometrical considerations, also applies to

interfaces where the adjoining crystals possess different lattice structures as can be shown (Sutton and

Balluffi, 2006) by an easy generalization of the Dij tensors.
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The interface plane corresponds to (001)R, and if the vector p, which must lie

in the interface, is chosen to be p = (0,0,p), and therefore parallel to the tilt axis,

Eq. (14.24) yields

btot1

btot2

btot3

2

6

4

3

7

5
¼

0 �2 sinðy=2Þ 0

2 sinðy=2Þ 0 0

0 0 0

2

6

4

3

7

5

0

0

p

2

6

4

3

7

5
¼

0

0

0

2

6

4

3

7

5
: ð14:26Þ

On the other hand, if p = (0,�p,0), and is therefore normal to the tilt axis,

btot1

btot2

btot3

2

6

4

3

7

5
¼

0 �2 sinðy=2Þ 0

2 sinðy=2Þ 0 0

0 0 0

2

6

4

3

7

5

0

�p

0

2

6

4

3

7

5
¼

2p sinðy=2Þ

0

0

2

6

4

3

7

5
: ð14:27Þ

Equation (14.26) rules out all families of straight parallel dislocations except

those parallel to the tilt axis, while Eq. (14.27) shows that a family running

parallel to the tilt axis, with Burgers vectors whose sum satisfies the condition

btot ¼ (2p sin (y/2),0,0) constitutes a satisfactory dislocation structure. The

vector btot is shown in Fig. 14.8a, and the sum condition is therefore satisfied

if N ¼ (2p/a) sin (y/2) dislocations with Burgers vectors b ¼ aR1 intersect p. The

necessary dislocation spacing is then d ¼ p/N ¼ a/[2 sin (y/2)], in agreement with

Eq. (14.1).

It is evident from this exercise that the vector p can be used as a general probe to

find interface dislocation structures that are composed of families of straight

parallel dislocations that are consistent with the Frank–Bilby equation. Obvi-

ously, an infinite number of different arrays satisfying the equation can be con-

structed for any given interface. The physically preferred array is the one of

minimum energy, and this can be identified only by means of energy calculations

(see Section 14.3.6). Arrays of the present type have been termed impotent arrays

(Mura, 1987) or surface dislocations (Sutton and Balluffi, 2006). When such an

array moves normal to itself without changing its structure, it produces a macro-

scopic shape change of the bicrystal consistent with the dislocation content of the

array and the corresponding change in crystal orientation across it, as discussed in

Section 15.3.

In Exercise 14.1, Eq. (14.24) is employed to find the screw dislocation structure

of the twist interface in Fig. 14.2. Further applications of the Frank–Bilby equa-

tion to more complex mixed interfaces possessing both tilt and twist components

are described by Hirth and Lothe (1982) and Sutton and Balluffi (2006).

Even though interfaces consistent with the Frank–Bilby equation are free of

long-range stress, a near-stress field exists, which extends into each adjoining

crystal a distance approximately equal to the dislocation spacing in the interface.

Such near fields, which are due to incomplete cancelation of the stress fields of the

dislocations at such relatively short distances, are now treated in the following

sections.
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14.3.3 Elastic fields of arrays of parallel dislocations

Consider the elastic fields produced by arrays of straight parallel dislocations in

iso-elastic interfaces using the coordinate system and geometry in Fig. 14.9a,

where the elastic constants are assumed to be effectively the same in each half-

space. The contribution of each dislocation in the array to the total displacement

field of the array then corresponds to the field produced by a single straight

dislocation in a single crystal given by Eq. (12.12). Using this, the total displace-

ment field of the array takes the form of the sum

u
array1

j ðxÞ ¼
1

2pi

X

1

N¼�1

X

6

a¼1

� Aja Lka bk lnðm̂ � x� Nd þ pan̂ � xÞ; ð14:28Þ

where the N are integers.

If the system containing the array is consistent with the Frank–Bilby equation,

Eq. (14.28) should yield a displacement field corresponding to a near field possess-

ing significant strains and a far field that is stress-free but causes the regions on

opposite sides of the array to be rotated with respect to each other. This can be

verified for the case of the symmetric tilt boundary in Fig. 14.1c by considering

the distortions associated with the displacement field which, with the use of

Eq. (14.28), are given by

qu
array1

j ðxÞ

qxl
¼

1

2pi

X

1

N¼�1

X

6

a¼1

� Aja Lka bk
ðml þ panlÞ

ðm̂ � x� Nd þ pan̂ � xÞ
: ð14:29Þ

Equation (14.29) can be developed further by employing the following procedure

(Hirth, Barnett, and Lothe, 1979), in which the sum over N in Eq. (14.29) can be

expressed (Morse and Feshbach, 1953) as

X

1

N¼�1

1

ðm̂ � x� Nd þ pan̂ � xÞ
¼

p

d
cot

p

d
ðm̂ � xþ pan̂ � xÞ: ð14:30Þ

x

Cijkl Cijkl

n x2

m

x1

(a)

x

C
ijkl

(2)
C

ijkl

(1)

n x2

m

x1

(b)

d d

2 1

O

Figure 14.9 End view of array of straight parallel dislocations at the spacing d. (a) In

iso-elastic interface. (b) In hetero-elastic interface.
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For the far-field region where n̂ � x 
 d, Eq. (14.30) is then reduced by first setting

ðp=dÞðm̂ � xþ pan̂ � xÞ ¼ z, so that

p

d
cot

p

d
ðm̂ � xþ pan̂ � xÞ ¼

pi

d

ðeiz þ e�izÞ

ðeiz � e�izÞ
: ð14:31Þ

By substituting Eq. (12.6) for pa, it is seen that when n̂ � x 
 d

p

d
cot

p

d
ðm̂ � xþ pan̂ � xÞ ¼ �

pi

d
sgnðban̂ � xÞ ¼ �

pi

d
½�sgnðn̂ � xÞ�; ð14:32Þ

where ba is the imaginary part of pa, and the usual � sign convention has been

introduced for summing over the a index. Then, substituting Eq. (14.32) into

Eq. (14.29), the far-field distortions are

qu
arrayð1Þ

j ðfar--fieldÞ

qxl
¼ �

1

2d
sgnðn̂ � xÞ

X

6

a¼1

Aja Lka bkðm̂l þ pan̂lÞ; ð14:33Þ

and, upon substituting Eq. (3.78) into Eq. (14.33),

qu
arrayð1Þ

j ðfar--fieldÞ

qxl
¼ �

1

2d
sgnðn̂ � xÞ bjm̂l þ

X

6

a¼1

Aja Lka bk pan̂l

 !

: ð14:34Þ

The sum in Eq. (14.34) can be evaluated by substituting Eq. (3.113) to obtain

X

6

a¼1

Aja Lka bk pan̂l ¼ bkn̂l
X

6

a¼1

Aja Lka pa ¼ �ðn̂n̂Þ�1
jr ðn̂m̂Þrk bk n̂l: ð14:35Þ

For the present edge dislocations b = (0,b,0) so that n̂ib ¼ bi, and the quantity

ðn̂m̂Þrkbk in Eq. (14.35) takes the form

ðn̂m̂Þrkbk ¼ n̂iCirkjm̂jbk ¼ n̂iCirkjm̂jn̂kb ¼ n̂iCirkjn̂km̂jb

¼ n̂iCirjkn̂jm̂kb ¼ n̂iCirkjn̂jm̂kb ¼ ðn̂n̂Þrkm̂kb:
ð14:36Þ

Then, substituting Eqs. (14.35) and (14.36) into Eq. (14.34), the far-field distortion

tensor due to the array is given by (Hirth, Barnett, and Lothe, 1979)

qu
arrayð1Þ

j ðfar--fieldÞ

qxl
¼ �

1

2d
sgnðn̂ � xÞ bjm̂l � blm̂j

� �

¼
1

2d
sgnðn̂ � xÞ

0 b 0
�b 0 0
0 0 0

2

4

3

5:

ð14:37Þ

For the far-field region where n̂ � x > 0, substitution of Eq. (14.37) into Eq. (2.14)

shows that the only non-vanishing rotation is

o
arrayð1Þ

3 ðfar--fieldÞ ¼ �
b

2d
ð14:38Þ

corresponding to a rigid body rotation of this region around the x3 axis given by

dy ¼ �b/2d. For the opposite far-field region where n̂ � x< 0, dy = b/2d, and, it is
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therefore concluded, as anticipated for the present array, that the two regions indeed

rotate with respect to one another according to the Frank–Bilby equation. Also, as

indicated by Eqs. (14.37) and (2.5), the two far fields are free of elastic strain.

However, for arrays that do not satisfy the Frank–Bilby equation (see

Exercise 14.2), non-vanishing far-field distortions that produce elastic strains

will be present. This is demonstrated in the following section for the arrays in

Figs. 14.10b and 14.10c in isotropic systems.

14.3.4 Elastic fields of arrays of parallel dislocations in isotropic systems

It is helpful to have the elastic fields for the three arrays in Fig. 14.10 with the

three Burgers vectors shown, since, with their use, the field for an array with any

Burgers vector can be obtained by simple superposition. To demonstrate the

procedure for finding these fields in isotropic systems (see Hirth and Lothe,

1982), the s12 field due to the array of edge dislocations in Fig. 14.10a is deter-

mined. The s12 field due to a single dislocation in this array is given by Eq. (12.45),

and, therefore, summing over the array,

s
array1

12 ¼
mb

2pð1� nÞ

X

1

N¼�1

x1½x
2
1 � ðx2 � NdÞ2�

½x21 þ ðx2 � NdÞ2�
2
: ð14:39Þ

The sum in Eq. (14.39) can be evaluated by starting with the identity (Morse and

Feshbach, 1953)

X

1

N¼�1

1

1þ a
¼ p cot pa: ð14:40Þ

Then, by substituting the complex numbers a = p þ iq and p = a � iq into

Eq. (14.40), adding the results, and using the standard relationships

sinðxþ iyÞ ¼ sinðxÞ coshðyÞ þ i½cosðxÞ sinhðyÞ�

cosðxþ iyÞ ¼ cosðxÞ coshðyÞ � i½sinðxÞ sinhðyÞ�;
ð14:41Þ

the further identity

X

1

N¼�1

N þ p

q2 þ ðN þ pÞ2
¼

p

2
½cot pðpþ iqÞ þ cot pðp� iqÞ� ¼

p sinð2ppÞ

coshð2pqÞ � cosð2ppÞ

ð14:42Þ

x2

b = (b,0,0) b = (0,b,0) b = (0,0,b)

x1 x1 x1
O

(a) (b) (c)

Figure 14.10 End views of arrays of straight parallel dislocations with Burgers vectors

b = (b,0,0), b = (0,b,0) and b = (0,0,b).
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is obtained. (It is noted here that, if the results obtained with Eq. (14.40) above are

subtracted instead of added, the equality

X

1

N¼�1

1

q2 þ ðN þ pÞ2
¼

p

q

sinhð2pqÞ

coshð2pqÞ � cosð2ppÞ
ð14:43Þ

is obtained, which will be of use in Section 14.4.2.2.) Differentiation of Eq. (14.42)

with respect to p then produces

X

1

N¼�1

q2 � ðN þ pÞ2

½q2 þ ðN þ pÞ2�
2
¼ 2p2

coshð2pqÞ cosð2ppÞ � 1

½coshð2pqÞ � cosð2ppÞ�2
: ð14:44Þ

Having this result, the sum in Eq. (14.39) can be evaluated, and s
array1

12 is finally

obtained in the form

s
array1

12 ¼
mbpx1½coshð2px1=dÞ cosð2px2=dÞ � 1�

d2ð1� nÞ½coshð2px1=dÞ � cosð2px2=dÞ�
2
: ð14:45Þ

The fields for the remaining stresses and also the other two families in Fig. 14.10

are obtained in a similar manner and are presented and discussed by Hirth and

Lothe (1982) and Sutton and Balluffi (2006).

When x1 is greater than about d, the s
array1

12 stress given by Eq. (14.45) is well

represented by

s
array1

12 ¼
mb2px1

d2ð1� nÞ
exp �

2px1

d

� �

cos
2px2

d
ð14:46Þ

and is seen to be relatively small, as expected, and essentially to vanish at distances

that are a few multipoles of d.8 The absence of a long-range stress field for this

family is as expected, since it corresponds to the simple symmetric tilt interface in

Fig. 14.1c, which obeys the Frank–Bilby equation.

In contrast to the results for the family in Fig. 14.10a, the families in Figs. 14.10b

and 14.10c possess non-vanishing long-range elastic fields. As demonstrated in

Exercise 14.2, this is consistent with the fact that the Frank–Bilby equation cannot

be satisfied for these two arrays.

When more than one family of dislocations is present in an interface and

intersect, they may be able to reduce the total strain energy by interacting to form

a cellular network consisting of straight segments, as illustrated, for example, in

Fig. 14.11. Here, a new network (dashed) is formed as a result of local dislocation

interactions at the intersections of the two original arrays, where lengths of

8 Relative to, for example, the s12 stress at the same distance from a single edge dislocation as given by

Eq. (12.45).
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dislocations with Burgers vectors b1 and b2, respectively, form segments of dis-

locations with Burgers vector b3, according to the reaction

b1 þ b2 ¼ b3: ð14:47Þ

The total Burgers vector strength of the interface is conserved, as far as the Frank–

Bilby equation is concerned, and the degrees of freedom of the interface remain

unchanged. However, the determination of the elastic field becomes more compli-

cated, requiring summations of the elastic fields contributed by the individual

segments, as described in Section 12.7.

14.3.5 Interfacial strain energies in isotropic systems

The energies of small-angle interfaces can be determined by a conceptually simple

method (Hirth and Lothe, 1982) in which two interfaces of the desired type, but

with opposite misorientations, are generated along the intended interface plane

and then moved apart against the attractive force that tends to pull them back

together. The process is illustrated in Fig. 14.12 for the simple case of a symmet-

rical tilt interface. Here, two interfaces with opposite tilt angles are created by

generating an array consisting of pairs of long straight edge dislocations having

opposite Burgers vectors and then moving them infinitely far apart on their slip

planes. The energy of each interface is then half of the total work done in

separating the two arrays against the attractive force between them. This force

in an isotropic system can be determined by noting that the sarray
1

12 stress on each

slip plane can be obtained from Eq. (14.45) in the form

s
array1

12 ¼
mbpx1

2d2ð1� nÞsinh2ðpx1=dÞ
: ð14:48Þ

x2

x1

Figure 14.12 Creation of two small-angle symmetric tilt interfaces with opposite tilt angles.

b1

b3

b2

Figure 14.11 Two arrays of intersecting straight parallel dislocations (solid lines) interacting

to form cellular dislocation network (dashed lines).
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Then, using the Peach–Koehler force equation, Eq. (13.10), the restrai-

ning force per unit length experienced by each dislocation is f ¼ bs
array1

12 ,

and, therefore, the corresponding work (per unit area) to create the two

interfaces is

W 0
¼

1

d

ð

1

b=a

bs
array1

12 dx1 ¼
mb2p

2d3ð1� nÞ

ð

1

b=a

x1 dx1

sinh2ðpx1=dÞ
; ð14:49Þ

where Eq. (12.42) has been used for the core cut-off radius. Then, performing the

integration,

W 0
¼

mb2

2pdð1� nÞ

pb

ad
coth

pb

ad

� �

� ln 2 sinh
pb

ad

� �� �� �

; ð14:50Þ

since b/d = y, and y � 1, pb/ad = py/a � 1. Equation (14.50) can then be

expanded to first order to obtain the energy of a single interface (per unit area) in

the form

g ¼
W 0

2
¼

mb2

4pð1� nÞd
ln

ade

2pb

� �

: ð14:51Þ

This expression for the energy may be compared with a simple approximate

determination of the interface energy based on the above results. The previous

solution for the elastic near field indicates that the field within a cylinder of

radius � d/2 around each dislocation is dominated by the field due to that

dislocation. Therefore, using Eq. (12.61) for the energy associated with the edge

dislocation in each cylinder, the interface energy is

g �
mb2

4pð1� nÞd
ln

ad

2b

� �

; ð14:52Þ

which is essentially identical to Eq. (14.51). By substituting b/d = y, the interface

energy given by Eq. (14.51) can be expressed, as first shown by Read and Shockley

(1950), in the relatively simple functional form

g ¼ g	yðA� ln yÞ; ð14:53Þ

where g	 ¼ mb/[4p(1 � n)] and A ¼ ln (ae/2p).

The energies of other types of small-angle interfaces can be determined

by this method. In most cases, the two interfaces created will not be

glissile, and dislocation climb will be required to move them apart while

not altering their structure, as discussed in Section 15.3. However, this does

not affect the energy calculation. Arguments given by Read (1953), and

extended by Hirth and Lothe (1982), indicate that the general functional

form of Eq. (14.53) is quite general and should be valid for all small-angle

interfaces.
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14.4 Hetero-elastic interfaces

14.4.1 Geometrical features

As is the case of the previous iso-elastic interfaces, a variety of distinguishable types

of hetero-elastic interfaces containing arrays of discrete dislocations exists (Sutton

and Balluffi, 2006). A common type is the epitaxial interface, which occurs when two

dissimilar phases possess atomic planes that are almost commensurate. A stable

interface can then be produced, where these planes are parallel to the interface, and

the small mismatch between them is accommodated by a dislocation array. A simple

example is the interface in Fig. 14.13, where it is assumed that phases 1 and 2 are

exactly commensurate in the x3 direction and nearly commensurate along x1.

The dislocation spacing in this interface, consistent with a vanishing elastic far

field, is readily found by means of the Frank–Bilby equation. Choosing the phase 1

lattice as the reference lattice, and expressing the base vectors of the various lattices as

a
ð2Þ
1 ¼ ð1þ eÞaR1

a
ð2Þ
2 ¼ ða

ð2Þ
2 =a

ð1Þ
2 ÞaR2

a
ð2Þ
3 ¼ aR3

a
ð1Þ
1 ¼ aR1

a
ð1Þ
2 ¼ aR2

a
ð1Þ
3 ¼ aR3 ;

ð14:54Þ

the Dij tensors of Eq. (14.13) are

D
ð2Þ
ji ¼

1þ e 0 0
0 a

ð2Þ
2 =a

ð1Þ
2 0

0 0 1

2

4

3

5 D
ð1Þ
ji ¼ dji: ð14:55Þ

Then, by first taking p parallel to axis 3, and then parallel to axis 1, Eq. (14.24)

yields, respectively,

btot1

btot2

btot3

2

6

4

3

7

5
¼

e 0 0

0 ½a
ð2Þ
2 =a

ð1Þ
2 � � 1 0

0 0 0

2

6

4

3

7

5

0

0

p

2

6

4

3

7

5
¼

0

0

0

2

6

4

3

7

5

btot1

btot2

btot3

2

6

4

3

7

5
¼

e 0 0

0 ½a
ð2Þ
2 =a

ð1Þ
2 � � 1 0

0 0 0

2

6

4

3

7

5

p

0

0

2

6

4

3

7

5
¼

ep

0

0

2

6

4

3

7

5
:

ð14:56Þ

1 

x2

2 

x1 d

Interface

Figure 14.13 Cross section of edge dislocation array in epitaxial hetero-elastic interface

between dissimilar phases occupying half-spaces 1 and 2.
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The first relationship is satisfied by a family of dislocations running parallel to

axis 3. The second, which requires that btot1 ¼ ep, can be satisfied by assigning the

dislocations a Burgers vector b ¼ a
ð1Þ
1 ;0;0

	 


and a spacing

d ¼
a
ð1Þ
1

e
; ð14:57Þ

since, if it is assumed that when p is parallel to axis 1 it intersects N dislocations

at the spacing d, when the requirement becomes btot1 ¼ ep ¼ eNd ¼ Na
ð1Þ
1 in agree-

ment with Eq. (14.57).

Further more complex dislocation arrays in hetero-elastic interfaces are treated

by Hirth and Lothe (1982) and Sutton and Balluffi (2006).

14.4.2 Elastic fields

The treatment of the elastic fields of dislocation arrays in hetero-elastic inter-

faces is considerably complicated by the difference in the effective elastic con-

stants that exists across the interface. It is therefore helpful first to consider this

problem in the case of an isotropic system before taking up the more difficult

anisotropic case.

14.4.2.1 Single dislocation in planar interface in isotropic system
Let us first find the elastic field of a single straight dislocation lying in a planar

hetero-elastic interface in an isotropic system following the analysis of Nakahara,

Wu, and Li (1972). This treatment makes use of Eq. (12.65), which expresses the

relationship between the displacement ui(x) at a field point x due to a dislocation

loop and the stress s0mnðx� x0Þ at a point x0 on the cut surface S used to create

the loop caused by a point force Fi applied at x (see Fig. 12.1). The results are

lengthy and cumbersome, and the analysis will therefore be restricted to the case

of the edge dislocation with Burgers vector b¼ (0,b,0) and t̂ ¼ 0;0;1ð Þ in the

interface shown in Fig. 14.14. This will lay the groundwork for going on to

the analysis of a simple tilt boundary consisting of an array of parallel edge

dislocations.

(2)
,

(2)
R

(1)
F

(1), (1)

′ x x 

x2

Half-space 1
Interface

Half-space 2

x1

O

Edge dislocation

mm nn

Figure 14.14 Geometry for determining displacement field of single edge dislocation in

hetero-elastic interface in isotropic system.
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Start with a planar dislocation loop lying in the interface of Fig. 14.14 with

b = (0,b,0) produced by a cut along a planar S surface in the x2 = 0 plane

with positive unit normal vector n̂ ¼ 0;�1;0ð Þ. For such a loop, Eq. (12.65)

reduces to

FiuiðxÞ ¼ b∯
�

s022ðx� x0Þ dx01 dx
0
3 ¼ b∯

�

½s0F1

22 ðx� x0Þ

þ s0F2

22 ðx� x0Þ þ s0F3

22 ðx� x0Þ�dx01 dx
0
3;

ð14:58Þ

where s0Fi

22 ðx� x0Þ is the stress produced at a source point x0 in the plane of the

loop by component i of the force, F, applied at the field point x. The s0Fi

22

stresses in half-space 1 can be obtained by substituting the Papkovitch func-

tions given by Eqs. (4.101) and (4.102) into Eq. (4.86) to obtain the displace-

ments and then using Eq. (2.5) and Hooke’s law. This yields (Nakahara, Wu,

and Li, 1972)

s0F1

22 ¼ F1D
x1 � x01

ðRð1ÞÞ
3

3
x22

ðRð1ÞÞ
2
�
3� A12

2
þ 2nð1Þ

 !

s0F2

22 ¼ F2D
x2

ðRð1ÞÞ
3

3
x22

ðRð1ÞÞ
2
þ
1þ A12

2
� 2nð1Þ

 !

s0F3

22 ¼ F3D
x3 � x03

ðRð1ÞÞ
3

3
x22

ðRð1ÞÞ
2
�
3� A12

2
þ 2nð1Þ

 !

