Introduction to Elasticity Theory for Crystal Defects

An understanding of the elastic properties of crystal defects is of fundamental
importance for materials scientists and engineers. This book presents a self-
sufficient and user-friendly introduction to the anisotropic elasticity theory neces-
sary to model a wide range of crystal defects.

With little prior knowledge of the subject assumed, the reader is first walked
through the required basic mathematical techniques and methods. This is followed
by treatments of point, line, planar, and volume type defects such as vacancies,
dislocations, grain boundaries, inhomogeneities, and inclusions. Included are ana-
lyses of their elastic fields, interactions with imposed stresses and image stresses, and
interactions between defects, all employing the basic methods introduced earlier.
This step-by-step approach, aided by numerous exercises with solutions provided,
strengthens the reader’s understanding of the principles involved, extending it well
beyond the immediate scope of the book.

As the first comprehensive review of anisotropic elasticity theory for crystal
defects, this text is ideal for both graduate students and professional researchers.

R. W. Balluffi is Emeritus Professor of Physical Metallurgy at Massachusetts
Institute of Technology. He has previously published two books and more than
200 articles in the field. He is a member of the National Academy of Sciences and
has received numerous awards, including the Von Hippel Award, the highest
honor of the Materials Research Society.



“This is a very nice, self-contained and inclusive book. It should provide a
foundation for the anisotropic elastic theory of defects and their interactions for

years to come.”
John Hirth, Ohio State University

“This is a wonderful book on the elastic foundations of point, line and surface
defects in crystals. It is well written by a master experimental and theoretical
craftsman who has spent a long professional life in this field. The mathematical
coverage of crystal defects and their interactions unfolds in classic style.”
Johannes Weertman, Northwestern University

“Professor Balluffi has had a long and distinguished career in physics and mater-
ials science as a researcher and educator and made numerous landmark contribu-
tions to the theory of crystal defects and diffusion mechanisms. He taught
discipline oriented graduate lecture courses on these subjects at both Cornell
University and at MIT. In his present book he provides a detailed and comprehen-
sive presentation of the Elasticity Theory of Crystal Defects in full anisotropic
form. While mechanistic understanding of complex mechanical phenomena in
crystalline solids can generally be had with isotropic elasticity, a full understand-
ing of the ranges of applicability of mechanisms often necessitates the use of
anisotropic elasticity employing advanced mathematical methodology. Such
methodology is presently available only in scattered journal publications going
back many years or in special treatises using advanced mathematical language of a
large variety of forms and often involving frustrating statements of “it can be
shown that”. In his book Balluffi provides detailed and compassionate develop-
ments, that skip little detail, permitting the reader to obtain a rare and penetrating
view into complex methodology with a uniform mathematical language that is
familiar to most advanced students and professionals. This is certain to make this
book a standard reference for years to come to physicists, materials scientists and
practitioners in applied mechanics.”

Ali Argon, MIT
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Preface

A unified introduction to the theory of anisotropic elasticity for static defects in
crystals is presented. The term “defects” is interpreted broadly to include defects
of zero, one, two, and three dimensionality: included are

e Point defects (vacancies, self-interstitials, solute atoms, and small clusters of
these species),

e Line defects (dislocations),

e Planar defects (homophase and heterophase interfaces),

e Volume defects (inhomogeneities and inclusions).

The book is an outgrowth of a graduate course on “Defects in Crystals” offered by
the author for many years at the Massachusetts Institute of Technology, and its
purpose is to provide an introduction to current methods of solving defect elasti-
city problems through the use of anisotropic linear elasticity theory. Emphasis is
put on methods rather than a wide range of applications and results. The theory
generally allows multiple approaches to a given problem, and a particular effort is
made to formulate and compare alternative treatments.

Anisotropic linear elasticity is employed throughout. This is now practicable
because of significant advances in the theory of anisotropic elasticity for crystal
defects that have been made over the last 35 years or so, including the develop-
ment of Green’s functions for unit point forces in infinite anisotropic spaces, half-
spaces and joined dissimilar half-spaces. The use of anisotropic theory (rather
than the simpler isotropic theory) is important, since, even though the results
obtained by employing the two approaches often agree to within 25%, or so, there
are many phenomena that depend entirely on elastic anisotropy. Unfortunately,
however, the results obtained with the anisotropic theory are usually in the form
of lengthy integrals that can be evaluated only using numerical methods and so
lack transparency. To assist with this difficulty, isotropic elasticity is employed in
parallel treatments of many problems where sufficiently simple conditions are
assumed so that tractable analytic solutions can be obtained that are more
transparent physically. Sections in the book where isotropic elasticity is employed
are clearly distinguished to avoid confusion.