;

ð14:59Þ

where

A12 ¼
mð1ÞK12

mð2ÞK21

¼
mð1Þ þ ð3� 4nð1ÞÞmð2Þ

mð2Þ þ ð3� 4nð2ÞÞmð1Þ

D ¼
mð2ÞK21

2pmð1Þ

K12 ¼
mð2Þ

½mð2Þ þ ð3� 4nð2ÞÞmð1Þ�
K21 ¼

mð1Þ

½mð1Þ þ ð3� 4nð1ÞÞmð2Þ�

Rð1Þ ¼ ½ðx1 � x01Þ
2 þ x2

2 þ ðx3 � x03Þ
2�1=2:

ð14:60Þ

Having this, the displacements in half-space 1 in Fig. 14.14 due to the long straight

edge dislocation with Burgers vector b = (0,b,0) and t̂ ¼ 0;0;1ð Þ lying in the

interface along x3 can be obtained by substituting each of the stresses given by

Eq. (14.59) into Eq. (14.58) and integrating according to the method leading to

Eqs. (12.70) and (12.71), where the loop is expanded so that the integral is carried

out over a S surface corresponding to an entire half-plane bounded on one side by

the straight dislocation.9 This yields

9 Also, see Exercise 12.2.
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u
ð1Þ
1 ¼

bð1� K12 � K21Þ

4p
lnðx21 þ x22Þ �

mð2ÞK21b

2pmð1Þ
ðx21 � x22Þ

ðx21 þ x22Þ

u
ð1Þ
2 ¼

bð1þ K12 � K21Þ

2p
tan�1 x2

x1

� �

�
mð2ÞK21b

pmð1Þ
x1x2

ðx21 þ x22Þ

u
ð1Þ
3 ¼ 0:

ð14:61Þ

Then, applying Eq. (2.5) and Hooke’s law, the corresponding stresses are

s
ð1Þ
11 ¼

bx1

pðx21 þ x22Þ
�mð1ÞK12 þ mð2ÞK21

3x21 � x22
x21 þ x22

� �

s
ð1Þ
33 ¼

bx1

pðx21 þ x22Þ
4nð1Þmð2ÞK21

s
ð1Þ
22 ¼

bx1

pðx21 þ x22Þ
mð1ÞK12 þ mð2ÞK21

x21 þ 5x22
x21 þ x22

� �

s
ð1Þ
12 ¼

x2

x1
s
ð1Þ
11 :

ð14:62Þ

Corresponding results for half-space 2 can be obtained by simply interchanging

indices.

14.4.2.2 Planar array of parallel dislocations in isotropic system
Consider now a simple dislocation array in an isotropic system consisting of

uniformly spaced parallel edge dislocations of the type analyzed previously in

the interface of Fig. 14.14. This array corresponds to a small-angle tilt interface,

whose elastic field is expected to produce far-field rotations in the adjoining

crystals that conform to the Frank–Bilby equation and far-field stresses that

vanish in each half-space. We now determine the elastic field and verify this

expectation. However, the analysis will prove to be more complicated than for

the previous case of the iso-elastic interface in Section 14.3.5 (Eq. (14.29)), since

the anticipated result will not obtained by simply summing the fields of the

individual dislocations.

The procedure is initially similar to that employed previously in Section 14.3.3

for an iso-elastic interface. The only relevant distortions in half-space 1 due to

a single dislocation in the array are qu
ð1Þ
1 =qx2 and qu

ð1Þ
2 =qx1, which, by use of

Eq. (14.61), are given by

qu
ð1Þ
1

qx2
¼

b

2p

x22
ðx21 þ x22Þ

ð1� K12 � K21Þ þ
4mð2ÞK21

mð1Þ
x21

ðx21 þ x22Þ

� �

qu
ð1Þ
2

qx1
¼

b

2p

x22
ðx21 þ x22Þ

�ð1þ K12 � K21Þ þ
2mð2ÞK21

mð1Þ
ðx21 � x22Þ

ðx21 þ x22Þ

� �

:

ð14:63Þ

Next, by substituting these results into Eq. (2.14), and summing over all the

dislocations, the only non-vanishing rotation in half-space 1 due to the array is

do
arrayð1Þ

3 ¼ �
b

2p
1þ K21

mð2Þ

mð1Þ
� 1

� �� �

x2
X

1

N¼�1

1

ðx1 þ NdÞ2 þ x22
: ð14:64Þ
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Then, using Eq. (14.43), the rotation of the far-field region of half-space 1, where

x2 
 d, is

do
arrayð1Þ

3 ðfar fieldÞ ¼ �
b

2d
1þ K21

mð2Þ

mð1Þ
� 1

� �� �

: ð14:65Þ

This corresponds to a left-handed rotation of the far-field region of half-space 1

around the x3 axis equal to dyð1Þ ¼ do
arrayð1Þ

3 ðfar fieldÞ. The rotation of half-space 2

can be obtained by a similar procedure, and by combining the results, the far-field

rotation of half-space 1 relative to that of half-space 2 is

dy ¼ dyð1Þ � dyð2Þ ¼ �
b

d
�

b

2d

mð2ÞK21

mð1Þ
� K21

� �

þ
mð1ÞK12

mð2Þ
� K12

� �� �

: ð14:66Þ

This result is seen to be inconsistent with the Frank–Bilby equation, since then

the equation would predict dy ¼ �b/d. Note, however, that if m(1) ¼ m(2), as it

would be if the interface were iso-elastic, Eq. (14.66) reduces to dy ¼ �b/d, and the

Frank–Bilby result is obtained.

Consider next the stress field of the array in half-space 1, s
arrayð1Þ

12 ðx1; x2Þ,

obtained by summing the contributions of the individual dislocations. Using

Eq. (14.62), and taking the origin at one of the dislocations,

s
arrayð1Þ

12 ðx1; x2Þ ¼
bx2

p

X

1

N¼�1

1

ðx1 þ NdÞ2 þ x22
�mð1ÞK12 þ mð2ÞK21

3ðx1 þ NdÞ2 � x22

ðx1 þ NdÞ2 þ x22

 !

:

ð14:67Þ

To obtain the far-field at large x2, x1 can be set equal to zero, and the sums in the

above expression replaced by integrals, after smearing out the array of discrete

dislocations along x1 into a uniform distribution of an infinite number of disloca-

tions with infinitesimal Burgers vectors with a Burgers vector line density b/d.

The expression obtained can then be integrated to obtain the far-field stress

s
arrayð1Þ

12 ðfar fieldÞ ¼
bx2

pd
�mð1ÞK12

ð

1

�1

ds

s2 þ x22
þ mð2ÞK21

ð

1

�1

ð3s2 � x22Þ

ðs2 þ x22Þ
2
ds

2

4

3

5

¼ �
b

d
ðmð1ÞK12 � mð2ÞK21Þ:

ð14:68Þ

Similar calculations show that the other far-field stress components vanish. Never-

theless, Eq. (14.68) establishes the existence of a non-vanishing far-field stress,

which is not surprising, since the far-field rotation field does not conform to the

Frank–Bilby result. The s
arrayð1Þ

12 stress given by Eq. 14.68 has the notable feature

that it is independent of x2, thereby producing the same shearing traction on all

surfaces parallel to the interface. Also, it vanishes for an iso-elastic interface where

m(1) = m(2).

For a bicrystal with surfaces parallel to the interface, the far-field s
arrayð1Þ

12 stress

given by Eq. (14.68) can now be eliminated in half-space 1 by applying a canceling
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uniform image stress, sIM
ð1Þ

12 ¼ �s
arrayð1Þ

12 , thus producing a uniform shear stress

and strain

sIM
ð1Þ

12 ðfar fieldÞ ¼
b

d
ðmð1ÞK12 � mð2ÞK21Þ

eIM
ð1Þ

12 ðfar fieldÞ ¼
sIM

ð1Þ

12 ðfar fieldÞ

2mð1Þ
¼

b

2d
K12 �

mð2ÞK21

mð1Þ

� � ð14:69Þ

without producing any incompatibility at the interface as may be seen in the two-

step process illustrated in Fig. 14.15. In the first step, (a)! (b), a uniform e12 shear

strain is applied, causing a shape change described by the two-dimensional dis-

placement field uðxÞ ¼ e12ðx2ê1 þ x1ê2Þ, which, according to Eqs. (2.13) and (2.14),

does not produce any rigid body rotation. In the second step, (b) ! (c), compati-

bility is restored by means of the rigid body rotation dy= �e12 around the x3 axis.

Using Eq. (14.69), and the results of a similar analysis of the effect of applying

a corresponding image stress to half-space 2, the final change in tilt angle

between half-spaces 1 and 2 produced by the application of the image stresses to

the two half-spaces is

dyIM ¼ dyIM
ð1Þ

� dyIM
ð2Þ

¼ �eIM
ð1Þ

12 þ eIM
ð2Þ

12 ¼
b

2d

mð2ÞK21

mð1Þ
� K12

� �

þ
mð1ÞK12

mð2Þ
� K21

� �� �

:

ð14:70Þ

The rotation given by Eq. (14.70) is seen to cancel exactly the portion of the

rotation in Eq. (14.66) that deviates from the prediction of the Frank–Bilby

equation. The final result is therefore a bicrystal free of far-field stress and in

conformity with the Frank–Bilby equation, as originally expected.

Insight into the source of the far-field s
arrayð1Þ

12 stress produced by the array of

edge dislocations is gained by first realizing that the elastic field in half-space 1 due

to each edge dislocation in the interface (Fig. 14.16), given by Eq. (14.61), is equal

to the sum of the fields produced in an infinite body, with the same elastic

properties as half-space 1, by a fictitious edge dislocation with a Burgers vector,

bfict
ð1Þ
, and a fictitious line force of strength, f fictð1Þ

1
, given by

bfict
ð1Þ

¼ bð1þ K12 � K21Þ f fictð1Þ

1
¼ �2bðmð2ÞK21 � mð1ÞK12Þ ; ð14:71Þ

e12

e12 e12

δq

e12

δq

(c)(b)

x2

x1

(a)

Interface

Figure 14.15 Rotation, dy, of half-space caused by e12 shear strain.
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where b is the Burgers vector of the real dislocations in the interface (Dundurs and

Sendeckyj, 1965; Sutton and Balluffi, 2006). This result also holds for half-space 2,

when the Burgers vector and line force strength of the fictitious dislocation and

line force are, respectively, bfict
ð1Þ

¼ bð1þ K21 � K12Þ and f fictð2Þ

1
¼ �f fictð1Þ

1
. In this

arrangement, the directions of the two line forces are therefore opposed, and the

net line force acting on the system vanishes, as must be the case.

This equivalence can be validated by first expressing it in terms of the condition

u
ð1Þ
i ¼ ufict

1

i þ uLF
1

i ; ð14:72Þ

where ufict
1

i and uLF
1

i are the displacements, respectively, due to a single fictitious

dislocation and a line force in the infinite body. According to Eqs. (14.61), (12.54),

and (14.125), and use of Eq. (14.71), these displacements are given by

u
ð1Þ
1 ¼

b

2p

ð1� K12 � K21Þ

2
lnðx21 þ x22Þ �

mð2ÞK21

mð1Þ
ðx21 � x22Þ

ðx21 þ x22Þ

� �

ufict
1

1 ¼
bð1þ K12 � K21Þ

8pð1� nð1ÞÞ
ð1� 2nð1ÞÞ lnðx21 þ x22Þ �

ðx21 � x22Þ

ðx21 þ x22Þ

� �

uLF
1

1 ¼
bðmð2ÞK21 � mð1ÞK12Þ

8pmð1Þð1� nð1ÞÞ
ð3� 4nð1ÞÞ lnðx21 þ x22Þ �

ðx21 � x22Þ

ðx21 þ x22Þ

� �

u
ð1Þ
2 ¼

b

2p
ð1þ K12 � K21Þtan

�1 x2

x1

� �

�
2mð2ÞK21

mð1Þ
x1x2

ðx21 þ x22Þ

� �

ufict
1

2 ¼
bð1þ K12 � K21Þ

2p
tan�1 x2

x1

� �

�
1

2ð1� nð1ÞÞ

x1x2

ðx21 þ x22Þ

� �

uLF
1

2 ¼ �
bðmð2ÞK21 � mð1ÞK12Þ

4pmð1Þð1� nð1ÞÞ

x1x2

ðx21 þ x22Þ

� �

:

ð14:73Þ

Substitution of Eq. (14.73) into Eq. (14.72) then shows, with help from

Eq. (14.60), that the condition is indeed satisfied.

It is now shown that the far-field stress in half-space 1 obtained by summing

the fields of the dislocations in the actual array (Eq. (14.68)), is equal to the

∞

m(2) m(1) m(1)

PP

Dislocation with b=b

Dislocation with b=bfict(1)

line force,

spaceHalf-space 1Half-space 2

1
f

fict
(1)

Figure 14.16 Equivalence between the elastic field in the left diagram produced at field point

P in half-space 1 by an interfacial dislocation with Burgers vector b and the field produced

in the right diagram at the same field point P in an infinite space, with the same elastic

properties as half-space 1, by a dislocation with Burgers vector bfict
ð1Þ

and a line force of

strength f fictð1Þ

1 acting together.
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far-field stress due to a corresponding array of the fictitious line forces in

an infinite body with n¼ n(1). Using Eqs. (14.125), (2.5), Hooke’s law, and

Eq. 14.71 for the fictitious line force strength, the stress due to a single line force

in the infinite body is

sLF
1

12 ðx1; x2Þ ¼
bðmð2ÞK21 � mð1ÞK12Þ

2pð1� nÞ

ð1� 2nÞx2
x21 þ x22

þ
2x2x

2
1

ðx21 þ x22Þ
2

" #

: ð14:74Þ

Then, assembling the array and smearing out the line forces into a uniform

distribution of an infinite number of infinitesimal lines forces along x1, the far-

field stress due to the array is obtained by integration (see Eq. (14.68)) in the form

s
LFarray1

12 ðfar fieldÞ ¼
bðmð2ÞK21 � mð1ÞK12Þ

2pdð1� nÞ

ð

1

�1

ð1� 2nÞx2
s2 þ x22

þ
2x2

ðs2 þ x22Þ
2
s2

" #

ds

¼ �
b

d
ðmð1ÞK12 � mð2ÞK21Þ;

ð14:75Þ

which agrees with Eq. (14.68).

These results show that, in the fictitious dislocation–line force representation,

the array of line forces is the source of the non-vanishing far-field stress obtained

(Eq. (14.68)) when an effort is made to obtain the stress field of the real disloca-

tion array by summing the stress fields of the individual dislocations. The final

stress field, with vanishing far-field stresses in each half-space, can therefore be

regarded as the sum of three fields, i.e., (1) the field of the fictitious array of

dislocations, (2) the field of the fictitious array of line forces, and (3) the image

stress whose role is to cancel the far-field tractions produced by the array of line

forces.

14.4.2.3 Single dislocation in planar interface
Displacement field

With the results for hetero-elastic interfaces in isotropic systems in hand, we now

turn to hetero-elastic interfaces in general anisotropic systems. The first step is to

determine the elastic field of a single dislocation in such an interface. This problem

has been treated by Barnett and Lothe (1974) and Nakahara and Willis (1973),

and we shall follow Barnett and Lothe by considering the arrangement in

Fig. 14.17, where an infinitely long straight dislocation lies in a planar interface

between two dissimilar half-spaces. Using the integral formalism, a solution for

the displacement field in the half-spaces 1 and 2 is assumed of the form

u
ð1Þ
i ðxÞ ¼

1

2pi

X

6

a¼1

A
ð1Þ
ia Eð1Þ

a lnðm̂ � xþ pð1Þa n̂ � xÞ ðx � n > 0Þ

u
ð2Þ
i ðxÞ ¼

1

2pi

X

6

a¼1

A
ð2Þ
ia Eð2Þ

a lnðm̂ � xþ pð2Þa n̂ � xÞ ðx � n < 0Þ

9

>

>

>

>

=

>

>

>

>

;

; ð14:76Þ
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where the 12 unknown quantities E
ð1Þ
a and E

ð2Þ
a are to be determined by the

boundary conditions at the interface. A branch cut is introduced along m̂ � x< 0

in the interface plane to make the complex logarithm in Eq. (14.76) single-valued

(see Section 12.3.1 and Fig. 12.5). It is assumed that the surface for the cut and

displacement that created the dislocation is the same surface used for the branch

cut, and a discontinuity in the displacement across this plane equal to the Burgers

vector is therefore required. Using the same procedure as in the previous develop-

ment of Eq. (12.8), it is found that when m̂ � x< 0,

lnðm̂ � xþ p
ð1Þ
a n̂ � xÞ ! ln jm̂ � xj � ip as n̂ � x ! 0�

lnðm̂ � xþ p
ð2Þ
a n̂ � xÞ ! ln jm̂ � xj � ip as n̂ � x ! 0þ

)

; ð14:77Þ

where the upper and lower signs in the � notation correspond to our usual

convention for the summation index a. According to the convention given by

the S cut and displacement rule on p. 232, the negative side of the cut is the 0� side

in this formulation, and, therefore, the displacement across the cut is related to the

Burgers vector by

�ui ¼
1

2pi

X

3

a¼1

A
ð1Þ
ia Eð1Þ

a ðln jm̂ � xj þ ipÞþ

"

X

6

a¼4

A
ð1Þ
ia Eð1Þ

a ðln jm̂ � xj � ipÞ

�
X

3

a¼1

A
ð2Þ
ia Eð2Þ

a ðln jm̂ � xj � ipÞ �
X

6

a¼4

A
ð2Þ
ia Eð2Þ

a ðln jm̂ � xj þ ipÞ

#

¼ bi;

ð14:78Þ

or,

1

2pi

X

6

a¼1

ðA
ð1Þ
ia Eð1Þ

a � A
ð2Þ
ia Eð2Þ

a Þ ln jm̂ � xj þ
1

2

X

6

a¼1

ð�A
ð1Þ
ia Eð1Þ

a � A
ð2Þ
ia Eð2Þ

a Þ ¼ bi: ð14:79Þ

Since ln jm̂ � xj is arbitrary, Eq. (14.79) is satisfied when

X

6

a¼1

ðA
ð1Þ
ia Eð1Þ

a � A
ð2Þ
ia Eð2Þ

a Þ ¼ 0 ð14:80Þ

C
ijkl

(2)
C

ijkl

(1)

ˆ n x2

ˆ m 

x1

Half-space 1Half-space 2

Branch cut
O

Dislocation

Interface

Figure 14.17 End view of infinitely long straight dislocation lying along t̂ ¼ t̂ ¼ m̂� n̂ in

planar interface between dissimilar half-spaces 1 and 2.

36714.4 Hetero-elastic interfaces



and

X

6

a¼1

ð�A
ð1Þ
ia Eð1Þ

a � A
ð2Þ
ia Eð2Þ

a Þ ¼ 2bi: ð14:81Þ

No net tractions can exist along the interface, and the solution must therefore also

satisfy the boundary condition

s
ð1Þ
mn n̂n ¼ s

ð2Þ
mn n̂n ðx2 ¼ 0Þ: ð14:82Þ

Therefore, by employing Eqs. (3.1), (14.76) and (3.37), Eq. (14.82) takes the

successive forms

P

6

a¼1

A
ð1Þ
ia E

ð1Þ
a n̂nC

ð1Þ
nmipðm̂p þ p

ð1Þ
a n̂pÞ

ðm̂ � xþ p
ð1Þ
a n̂ � xÞ

¼

P

6

a¼1

A
ð2Þ
ia E

ð2Þ
a n̂nC

ð2Þ
nmipðm̂p þ p

ð2Þ
a n̂pÞ

ðm̂ � xþ p
ð2Þ
a n̂ � xÞ

P

6

a¼1

L
ð1Þ
ia E

ð1Þ
a

ðm̂ � xþ p
ð1Þ
a n̂ � xÞ

¼

P

6

a¼1

L
ð2Þ
ia E

ð2Þ
a

ðm̂ � xþ p
ð2Þ
a n̂ � xÞ

:

ð14:83Þ

However, since p
ð1Þ
a and p

ð2Þ
a are complex, the terms in the denominators of

Eq. (14.83) take the limiting forms

ðm̂ � xþ p
ð1Þ
a n̂ � xÞ ! m̂ � x� i0� as n̂ � x ! 0�

ðm̂ � xþ p
ð2Þ
a n̂ � xÞ ! m̂ � x� i0þ as n̂ � x ! 0þ;

ð14:84Þ

when x is at the negative and positive sides of the branch cut. Then, substituting

this result into Eq. (14.83),

P

6

a¼1

L
ð1Þ
ia E

ð1Þ
a

m̂ � x� i0�
¼

P

6

a¼1

L
ð2Þ
ia E

ð2Þ
a

m̂ � x� i0þ
: ð14:85Þ

However, Eq. (14.85) can be put into another form by employing the identity

(Gel’fand and Shilov, 1964),

1

m̂ � x� i0
¼

1

m̂ � x
� ipdðm̂ � xÞ: ð14:86Þ

Therefore, by substituting Eq. (14.86) into Eq. (14.85), and rearranging,

X

6

a¼1

ðL
ð1Þ
ia Eð1Þ

a � L
ð2Þ
ia Eð2Þ

a Þ
1

m̂ � x
þ
X

6

a¼1

ð� L
ð1Þ
ia Eð1Þ

a � L
ð2Þ
ia Eð2Þ

a Þipdðm̂ � xÞ ¼ 0: ð14:87Þ

The condition given by Eq. (14.87) is then satisfied if

X

6

a¼1

ðL
ð1Þ
ia Eð1Þ

a � L
ð2Þ
ia Eð2Þ

a Þ ¼ 0 ð14:88Þ
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and

X

6

a¼1

ð�L
ð1Þ
ia Eð1Þ

a � L
ð2Þ
ia Eð2Þ

a Þ ¼ 0: ð14:89Þ

Equations (14.80), (14.81), (14.88), and (14.89) constitute a set of 12 equations

that suffice to determine the 12 E
ð1Þ
a and E

ð2Þ
a quantities appearing in Eq. (14.76),

and the solution is therefore complete.

Strain energy

To obtain the strain energy of the interfacial dislocation shown in Fig. 14.18,

we continue to follow the treatment of Barnett and Lothe (1974), which employs

essentially the same method used previously to obtain the strain energy associated

with a crystal dislocation (see Section 12.3.2 and Fig. 12.6). As in Eq. (12.33), the

strain energy in the cylindrical shell of radii R and r	 centered on the dislocation is

given by

W ¼
1

2∰
V

sijeij dV ¼
1

2∯
S

sijujn̂i dS; ð14:90Þ

where the surface S is now the total surface corresponding to S ¼ SRð1Þþ

SRð2Þ þ Sr	ð1Þ þ Sr	ð2Þ þ �
ð1Þ þ �

ð2Þ. The displacement given by Eq. (14.76) is of

the same general logarithmic form as the displacement for the crystal dislo-

cation given by Eq. (12.12). As in the case of the crystal dislocation (and as

shown next) the contributions of the cylindrical surfaces in Fig. 14.18 to the

surface integral in Eq. (14.90) vanish. The strain energy (per unit dislocation

length) is then just the work done in displacing the two sides of the cut by the

Burgers vector during the introduction of the dislocation and, as in Eq. (12.40),

is given by

w ¼
1

2

ð

R

r	

sijbjn̂i djxj ðn̂ � x ¼ 0Þ : ð14:91Þ

SR(1)

SR(2)

Σ(1)

Σ(2)

R
ˆ n 

q

ˆ m 

Half-space 1Half-space 1

Half-space 2Half-space 2

Interface

Dislocation

S r
°
(1)

S r
°
(2)

r°

Figure 14.18 End view of dislocation lying along t̂ ¼ t̂ ¼ m̂� n̂ in planar interface between

dissimilar half-spaces 1 and 2. Dislocation is same as in Fig. 14.17 and is produced by

cut and displacement along S surface.
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To show that the contributions of the cylindrical surfaces vanish, x is

written as x ¼ jxjðcos ym̂þ sin yn̂Þ, so that Eq. (14.76) for half-space 1 takes

the form

u
ð1Þ
i ðxÞ ¼

1

2pi

X

6

a¼1

A
ð1Þ
ia Eð1Þ

a ln jxj þ lnðcos yþ pð1Þa sin yÞ
h i

; ð14:92Þ

which is of the same general form as Eq. (12.36) for a cylindrical surface when

jxj is equal to R(1) or r
ð1Þ
	 . The corresponding stress is

sð1Þmn ¼ C
ð1Þ
mnip

qu
ð1Þ
i

qxp
¼

1

2pijxj

X

6

a¼1

C
ð1Þ
mnip A

ð1Þ
ia Eð1Þ

a

m̂p þ p
ð1Þ
a n̂p

cos yþ p
ð1Þ
a sin y

 !

; ð14:93Þ

so that, for an element of area, dS, on any cylindrical surface,

sð1Þmn dS ¼ sð1Þmn jxjdy ¼ f ð1Þmn ðyÞdy; ð14:94Þ

which is of the same general form as Eq. (12.38). Similar results are obtained for

half-space 2. The argument in Section 12.3.2 that the integrals over the cylindrical

surfaces do not contribute to the dislocation strain energy is therefore valid in this

case, and the strain energy is given by Eq. (14.91).

To evaluate Eq. (14.91), Eq. (14.93) is employed with cos y ¼ �1 and sin y ¼ 0,

along with Eqs. (3.37) and (13.69), to obtain

sð1Þmn n̂m ¼
�1

2pijxj

X

6

a¼1

A
ð1Þ
ia Eð1Þ

a ½ðnmÞni þ pð1Þa ðnnniÞ�

¼
�1

2pijxj

X

6

a¼1

Eð1Þ
a Lð1Þna ¼

�1

2pijxj

X

6

a¼1

� Jð1Þsa bsL
ð1Þ
na :

ð14:95Þ

Then, substitution of Eq. (14.95) into Eq. (14.91) yields

w ¼
1

2

ð

R

r	

s
ð1Þ
ij bjn̂idjxj ¼ �

1

4pi

X

6

a¼1

� Jð1Þsa L
ð1Þ
ja bjbs

ð

R

r	

djxj

jxj
¼ w	 ln

r	

R
; ð14:96Þ

where,w	, the interfacial dislocation strain energy factor, is given by (Barnett and

Lothe (1974))

w	 ¼ �
1

4pi

X

6

a¼1

� Jð1Þsa L
ð1Þ
ja bjbs: ð14:97Þ

14.4.2.4 Planar array of parallel dislocations
Having the above results for a single interfacial dislocation, the elastic field of

the array of edge dislocations illustrated in Fig. 14.9b is now determined

following the work of Barnett and Lothe (1974) and Hirth, Barnett, and

Lothe (1979).
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Using Eq. (14.76), the displacement fields in the half-spaces 1 and 2, obtained

by summing the contributions of the dislocations in the array, are given by

u
arrayð1Þ

j ðxÞ ¼
1

2pi

X

1

N¼�1

X

6

a¼1

A
ð1Þ
ja Eð1Þ

a lnðm̂ � x� Nd þ pð1Þa n̂ � xÞ ðx2 > 0Þ

u
arrayð2Þ

j ðxÞ ¼
1

2pi

X

1

N¼�1

X

6

a¼1

A
ð2Þ
ja Eð2Þ

a lnðm̂ � x� Nd þ pð2Þa n̂ � xÞ ðx2 < 0Þ

9

>

>

>

>

>

=

>

>

>

>

>

;

ð14:98Þ

and the distortions are then

qu
arrayð1Þ

j ðxÞ

qxl
¼

1

2pi

X

1

N¼�1

X

6

a¼1

A
ð1Þ
ja Eð1Þ

a

ml þ p
ð1Þ
a nl

ðm̂ � x� Nd þ p
ð1Þ
a n̂ � xÞ

ðx2 > 0Þ

qu
arrayð2Þ

j ðxÞ

qxl
¼

1

2pi

X

1

N¼�1

X

6

a¼1

A
ð2Þ
ja Eð2Þ

a

ml þ p
ð2Þ
a nl

ðm̂ � x� Nd þ p
ð2Þ
a n̂ � xÞ

ðx2 < 0Þ

9

>

>

>

>

>

=

>

>

>

>

>

;

: ð14:99Þ

Next, using Eqs. (14.30) and (14.31) to evaluate the sums over N, and introducing

the usual � convention for summing over a, the far-field distortion tensors are

qu
arrayð1Þ

j ðfar fieldÞ

qxl
¼ �

1

2d

X

6

a¼1

�A
ð1Þ
ja Eð1Þ

a ðml þ pð1Þa nlÞ ðx2 > 0Þ

qu
arrayð2Þ

j ðfar fieldÞ

qxl
¼

1

2d

X

6

a¼1

�A
ð2Þ
ja Eð2Þ

a ðml þ pð2Þa nlÞ ðx2 < 0Þ

9

>

>

>

>

>

=

>

>

>

>

>

;

: ð14:100Þ

Now, subtracting the second equation from the first and substituting the condition

given by Eq. (14.81),

q½uarray
ð1Þ

j ðfar fieldÞ � u
arrayð2Þ

j ðfar fieldÞ�

qxl

¼ �
bjml

d
�

1

2d

X

6

a¼1

ð�A
ð1Þ
ja Eð1Þ

a pð1Þa � A
ð2Þ
ja Eð2Þ

a pð2Þa Þnl:

ð14:101Þ

Then, applying the deformation tensor given by Eq. (14.101) to a vector in the far

field corresponding to the vector m (Fig. 14.17),

dmj ¼
q½uarray

ð1Þ

j ðfar fieldÞ � u
arrayð2Þ

j ðfar fieldÞ�

qxl
ml ¼ �

bj

d
; ð14:102Þ

which, for an array of edge dislocations with b¼ (0,b,0) and t̂ ¼ 0;0;1ð Þ of the type

illustrated in Fig. 14.14, yields

dm̂1 ¼ dm̂3 ¼ 0 dm̂2 ¼ �b=d ¼ y: ð14:103Þ
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This result indicates a far-field rotation of half-space 1 relative to half-space 2

around the x3 axis consistent with the Frank-Bilby equation (see discussion

following Eq. (14.66) for this same interface in an isotropic system).

Despite this result that the Frank–Bilby equation is obeyed, the far-field distor-

tions given by Eq. (14.100) are non-vanishing and predict far-field stresses, which

Barnett and Lothe (1974) have shown produce tractions on all surfaces parallel to

the interface in a manner analogous to the tractions caused by the stress given by

Eq. (14.68) for the same array in an isotropic system.10 However, as in the

isotropic case, and now shown, these tractions can be eliminated by adding image

fields that are uniform and also obey the expression

dmj ¼
quIM

ð1Þ

j

qxl
�
quIM

ð2Þ

j

qxl

 !

ml ¼ 0; ð14:104Þ

so that the compliance with the Frank–Bilby equation found above is preserved.

Following Hirth, Barnett, and Lothe (1979), candidate image displacements for

the above purpose are

uIM
ð1Þ

j ðxÞ ¼
X

6

a¼1

AIMð1Þ

ja EIMð1Þ

a ðm̂ � xþ pIM
ð1Þ

a n̂ � xÞ ðx2 > 0Þ

uIM
ð2Þ

j ðxÞ ¼
X

6

a¼1

AIMð2Þ

ja EIMð2Þ

a ðm̂ � xþ pIM
ð2Þ

a n̂ � xÞ ðx2 < 0Þ

9

>

>

>

>

=

>

>

>

>

;

: ð14:105Þ

To preserve coherence at the interface it is necessary that uIM
ð1Þ

j ðn � x ¼ 0Þ ¼

uIM
ð2Þ

j ðn � x ¼ 0Þ, and this is satisfied when

X

6

a¼1

AIMð1Þ

ja EIMð1Þ

a ¼
X

6

a¼1

AIMð2Þ

ja EIMð2Þ

a : ð14:106Þ

Using Eqs. (14.105), (3.1), and (3.37), the traction produced by uIM
ð1Þ

j ðxÞ on a

surface parallel to the interface is then

TIMð1Þ

m ¼ sIM
ð1Þ

mn n̂n ¼
X

6

a¼1

AIMð1Þ

ja EIMð1Þ

a ðn̂nC
ð1Þ
mnjkm̂k þ pIM

ð1Þ

a n̂nC
ð1Þ
mnjkn̂kÞ ¼ �

X

6

a¼1

LIM
ð1Þ

ma EIMð1Þ

a ;

ð14:107Þ

which is independent of the position of the interface, as must be the case. Since the

tractions must match across the interface, TIMð1Þ

m ¼ TIMð2Þ

m ¼ TIM
m , and, therefore,

the relationship

X

6

a¼1

LIM
ð1Þ

ma EIMð1Þ

a ¼
X

6

a¼1

LIM
ð2Þ

ma EIMð2Þ

a ð14:108Þ

10 The determination of these tractions is lengthy and is not presented here; for details see Barnett and

Lothe (1974).

372 Interfaces



must be satisfied. Using Eqs. (3.76) and (3.78), the conditions given by

Eqs. (14.106) and (14.108) are satisfied when

EIMð1Þ

a ¼ AIMð1Þ

ma TIM
m EIMð2Þ

a ¼ AIMð2Þ

ma
TIM
m : ð14:109Þ

Then, substituting Eq. (14.109) into Eq. (14.105),

uIM
ð1Þ

j ðxÞ ¼
X

6

a¼1

AIMð1Þ

ja AIMð1Þ

ma TIM
m ðm̂ � xþ pIM

ð1Þ

a n̂ � xÞ ðx2 > 0Þ

uIM
ð2Þ

j ðxÞ ¼
X

6

a¼1

AIMð2Þ

ja AIMð2Þ

ma TIM
m ðm̂ � xþ pIM

ð2Þ

a n̂ � xÞ ðx2 < 0Þ

9

>

>

>

>

=

>

>

>

>

;

; ð14:110Þ

which finally takes the form

uIM
ð1Þ

j ðxÞ ¼ �ðnnÞ
ð1Þ
jm

�1
TIM
m n̂ � x ðx2 > 0Þ

uIM
ð2Þ

j ðxÞ ¼ �ðnnÞ
ð2Þ
jm

�1
TIM
m n̂ � x ðx2 < 0Þ

9

=

;

ð14:111Þ

upon use of Eqs. (3.76) and (3.110). The corresponding image distortions

are then

quIM
ð1Þ

j ðxÞ

qxl
¼ �ðn̂n̂Þ

ð1Þ
jm

�1
TIM
m n̂l ðx2 > 0Þ

quIM
ð2Þ

j ðxÞ

qxl
¼ �ðn̂n̂Þ

ð2Þ
jm

�1
TIM
m n̂l ðx2 < 0Þ

9

>

>

>

=

>

>

>

;

ð14:112Þ

and are seen to satisfy Eq. (14.104), as required.

By adding these image fields to the infinite-body solution obtained previously, a

solution for the array is obtained that is free of long-range stress and also

consistent with the Frank–Bilby equation, in a manner analogous to the solution

for the isotropic case obtained in Section 14.4.2.2

Exercises

14.1 Use the Frank–Bilby equation, Eq. (14.24), to find the screw dislocation

structure of the twist interface in Fig. 14.2.

Solution All lattices and coordinate systems are the same as in Fig. 14.8 but

with the tilt angle y replaced with the twist angle f. The matrices D
ð2Þ
ji and

D
ð1Þ
ji are therefore again given by Eq. (14.25). Insertion of p ¼ (0,�p,0) into

Eq. (14.24) yields btot ¼ (2p sin (f/2),0,0). This condition is satisfied by a

family of screw dislocations with Burgers vector aR1 running parallel to aR1 at

the spacing d ¼ a/[2 sin(f/2)] ffi a/f. Next, insertion of p ¼ (p,0,0) into

Eq. (14.24) yields btot ¼ (0,2p sin (f/2),0), which is satisfied by a family with

Burgers vector aR2 running parallel to aR2 at the spacing d ffi a/f.
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14.2 Show that the long-range stress fields produced by the dislocation families

in Figs. 14.10b and 14.10c are consistent with the fact that the Frank–Bilby

equation cannot be satisfied for either family.

Solution The Frank–Bilby equation, Eq. (14.24), for a planar array of lattice

dislocations can be written in the alternative form

½btot� ¼ ½o�½p� or

btot1

btot2

btot3

2

6

4

3

7

5
¼

0 �o3 o2

o3 0 �o1

�o2 o1 0

2

6

4

3

7

5

p1

p2

p3

2

6

4

3

7

5
; ð14:113Þ

where v is the rotation tensor appearing in Eq. (2.7), whose components

correspond to the components of the rotation vector given by Eq. (2.11). For

example, for the case of the family in Fig. 14.10a, Eq. (14.113) applies with

o1 ¼ o2 ¼ 0 corresponding to a rotation around the ê3 axis. Here, the long-

range strain field of the dislocation array is canceled by a rigid body rotation

(corresponding to the v tensor) of the two regions adjoining the array. For

the family in Fig. 14.10b with btot ¼ (0, btot, 0), Eq. (14.113), with p¼ (0,p,0),

cannot be satisfied by any choice of the three oi components, i.e.

0 �o3 o2

o3 0 �o1

�o2 o1 0

2

4

3

5

0
p

0

2

4

3

5 ¼
�po3

0
po1

2

4

3

5 6¼
0
btot

0

2

4

3

5: ð14:114Þ

There is therefore no rigid body rotation possible that will alleviate the long-

range stress produced by the family. A similar result is obtained for the

family in Fig. 14.10c.

14.3 In Figs. 14.1 and 14.2, the construction of a small-angle symmetrical tilt

interface and a twist interface, respectively, has been accomplished by a

process in which:

(1) A dislocation-free single crystal is first elastically bent or twisted.

(2) A suitable distribution of dislocations is introduced to eliminate the

long- range stresses generated in step 1.

(3) The distributed dislocations are gathered into a planar array to form the

desired interface.

Use this process, and, with the help of Eq. (14.11), find the dislocation

structures of the tilt and twist interfaces, including specification of the

required types of dislocations and their spacings.

Solution (a) To produce the tilt interface, start with a single crystal corres-

ponding to a unit cube with {100} faces, and elastically bend it around

[001] as in Fig. (14.1). The required dislocation distribution to eliminate

the resulting stresses is then obtained by use of Eq. (14.11), which takes the

form
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a11 a12 a13
a21 a22 a23
a31 a32 a33

2

4

3

5 ¼
0 0 0

�k12 0 0
0 0 0

2

4

3

5; ð14:115Þ

since k12 is the only non-vanishing component of k. The solution of

Eq. (14.115) is then

a21 ¼ �k12 ¼ �
qf1

qx2
; ð14:116Þ

with all other kij equal to zero. If we insert N edge dislocations with b¼ (0,a,0)

and t̂ ¼ 1;0;0ð Þ,

a21 ¼ aN ð14:117Þ

and the long-range stress will be eliminated. Finally, put all N dislocations

into a planar array as in Fig. 14.1c. Since the crystal is bent downwards

(Fig.14.1a), the quantity qf1/qx2 is negative, and therefore, upon traversing

the crystal the unit distance along x2, �qf1/qx2 ¼ y. Then, putting this result

and Eq. (14.117) into Eq. (14.116), the dislocation spacing in the interface is

d ¼
1

N
¼

a

a21
¼ �

a

ðqf1=qx2Þ
¼

a

y
; ð14:118Þ

in agreement with Eq. (14.1). (b) For the twist interface, the single crystal is

first twisted elastically around n̂ ¼ ½001� as in Fig. 14.2a. Equation (14.11) is

then given by

a11 a12 a13
a21 a22 a23
a31 a32 a33

2

4

3

5 ¼
k33 0 0
0 k33 0
0 0 0

2

4

3

5; ð14:119Þ

with a solution

a11 ¼ a22 ¼ k33 ¼
qf3

qx3
: ð14:120Þ

In this case, to eliminate the long range stress, N screw dislocations with

b(1) ¼ (a,0,0) and t̂ð1Þ ¼ 1;0;0ð Þ, are inserted along with N orthogonal screw

dislocations with b(2) ¼ (0,a,0) and t̂ð2Þ ¼ 0;1;0ð Þ, so that

a11 ¼ a22 ¼ aN: ð14:121Þ

Then, following the same procedure as in (a), qf3/qx3 ¼ f, where f is the

twist angle for the interface shown in Fig. 14.2, and

dð1Þ ¼ a=f

dð2Þ ¼ a=f
ð14:122Þ

is obtained for the spacings of the two families of screw dislocations, in

agreement with the results in Exercise 14.1.
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14.4 Determine the displacement field due to component 1 of an infinitely long

straight line of force in an infinite isotropic body. Assume that it lies along

the x3 axis of the coordinate system in Fig. 14.14.

Solution Start with Eq. (12.32), which reduces immediately for the present

case by use of Eq. (3.147) to

uLF
1

1 ¼
f1
2p

Q11 ln jxj � Q11

ð

½ðn̂n̂Þ�1
11 ðn̂m̂Þ11 þ n̂n̂Þ�1

12 ðn̂m̂Þ21�do� S12

ð

ðn̂n̂Þ�1
12 do

� �

uLF
1

2 ¼
f1
2p

�Q11

ð

½ðn̂n̂Þ�1
21 ðn̂m̂Þ11 þ ðn̂n̂Þ�1

22 ðn̂m̂Þ21�do� S12

ð

ðn̂n̂Þ�1
22 do

� �

uLF
1

3 ¼ 0:

ð14:123Þ

Then, by use of Eq. (3.141), with n̂1 ¼ � sino, n̂2 ¼ coso, m̂1 ¼ coso, and

m̂2 ¼ sino,

uLF
1

1 ¼
f1
2p

�
3� 4n

4mð1� nÞ
ln ðx21 þ x22Þ

1=2
�

1

2mð1� nÞ

ð

sino cosodo

� �

uLF
1

2 ¼
f1

8pmð1� nÞ

ð

ð1� 2sin2oÞdo;

ð14:124Þ

and, then, upon integration,

uLF
1

1 ¼ �
f1

16pmð1� nÞ
ð3� 4nÞ lnðx21 þ x22Þ �

x21 � x22
ðx21 þ x22Þ

� �

uLF
1

2 ¼
f1

8pmð1� nÞ

x1x2

ðx21 þ x22Þ
:

ð14:125Þ
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15 Interactions between interfaces
and stress

15.1 Introduction

An interface can experience a number of different types of force, including

chemical forces (e.g., due to compositional differences across the interface), curva-

ture forces (due to interface curvature) and mechanical forces (Sutton and Balluffi,

2006; Asaro and Lubarda, 2006). In view of the focus of this book, I consider only

mechanical forces.

In general, an interface experiences a mechanical force when it lies between

two adjoining regions containing different elastic fields and therefore different

strain energy densities and elastic displacement fields. In such cases movement of

the interface, in which one region grows at the expense of the other, can produce

a decrease in the overall energy of the body and thereby give rise to a force on the

interface, expressed by Eq. (5.38). Such a force can occur under a variety of

circumstances. For example, during the recrystallization of a plastically

deformed crystalline body, relatively strain-free crystals form and then grow

into the surrounding plastically deformed and dislocated matrix. Here, the

reduction in energy that occurs as the strain-free crystals grow at the expense

of the dislocated matrix produces outward forces on the interfaces bounding

the strain-free crystals. In other situations, elastic fields that differ across

interfaces, and therefore generate a mechanical interface force, often occur in

polycrystalline materials in the form of compatibility stresses, arising as a result

of elastic anisotropy, anisotropic thermal expansion, and differing modes of

plastic deformation in the crystals adjoining the interfaces (e.g., Sutton and

Balluffi, 2006).

An interface can also experience a mechanical force when it is present in a

body subjected to applied forces, and is of a type whose displacement in the

body produces a shape change of the body. This allows the applied forces to

perform work, thereby altering the potential energy of the system, and giving

rise to an effective force on the interface, again expressed by Eq. (5.38). As will

be shown, interfaces of this type are generally able to support discrete localized

interfacial dislocations and move via the movement of these dislocations.

In such cases, the transfer of atoms across the interface, which is necessary

for the interface motion, occurs in a highly ordered and correlated “military

fashion,” resulting in a body shape change (Christian, 1975; Sutton and



Balluffi, 2006).1 Eshelby (1956) distinguished between these two types of force

and appropriately termed the latter force the dislocation force.

Both forces are treated in this chapter. In Section 15.2, the force arising from

elastic field differences across the interface is formulated in terms of the energy–

momentum tensor introduced in Section 5.3.2.1 (see Eqs. (5.51) and (5.52)). We

therefore term it the energy–momentum tensor force.

In Section 15.3, the geometrical features of interfaces whose motion causes body

shape changes are described in terms of their interfacial dislocation content. Then,

expressions are formulated for the forces imposed on such interfaces when forces

are applied to the body. Following Eshelby, let us term this force the interfacial

dislocation force.

15.2 The energy–momentum tensor force

To find the energy–momentum tensor force on an interface separating two regions

with different elastic fields, consider the displacement of the interface, S, separat-
ing regions V ð1Þ

and V ð2Þ
shown in Fig. 15.1. The two regions possess different

elastic fields, and we wish to determine the resulting local force acting on the

interface by use of Eq. (5.38), which requires the determination of the change in

total elastic energy of the system as the interface is displaced by the vector, dx.

Assume that as the interface advances into region 1 the medium in the overrun

region 1 is converted into the medium of region 2 possessing the same elastic field

that exists in the adjoining region 2. Following Asaro and Lubarda (2006), this

can be accomplished in each local region (such as the hatched region in Fig. 15.1)

by the following steps:

(1) Remove the intervening medium between the before and after boundary

positions while applying tractions, T, to the newly created surfaces to prevent

elastic relaxation.

(2) Transform the intervening medium into medium 2 possessing the same elastic

field as the adjoining region 2.

(3) Insert the intervening medium back into the gap from which it was removed

while maintaining its elastic field, and bond the surfaces together to produce a

system containing the displaced interface.

No energy change occurs in step 1. In step 2, the elastic strain energies corres-

ponding to the fields in region 1 and 2 are exchanged, and the change in strain

energy is therefore

dW ¼ ðwð2Þ � wð1ÞÞdV ¼ ðwð2Þ � wð1ÞÞðdj � n̂ÞdS ¼ ðwð2Þ � wð1ÞÞdxln̂ldS: ð15:1Þ

1 Many interfaces are unable to support arrays of discrete localized dislocations and so move by the

chaotic uncorrelated transfer of atoms across the interface in “civilian fashion.” Hence, their motion

does not produce a body shape change, and they do not experience an interfacial dislocation force.
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However, in step 3, the intervening medium will generally not fit back into the gap,

owing to a mismatch that has accumulated along the vector dj due to the

difference in the elastic displacement fields of regions 1 and 2. This mismatch is

given by

dðu
ð2Þ
i � u

ð1Þ
i Þ ¼ rðu

ð2Þ
i � u

ð2Þ
i Þ � dj ¼

qðu
ð2Þ
i � u

ð1Þ
i Þ

qxl
dxl ð15:2Þ

and the work that must be performed in rebonding the surfaces in step 3 is then2

dW ¼ Tidðu
ð1Þ
i � u

ð2Þ
i ÞdS ¼ sijn̂jdðu

ð1Þ
i � u

ð2Þ
i ÞdS: ð15:3Þ

Employing the previous equations, the change in total energy is therefore

dE ¼ dW þ dW ¼ ðwð2Þ � wð1ÞÞn̂l � sijn̂j
qu

ð2Þ
i

qxl
�
qu

ð1Þ
i

qxl

 !" #

dxldS

¼ ðwð2Þ � wð1ÞÞn̂jdjl � sij
qu

ð2Þ
i

qxl
�
qu

ð1Þ
i

qxl

 !" #

n̂jdxldS

: ð15:4Þ

Using Eq. (5.38), the local force per unit area is then (Asaro and Lubarda, 2006),

F l ¼ �
dE

dSdxl
¼ wð1Þdlj � sij

qu
ð1Þ
i

qxl

 !

� wð2Þdlj � sij
qu

ð2Þ
i

qxl

 !" #

n̂j ¼ ½P
ð1Þ
lj � P

ð2Þ
lj �n̂j;

ð15:5Þ

where use has been made of Eq. (5.52). The force per unit area therefore depends

simply upon the difference between the energy–momentum tensor, Plj, for medium

1 and medium 2 at the interface. The vector force on the interface, FF , is then

FF ¼ F lêl ¼ ðwð1Þ � wð2ÞÞn̂� Ti½rðu
ð1Þ
i � u

ð2Þ
i Þ � n̂�n̂; ð15:6Þ

after making use of Eq. (15.5) and the equality

V ( 2) V ( 1)ˆ n 
δx

S (after)

S (before)

dS

Figure 15.1 Vector displacement, dj, of interface S lying between regions V ð1Þ
and V ð2Þ

.

Dashed and solid lines are, respectively, the traces of the interface before and after

displacement of interface towards region 1.

2 Note that in the case of a heterophase interface this analysis, which is restricted to the mechanical

force, treats only the effect of the difference in elastic fields and ignores a possible additional effect

due to a difference of the atomic volumes in the two media.
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�

rðu
ð1Þ
i � u

ð2Þ
i Þ � n̂




n̂l ¼
qðu

ð1Þ
i � u

ð2Þ
i Þ

qxl
: ð15:7Þ

Equation (15.6) shows that the force is normal to the interface, as expected,3 and

its magnitude is therefore given by

F ¼ FF � n̂ ¼ ðwð1Þ � wð2ÞÞn̂ � n̂� Tirðu
ð1Þ
i � u

ð2Þ
i Þ � n̂ ¼ ðwð1Þ � wð2ÞÞ � Ti

qðu
ð1Þ
i � u

ð2Þ
i Þ

qxn̂

¼ ðwð1Þ � wð2ÞÞ � T �
qðuð1Þ � uð2ÞÞ

qxn̂
;

ð15:8Þ

where xn̂ represents distance along n̂. The first term arises from the change in

strain energy density that occurs when the interface is displaced, while the second

term arises from the corresponding work performed by the traction acting on the

interface.

15.3 The interfacial dislocation force

Many interfaces move in a body as a result of the movement of discrete interfacial

dislocations (Sutton and Balluffi, 2006) thus changing the shape of the body. This

can be seen most clearly by considering simple cases where such interfaces are

present in bicrystals with simple shapes.

15.3.1 Small-angle symmetric tilt interfaces

The simplest cases involve small-angle interfaces composed of arrays of crystal

dislocations, as described in Section 14.2.2.1. Consider first a small-angle symmet-

ric tilt interface in a bicrystal with the shape shown in Fig. 15.2. The interface is of

the type illustrated in Fig. 14.1, and if it is displaced normal to itself by the vector

dj by the simultaneous glide of its edge dislocations so that its structure remains

unchanged, the bicrystal undergoes the shape change illustrated in Fig. 15.2b.4

The displacement of the interface by the distance dx causes a shear displacement of

the surface of crystal 1 parallel to the interface given by

ds ¼ 2 tanðy=2Þdx ffi dxy: ð15:9Þ

3 This result may be compared to the result in Chapter 13 that the mechanical force on a dislocation

given by the Peach–Koehler equation, Eq. (13.10), is always perpendicular to the dislocation, since

the only motion that sweeps out any area of the S surface is motion normal to the dislocation. In the

case of an interface, the only motion that sweeps adjacent volume is motion normal to the interface.
4 This is readily verified by simply constructing the same tilt interface in crystal 2 at different distances

from a fixed reference point located in crystal 2.
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If the bicrystal is subjected to an applied traction, as in Fig. 15.2c, the change in

potential energy of the system resulting from the interface displacement (per unit

area of interface) is then

dF ¼ �Tds ¼ yTdx ð15:10Þ

and, by using Eq. (5.38), the force per unit area on the interface is

F INT=T ¼ �Lim
dx!0

dE

dx
¼ �Lim

dx!0

dF

dx
¼ yT: ð15:11Þ

Since the movement of the dislocations comprising the interface is responsible for

the bicrystal shape change, the above force should be equal to the total force per

unit area exerted on the individual dislocations by the applied tractions. The edge

dislocations are characterized by b = (b,0,0) and t̂ ¼ 0; 0; 1ð Þ, and the tractions

impose the shear stress, s12. Therefore, applying the Peach–Koehler force equa-

tion in the form of Eq. (13.10), the force per unit length on each dislocation is

f ¼ d� t̂ ¼ bs12ê1: ð15:12Þ

Since the dislocation spacing is given by d= b/y, the total force on all dislocations

per unit interface area is then

F ¼
f
d

¼
bs12y

b
¼ ys12 ¼ yT; ð15:13Þ

in agreement with Eq. (15.11).

15.3.2 Small-angle asymmetric tilt interfaces

Consider next the small-angle asymmetric tilt interface shown in Fig. 15.3d. The

first task is to determine its dislocation structure by use of the Frank–Bilby

equation, with the reference lattice, crystals 1 and 2, and the Cartesian coordinate

system all arranged in Fig. 15.3 in the same manner as in the case of the symmetric

tilt interface treated in Chapter 14 (see Fig. 14.8 and Eqs. (14.25)–(14.27)).

However, the interface is now inclined asymmetrically between the two crystals

q

δs

δ

x2

δξξ x1

2 1 2

2

1 T

T

T

(b) (c)(a)

T1

x

Figure 15.2 (a, b) Change in bicrystal shape due to displacement, dj, of small-angle

symmetric tilt interface. (b) Surface on right side is displaced by ds. (c) Shape change

of bicrystal under shear tractions, T, due to the displacement of the tilt interface, dx.
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and lies at the angle a with respect to the (010) plane of the reference lattice rather

than at the previous symmetrical (100) inclination. Equation (14.24), with p

chosen as p = � p(cos a, sin a,0), then yields

btot1

btot2

btot3

2

6

4

3

7

5
¼

0 �2 sinðy=2Þ 0

2 sinðy=2Þ 0 0

0 0 0

2

6

4

3

7

5

�p cos a

�p sin a

0

2

6

4

3

7

5
¼

2p sin a sinðy=2Þ

�2p cos a sinðy=2Þ

0

2

6

4

3

7

5
;

ð15:14Þ

which may be compared with Eq. (14.27) for the symmetrical case. Equation (15.14)

is satisfied by two families of straight edge dislocations lying in the interface parallel

to the x3 axis of Fig. 15.3 with Burgers vectors ba = (a,0,0) and bb = (0,�a,0) at the

spacings

da ¼
a

2 sin a sinðy=2Þ
ffi

a

y sin a

db ¼
a

2 cos a sinðy=2Þ
ffi

a

y cos a
:

ð15:15Þ

The total Burgers vector strength of the dislocations in the boundary per unit

distance normal to the tilt axis is therefore

ba
1

da
þ bb

1

db
¼ ðsin aê1 � cos aê2Þy; ð15:16Þ

which is normal to the interface and of magnitude y. This is seen to be equal to the

corresponding Burgers vector strength of the dislocations in the symmetrical tilt

interface of Fig. 15.2 when the two interfaces have the same tilt angle.5 The

asymmetric interface can move without changing its structure, by the simultan-

eous glide-and-climb motion of these dislocations, causing a shape change of the

bicrystal identical to the shape change caused by the motion of the symmetric

q / 2 q /2 x′2 

x2

x1

T

T x′1

  1 

btot p(2) p(1) T T

x2 a

x1

(a) (b) (c) (d)

Reference lattice Crystal 2 Crystal 1

2

Figure 15.3 Lattices used for analysis of small-angle asymmetric tilt interface.

5 It is readily shown that the total Burgers vector strength in any tilt interface must be normal to the

interface to avoid long-range stress.

382 Interactions between interfaces and stress



interface. The force exerted on the asymmetric interface by the applied tractions

shown in Fig. 15.3d must therefore be of the same form as the force on the

symmetric boundary, i.e., the force given by Eq. (15.13). This result is verified in

Exercise 15.1 by a calculation of the total force exerted on the individual inter-

facial dislocations.

15.3.3 Large-angle homophase interfaces

Many large-angle homophase interfaces, which are either singular or vicinal and

support localized interfacial dislocations, can move by the lateral motion of

interfacial dislocations, which are associated with steps in the interface plane

and therefore possess step character (Sutton and Balluffi, 2006; Pond, Ma, Chai,

and Hirth, 2007). An example is shown in Fig. 15.4, consisting of a large-angle

symmetrical tilt interface possessing an interfacial edge dislocation with Burgers

vector, b, which is associated with a step in the interface of height h.6 The change

in body shape that occurs when such a dislocation moves across a bicrystal is

illustrated in Fig. 15.5. As indicated by Fig. 15.5c, this consists of the displacement

of crystal 2 with respect to crystal 1 by the Burgers vector and the simultaneous

6 These types of interfacial line defect have been given many different names in the literature, including

transformation dislocations, dislocations with step character (Sutton and Balluffi 2006), and disconnec-

tions (Pond, Ma, Chai, and Hirth, 2007).

b

h

Figure 15.4 Large-angle symmetric tilt interface containing an interfacial dislocation

with Burgers vector, b, associated with a step in the interface of height, h.

q x2

x1
hh

(c)(b)(a)

b
2

1

Figure 15.5 Change in body shape of large-angle symmetric tilt interface by lateral motion

of interfacial dislocation possessing step character. (a) Bicrystal with initial interface.

(b) Bicrystal after partial passage of dislocation possessing step height, h. (c) Bicrystal

after complete passage.
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displacement of the interface by the step height. If the surface of the bicrystal

parallel to the interface is subjected to a shear traction T12 = s12, the change in

potential energy due to the interface displacement is

dF ¼ �s12b ð15:17Þ

and the force on the interface per unit area is then

F ¼ �
dE

dx
¼ �

d�

dx
¼

s12b

h
: ð15:18Þ

15.3.4 Heterophase interfaces

A variety of heterophase interfaces, which are either singular or vicinal and can

support localized interfacial dislocations, can also move by the lateral motion of

interfacial dislocations possessing step character (Sutton and Balluffi, 2006; Pond,

Ma, Chai, and Hirth, 2007). In such cases, the Burgers vectors of these disloca-

tions generally possess components that are both normal and parallel to the

interface, since the interplanar spacings of the relevant planes in the adjoining

crystals (which are of different phase) do not match exactly. The lateral movement

of such dislocations across the interface therefore causes a dilatation normal to the

interface as well as a shear displacement.

In martensitic phase transformations, the dislocation structure of the inter-

face between the growing martensite phase and shrinking parent phase is

relatively complex and frequently contains two arrays of interfacial disloca-

tions, where the first array possesses step character and the second acts to

cancel the long-range stresses produced by the first (Pond, Ma, Chai, and

Hirth, 2007). The forward motion of the interface is coupled to the lateral

motion of the dislocations with step character and transforms the parent phase

into the martensite phase. On a macroscopic scale, the interface (habit plane of

the transformation) is an invariant plane of the transformation, meaning that it

is neither strained nor rotated. The shape change due to the transformation,

illustrated in Fig. 15.6, therefore involves a shear displacement parallel to the

interface, s, and a dilatational displacement normal to the interface, q, owing to

x2

x1

q s

Parent phase

Martensite

(b)(a)

Parent phase

Figure 15.6 Change of body shape due to martensitic phase transformation. (a) Before

transformation. (b) Upper region transformed to martensite. The habit plane between the

phases is invariant.
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the difference in atomic density that generally exists between the martensitic

and parent phases (Balluffi, Allen, and Carter, 2005).

Since s and q increase linearly with the displacement of the interface, a simple

expression can be written for the force per unit interfacial area, F , exerted on

the interface by applied tractions in the coordinate system of Fig. 15.6.

Expressing the increments ds and dq, that result from an interface displacement

dx, as

ds ¼ ksdx

dq ¼ kqdx;
ð15:19Þ

where ks and kq depend upon the detailed dislocation structure of the interface, the

force, per unit interfacial area, can be written in the simple form

F ¼ �
q�

qx
¼

s22dqþ s12ds

dx
¼ s22kq þ s12ks: ð15:20Þ

Exercise

15.1 Determine the force per unit area exerted on the asymmetric tilt interface of

Fig. 15.3d by the tractions indicated in the figure, by summing the forces on

the individual dislocations.

Solution Using the primed coordinate system in Fig. 15.3d, the Burgers

vectors of the two sets of dislocations are

ba ¼ a sin a; a cos a; 0ð Þ

bb ¼ a cos a;�a sin a; 0ð Þ:
ð15:21Þ

Next, by applying the Peach–Koehler equation, the forces exerted on the

dislocations per unit length by the stress, s12, associated with traction, T, are

f
a
¼ as12ðsin aê

0
1 � cos aê02Þ

f b ¼ as12ðcos aê
0
1 þ sin aê02Þ:

ð15:22Þ

Then, summing all the forces on the dislocations in unit interface area, and

employing Eqs. (15.22) and (15.15), the total force per unit interfacial area is

FF ¼ f
a 1

da
þ f

b 1

db
¼ ys12ê

0
1; ð15:23Þ

which is normal to the interface and in agreement with Eq. (15.13), as

anticipated.
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16 Interactions between defects

16.1 Introduction

The fundamentals necessary to analyze the interaction energies and forces that can

occur between the various defects treated in this book are now in place. The elastic

fields produced by the defects, and the interactions between the defects and

various elastic fields, have been formulated in previous chapters.

The general procedure for determining the interaction between two defects is to

obtain the elastic field due to one defect at the location of the other and then to

determine the interaction of the latter defect with this field. Since the number of

possible defect–defect interactions is far too large to consider comprehensively,

this final chapter is restricted to a limited number of representative interactions,

which serve to demonstrate basic methods.

16.2 Point defect–point defect interactions

First, a general formulation is given of the interaction energy between two point

defects that are represented by force multipoles, as in Chapters 10 and 11.

Following this, the interaction between two point defects, each possessing cubic

defect symmetry, is analyzed for the case of an isotropic system.

16.2.1 General formulation

The interaction energy between a single point defect and a general elastic field has

been formulated in Chapter 11 (see Eqs. (11.1)–(11.4)), and the displacement field

due to a force multipole is given by Eq. (10.10). The interaction energy between

two point defects, i.e., D1 and D2, can therefore be obtained by imagining that D2

is created at the origin in the presence of D1 at the position, x, and using the above

results for the interaction energy and required elastic field.

By replacing the general displacement field Q by the displacement field of D2 in

Eq. (11.1), the interaction energy assumes the form

E
D1=D2

int ðxÞ ¼ �
X

q

uD2
j ðxþ sD1ðqÞÞFD1ðqÞ

j ; ð16:1Þ



where uD2
j ðxþ sD1ðqÞÞ is the displacement at the field point x þ sD1(q) due to the

creation of D2 at the origin, and F
D1ðqÞ
j is the force at x þ sD1(q) associated with

D1, whose center is at x. Then, by expanding uD2
j ðxþ sD1ðqÞÞ around x,

E
D1=D2

int ðxÞ ¼ �
X

q

uD2
j ðxÞ þ

quD2
j

qxm
sD1ðqÞm þ 1

2!

q
2uD2

j

qxmqxn
sD1ðqÞ
m sD1ðqÞ

n

"

þ 1

3!

q
3uD2

j

qxmqxnqxr
sD1ðqÞ
m sD1ðqÞ

n sD1ðqÞ
r þ � � �

#

F
D1ðqÞ
j ;

ð16:2Þ

which can be expressed more compactly in the series form

E
D1=D2

int ðxÞ ¼ �
X

1

s¼1

1

s!
PD1
r1r2...rsi

q
suD2

i ðxÞ
qxr1qxr2 . . . qxrs

: ð16:3Þ

Next, using Eq. (10.10) to write the displacement field of defect D2 in the series

form

uD2
i ðxÞ ¼

X

1

k¼1

ð�1Þk
k!

q
kGijðxÞ

qxq1qxq2 . . . qxqk
PD2
q1q2...qk j

; ð16:4Þ

and substituting Eq. (16.4) into Eq. (16.3), the interaction energy between the two

defects, separated by the vector, x, is given by

E
D1=D2

int ðxÞ ¼ �
X

1

s¼1

1

s!
PD1
r1r2...rsi

X

1

k¼1

ð�1Þk
k!

q
kþsGijðxÞ

qxq1qxq2 . . . qxqkqxr1qxr2 . . . qxrs
PD2
q1q2...qk j

ð16:5Þ
where the subscripts qk and rs assume the usual values qk= (1,2,3) and rs= (1,2,3).

Interaction energies can then be determined by using Eq. (4.42) for the required

Green’s function derivatives and expressions for the force multipoles determined

by the methods of Chapter 10.

16.2.2 Between two point defects in isotropic system

As an example of the application of Eq. (16.5), consider the case of two identical

multipoles with cubic defect symmetry of the type illustrated in Fig. 10.4 in an

isotropic system. Retaining only force dipole and octopole terms (quadrupole

terms vanish because of the defect inversion symmetry), Eq. (16.5) takes the form

E
D1=D2

int ðxÞ ¼ Pr1iPq1j

q
2GijðxÞ
qxq1qxr1

þ 1

6
Pr1iPq1q2q3j

q
4GijðxÞ

qxq1qxq2qxq3qxr1
þ Pq1jPr1r2r3i

q
4GijðxÞ

qxr1qxr2qxr3qxq1

" #

¼ Pð1ÞPð1Þ q
2GijðxÞ
qxiqxj

þ 1

3
Pð1ÞPð3Þ q

4GijðxÞ
qxiqx

3
j

;

ð16:6Þ
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where P(1) and P(3) are the magnitudes of the force dipoles and octopoles, respect-

ively. However, the leading dipole–dipole term vanishes since use of Eq. (4.110)

shows that

qGij

qxj
¼ � ð1� 2nÞ

8pmð1� nÞ
xi

x3
q
2Gij

qx1qxj
¼ 0 : ð16:7Þ

To evaluate the remaining dipole–octopole term, Eq. (16.7) is used to determine that

q
4GijðxÞ
qxiqx

3
j

¼ 21ð1� 2nÞ
8pmð1� nÞx5 �3þ 5

ðx41 þ x42 þ x43
x4

� �

: ð16:8Þ

Then, substituting this result into Eq. (16.6), and setting li = xi/x,

E
D1=D2

int ðxÞ ¼ Pð1ÞPð3Þ 35ð1� 2nÞ
8pmð1� nÞx5 � 3

5
þ l41 þ l42 þ l43

� �

; ð16:9Þ

where the angular factor is seen to be the same cubically symmetric factor that

appeared previously in Eq. (10.18). This result shows that the first-order dipole–

dipole interaction energy vanishes for two cubically symmetric point defects in an

isotropic material, but that a relatively short-range cubically symmetric inter-

action energy remains, due to the dipole–octopole interaction. According to

Eqs. (10.18) and (10.19) for the displacement fields of the present multipoles, each

defect contributes a displacement field that is cubically symmetric, and divergence-

less with e = 0 in the region around the multipole (see Eq. (8.5) and Exercise 10.2).

As pointed out by Eshelby (1977), each defect looks for a hydrostatic pressure that

its colleague does not provide. However, while this behavior is characteristic of

isotropic systems, it is not for anisotropic systems where the dipole–dipole term in

Eq. (16.6) remains finite and falls off as x�3.

16.3 Dislocation–dislocation interactions

16.3.1 Interaction energies

16.3.1.1 Between two rational differential segments

The total interaction energy between two dislocations can be regarded as the sum

of all the interaction energies between the differential segments comprising one

dislocation and the differential segments of the other. Consider, therefore, the two

loops in Fig. 16.1. If the interaction energy between segment ds(1) on dislocation

C(1) and segment ds(2) on dislocation C(2), dW
dsð1Þ=dsð2Þ

int , is known, then the total

interaction energy between the loops, W
ð1Þ=ð2Þ
int , is given simply by the double line

integral over both loops,

W
ð1Þ=ð2Þ
int ¼

þ

Cð2Þ

þ

Cð1Þ

dW
dsð1Þ=dsð2Þ

int : ð16:10Þ
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A tractable formalism for obtaining the differential interaction energy, dW
dsð1Þ=dsð2Þ

int ,

has been obtained by Lothe (1992b), by treating the segments as rational differen-

tial segments possessing the properties described in Section 12.5.1.5. Following

Lothe (1992b), the interaction energy, dW
dsð1Þ=dsð2Þ

int , between two such segments, ds(1)

and ds(2), arranged as in Fig. 16.1, can be obtained by imagining that segment ds(2) is

created in the presence of the stress field due to segment ds(1) and finding the work,

dW , done by this stress field during the creation of segment ds(2) by the cuts and

displacements required to produce the dipoles that create segment ds(2) as described

in Section 12.5.1.5 (Fig. 12.17). Using the results in Section 12.5.1.5, the work

performed (per unit volume) in a differential disk-shaped volume of area dS and

thickness dr (see Fig. 12.17b), can be expressed as

dW 0 ¼
ds

ð1Þ
ij n̂

dip
j bi

dip

N

 !

jdsð2Þ�rj
r

dr

� �

N

4pr2
dS

� �

1

dS dr
¼

ds
ð1Þ
ij n̂

dip
j bi

ð2Þjdsð2Þ � r̂j
4pr3

;

ð16:11Þ

where the first bracketed wquantity is the work performed per unit area of dipole

created, the second bracketed quantity, obtained with the use of Eq. (12.121), is the

areawithin the volumedV=dSdrper dipole created, and the third, obtainedwith the

use of Eq. (12.122), is the number of dipoles threading the area dS. Equation (16.11)

can be further developed by using the relationship corresponding to Eq. (12.126),

n̂dipjdsð2Þ � rj ¼ dsð2Þ � r;

so that

n̂
dip
j jdsð2Þ � rj ¼ ðdsð2Þ � rÞj ¼ dsð2Þm rnejmn ð16:12Þ

after using Eq. (E.5). Then, substituting Eq. (16.12) into Eq. (16.11),

dW 0 ¼
ds

ð1Þ
ij bi

ð2Þejmnds
ð2Þ
m rn

4pr3
: ð16:13Þ

Equation (16.13) can now be expressed very simply by substituting Eq. (12.128)

(which represents the transformation strain produced by all the dipoles) into it to

obtain

x−x(1) x−x(2)
ds(2)

ds(1)

x 

b(1) b(2)

x(1) x(2)

Σ(1) Σ(2)

C(1) C(2)

O

P

Figure 16.1 Geometry for finding the interaction energy between dislocation loops

C(1) and C(2).
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dW 0 ¼ ds
ð1Þ
ij de

Tð2Þ
ij : ð16:14Þ

However, the interaction energy between segments per unit volume of the elastic

field must be given by �dW , and, therefore,

dW dlð1Þ=dlð2Þ

int ¼ �dW 0 ¼ �ds
ð1Þ
ij de

Tð2Þ
ij : ð16:15Þ

By employing the coordinates of Fig. 16.1, the total interaction energy is obtained

by integrating over the entire volume, so that

dW
dsð1Þ=dsð2Þ

int ¼ �
ð

1

�1

ð

1

�1

ð

1

�1

ds
ð1Þ
ij ðx� xð1ÞÞdeTð2Þij ðx� xð2ÞÞdx1dx2dx3: ð16:16Þ

However, if two functions such as f(x � x(1)) and g(x � x(2)) exist, having the

respective inverse transforms,

f ðx� xð1ÞÞ ¼
ð

1

�1

ð

1

�1

ð

1

�1

�f ðkÞeik�xdk1dk2dk3

gðx� xð2ÞÞ ¼
ð

1

�1

ð

1

�1

ð

1

�1

�gðkÞeik�xdk1dk2dk3:

ð16:17Þ

Parseval’s theorem (Sneddon, 1951) states that

ð

1

�1

ð

1

�1

ð

1

�1

f ðx� xð1ÞÞgðx� xð2ÞÞdx1dx2dx2

¼ ð2pÞ3
ð

1

�1

ð

1

�1

ð

1

�1

�f ðkÞ�gð�kÞe�ik�ðxð1Þ�xð2ÞÞdk1dk2dk3:

ð16:18Þ

Then, by employing this theorem, Eq. (16.16) can be written as

dW
dsð1Þ=dsð2Þ

int ¼ �ð2pÞ3
ð

1

�1

ð

1

�1

ð

1

�1

d�s
ð1Þ
ij ðkÞd�eTð2Þij ð�kÞe�ik�ðxð1Þ�xð2ÞÞdk1dk2dk3: ð16:19Þ

The transforms, d�s
ð1Þ
ij ðkÞ and d�e

Tð2Þ
ij ð�kÞ, appearing in Eq. (16.19) can be obtained

from Eqs. (12.133) and (12.132), respectively, and substituting these quantities

into Eq. (16.19), and applying the symmetry properties of the C�
ijkl tensor,

dW
dsð1Þ=dsð2Þ

int ¼ 1

8p3

ð

1

�1

ð

1

�1

ð

1

�1

C�
ijklðk̂Þk�4b

ð1Þ
k ðdsð1Þ�kÞlb

ð2Þ
i ðdsð2Þ�kÞje�ik�ðxð1Þ�xð2ÞÞdk1dk2dk3:

ð16:20Þ
The amplitude of the Fourier expression given by Eq. (16.20), with C�

ijkl given by

Eq. (3.163), is a homogeneous function of degree �2 in the variable k, and the
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theorem given by Eq. (12.100) can therefore be employed to obtain the interaction

energy between two differential segments in the form

dW
dsð1Þ=dsð2Þ

int ¼ b
ð1Þ
k b

ð2Þ
i

8p2jxð1Þ � xð2Þj

ð

2p

0

C�
ijklðm̂Þðdsð1Þ � m̂Þlðdsð2Þ � m̂Þjdy; ð16:21Þ

where m̂ lies in the plane perpendicular to the vector ŵ ¼ ðxð1Þ � xð2ÞÞ=jxð1Þ � xð2Þj,
and the integration with respect to y is around a unit circle in that plane, as

illustrated in Fig. 12.11.

16.3.1.2 Between two loops

Having obtained an expression for the interaction energy between differential

segments ds(1) and ds(1) on the dislocation loops C(1) and C(2) in Fig. 16.1, the

total interaction energy between the two loops can now be readily obtained by

means of the double line integration expressed by Eq. (16.10). Therefore, substi-

tuting Eq. (16.21) into Eq. (16.10),

W
ð1Þ=ð2Þ
int ¼

þ

Cð1Þ

þ

Cð2Þ

dW
dsð1Þ=dsð2Þ

int

¼ b
ð1Þ
k b

ð2Þ
i

8p2

þ

Cð1Þ

þ

Cð2Þ

1

jxð1Þ � xð2Þj

ð

2p

0

C�
ijklðm̂Þðdsð1Þ � m̂Þlðdsð2Þ � m̂Þjdy:

ð16:22Þ

16.3.1.3 Between two straight segments

The interaction energy between two straight dislocation segments can be

obtained in a similar manner by imagining that segments 1 and 2 are parts of

loops C(1) and C(2), respectively, and then integrating Eq. (16.21) along the two

segments so that

W
ð1Þ=ð2Þ
int ¼ b

ð1Þ
k b

ð2Þ
i

8p2

ð

Lð1Þ

ð

Lð2Þ

1

jxð1Þ � xð2Þj

ð

2p

0

C�
ijklðm̂Þðdsð1Þ � m̂Þlðdsð2Þ � m̂Þjdy: ð16:23Þ

Parallel segments

When the segments are parallel, the coordinate system shown in Fig. 16.2 is

convenient. Then,

dsð1Þ ¼ t̂ d x
ð1Þ
3 dsð2Þ ¼ t̂ dx

ð2Þ
3 jxð1Þ � xð2Þj ¼ R ¼ ½p2 þ ðxð1Þ3 � x

ð2Þ
3 Þ2�1=2

ð16:24Þ
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and Eq. (16.23) takes the form

W
ð1Þ=ð2Þ
int ¼ b

ð1Þ
k b

ð2Þ
i

8p2

ð

Lð1Þ

ð

Lð2Þ

dx
ð1Þ
3 dx

ð2Þ
3

½p2 þ ðxð1Þ3 � x
ð2Þ
3 Þ

2
�
1=2

ð

2p

0

C�
ijklðm̂Þð̂t� m̂Þlð̂t� m̂Þjdy:

ð16:25Þ

Non-parallel segments

When the segments are non-parallel, Hirth and Lothe (1982) have shown that it is

convenient to adopt the oblique coordinate system with base vectors ð̂tð1Þ; t̂ð2Þ; ê3Þ
illustrated in Fig. 16.3. Here, ê3 lies along the line of closest approach of the two

lines collinear with the two segments (shown dashed) and is given by

ê3 ¼ ð̂tð1Þ � t̂ð2ÞÞ=ĵtð1Þ � t̂ð2Þj. Distances measured along the three axes are repre-

sented by (s(1),s(2),z), and therefore,

dsð1Þ¼ t̂ð1Þdsð1Þ dsð2Þ ¼ t̂ð2Þdsð2Þ jxð1Þ � xð2Þj ¼ R ¼ ½ðsð1ÞÞ2þðsð2ÞÞ2� 2sð1Þsð2Þ cos yþ z2�1=2;
ð16:26Þ

and Eq. (16.23) assumes the form

W
ð1Þ=ð2Þ
int ¼ b

ð1Þ
k b

ð2Þ
i

8p2

ð

Lð1Þ

ð

Lð2Þ

dsð1Þdsð2Þ

½ðsð1ÞÞ2 þ ðsð2ÞÞ2 � 2sð1Þsð2Þ cos yþ z2�
1=2

�
ð

2p

0

C�
ijklðm̂Þð̂tð1Þ � m̂Þlð̂t

ð2Þ � m̂Þjdy

ð16:27Þ

x
2

ˆ t 
ds(2)

x1

p 

ds(1)

2 1

x3

R

O

Figure 16.2 Coordinate system for determining interaction energy between straight

parallel segments 1 and 2.

ˆ t(2) 

ds(2)

q 

ds(1) ˆ t(1) 

2

R

1

O

Figure 16.3 Oblique coordinate system for determining interaction energy between

non-parallel segments 1 and 2: ê3 is normal to the paper, pointing towards the reader.
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16.3.2 Interaction energies in isotropic systems

16.3.2.1 Between two loops

Instead of following the procedure employed in Section 16.3.1.2 to determine the

interaction energy between loops C(1) and C(2), another approach, used by Blin

(1955) and Hirth and Lothe (1982), can be employed. Here, the extra work, W ,

performed by the stress field of loop C(2) when loop C(1) is created in its presence

by the cut and displacement method is determined. The result is then transformed

by use of Stokes’ theorem into a double line integral involving the differential

segments comprising both loops.

The two loops are shown in Fig. 16.4, where the traction on the surface of the

cut, S(1), due to the stress field of loop C(2) is s
ð2Þ
pq n̂

ð1Þ
q . The interaction energy

between the loops is then

W
ð1Þ=ð2Þ
int ¼ �W ¼ �

ðð

�ð1Þ

sð2Þpq n̂
ð1Þ
q bð1Þp dS: ð16:28Þ

For an isotropic system, the stress, s
ð2Þ
pq , can be obtained from the Peach–Koehler

equation, i.e., Eq. (12.162), which consists of four terms. Starting with the first

term, and substituting it into Eq. (16.28),

W
ð1Þ=ð2Þ
int ð1Þ ¼ �W ð1Þ ¼ � m

8p
eimpb

ð2Þ
m bð1Þp

ðð

�ð1Þ

q

qx
ð1Þ
i

ðr2RÞn̂ð1Þq dS

þ

Cð2Þ

dxð2Þq : ð16:29Þ

Note that here the source vector has been changed according to x0 ! x(2) and the

field vector by x! x(1). Also, R= jx(1) � x(2)j, and q=qx
ð1Þ
i ¼ �q=qx

ð2Þ
i . The surface

integral in Eq. (16.29) can now be converted to a line integral over C(1) by applying

Stokes’ theorem in the form given by Eq. (B.7), so that

ðð

�ð1Þ

q

qx
ð1Þ
i

ðr2RÞn̂ð1Þq dS ¼
ðð

�ð1Þ

q

qx
ð1Þ
q

ðr2RÞn̂ð1Þi dSþ eqik

þ

Cð1Þ

r2Rdx
ð1Þ
k : ð16:30Þ

Then, substituting this into Eq. (16.29),

W
ð1Þ=ð2Þ
int ð1Þ ¼ � m

8p
eimpb

ð2Þ
m bð1Þp eqik

þ

Cð1Þ

ðr2RÞdxð1Þk

þ

Cð2Þ

dxð2Þq ; ð16:31Þ

(x(1)− x(2)) ds(2)

b(1) b(2)

x(1) x(2)

Σ(1)

C(1) C(2)

O

Figure 16.4 Geometry for finding the interaction energy between dislocation loops C(1) and C(2).
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since

ðð

�ð1Þ

q

qx
ð1Þ
q

ðr2RÞn̂ð1Þi dS

þ

Cð2Þ

dxð2Þq ¼ �
ðð

�ð1Þ

n̂
ð1Þ
i dS

þ

Cð2Þ

q

qx
ð2Þ
q

ðr2RÞdxð2Þq

¼ �
ðð

�ð1Þ

n̂
ð1Þ
i dS

þ

Cð2Þ

dðr2RÞ ¼0:
ð16:32Þ

Then, by using Eqs. (E.3) and (E.5) and the equality ∇2 R = 2/R, Eq. (16.31) can

be put into the relatively simple vector form

W
ð1Þ=ð2Þ
int ð1Þ ¼ � m

4p

þ

Cð1Þ

þ

Cð2Þ

ðbð1Þ � bð2ÞÞ � ðdsð1Þ � dsð2ÞÞ
R

: ð16:33Þ

The remaining three terms from the Peach–Koehler equation can be substituted

and treated in a similar manner as shown in detail by Hirth and Lothe (1982).

These results can then be consolidated into the final expression for the interaction

energy between loops C(1) and C(2),

W
ð1Þ=ð2Þ
int ¼� m

2p

þ

Cð1Þ

þ

Cð2Þ

ðbð1Þ � bð2ÞÞ � ðdsð1Þ � dsð2ÞÞ
R

þ m

4p

þ

Cð1Þ

þ

Cð2Þ

ðbð1Þ � dsð1ÞÞðbð2Þ � dsð2ÞÞ
R

þ m

4pð1� nÞ

þ

Cð1Þ

þ

Cð2Þ

ðbð1Þ � dsð1ÞÞ � T � ðbð2Þ � dsð2ÞÞ;

ð16:34Þ

where T is the tensor with components

Tij ¼
q
2R

qx
ð1Þ
i qx

ð1Þ
j

¼ q
2R

qx
ð2Þ
i qx

ð2Þ
j

: ð16:35Þ

16.3.2.2 Between two straight segments

Having Eq. (16.34), the interaction energy between two straight dislocation seg-

ments in an isotropic system can be obtained by imagining that segments 1 and 2

are parts of loops C(1) and C(2), respectively, and then integrating Eq. (16.34) along

the two segments so that

W
ð1Þ=ð2Þ
int ¼� m

2p

ð

Lð1Þ

ð

Lð2Þ

ðbð1Þ � bð2ÞÞ � ðdsð1Þ � dsð2ÞÞ
R

þ m

4p

ð

Lð1Þ

ð

Lð2Þ

ðbð1Þ � dsð1ÞÞðbð2Þ � dsð2ÞÞ
R

þ m

4pð1� nÞ

ð

Lð1Þ

ð

Lð2Þ

ðbð1Þ � dsð1ÞÞ � T � ðbð2Þ � dsð2ÞÞ;

ð16:36Þ
where the line integrals, L(1) and L(2), involving ds(1) and ds(2) are taken along

segments 1 and 2, respectively.
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Parallel segments

When the segments are parallel, it is again convenient to employ the coordinate

system in Fig. 16.2. In Exercise 16.1, this coordinate system is used to integrate

Eq. (16.36) to obtain the interaction energy (per unit length) between two infinitely

long parallel segments in the form

W
ð1Þ=ð2Þ
int

L
¼� m

2p
ðbð1Þ � t̂Þðbð2Þ � t̂Þ þ 1

1� n
ðbð1Þ � t̂Þ � ðbð2Þ � t̂Þ

� ��

�ln
p

p	
þ 1

1� n

½ðbð1Þ � t̂Þ � p�½ðbð2Þ � t̂Þ � p�
p2

�

: 16:37Þ

Hirth and Lothe (1982) have evaluated many of the integrals that arise in applying

Eq. (16.36) to parallel coplanar segments lying in the x2 = 0 plane and have shown

that they can be obtained as elementary functions.

Non-parallel segments

When the segments are non-parallel, it is again convenient to employ the oblique

coordinate system in Fig. 16.3 with distances along the three axes measured by

(s(1), s(2), z), along with Eq. (16.26). To evaluate Eq. (16.36), an expression for the

tensor, Tij, in the oblique system is needed. Writing the del operator as

r ¼ r1t̂
ð1Þ þr2t̂

ð2Þ þr3ê3; ð16:38Þ

Tij can be expressed as

Tij ¼ rirjR: ð16:39Þ

The ∇1 and ∇2 components can then be obtained using the vector diagram in

Fig. 16.5.

Since R(s(1),s(2),z) lies between the points (s(1),0,z) and (0,s(2),0), the

∇ operator describes the effect of moving the end points of r along the coordinate

axes. Since the effect of moving the (s(1),0,z) end along t(2) is equivalent to moving

the (0, s(2), 0) end the same distance in the opposite direction along �t(2), the

s(2) ˆ t(1)

∇2 −∂/∂s(2)

∇

q s(1) ˆ t(1) 

∂/∂s(1)

∇1

Figure 16.5 Vector diagram, projected along �ê3, showing components ∇1 and ∇2 of the

∇ operator in the oblique ð̂tð1Þ; t̂ð2Þ; ê3Þ coordinate system.
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operator must have projections along the three coordinate axes corresponding to

q / qs(1),� q / qs(2), and q / qz, as shown (in projection) in Fig. 16.5. The components

of ∇ must then have the forms

r1 ¼
q

qsð1Þ
�r2 cos y r2 ¼ � q

qsð2Þ
�r1 cos y r3 ¼

q

qz
: ð16:40Þ

Solving these three equations for the ∇i quantities, and substituting the results

into Eq. (16.38),

r ¼ 1

sin2y

q

qsð1Þ
þ cos y

q

qsð2Þ

� �

tð1Þ � 1

sin2y
cos y

q

qsð1Þ
þ q

qsð2Þ

� �

tð2Þ þ q

qz
e3:

ð16:41Þ

The components of T can now be determined by use of Eq. (16.39). For example,

T12 ¼ r1r2 R ¼ � 1

sin4y
cos y

q
2R

qðsð1ÞÞ2
þ ð1þ cos2yÞ q

2R

qsð1Þqsð2Þ
þ cos y

q
2R

qðsð2ÞÞ2

 !

T22 ¼ r2r2 R ¼ 1

sin4y
cos2 y

q
2R

qðsð1ÞÞ2
þ 2 cos y

q
2R

qsð1Þqsð2Þ
þ q

2R

qðsð2ÞÞ2

 !

:

ð16:42Þ

Hirth and Lothe (1982) have evaluated many of the integrals that arise in applying

the above formalism to non-parallel segments in the present oblique coordinate

system. As for the previous case of parallel segments, the results can be expressed

as elementary functions.

16.3.3 Interaction forces

When the interaction energy between dislocations is known, the corresponding force

between themmay always be determined by differentiating the interaction energy with

respect to changes in their relative coordinates. However, it is often more efficient to

determine the forces directly by use of the Peach–Koehler force equation. This

approach is therefore pursued in this section, and the force between differential seg-

ments that are parts of two different loops is obtained. Having this, the forces between

closed loops and straight finite segments are derived by means of line integrations.

16.3.3.1 Between two rational differential segments

Consider the two differential rational segments ds(1) and ds(2) on loops C(1)

and C(2), respectively, in Fig. 16.6. Using the Peach–Koehler force equation,

Eq. (13.10), segment ds(2) exerts a force on segment ds(1) given by

dF ¼ ðd� t̂ð1ÞÞdsð1Þ ¼ b
ð1Þ
i ds

ð2Þ
ij ðêj � dsð1ÞÞ; ð16:43Þ
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where ds
ð2Þ
ij is the stress imposed on the segment ds(1) at the position x(1) by the

segment ds(2) at x(2). According to Eq. (12.134), this quantity is given by

ds
ð2Þ
ij ðxð1Þ � xð2ÞÞ ¼ � 1

8p3

ð

1

�1

ð

1

�1

ð

1

�1

C�
ijklðk̂Þb

ð2Þ
k ðdsð2Þ � kÞleik�ðx

ð1Þ�xð2ÞÞik�2dk1 dk2 dk3

ð16:44Þ

and substituting Eq. (16.44) into Eq. (16.43), the differential force is therefore

dF ¼ � 1

8p3
b
ð1Þ
i b

ð2Þ
k

ð

1

�1

ð

1

�1

ð

1

�1

C�
ijklðk̂Þðêj � dsð1ÞÞðdsð2Þ � kÞleik�ðx

ð1Þ�xð2ÞÞik�2dk1dk2 dk3:

ð16:45Þ

16.3.3.2 Between two loops

The total force between two loops, such as in Fig. 16.6, is obtained by performing

a line integration of Eq. (16.45) around each loop, i.e.,

F ¼ � 1

8p3
b
ð1Þ
i b

ð2Þ
k

þ

Cð1Þ

ðêj � dsð1ÞÞ
þ

Cð2Þ

ð

1

�1

ð

1

�1

ð

1

�1

C�
ijklðk̂Þ

� ðdsð2Þ � kÞleik�ðx
ð1Þ�xð2ÞÞik�2dk1dk2dk3:

ð16:46Þ

16.3.3.3 Between two straight segments

The total force between two straight segments, such as in Fig. 16.2, or 16.3,

is obtained by performing a line integration of Eq. (16.45) along each

segment, i.e.,

F ¼ � 1

8p3
b
ð1Þ
i b

ð2Þ
k

ð

Lð1Þ

ðêj � dsð1ÞÞ
ð

Lð2Þ

ð

1

�1

ð

1

�1

ð

1

�1

C�
ijklðk̂Þ

� ðdsð2Þ � kÞleik�ðx
ð1Þ�xð2ÞÞik�2dk1dk2dk3:

ð16:47Þ

ds(1)
ds(2)

(x(1)−x(2))

b(1)
b(2)

x(1) x(2)

O

C(2)C(1)

Figure 16.6 Geometry for determining force exerted on segment ds(1) by segment ds(2).
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16.3.4 Interaction forces in isotropic systems

16.3.4.1 Between two differential segments

The force between two differential segments, such as illustrated in Fig. 16.6, is

again given by Eq. (16.43), where ds
ð2Þ
ij is the stress imposed on segment 1 by

segment 2. In the present isotropic case ds
ð2Þ
ij can be obtained from the Peach–

Koehler equation, Eq. (12.162), in the modified form

ds
ð2Þ
ab ðxð1ÞÞ ¼

m

4p
eimab

ð2Þ
m

q

qx
ð1Þ
i

1

R

� �

ds
ð2Þ
b þ m

4p
eimbb

ð2Þ
m

q

qx
ð1Þ
i

r 1

R

� �

dsð2Þa

þ m

4pð1� nÞ eimkb
ð2Þ
m

q
3R

qx
ð1Þ
i qx

ð1Þ
a qx

ð1Þ
b

� dab

2

q

qx
ð1Þ
i

r 1

R

� �

2

4

3

5ds
ð2Þ
k

ð16:48Þ

with R = jx(1) � x(2)j and q=qx
ð1Þ
i ¼ �q=qx

ð2Þ
i . Substituting Eq. (16.48) into

Eq. (16.43), a result is obtained, after considerable algebra, that can be expressed

in the vector form

dF ¼� m

8p
½ðbð2Þ � bð1ÞÞ � rðr2RÞ�½dsð1Þ � dsð2Þ�

� m

8p
½bð2Þ �rðr2RÞ� � dsð1Þ
n o

bð1Þ � dsð2Þ
n o

� m

4pð1� nÞ ½ðb
ð2Þ � dsð2ÞÞ � r�½dsð1Þ � ðbð1ÞTÞ�

þ m

4pð1� nÞ ½ðb
ð2Þ � dsð2ÞÞ � rðr2RÞ�½dsð1Þ � bð1Þ�;

ð16:49Þ

where r ¼ ðq=qxð1Þi Þêi, T is the tensor

Tij ¼
q
2R

qxiqxj
; ð16:50Þ

and bð1ÞT corresponds to the vector b
ð1Þ
j Tjiêi.

16.3.4.2 Between two loops and between two straight segments

The force between two loops in an isotropic system can be obtained by

integrating Eq. (16.49) around the two loops using the same approach

employed to formulate Eq. (14.46). Similarly, the force between two straight

segments can be found by integrating Eq. (16.49) along the two segments using

the same approach employed to formulate Eq. (16.47). Hirth and Lothe (1982)

treat the problem of the force between two straight segments in detail and show

that the line integrals involved can be obtained as elementary functions. How-

ever, the analysis is lengthy, and the reader is referred to their work for detailed

results.

In Exercise 16.3, Eq. (16.49) is employed to find the force exerted by a straight

screw dislocation segment on an orthogonal differential screw segment.
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16.4 Inclusion–inclusion interactions

16.4.1 Between two homogeneous inclusions

The interaction energy between homogeneous inclusions 1 and 2 in a body, V 	,
with a free surface, S	, is now determined. The first task is to formulate the total

energy of the system, which, since transformation strains are present (Section 3.6),

is written as

E ¼ W ¼ 1

2∰
V 	

ðsð1Þij þ s
ð2Þ
ij Þðeð1Þij þ e

ð2Þ
ij ÞdV

¼ 1

2∰
V 	

ðsð1Þij þ s
ð2Þ
ij Þ½ðetotð1Þij � e

Tð1Þ
ij Þ þ ðetotð2Þij � e

Tð2Þ
ij Þ�dV;

ð16:51Þ

where the sources of the stresses and strains are indicated by the superscripts.

Then, using Eqs. (3.153) and (2.65),

W ¼ 1

2∰
V 	

q

qxj
½ðsð1Þij þ s

ð2Þ
ij Þðutotð1Þi þ u

totð2Þ
i Þ�dV � 1

2∰
V 	

ðsð1Þij þ s
ð2Þ
ij ÞðeTð1Þij þ e

Tð2Þ
ij ÞdV

ð16:52Þ

and converting the first integral to a surface integral,

W ¼ 1

2∯
S	

ðsð1Þij þ s
ð2Þ
ij Þðutotð1Þi þ u

totð2Þ
i Þn̂jdS�

1

2∰
V 	

ðsð1Þij þ s
ð2Þ
ij ÞðeTð1Þij þ e

Tð2Þ
ij ÞdV:

ð16:53Þ

However, since s
ð1Þ
ij n̂j ¼ s

ð2Þ
ij n̂j ¼ 0 on S	,

W ¼ � 1

2∰
V 	

ðsð1Þij þ s
ð2Þ
ij ÞðeTð1Þij þ e

Tð2Þ
ij ÞdV

¼ � 1

2

�

∰
V ð1Þ

ðsð1Þij þ s
ð2Þ
ij ÞeTð1Þij dV þ∰

V ð2Þ

ðsð1Þij þ s
ð2Þ
ij ÞeTð2Þij dV

�

:

ð16:54Þ

Using Eq. (6.57), the inclusion self-energies are

Wð1Þ ¼ � 1

2∰
V 	

s
ð1Þ
ij e

Tð1Þ
ij dV Wð2Þ ¼ � 1

2∰
V ð2Þ

s
ð2Þ
ij e

Tð2Þ
ij dV

; ð16:55Þ

and the interaction energy between inclusions is therefore
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E
INCð1Þ=INCð2Þ
int ¼ W �Wð1Þ �Wð2Þ ¼ � 1

2
½∰
V ð1Þ

s
ð2Þ
ij e

Tð1Þ
ij dV þ∰

V ð2Þ

s
ð1Þ
ij e

Tð2Þ
ij dV�:

ð16:56Þ

The two integrals, ∰
V ð1Þ

s
ð2Þ
ij e

Tð1Þ
ij dV and ∰

V ð2Þ

s
ð1Þ
ij e

Tð2Þ
ij dV, in Eq. (16.56) can now be

shown to be equal. Begin by writing the first integral as

∰
V ð1Þ

s
ð2Þ
ij e

Tð1Þ
ij dV ¼ ∰

V 	

s
ð2Þ
ij e

Tð1Þ
ij dV ¼ ∰

V 	

s
ð2Þ
ij e

Tð1Þ
ij � qu

totð1Þ
i

qxj
þ qu

totð1Þ
i

qxj

 !

dV:

ð16:57Þ
However,

s
ð2Þ
ij e

Tð1Þ
ij � qu

totð1Þ
i

qxj

 !

¼ s
ð2Þ
ij ðeTð1Þij � e

totð1Þ
ij Þ ¼ �s

ð2Þ
ij e

ð1Þ
ij ; ð16:58Þ

and, with the use of Eq. (2.65), the divergence theorem, and the condition,

s
ð2Þ
ij n̂j ¼ 0 on S	,

∰
V 	

s
ð2Þ
ij

qu
totð1Þ
i

qxj
dV ¼ ∰

V 	

qðsð2Þij u
totð1Þ
i Þ

qxj
dV ¼ ∯

V 	

s
ð2Þ
ij u

totð1Þ
i n̂jdS ¼ 0: ð16:59Þ

Therefore, substituting Eqs. (16.58) and (16.59) into Eq. (16.57)

∰
V ð1Þ

s
ð2Þ
ij e

Tð1Þ
ij dV ¼ �∰

V 	

s
ð2Þ
ij e

ð1Þ
ij dV: ð16:60Þ

A similar exercise shows that

∰
V ð2Þ

s
ð1Þ
ij e

Tð2Þ
ij dV ¼ �∰

V 	

s
ð1Þ
ij e

ð2Þ
ij dV: ð16:61Þ

Now, using the symmetry properties of the Cijkl tensor,

s
ð1Þ
ij e

ð2Þ
ij ¼ Cijkle

ð1Þ
kl e

ð2Þ
ij ¼ Cklije

ð1Þ
ij e

ð2Þ
kl ¼ Cijkle

ð1Þ
ij e

ð2Þ
kl ¼ s

ð2Þ
ij e

ð1Þ
ij : ð16:62Þ

Then, substituting Eq. (16.62) into Eq. (16.61), and comparing the result with

Eq. (16.60), it is seen that the equality

∰
V ð2Þ

s
ð1Þ
ij e

Tð2Þ
ij dV ¼ ∰

V ð1Þ

s
ð2Þ
ij e

Tð1Þ
ij dV ð16:63Þ

is valid. Finally, substituting Eq. (16.63) into Eq. (16.56), the interaction energy is

given by either of the two forms,
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E
INCð1Þ=INCð2Þ
int ¼ �∰

V ð1Þ

s
ð2Þ
ij e

Tð1Þ
ij dV ¼ �∰

V ð2Þ

s
ð1Þ
ij e

Tð2Þ
ij dV: ð16:64Þ

The two forms of this result can be readily understood by imagining first that

inclusion 1 is added to the system in the presence of inclusion 2. The increase in the

energy of the system is then the self-energy of inclusion 1 plus the interaction

energy between the two inclusions, which should be equal to the interaction energy

between inclusion 1 and the stress field of inclusion 2, as given by Eq. (7.1),

i.e., �∰
V ð1Þ

s
ð2Þ
ij e

Tð1Þ
ij dV, as is seen to be the case. On the other hand, if inclusion 2 is

added in the presence of inclusion 1, the interaction energy should correspond to

the interaction energy between inclusion 2 and the stress field of inclusion 1, as

given by Eq. (7.1), which, again, is the case.

The interaction energy is then obtained by placing one inclusion at the origin

and determining its stress field by the methods of Chapter 6 and then employing

Eq. (16.64) to integrate the product of this stress with the transformation strain of

the second inclusion over the volume of the second inclusion.

16.4.2 Between two inhomogeneous inclusions

The determination of the interaction energy between two inhomogeneous inclu-

sions is considerably more difficult than for the previous homogeneous inclusions

because the inhomogeneity associated with each inclusion perturbs the elastic

field generated by the other, as discussed in Section 7.2.2. The strain fields within

each inclusion are therefore non-uniform, and the problem generally possesses

low symmetry and cannot be solved in simple closed form using standard func-

tions. Such problems, including the closely related problem of two inhomo-

geneities under an applied stress, have therefore been treated in the literature

as boundary-value problems or by the equivalent inclusion method, where solu-

tions are obtained by the use of polynomial expansions, series expansions,

and series representations. Some examples may be found in Mura (1987), Meisner

and Kouris (1995) and Chalon and Montheillet (2003) and the references given

there. In many cases, solutions have been constructed by employing Papkovitch

(1932) (Section 4.3.1.1), Boussinesq (1885), or Neuber (1944) displacement func-

tions. The results are generally lengthy and require numerical methods for evalu-

ation. I will therefore not pursue this approach further.

16.5 Point defect–dislocation interactions

16.5.1 General formulation

The interaction between a point defect, D, and a dislocation can be formulated

by modeling the point defect as a force multipole lying with its center at the
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position x in the elastic field of the dislocation located at the origin. The

interaction energy is then given by Eq. (16.1) or (16.3) after writing them in

the respective forms

E
D=DIS

int ðxÞ ¼ �
X

q

uDIS
j ðxþ sDðqÞÞFDðqÞ

j ð16:65Þ

and

E
D=DIS

int ðxÞ ¼ �
X

1

s¼1

1

s!
PD
r1r2...rsi

q
suDIS

i ðxÞ
qxr1qxr2 . . . qxrs

: ð16:66Þ

Solutions for various cases can then be obtained by using expressions for force

multipoles from Chapter 10 and dislocation elastic fields from Chapter 6. In the

following, a solution is obtained for the relatively simple case of a point defect

with tetragonal symmetry in the field of an infinitely long straight screw disloca-

tion in an isotropic system.

16.5.2 Between point defect and screw dislocation in isotropic system

The classic approach of Cochardt, Schoeck, and Wiedersich (1955) is followed to

determine the interaction energy between an interstitial tetragonal point defect in

the BCC structure, with its tetragonal axis along [100], as shown in Fig. 16.7a, and

an infinitely long straight screw dislocation with b = (0,0,b) and t̂ ¼ ½111�=
ffiffiffi

3
p

.

However, the point defect is modeled here as a force multipole rather than a small

misfitting region corresponding to a transformation strain, as in the Cochardt,

Schoeck, and Wiedersich treatment.

1

6
[211] x1 ′ x3 

′ x1 
φ ˆ t =

1

3
[111]  

O x3

Dislocation 

′ x2 x2

(b)

Point defect

x
1

F
a

F
b

F
b

F
b

F
b

F
a

x2

x3a

(a)

x

Figure 16.7 Interstitial point defect with tetragonal symmetry in BCC structure and

interacting screw dislocation. (a) Detailed view of defect and assumed forces acting on

near-neighbor host atoms. (b) Straight screw dislocation with b = (0, 0, b) and

t̂ ¼ ½111�=
ffiffiffi

3
p

passing through origin. Point defect, shown in (a), now located

at vector position x. Coordinate systems (x1, x2, x3) and ðx01; x02; x03Þ indicated.
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To determine the interaction energy when the point defect is in different regions

of the elastic field of the dislocation, use is made of the (x1, x2, x3) and ðx01; x02; x03Þ
coordinate systems shown in Fig. 16.7b, originally introduced by Cochardt,

Schoeck, and Wiedersich (1955). The geometry of this figure has the following

features:

(1) The (x1, x2, x3) system is aligned with the crystal axes.

(2) The ðx01; x02; x03Þ system is coupled to the dislocation; x03 is parallel to the disloca-

tion; x01 lies in the (111) plane at the angle, f, with respect to the reference

direction ½2�1�1�=
ffiffiffi

6
p

corresponding to the projection of x1 on the (111) plane;

x02 lies in the (111) plane and is therefore perpendicular to the dislocation.

(3) The defect lies at the field position, x, which lies along x02. The position of the

defect relative to the dislocation can then be varied by varying x, its perpen-

dicular distance from the dislocation, and f, causing it to rotate around the

dislocation.

Using Eq. (16.66), and adopting the force dipole moment approximation (Section

10.3.5), the interaction energy, expressed in the ðx01; x02; x03Þ system, takes the form

E
D=DIS

int ¼ PD0

ij

quDIS 0

j

qxi
¼ PD0

ij e
DIS 0

ij ¼ �PD0

ij

lY0

2mð3lþ 2mÞ dij þ
1

2m
s0ij

� �

; ð16:67Þ

after making use of Eqs. (10.9) and (2.123). It is readily verified, by use of

Eq. (12.55), that the only non-vanishing component of the dislocation stress

tensor at the defect is

sDIS0

13 ¼ � mb

2px
ð16:68Þ

and substituting this into Eq. (16.67),

E
D=DIS

int ¼ b

2px
PD0

13 : ð16:69Þ

The force dipole PD0
13 can now be obtained by first finding it in the (x1, x2, x3) system

and then transforming it to the ðx01; x02; x03Þ system by employing the standard

tensor transformation law given by Eq. (2.24), so that

PD0

ij ¼ limljnP
D
mn: ð16:70Þ

From Fig. 16.7a,

PD
mn ¼ a

Fa 0 0

0
ffiffiffi

2
p

Fb 0

0 0
ffiffiffi

2
p

Fb

2

6

4

3

7

5
; ð16:71Þ

and, substituting this into Eq. (16.70),

PD0

13 ¼ a½l11l31Fa þ ðl12l23 þ l13l33Þ
ffiffiffi

2
p

Fb�: ð16:72Þ
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From Fig. 16.7b the matrix of direction cosines is deduced to be

lij ¼
2 cosf=

ffiffiffi

6
p

� cosf=
ffiffiffi

6
p

þ sinf=
ffiffiffi

2
p

� cosf=
ffiffiffi

6
p

� sinf=
ffiffiffi

2
p

�2 sinf=
ffiffiffi

6
p

sinf=
ffiffiffi

6
p

� 1=
ffiffiffi

2
p

sinf=
ffiffiffi

6
p

þ 1=
ffiffiffi

2
p

1=
ffiffiffi

3
p

1=
ffiffiffi

3
p

1=
ffiffiffi

3
p

2

6

6

4

3

7

7

5

;

ð16:73Þ

and, therefore, substituting Eq. (16.73) into (16.72),

PD0

13 ¼
ffiffiffi

2
p

a cosf

3
Fa �

ffiffiffi

2
p

Fb
	 


: ð16:74Þ

Finally, upon substituting Eq. (16.74) into Eq. (16.69),

E
D=DIS

int ðx;fÞ ¼ ba

3
ffiffiffi

2
p

p
Fa �

ffiffiffi

2
p

Fb
	 
 cosf

x
: ð16:75Þ

The interaction energy is seen to depend upon the degree of tetragonality of the

point defect, as measured by the magnitude of the quantity ðFa �
ffiffiffi

2
p

FbÞ. Note

from Fig. 16.7a that for the special condition, Fa ¼
ffiffiffi

2
p

Fb, the defect is represented

by three equal and orthogonal double forces, and both the tetragonality and

interaction energy vanish.

16.6 Point defect–inclusion interactions

16.6.1 General formulation

The interaction between a point defect, D, and an inclusion can be formulated by

modeling the point defect as a force dipole lying with its center at the position x in

the elastic field of the inclusion located at the origin. The interaction energy is then

given by Eqs. (16.1) and (16.3) in the forms

E
D=INC

int ðxÞ ¼ �
X

q

uINC
j ðxþ sDðqÞÞFDðqÞ

j ð16:76Þ

and

E
D=INC

int ðxÞ ¼ �
X

1

s¼1

1

s!
PD
r1r2...rsi

q
suINC

i ðxÞ
qxr1qxr2 . . . qxrs

: ð16:77Þ

Solutions for various cases can then be obtained by using force multipoles from

Chapter 10 and inclusion displacement fields from Chapter 6. In the following, a

solution is obtained for the simple case of a point defect with tetragonal symmetry

in the field of a spherical inhomogeneous inclusion with eTij ¼ eTdij in an isotropic

system.
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16.6.2 Between point defect and spherical inhomogeneous inclusion with eTij ¼ eTdij

in isotropic system

Assuming the tetragonal point defect in Fig. 10.3, with the non-vanishing multi-

pole tensor components P33 = aF and P3333 = a3F/4 given by Eq. (10.11),

Eq. (16.77) takes the form

E
D=INC

int ðxÞ ¼ � PD
33

quINC
3

qx3
þ 1

6
PD
3333

q
3uINC

3

qx33

� �

¼ �aF
quINC

3

qx3
þ a2

24

q
3uINC

3

qx33

� �

:

ð16:78Þ

The displacement field in the matrix due to the inclusion is given for an isotropic

system by Eqs. (6.127) and (6.128), so that the inclusion distortion field is

quINC
i

qxj
¼ c

dij

x3
� 3xixj

x5

� �

: ð16:79Þ

Then, substituting Eq. (16.79) into Eq. (16.78), the interaction energy is

E
D=INC

int ðxÞ ¼ �aFc ð1� 3l23Þ
1

x3
� 3a2

8
ð1� 10l23 þ 15l 43Þ

1

x5

� �

; ð16:80Þ

where c is given by Eq. (6.128).

16.7 Dislocation–inclusion interactions

16.7.1 General formulation

The force imposed on a dislocation by an inclusion can be formulated by use of

the Peach–Koehler force equation and an expression for the elastic field of the

inclusion from Chapter 6. Taking the inclusion at the origin as in Fig. 16.8, the

force exerted by the inclusion on segment ds of the dislocation is obtained from

Eqs. (13.10) and (13.11) in the form

dFDIS=INC ¼ f
DIS=INC

ds ¼ bDIS
i sINC

ij ðêj � t̂Þds; ð16:81Þ

where sINC
ij is the stress at the dislocation due to the inclusion, which, for a variety

of different types of inclusion, can be obtained from the results in Chapter 6. In

the following, an expression is obtained for this force for the tractable case of a

xInclusion

Dislocation loopO

ds

Figure 16.8 Dislocation in vicinity of inclusion located at the origin.
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spherical inhomogeneous inclusion with the transformation strain eTij ¼ eTdij and a

general dislocation in an isotropic system.

16.7.2 Between dislocation and spherical inhomogeneous inclusion with eTij ¼ eTdij

in isotropic system

For this case the distortion field in the matrix is given, as above, by Eq. (16.79), so

that the corresponding stress field is

sINC
ij ¼ 2mc

x3
ðdij � 3xixjÞ ð16:82Þ

after use of Eq. (2.123). Then, substituting this stress into Eq. (16.81), the force is

dF
DIS=INC
l ¼ ejsls

INC
ij bDIS

i t̂sds ¼ 2mcejslb
DIS
i t̂s

dij

x3
� 3xixj

x5

� �

ds; ð16:83Þ

where c is given by Eq. (6.128).

Exercises

16.1 Starting with Eq. (16.36), derive Eq. (16.37) for the interaction energy between

the two infinitely long parallel dislocations in Fig. 16.2 in an isotropic system.

Solution From the geometry of Fig. 16.2,

R ¼ ½p2 þ ðxð1Þ3 � x
ð2Þ
3 Þ

2
�
1=2

dsðiÞ ¼ t̂ dx
ðiÞ
3

Tij ¼
q
2R

qx
ð1Þ
i qx

ð1Þ
j

¼ dij

R
�
ðxð1Þi � x

ð2Þ
i Þðxð1Þj � x

ð2Þ
j Þ

R3
¼ dij

R
� pipj

R3
: ði ¼ 1;2Þ:

ð16:84Þ

Substituting these relationships into Eq. (16.36), the interaction energy per

unit dislocation length is reduced to

W
1=2
int

L
¼ m

4p

(

ðbð1Þ � t̂Þðbð2Þ � t̂Þ þ 1

1� n
ðbð1Þ � t̂Þ � ðbð2Þ � t̂Þ

� �

:

� 1

L

ð

L=2

�L=2

dx
ð2Þ
3

ð

L=2

�L=2

dx
ð1Þ
3

½p2 þ ðxð1Þ3 � x
ð2Þ
3 Þ

2
�
1=2

2

6

4

3

7

5

� 1

ð1� nÞ ½ðb
ð1Þ�t̂Þ � p�½ðbð2Þ�t̂Þ � p� 1

L

ð

L=2

�L=2

dx
ð2Þ
3

ð

L=2

�L=2

dx
ð1Þ
3

½p2 þ ðxð1Þ3 � x
ð2Þ
3 Þ

2
�
3=2

2

6

4

3

7

5

9

>

=

>

;

;

ð16:85Þ
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where the limits of integration, �L/2, will be increased without limit. The

first double line integral (with p � L) corresponds to the integral in

Eq. (12.248), and the bracketed term containing this integral is therefore

given by [�2ln p þ 2ln(2L/e)] [see Eq. (12.251)]. However, the L-dependent

part of this result may be dropped since it must be associated with end

effects.1 The bracketed term containing the second double line integral

is readily integrated and is given by 2/p2. Putting these results

into Eq. (16.85), and adding a constant term proportional to �ln p	, then
produces Eq. (16.37).2

16.2 Show that the interaction energy between the two coaxial circular disloca-

tions in Fig. 16.9 in an isotropic system is given by

W
ð1Þ=ð2Þ
int ¼ mb2a2

2ð1� nÞ

ð

2p

0

1

R
� a2ð1� cosfÞ2

R3

" #

cosfþ a2ð1� cosfÞsin2f
R3

( )

df:

ð16:86Þ

Solution Start with Eq. (16.34), which, for this problem, reduces to

W
ð1Þ=ð2Þ
int ¼ m

4pð1� nÞ

ð

Cð1Þ

ð

Cð2Þ

ðb� dsð1ÞÞ � T � ðb� dsð2ÞÞ: ð16:87Þ

If Eq. (16.87) is integrated first aroundC(2), the contribution of this integration

to every ds(1) element in the second integration aroundC(1) is the same because

of the circular symmetry. Therefore, holding ds(1) in the first integration

conveniently at dsð1Þ ¼ ê2ds
ð1Þ, and with dsð2Þ ¼ ð�ê1 sinfþ ê2 cosfÞdsð2Þ,

b= (0,0,b), and

x
3

b 

ˆ t C(1)

ds(1)

f

ds(2)

R a p

O
C(2)

x
1 x

2

Figure 16.9 Two circular coaxial dislocation loops with the same b and the same

t̂ sense.

1 Ignoring end effects, the interaction energy for two parallel infinitely long dislocations should be

independent of L and a function of q only.
2 Adding this term is permissible, since it merely shifts the reference energy of the interaction energy by

an arbitrary constant.
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Tij ¼
q
2R

qx
ð1Þ
i qx

ð1Þ
j

¼ dij

R
�
ðxð1Þi � x

ð2Þ
i Þðxð1Þj � x

ð2Þ
j Þ

R
; ð16:88Þ

where

x
ð1Þ
1 ¼ a x

ð1Þ
2 ¼ 0 x

ð1Þ
3 ¼ p

x
ð2Þ
1 ¼ a cosf x

ð2Þ
2 ¼ a sinf x

ð2Þ
3 ¼ 0

R ¼ ½4a2sin2ðf=2Þ þ p2�1=2:

ð16:89Þ

Eq. (16.87) takes the form

W
ð1Þ=ð2Þ
int ¼ mb2

4pð1� nÞ

ð

Cð1Þ

dsð1Þ
ð

Cð2Þ

ðT11 cosfþ T12 sinfÞdsð2Þ

¼ mb2a2

2ð1� nÞ

ð

2p

0

1

R
� a2ð1� cosfÞ2

R3

" #

cosfþ a2ð1� cosfÞsin2f
R3

( )

df:

ð16:90Þ

Hirth and Lothe (1982) show that the integrals in Eq. (16.90) are elliptic

integrals that take relatively simple asymptotic forms when p � a or

p 
 a.

16.3 Use Eq. (16.49) to determine the total force exerted on a straight screw

dislocation segment, AB, by an orthogonal straight screw segment, CD, as

in Fig. 16.10, in an isotropic system.

Find the force when CD ! 1, and then verify the result directly by using

the Peach–Koehler force equation and the known stress field of an infinitely

long screw dislocation.

Solution Using the Cartesian coordinate system shown in Fig.16.10 bAB =

(bAB, 0, 0), t̂AB ¼ 1; 0; 0ð Þ, bCD= (0,0,bCD) and t̂CD ¼ 0; 0; 1ð Þ. The last three
terms in Eq. (16.49) therefore vanish, and with R ¼ ½ðxAB

1 Þ2 þ p2þ ðxCD3 Þ2�1=2,
dsAB ¼ t̂ABdxAB

1 and dsCD ¼ t̂CDdxCD3 , the first term yields

ds
AB

x
3

CD AB

ds
CD

1

pR

D
3

2 A B

x
1

C

Figure 16.10 Geometry for determining force exerted on segment AB by segment CD.
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F ¼ � mbABbCD

4p

ð

xB
1

xA
1

ð

xD
3

xC
3

�ê2 � r
1

R

� �� �

dxAB1 dxCD3 ê2

¼ � mbABbCD

4p

ð

xB
1

xA
1

ð

xD
3

xC
3

pdxAB
1 dxCD3

½ðxAB
1 Þ2 þ p2 þ ðxCD3 Þ2�

3=2
ê2

¼ � mbABbCDp

4p

ð

xB
1

xA
1

xCD3

½ðxAB
1 Þ2 þ p2 þ ðxCD3 Þ2�

1=2

2

4

3

5

xD
3

xC
3

dxAB
1 ê2:

ð16:91Þ

When xC3 ! �1, and xD3 ! 1, the force given by Eq. (16.91) becomes

F ¼ � mbABbCDp

2p

ð

xB
1

xA
1

dxAB
1

p2 þ ðxAB
1 Þ2

ê2: ð16:92Þ

Next, the force is obtained by the alternative method of using the Peach–

Koehler force equation and the known stress field of an infinitely long screw

dislocation. By employing Eq. (13.10), and the components of the CD screw

dislocation stress field given by Eq. (12.55),

F ¼
ð

xB
1

xA
1

ðd� t̂
ABÞdxAB

1 ¼ bAB

ð

xB
1

xA
1

sCD13 dxAB
1 ê2 ¼ � mbABbCDp

2p

ð

xB
1

xA
1

dxAB
1

p2 þ ðxAB
1 Þ2

ê2;

ð16:93Þ
in agreement with Eq. (16.92).

16.4 Consider two infinitely long straight parallel edge dislocations in an

isotropic system and determine the force per unit length that one exerts on

the other by direct use of Eq. (16.49). Then show that this force can be

determined equally well by differentiating the interaction energy between

them with respect to their relative coordinates.

Solution Start with finite segments of length L, with segment 1 along the line

p; 0; x
ð1Þ
3

	 


and segment 2 along the line 0; 0; x
ð2Þ
3

	 


in an ðê1; ê2; ê3Þ coordin-
ate system. With b(1) = b(2) = (b, 0, 0), t̂ð1Þ ¼ t̂ð2Þ ¼ 0; 0; 1ð Þ, dsð1Þ ¼ t̂ð1Þdxð1Þ3

and dsð2Þ ¼ t̂ð2Þdxð2Þ3 , the first two terms of Eq. (16.49) vanish, and after

integrating over the segments, the force is given by

F ¼� m

4pð1� nÞ

ð

L=2

�L=2

ð

L=2

�L=2

½ðbð2Þ � dsð2ÞÞ � r�½dsð1Þ � bð1ÞT�
n

�½ðbð2Þ � dsð2ÞÞ � rðr2RÞ�½dsð1Þ � bð1Þ�
o

;

ð16:94Þ
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where

½ðbð2Þ � dsð2ÞÞ � r�½dsð1Þ � bð1ÞT� ¼ b2dx
ð1Þ
3 dx

ð2Þ
3

qT12

qx
ð1Þ
2

ê1 �
qT11

qx
ð1Þ
2

ê2

 !

¼ � b2pdx
ð1Þ
3 dx

ð2Þ
3

R3
ê1

ð16:95Þ

and

½ðbð2Þ � dsð2ÞÞ � rðr2RÞ� ¼ bdx
ð2Þ
3 ê2

	 


� 2

R3
½ pê1 þ ðxð1Þ3 � x

ð2Þ
3 Þê3�

� �

¼ 0:

ð16:96Þ

Substituting these relationships, Eq. (16.94) then takes the form

F ¼ mb2p

4pð1� nÞ

ð

L=2

�L=2

dx
ð2Þ
3

ð

L=2

�L=2

dx
ð1Þ
3

½p2 þ ðxð1Þ3 � x
ð2Þ
3 Þ

2
�
3=2

ê1: ð16:97Þ

After integrating with respect to x
ð1Þ
3 and letting L ! 1 in the first

integration,

F ¼ mb2

2pð1� nÞp

ð

L=2

�L=2

dx
ð2Þ
3 ê1: ð16:98Þ

According to Eq. (16.98), the force per unit length is therefore constant at

the value

f ¼ F

L
¼ mb2

2pð1� nÞp ê1: ð16:99Þ

Alternatively, according to Eq. (16.37), the interaction energy between the

two dislocations per unit length is

W
ð1Þ=ð2Þ
int

L
¼ � mb2

2pð1� nÞ ln
p

p	
; ð16:100Þ

since p = (p,0,0). The force per unit length between the dislocations is then

f ¼ F

L
¼ � q

qp

W
ð1Þ=ð2Þ
int

L

 !

ê1 ¼ � q

qp
� mb2

2pð1� nÞ ln
p

p	

� �

ê1 ¼
mb2

2pð1� nÞp ê1;

ð16:101Þ

in agreement with Eq. (16.99).
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Appendix A: Relationships involving the
∇∇ operator

This is a summary of a number of relationships involving the del operator, ∇, in

the cylindrical and spherical orthogonal curvilinear coordinate systems shown

in Fig. A.1.

A.1 Cylindrical orthogonal curvilinear coordinates

If f = f(r, y ,z), and f ¼ êrfr þ êyfy þ êzfz, where the unit base vectors ðêr; êy; êzÞ are

given in terms of the Cartesian base vectors by Eq. (G.2),

=f ¼ êr
qf

qr
þ êy

1

r

qf

qy
þ êz

qf

qz
; ðA:1Þ

= � f ¼
1

r

q

qr
r
qfr

qr

� �

þ
1

r

qfy

qy
þ
qfz

qz
; ðA:2Þ

r2f ¼
1

r

q

qr
r
qf

qr

� �

þ
1

r2
q
2f

qy2
þ
q
2f

qz2
: ðA:3Þ

A.2 Spherical orthogonal curvilinear coordinates

If f = f(r, y, f), and f ¼ êrfr þ êyfy þ êfff, where the unit base vectors ðêr; êy; êfÞ

are given in terms of the Cartesian base vectors by Eq. (G.9),

=f ¼ êr
qf

qr
þ êf

1

r

qf

qf
þ êy

1

r sin y

qf

qy
; ðA:4Þ

x3

x2

q

f

q
x1

(b)

r

x3

x2

x
1

(a)

z r

Figure A.1 (a) Cylindrical (r, y ,z) coordinates. (b) Spherical (r, y, f) coordinates.



= � f ¼
1

r2
q

qr
r2fr
� �

þ
1

r sinf

q

qf
ff sinf
� �

þ
1

r sinf

qfy

qy
; ðA:5Þ

r2f ¼
1

r2
q

qr
r2
qf

qr

� �

þ
1

r2 sinf

q

qf
sinf

qf

qf

� �

þ
1

r2sin2f

q
2f

qy2
: ðA:6Þ
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Appendix B: Integral relationships

B.1 Divergence (Gauss’) theorem

If A(x) is a vector field, andV is a region of volume enclosed by the surface S, and

n̂ is the positive unit vector normal to S (and therefore in the outward direction),

as in Fig. B.1, the divergence theorem states that

∰
V

r � A dV ¼ ∯
S

A � n̂ dS; ðB:1Þ

or, alternatively,

∰
V

qA1

qx1
þ
qA2

qx2
þ
qA3

qx3

� �

dV ¼ ∯
S

ðA1n̂1 þ A2n̂2 þ A3n̂3ÞdS: ðB:2Þ

B.2 Stokes’ theorem

If M(x) is a vector field, Stokes’ theorem is usually expressed as

þ

C

M � dx ¼

ðð

S

ðr �MÞ � n̂dS ¼ eijk

ðð

S

qMk

qxj
n̂i dS; ðB:3Þ

where the line integral is over the closed curve, C, in Fig. B.2 on which the surface,

S, terminates. The surface integral is over S, and n̂ is the positive unit vector

normal to S, which is defined for this unclosed surface by the requirement that if

C were shrunk down on S until it just traversed a circuit around n̂ in the direction

of the tangent vector, t̂, the circuit would be clockwise when sighting along n̂.

Substitution of the vector MðxÞ ¼ fðxÞêk into Eq. (B.3) yields the further form

ðð

S

qf

qxj
n̂i �

qf

qxi
n̂j

� �

dS ¼ eijk

þ

C

fdxk: ðB:4Þ



On the other hand, if GðxÞ is a tensor field,

ðð

S

½curlG�T½n̂�dS ¼

þ

C

½G�½dx�; ðB:5Þ

where (Hetnarski and Ignaczak, 2004)

ðcurlGÞij ¼ eipq
qGjq

qxp
: ðB:6Þ

B.3 Another form of Stokes’ theorem

If gi = gi(x) is a scalar function of x in a body,

ðð

S

qgi

qxi
djl �

qgj

qxl

� �

n̂j dS ¼

þ

C

elijgi dxj; ðB:7Þ

as can be verified by applying Eq. (B.5) to the case where G has the form Glj =

εlijgi. Then

ðcurlGÞTlj n̂j ¼ ejpqelkq
qgk

qxp
n̂j ¼ eqjpeqlk

qgk

qxp
n̂j; ðB:8Þ

and substitution of these quantities into Eq. (B.5), with the use of

eijkeimn ¼ djmdkn � djndkm; ðB:9Þ

yields Eq. (B.7). However, if S is a closed surface so that C is shunk down to a

point, we have

x

ˆ n O

Figure B.1 Geometry for divergence theorem.

ˆ n 

x

ˆ t OC

Figure B.2 Geometry for Stokes’ theorem.
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∯
S

qgi

qxi
djl �

qgj

qxl

� �

n̂j dS ¼ ∯
S

qgi

qxi
nl �

qgj

qxl
n̂j

� �

dS ¼ 0: ðB:10Þ

Substitution of gi ¼ sXiku
Y
k , or, alternatively, gj ¼ sXji u

Y
i , into Eq. (B.10) then yields

the further relationship

∯
S

sXik
quYi
qxk

djln̂j dS ¼ ∯
S

sXij
quYi
qxl

þ uYi
qsXij

qxl

 !

n̂j dS ¼ 0: ðB:11Þ
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Appendix C: The tensor product
of two vectors

The tensor product of two vectors can be used to represent tensors as products

of vectors. In many cases, equations involving tensors can then be written in more

compact vector forms.

The tensor product, P, of two vectors a and b, is written as

P ¼ a� b ðC:1Þ

and possesses components given by

Pij ¼ aibj: ðC:2Þ

Therefore,

Pu ¼ ða� bÞu ¼ ðb � uÞa; ðC:3Þ

or, in matrix form,

½P�½u� ¼ a� b½ �½u� ¼
a1b1 a1b2 a1b3
a2b1 a2b2 a2b3
a3b1 a3b2 a3b3

2

4

3

5

u1
u2
u3

2

4

3

5 ¼ ½b1u1 þ b2u2 þ b3u3�
a1
a2
a3

2

4

3

5

:

ðC:4Þ

Since

ê1 � ê1½ � ¼
1 0 0

0 0 0

0 0 0

2

4

3

5 ê2 � ê2½ � ¼
0 0 0

0 1 0

0 0 0

2

4

3

5 ê3 � ê3½ � ¼
0 0 0

0 0 0

0 0 1

2

4

3

5

;

ðC:5Þ

the unitary tensor can be written in the matrix form

I½ � ¼ ê1 � ê1½ � þ ê2 � ê2½ � þ ê3 � ê3½ � ¼
1 0 0

0 1 0

0 0 1

2

4

3

5

: ðC:6Þ



Appendix D: Properties of the delta function

The one-dimensional delta function, d(x� x	), vanishes everywhere except at x� x	,

and has the property, e.g., Hassani (2000), that

ðb

a

f ðxÞdðx� x	Þdx ¼ f ðx	Þ ða< x	 <bÞ: ðD:1Þ

Then, in three dimensions with vector arguments, the delta function appears as

dðxÞ ¼ dðx1Þdðx2Þdðx3Þ ðD:2Þ

and

∰
V

f ðxÞdðx� x	ÞdV ¼ f ðx	Þ ðx	 inside V Þ: ðD:3Þ

If x	 lies outside V , the integral vanishes.

The Nth derivative of the delta function with respect to its argument, indicated

here by the superscript (N), obeys the rule

ðb

a

dðNÞðx� x	Þ f ðxÞdx ¼ ð�1ÞN
ðb

a

dðx� x	Þ f
ðNÞðxÞdx ¼ ð�1ÞNf ðNÞðx	Þ ða< x	 <bÞ:

ðD:4Þ

Further properties, as given by Bacon, Barnett, and Scattergood (1979b), are

listed in Table D.1.

Still further useful relationships can be obtained from potential theory. The

electrostatic potential, v(x), due to a distribution of electrical charge density, r(x),

must satisfy Poisson’s equation

r2vðxÞ ¼ �4pArðxÞ: ðD:5Þ

Therefore, inserting Eqs. (3.14) and r(x) = qd(x � x	) into Eq. (D.5),

dðx� x	Þ ¼ �
1

4p
r2 1

x� x	j j
: ðD:6Þ



Also, since ∇2jx � x	j = 2/jx � x	j,

dðx� x	Þ ¼ �
1

8p
r2r2

x� x	j j: ðD:7Þ

Table D.1. Further properties of the delta function, dðxÞ.

(a) d(x � a) = d(a � x) (b)
ddðxÞ
dx

¼ �ddð�xÞ
dx

(c) x
ddðxÞ
dx

¼ �dðxÞ

(d) dðaxÞ ¼ dðxÞ
jaj (e) dðNÞðaxÞ ¼ dðNÞðxÞ

jajNþ1 (f)
R1

�1

dða� xÞdx ¼ 1

(g) dðxÞ ¼ dHðxÞ
dx

(h)
Ð1

�1

ddða�cxÞ
dða�cxÞ dx ¼ � 2dðcÞ

a
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Appendix E: The alternator operator

The alternator operator, eijk, can be evaluated using the relation

eijk ¼ êi � ðêj � êkÞ ðE:1Þ

where, as usual, the êi are the base unit vectors of a Cartesian, right-handed,

orthogonal coordinate system. Therefore, for example,

e123 ¼ e231 ¼ e312 ¼ 1;

e132 ¼ e213 ¼ e321 ¼ �1;

e113 ¼ e221 ¼ e233 ¼ e122 ¼ 0:

ðE:2Þ

Each time the operator is permutated by an exchange of nearest-neighbor indices,

its sign is reversed. Hence,

eijk ¼ �eikj ¼ ekij ¼ �ekji: ðE:3Þ

It also follows that

eijkeimn ¼ djmdkn � djndkm: ðE:4Þ

The operator is especially useful in expressing the vector product, since

a� b ¼ aibjeijk êk: ðE:5Þ



Appendix F: Fourier transforms

The Fourier transform of a function, g(x), is often given (Sneddon, 1951) as

�gðkÞ ¼

ð1

�1

ð1

�1

ð1

�1

gðxÞeik�x dx1 dx2 dx3: ðF:1Þ

The inverse transform is then

gðxÞ ¼
1

ð2pÞ3

ð1

�1

ð1

�1

ð1

�1

�gðkÞe�ik�x dk1 dk2 dk3: ðF:2Þ

Alternatively, the transform may be written in the form

�hðkÞ ¼
1

ð2pÞ3

ð1

�1

ð1

�1

ð1

�1

hðxÞe�ik�x dx1 dx2 dx3; ðF:3Þ

and in that case the inverse transform is

hðxÞ ¼

ð1

�1

ð1

�1

ð1

�1

�hðkÞeik�x dk1 dk2 dk3: ðF:4Þ



Appendix G: Equations from the theory
of isotropic elasticity

Listed below are selected equations from the theory of isotropic elasticity expressed

in cylindrical and spherical coordinate systems (Sokolnikoff, 1946).

G.1 Cylindrical orthogonal curvilinear coordinates

A differential volume element and the components of the stress tensor are shown

in Fig. G.1a. The displacement vector is written as

u ¼ êrur þ êyuy þ êzuz; ðG:1Þ

where the unit base vectors ðêr; êy; êzÞ are given in terms of Cartesian base vectors

by

êr ¼ cos yê1 þ sin yê2

êy ¼ � sin yê1 þ cos yê2

êz ¼ ê3:

ðG:2Þ

The strains are related to the displacements by

x3 x3

sff

sfr

sfr

s
rr

s
rz

s
zr

s
zq

s
zz

s
rr

sqr

sqr

s
rq

sqq

sfq

sqq

sqz

f

x1 x1

(a) (b)

r

z

r

qq

Figure G.1 Differential volume elements and components of the stress tensor in:

(a) cylindrical, (b) spherical coordinate systems.



err ¼
qur

qr
eyy ¼

1

r

quy

qy
þ
ur

r
ezz ¼

quz

qz

ery ¼
1

2

1

r

qur

qy
þ
quy

qr
�
uy

r

� �

erz ¼
1

2

quz

qr
þ
qur

qz

� �

eyz ¼
1

2

quy

qz
þ
1

r

quz

qy

� �

:

ðG:3Þ

The relationships between stresses and strains, with e = err + eyy + ezz, are

srr ¼ leþ 2merr syy ¼ leþ 2meyy szz ¼ leþ 2mezz

sry ¼ 2mery srz ¼ 2merz syz ¼ 2meyz
ðG:4Þ

and the equations of equilibrium are

qsrr

qr
þ
1

r

qsry

qy
þ
qsrz

qz
þ
srr � syy

r
þ fr ¼ 0

qsry

qr
þ
1

r

qsyy

qy
þ
qsyz

qz
þ
2

r
sry þ fy ¼ 0

qsrz

qr
þ
1

r

qsyz

qy
þ
qszz

qz
þ
2

r
sryzþ fz ¼ 0:

ðG:5Þ

The strains expressed in cylindrical coordinates are related to the strains expressed

in Cartesian coordinates by the relations

err ¼ e11cos
2yþ e22sin

2yþ e12 sin 2y

eyy ¼ e11sin
2yþ e22cos

2y� e12 sin 2y

ezz ¼ e33

ery ¼ ðe22 � e11Þ sin y cos yþ e12 cos 2y

erz ¼ e13 cos yþ e23 sin y

eyz ¼ �e13 sin yþ e23 cos y

e11 ¼ errcos
2yþ eyysin

2y� ery sin 2y

e22 ¼ errsin
2yþ eyycos

2yþ ery sin 2y

e33 ¼ ezz

e12 ¼ ðerr�eyyÞsin y cos yþery cos 2y

e13 ¼ erz cos y� eyz sin y

e23 ¼ erz sin yþ eyz cos y:

ðG:6Þ

Similarly, for the stresses,

srr ¼ s11cos
2yþ s22sin

2yþ s12 sin 2y

syy ¼ s11sin
2yþ s22cos

2y� s12 sin 2y

szz ¼ s33

sry ¼ ðs22 � s11Þ sin y cos yþ s12 cos 2y

srz ¼ s13 cos yþ s23 sin y

syz ¼ �s13 sin yþ s23 cos y

s11 ¼ srrcos
2yþ syysin

2y� sry sin 2y

s22 ¼ srrsin
2yþ syycos

2yþ sry sin 2y

s33 ¼ szz

s12 ¼ ðsrr � syyÞ sin y cos yþ sry cos 2y

s13 ¼ srz cos y� syz sin y

s23 ¼ srz sin yþ syz cos y:

ðG:7Þ
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G.2 Spherical orthogonal curvilinear coordinates

A differential volume element and the components of the stress tensor are shown

in Fig. G.1b. The displacement vector is written as

u ¼ êrur þ êyuy þ êfuf; ðG:8Þ

where the unit base vectors ðêr; êy; êfÞ are given in terms of Cartesian base vectors

by

êr ¼ cos y sinfê1 þ sin y sinfê2 þ cosfê3

êy ¼ � sin yê1 þ cos yê2

êf ¼ cos y cosfê1 þ sin y cosfê2 � sinfê3:

ðG:9Þ

The strains are related to the displacements by

err ¼
qur

qr
ery ¼

1

2

1

r sinf

qur

qy
�
uy

r
þ
quy

qr

� �

eyy ¼
1

r sinf

quy

qy
þ
ur

r
þ uf

cotf

r
erf ¼

1

2

1

r

qur

qf
�
uf

r
þ
quf

qr

� �

eff ¼
1

r

quf

qf
þ
ur

r
eyf ¼

1

2

1

r

quy

qf
�
uy cotf

r
þ

1

r sinf

quf

qy

� �

:

ðG:10Þ

The relationships between stresses and strains, with e ¼ err þ eyy þ eff, are

srr ¼ leþ 2merr syy ¼ leþ 2meyy sff ¼ leþ 2meff

sry ¼ 2mery srf ¼ 2merf syf ¼ 2meyf;

ðG:11Þ

and the equations of equilibrium are

qsrr

qr
þ

1

r sinf

qsry

qy
þ
1

r

qsrf

qf
þ
2srr � syy � sff þ srf cotf

r
þ fr ¼ 0

qsry

qr
þ

1

r sinf

qsyy

qy
þ
1

r

qsyf

qf
þ
3sry þ 2syf cotf

r
þ fy ¼ 0

qsrf

qr
þ

1

r sinf

qsyf

qy
þ
1

r

qsff

qf
þ
3srf þ sff � syy

� �

cotf

r
þ ff ¼ 0:

ðG:12Þ

423G.2 Spherical orthogonal curvilinear coordinates



Appendix H: Components of the Eshelby tensor
in isotropic system

Expressions given by Böhm, Fischer, and Reisner (1997) for the non-zero

components of the Eshelby tensor for homogeneous ellipsoids of revolution in

an isotropic system are listed here using the contracted matrix notation rules given

by Eq. (2.89). The axis of revolution is along the x3 axis, and a � a3/a1 = a3/a2 .

SE33 ¼
1

2ð1� n
MÞ

4a2 � 2

a
2 � 1

� 2nM þ 4a2 � 1

1� a
2
þ 2nM

� �

gðaÞ
� �

SE11 ¼ SE22 ¼
1

4ð1� n
MÞ

3a2

2ða2 � 1Þ þ
4a2 � 13

4ða2 � 1Þ � 2nM
� �

gðaÞ
� �

SE31 ¼ SE32 ¼
1

2ð1� n
MÞ

a
2

1� a
2
þ 2nM þ 2a2 þ 1

2ða2 � 1Þ � 2nM
� �

gðaÞ
� �

SE13 ¼ SE23 ¼
1

4ð1� n
MÞ

2a2

1� a
2
þ 2a2 þ 1

a
2 � 1

� 2nM
� �

gðaÞ
� �

SE12 ¼ SE21 ¼
1

4ð1� n
MÞ

a
2

2ða2 � 1Þ þ
4a2 � 1

4ð1� a
2Þ þ 2nM

� �

gðaÞ
� �

SE44 ¼ SE55 ¼
1

4ð1� n
MÞ

2

1� a
2
� 2nM þ 1

2

2a2 þ 4

a
2 � 1

þ 2nM
� �

gðaÞ
� �

SE66 ¼
1

4ð1� n
MÞ

a
2

2ða2 � 1Þ þ
4a2 � 7

4ða2 � 1Þ � 2nM
� �

gðaÞ
� �

;

ðH:1Þ

with

gðaÞ ¼ a

ða2�1Þ3=2
aða2 � 1Þ1=2 � ln aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi

a
2 � 1

p	 
h i

ða > 1Þ ðH:2Þ

and

gðaÞ ¼ a

ð1�a
2Þ3=2

cos�1
a� að1� a

2Þ1=2
h i

ða 
 1Þ : ðH:3Þ

For a sphere (a = 1),

SE11 ¼ SE22 ¼ SE33 ¼ 7�5nM

15ð1�n
MÞ

SE12 ¼ SE21 ¼ SE13 ¼ SE31 ¼ SE23 ¼ SE32 ¼ 5nM�1

15ð1�n
MÞ

SE44 ¼ SE55 ¼ SE66 ¼ 4�5nM

15ð1�n
MÞ
:

ðH:4Þ



For a needle (a ! 1),

SE11 ¼ SE22 ¼ 5�4nM

8ð1�n
MÞ

SE12 ¼ SE21 ¼ 4nM�1

8ð1�n
MÞ

SE13 ¼ SE23 ¼ n
M

2ð1�n
MÞ

SE44 ¼ SE55 ¼
1

4
SE66 ¼ 3�4nM

8ð1�n
MÞ
:

ðH:5Þ

For a thin disk (a ! 0),

SE33 ¼ 1 SE31 ¼ SE32 ¼ n
M

1�n
M SE44 ¼ SE55 ¼ 1

2
: ðH:6Þ

425Components of the Eshelby tensor in isotropic system



Appendix I: Airy stress functions for plane strain

Table I.1 presents various Airy stress functions, c, and the forms of their associ-

ated stresses, which apply when plane strain conditions exist (see Section 3.7).

Table I.1. Forms of the stresses associated with Airy stress functions, c, for plane strain:

y = tan�1(x2/x1) and x = (x1
2 + x2

2)1/2.

c s11 s22 s12

x ln xsiny
x2

x
2
þ
2x21x2

x
4

x2

x
2
�
2x21x2

x
4

�
x1

x
2
þ
2x1x

2
2

x
4

x ln xcosy
x1

x
2
�
2x1x

2
2

x
4

x1

x
2
þ
2x1x

2
2

x
4

�
x2

x
2
þ
2x21x2

x
4

xysiny
2x1

x
2
�
2x1x

2
2

x
4

2x1x
2
2

x
4

2x21x2

x
4

xycosy �
2x21x2

x
4

�
2x2

x
2
þ
2x21x2

x
4

�
2x1x

2
2

x
4

ln x �
1

x
2
þ
2x21
x
4

1

x
2
�
2x21
x
4

2x1x2

x
4

sin 2y �
12x1x2

x
4

þ
16x1x

3
2

x
6

�
12x1x2

x
4

þ
16x31x2

x
6

2

x
2
�
16x21x

2
2

x
6

cos 2y �
4x21
x
4
þ
16x21x

2
2

x
6

4x22
x
4
�
16x21x

2
2

x
6

8x1x2

x
4

�
16x31x2

x
6

y �
2x1x2

x
4

2x1x2

x
4

�
1

x
2
þ
2x21
x
4

sin y

x

2x2

x
4
�
8x21x2

x
6

�
2x2

x
4
þ
8x21x2
x
6

2x1

x
4
�
8x1x

2
2

x
6

cos y

x

�
2x1

x
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2x1

x
4
�
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2
2

x
6

2x2

x
4
�
8x21x2

x
6

x
3 sin y 6x2 2x2 �2x1



Appendix J: Deviatoric stress and strain
in isotropic system

It is often helpful to split the total stress tensor, sij, into a purely hydrostatic part

and a deviatoric part, s
^

ij, having vanishing hydrostatic pressure. The deviatoric

part is then defined by

s
^

ij ¼ sij �
1

3
Ydij ¼

s11 �
s11 þ s22 þ s33

3
s12 s13

s12 s22 �
s11 þ s22 þ s33

3
s23

s13 s23 s33 �
s11 þ s22 þ s33

3

2

6

6

4

3

7

7

5

;

ðJ:1Þ

so that the deviatoric hydrostatic pressure, P
^

, vanishes, i.e., P
^

¼ �s
^

mm=3 ¼

�Y
^

=3 ¼ 0. Since the stresses and strains of the deviatoric field are coupled by

the elastic constants in the usual way, the deviatoric dilatation, e
^
, also vanishes,

i.e., e
^
¼ Y

^

=ð3KÞ ¼ 0. From these results

s
^

ij ¼ le
^
dij þ 2me

^

ij ¼ 2me
^

ij e
^

ij ¼ �
lY

^

dij

2mð3lþ 2mÞ
þ

1

2m
s
^

ij ¼
1

2m
s
^

ij: ðJ:2Þ

All deviatoric stresses and strains are therefore coupled by the simple relationship

s
^

ij ¼ 2me
^

ij ðJ:3Þ

and the total strain tensor, εij, is also split into a deviatoric part and a dilatational

part with the deviatoric part given by

e
^

ij ¼ eij �
e

3
dij: ðJ:4Þ
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loops 393–4, 407–8

straight non-parallel segments 395–6

straight parallel segments 395

dislocation fan

description of 325

role as source of image stress 325

stress field of 330

dislocation, force on (due to stress)

force due to image stress 307–9

forces on long straight edge and screw

dislocations 335–6



net force on loop 337

Peach–Koehler force equation 304–7, 336–7

dislocation, geometrical features of

Burgers circuit 231

FS/RH rule for 231

SF/RH rule for 231

Burgers vector 229, 231

edge component of 232

screw component of 232

edge type 229–30

mixed type 230

screw type

left-handed 230

right-handed 230
P

cut and displacement rule 232
P

cut surface 229

unit normal vector to
P

cut surface, n̂ 229, 232

direction of n̂ rule 232

unit tangent vector 229

dislocation in finite region, image effects

infinitesimal loop near planar surface of

isotropic half-space 334–5

interaction with image stress, general

formulation of

force 307–9

interaction energy 307

loop near planar interface between dissimilar

half-spaces 335

loop near planar surface of half-space 333–4

loop near planar surface of isotropic

half-space 334

straight long dislocation impinging on planar

surface of half-space

edge dislocation at normal incidence in

isotropic system 332–3

general inclined dislocation 325–31

inclined dislocations in isotropic system 333

screw dislocation at normal incidence in

isotropic system 331–2

straight long dislocation parallel to free surface

edge dislocation along axis of isotropic

cylinder 315–17

edge dislocation in isotropic half-space with

planar surface 314–15, 338–9

general dislocation in half-space with planar

surface 309–12

screw dislocation along axis of isotropic

cylinder 313–14

screw dislocation in isotropic half-space with

planar surface 312–13

screw dislocation parallel to axis of isotropic

cylinder 337–8

straight long dislocation parallel to planar

interface between dissimilar half-spaces

edge dislocation in isotropic system 324

general dislocation 317–23

screw dislocation in isotropic system 323–4

straight long screw dislocation parallel to

surfaces of plate 338

dislocation in interface

see interfacial dislocation

dislocation–inclusion interaction force

exerted on dislocation by spherical

inhomogeneous inclusion with eTij ¼ eTdij

in isotropic system 406

general formulation of 405–6

dislocation, production of (by cut and

displacement) 229

rule for directions of displacements at cut

surface 232

rule for direction of positive unit vector

to cut surface 232

dislocation loop, infinitesimal

characterization of 260

elastic field of 260–2

elastic field of (in isotropic system) 268–9

dislocation loop, smoothly curved

elastic field of, by use of

hairpin dislocations and Brown’s formula

252–7, 301

infinitesimal loops 262

modified Burgers equation 249–51

Mura equation 247–9, 302–3

rational differential dislocation segments 257–60

Volterra equation 245–6

strain energy of 263

dislocation loop, smoothly curved in isotropic

system

elastic field of, by use of

Burgers equation 264–5

infinitesimal dislocation loops 268–9, 301

multi-straight segment approximation 282

Peach–Koehler equation 265–8

strain energy of 270, 299–301

dislocation–point defect interaction energy

see point defect–dislocation interaction energy

dislocation, segmented structure

elastic field of

angular dislocation 275

planar dislocation node 274–5

planar polygonal loop 275–7

straight segment by use of Brown’s

formula 271–2

straight segment by use of Mura equation

272–4

three-dimensional multi-segment structure

277–8

strain energy of

multi-segment structure 279

straight segment 278–9

dislocation, segmented structure in isotropic

system

elastic field of

angular dislocation 282–3
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dislocation, segmented structure in isotropic

system (cont.)

straight segment 279–82

three-dimensional multi-segment structure

by use of triangular loops 283–7

strain energy of

multi-segment structure 288–91

straight segment 287–8

dislocation, straight and infinitely long

elastic field of (by use of integral formalism)

233–7

displacement field 236, 292

distortion field 236

stress field 236

traction on plane containing dislocation

line and field point 237

elastic field of (by use of Volterra equation)

246–7

strain energy of (by use of integral formalism)

238–40

core energy parameter, a 240

strain energy factor 240

dislocation, straight and infinitely long in

isotropic system

elastic field of edge dislocation by use of

Airy stress function 296

integral formalism in Cartesian, polar

and cylindrical coordinates 240–1

Mura equation 294–5

straight segment 297–8

transformation strain formalism 242–3

Volterra equation 292, 293

elastic field of mixed dislocation 244

elastic field of screw dislocation by use of

integral formalism in Cartesian, polar and

cylindrical coordinates 243–4

transformation strain formalism 295–6

triangular loop 298–9

strain energy of

edge dislocation 244, 298

mixed dislocation 244

screw dislocation 244

divergence (Gauss’) theorem 413

elasticity, basic elements of linear theory of

body force density distribution 18

body forces 15, 18

“corresponding” elastic fields 25–7

deviatoric stress and strain 427

elastic compliance tensor 24

contracted notation for 24

for cubic crystal 24

relation to elastic stiffness tensor 24–5

symmetry of 24

transformation of components 24

elastic constants for isotropic system 27–9

bulk modulus 29

Lamé constants 28

Poisson’s ratio 28

shear modulus 28

Young’s modulus 29

elastic displacement 5

elastic distortion 7

elastic stiffness tensor 21

contracted notation for 23

for cubic crystal 23

relation to elastic compliance tensor

24–5

symmetry of 21–2, 23

transformation of components 22

elastic strain tensor 7

compatibility condition for 13–15

cubical dilatation 13

eigenvalues 11

eigenvectors 11

principal coordinate system for 10–12

principal directions 10

principal strains 10

strain ellipsoid 12–13

strains, normal 7

strains, shear 8

trace of 13

transformation of components 9–10

equilibrium, equation of 18

Hooke’s law, for

general system 21, 24

isotropic system 27

incompatibility tensor 15

linear superposition, principle of 3

rigid body rotation 8–9

rotation matrix 8

rotation vector 8

strain energy

general system 30–1

isotropic system 31

physical interpretation of 29–30

stress tensor 16

contracted notation for 23

normal stress 16

principal coordinate system for 20

shear stress 16

symmetry of 19

trace of 20

transformation of components 19–20

traction vector 15–17

elasticity, basic elements of linear theory

of (when transformation strain

present) 55–9

compatibility condition 57

planar elastic stiffness tensor 58–9, 63

relationship between Fourier amplitudes

of transformation strain and associated

stress 58

total displacement 57

436 Index



total strain 57

see also elasticity theory for defects, basic

methods of (for solving problems)

elasticity, selected equations of linear theory of

(for isotropic medium)

expressed in cylindrical coordinates 421–2

expressed in spherical coordinates 423

elasticity theory for defects, basic methods of

(for solving problems)

by use of Fourier transforms, when

body forces present 34

transformation strains present 59

by use of Green’s functions, when

body forces present 36

transformation strains present 59–60

by use of image stresses when interfaces

present 61–3

by use of integral formalism when

two-dimensional 38, 52–5

by use of sextic formalism when

two-dimensional 38–52

by use of stress functions 60

Airy stress functions 60–1

by use of transformation strains 55–9

elasticity theories, types of

linear 3

non-linear 4

size-dependent 4

elasto-mechanical energy, definition of 95

energy–momentum tensor 106

formulation of 103–6

“engineering” shear strain 8

equivalent homogeneous inclusion method

for inhomogeneities 188–9

for inhomogeneous inclusions 126–8

Eshelby tensor

for homogeneous ellipsoids of revolution in

isotropic systems 424–5

needle 425

sphere 424

thin-disk 425

form of 123–4

form of (in isotropic system) 136–7

symmetry properties of 136–7

field point, description of 35

force multipole

elastic field of 210

elastic field of (in isotropic system) 208–10

force dipole moment tensor

force dipole moment approximation

210–11

forms for different crystal symmetry

systems, table of 211–12

produced by body forces mimicking point

defect 204–8

produced by surface tractions 225

relationship to corresponding force density

distribution 212–13

force octopole moment tensor 204

force quadrupole moment tensor 204

effect of inversion symmetry 206

types of

combinations of double forces 206

elementary double force 205

further examples 206–8

volume change due to 214

see also point defect

forces on defects

see defect source of stress in homogeneous

body, interactions with stress; energy–

momentum tensor; inhomogeneity,

interaction with imposed stress

Fourier transform, definition of

three-dimensional 420

two-dimensional 65

Fourier transform methods

for determining elastic displacements

34, 59

for determining point force Green’s functions

66–9, 72–8

see also elasticity theory for defects, basic

methods of (for solving problems)

Frank–Bilby equation

application of 351–2, 359–60, 373, 374, 381–2

derivation of 348–51

form of 351

Gauss’ (divergence) theorem

see divergence (Gauss’) theorem

Green’s function method for electrostatic

problems 34–6

Green’s functions for unit point force in

half-space joined to dissimilar half-space

75–8

half-space joined to dissimilar half-space in

isotropic system 85

half-space with planar interface 72–5

half-space with planar interface in isotropic

system 86–7

infinite isotropic region 85–6, 88–9

infinite region 66–9, 89–90

basic equation for 36–7

Fourier transform of 37

spatial derivatives of 70–2, 91–2

see also elasticity theory for defects, basic

methods of (for solving problems)

hairpin dislocation

description of 252

stress field of 252

harmonic function, definition of 81

hetero-elastic interface

see interface, hetero-elastic
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image stresses, basic method of 61–3

impotent dislocation array 352

inclusion, characterization of 116–17

inclusion, coherent ! incoherent transition of

inhomogeneous inclusion with uniform

e
T
ij in isotropic system

results for ellipsoidal inclusion 149–50

treatment of 147–9

inclusion–dislocation interaction force

see dislocation–inclusion interaction force

inclusion, elastic field in isotropic system when

coherent, homogeneous, arbitrary shape,

uniform e
T
ij 130–3, 153

coherent, homogeneous, ellipsoidal, uniform eTij

133–40, 155

coherent, homogeneous, spherical, eTij ¼ dije
T,

151–2

coherent, inhomogeneous,

ellipsoidal, uniform eTij 140–1

spherical, eTij ¼ dije
T 141–2, 155–7

incoherent, inhomogeneous, ellipsoidal,

uniform eTij

needle 150

sphere 149–50

thin-disk 150, 158

inclusion, elastic field of (when coherent and

homogeneous)

arbitrary shape and eTij 118–19

ellipsoidal, arbitrary eTij 119–22

ellipsoidal, non-uniform e
T
ij represented by

polynomial 124–6

ellipsoidal, uniform e
T
ij 123–4

inclusion, elastic field of (when coherent and

inhomogeneous)

ellipsoidal, non-uniform e
T
ij represented by

polynomial 128

ellipsoidal, uniform eTij 126–8

inclusion in finite region, image effects

elastic field and force when homogeneous

arbitrary shape, uniform e
T
ij , near

interface 174–5

spherical, eTij ¼ dije
T, isotropic system, near

interface 177–8, 180–1

image field when homogeneous, spherical,

eTij ¼ dije
T, isotropic system, far from

interface 171–2

image force when homogeneous 175–7

strain energy of 179, 184–5

volume change due to image field 172–4, 180,

182–3, 185–6

inclusion–inclusion interaction energy

between homogeneous inclusions 399–401

between inhomogeneous inclusions 401

inclusion, interaction with imposed stress

homogeneous case

force when spherical, eTij ¼ dije
T, isotropic

system 160–2, 167

interaction energy 159–60, 167–8

inhomogeneous and ellipsoidal case

interaction energy and force when spherical,

eTij ¼ dije
T, isotropic system 165–6, 168–9

interaction energy, formulation of 163–5

perturbation of imposed stress field 163,

169–70

inclusion, model for point defect 213

inclusion–point defect interaction energy

between point defect and spherical

inhomogeneous inclusion with eTij ¼ eTdij

in isotropic system 405

general formulation of 404

inclusion, strain energy when

coherent, homogeneous, ellipsoidal, eTij ¼ eTdij,

isotropic system 154–5

coherent, homogeneous, ellipsoidal, uniform

eTij , isotropic system

needle 143

sphere 143

thin-disk 143

coherent, homogeneous or inhomogeneous,

arbitrary shape and eTij 128–9, 153–4

coherent, inhomogeneous, ellipsoidal,

eTij ¼ eTdij, isotropic system

sphere 144, 157

thin-disk 144–5

coherent, inhomogeneous, ellipsoidal,

uniform eTij , isotropic system

needle 146–7

sphere 146–7

thin-disk 146–7

incoherent, inhomogeneous, ellipsoidal,

uniform e
T
ij , isotropic system

needle 150

sphere 149–50

thin-disk 150, 158

inhomogeneity, interaction with imposed stress

force, when

non-uniform inhomogeneity and imposed

stress 196–8

uniform spherical inhomogeneity and

hydrostatic stress 195–6

force, basic formulation when

attributed to change in interaction

energy 113

attributed to change in total system

energy 113

obtained by use of energy-momentum

tensor 113–14

interaction energy

basic formulation of 113

when uniform ellipsoidal inhomogeneity

and imposed stress 189–92

when uniform ellipsoidal inhomogeneity

and imposed stress in isotropic

system 193–4
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when uniform spherical inhomogeneity and

hydrostatic stress 194, 200

perturbation of imposed stress, when

uniform ellipsoidal inhomogeneity and

imposed stress 188–9

uniform ellipsoidal inhomogeneity and

imposed stress in isotropic system 192–3

uniform spherical inhomogeneity and

hydrostatic stress 198–200

integral formalism for two-dimensional elasticity

problems 52–5

[Q], [S] and [B] matrices 52–4

[Q], [S] and [B] matrices for isotropic system

54–5

interaction strain energy between internal and

external stress 99

interface, force on

“energy–momentum tensor” force 377–80

“interfacial dislocation” force 378

when heterophase interface 384–5

when large-angle homophase interface 383–4

when small-angle asymmetric tilt interface

377–8, 381–3, 385

when small-angle symmetric tilt interface

377–8, 380–1

interface, hetero-elastic

elastic field of, when

array of parallel dislocations in interface

370–3

array of parallel dislocations in interface,

isotropic system 362–6

single dislocation in interface 366–9

single dislocation in interface (isotropic

system) 360–2

strain energy of single dislocation in interface

369–70

interface, iso-elastic

elastic field when

array of parallel dislocations in interface

353–5

array of parallel dislocations in interface,

isotropic system 355–7

strain energy (interface energy) when array of

parallel dislocations in interface, isotropic

system 357–8

interfaces, classification and description of

geometrical features

macroscopic degrees of freedom 341

procedure for creating planar interface in

bicrystal 341, 342, 374–5

hetero-elastic

definition of 340

epitaxial type 359

heterophase interface 341

homophase 341

iso-elastic

definition of 340

large-angle homophase (vicinal) 343–5

small-angle homophase (tilt, twist, and

mixed) 342–3

interfacial dislocation

elastic field of 360–2, 366–9

strain energy of 369–70

terminology

disconnection 383

dislocation with step character 383

transformation dislocation 383

iso-elastic interface

see interfaces, iso-elastic

lambda tensor, l 221–2

line of force, straight and infinitely long

displacement field of 238

displacement field of (in isotropic system)

365, 376

distortion field of 238

modified Burgers equation 249–51

Mura equation 248

Navier equation 33

nuclei of strain 269

Papkovitch functions

for point force in half-space joined to dissimilar

half-space in isotropic system

point force normal to interface 78–84

point force parallel to interface 84

for point force in half-space with planar

surface 86

for point force in infinite homogeneous

body 85

general formulation of 79–80

Peach–Koehler equations

for force on dislocation 306, 336–7

for stress field of dislocation loop 267–8

planar elastic stiffness tensor 58–9, 63

point defect

force multipole model for 203–5

small inclusion model for 213

structure and symmetry of 201–2

inversion symmetry 206

see also force multipole

point defect–dislocation interaction energy

between point defect and screw dislocation

in isotropic system 402–4

general formulation of 401–2

point defect–inclusion interaction energy

see inclusion–point defect interaction energy

point defect, interaction with stress

force 216–17

interaction energy 215–16

see also defect source of stress in homogeneous

body, interactions with stress
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point defect–point defect interaction energy

between two point defects in isotropic system

387–8

general formulation of 386–7

point defects in finite bodies, image effects

for single point defect

volume change of body 217–18, 224–7

for statistically uniform distribution

of point defects

induced change in X-ray lattice

parameter 222–4

induced shape change of body 221–2, 227, 228

induced stress and volume change of body

218–21

l
ðpÞ tensor 221–2

Vegard’s law 223

polynomial theorem for coherent ellipsoidal

inclusion with polynomial transformation

strain 126, 128, 152–3

potentials

biharmonic 130

harmonic (of layer) 138

Newtonian 130

at external points around ellipsoid 139

at external points around sphere 142

at interior points in sphere 178

rational differential dislocation segment

geometrical characterization of 257

stress field of 260

sextic formalism for two-dimensional problems

38–52

coordinate systems used 38

sextic eigenvalue problem 39

eigenvalues 39–40

eigenvectors 40

Stroh vectors 40

completeness of 45–6

invariance of 46–9

normalization of 40

orthogonality of 43–5

sum rules for 49–50

source point, description of 35

spherical curvilinear coordinate system 411

Stokes’ theorem 413–15

stress functions 60

see also Airy stress functions

stress, types of

applied 93

canceling 56

deviatoric 427

image 61–3

imposed 93

internal 93

St.-Venant’s principle 31

“state of dislocation tensor”, aij 345–6

relationship to curvature tensor 347–8

surface dislocation 352

tensor product of two vectors 416

transformation strain

description of 56

procedure for creation of 56

see also elasticity, basic elements of linear

theory of (when transformation strain

present); elasticity theory for defects, basic

methods of (for solving problems)

vector field

irrotational 79

solenoidal 79

Vegard’s law 223

Volterra equation 246, 262
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