The results for the various defects are developed in a sequence of increasing
complexity starting with their behavior in isolation in infinite homogeneous regions,
where their elastic fields are derived, along with, in many cases, corresponding
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Preface

elastic strain energies and induced volume changes. The treatment then progresses
to interactions between the defects and imposed applied and internal stresses as well
as the image stresses that arise when the defects are in finite homogeneous regions in
the vicinity of interfaces. Finally, elastic interactions between the defects themselves
are considered in terms of interaction energies and corresponding forces. Owing to
the breadth of the subject and the impossibility of including all important topics in
detail, a selection is made of representative material. This should provide the reader
with the background to master omitted topics.

The book is designed to be self-sufficient. Included is a preliminary chapter on
the basic elements of linear elasticity that includes essentially all of the elements of
anisotropic and isotropic theory necessary to master the material that follows.
A number of appendices contain other essentials. A particular effort has been
made to write the book in a pedagogical manner useful for graduate students and
workers in the field of materials science and engineering. Essentially, all results are
fully derived, and as many intermediate steps as practicable are written out in full,
and the use of the phrase “it can be shown” is avoided. Numerous exercises, with
solutions, are provided, which, in many cases, expand the scope of the subject
matter.

Requirements for use of the book are a familiarity with undergraduate materials
science, including the structural aspects of the various defects, and knowledge of
linear algebra, vector calculus, and differential equations. To avoid long unwieldy
expressions, the repeated index summation convention is employed. Consistent
sign conventions are used, and introductory lists of the common symbols
employed throughout the text are provided. To keep the notation as simple as
possible, additional symbols are employed locally in various sections of the book
and are identified in brief lists in the relevant chapters for the convenience of the
reader.
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square brackets used for matrices elsewhere throughout book)
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Burgers vector of dislocation

Elastic stiffness tensor

Alternator symbol: e = ¢&; - (& X &)

Base unit vector of Cartesian, right-handed, orthogonal coordinate
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Dilatation: (sum of the normal elastic strain components: e = &,,)
Modulus of elasticity (or Young’s modulus)
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Force per unit area

Force density
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Bulk elastic modulus

Unit directional vector: component of I (direction cosine)
Number

Number per unit volume (density)

Unit vector normal to surface (taken to be positive for a closed
surface when pointing outwards)

Hydrostatic pressure (positive when compressive)

Fourier transform vector

Radius

Cylindrical coordinates (see Fig. A.la)

Spherical coordinates (see Fig. A.1b)

Radius of curvature: distance between source point at x" and field
point at x

Arc length along line: distance

Eshelby tensor

Region of surface

Surface area

Surface of unit sphere

Elastic compliance tensor
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Unit vector tangent to dislocation

Traction

Elastic displacement

Displacement associated with transformation strain

Total displacement ((u'*' = u +u"))

Region of volume

Volume

Elastic strain energy: elastic strain energy density: strain energy per
unit length

Work

Cartesian coordinates

Field vector in Cartesian coordinates: component of x: magnitude
of x, i.e., x = |x| = (x} + 13 —|—x§)1/2

Source vector in Cartesian coordinates

Kronecker delta operator (9;; = 1, when i = j: 6;; = 0, when i # j)
Dirac delta function
Elastic strain tensor: component of €
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Transformation strain
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Sum of the normal stress components: (0 = 6,,,)
Cylindrical coordinates (see Fig. A.la)
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Line force
Matrix



1.1

Introduction

Contents of book

An introduction to the use of anisotropic linear elasticity in determining the static
elastic properties of defects in crystals is presented. The defects possess different
dimensionalities and span the defect spectrum. They include:

Point defects (vacancies, self-interstitials, solute atoms, and small clusters of
these species),

Line defects (dislocations),

Planar defects (homophase and heterophase interfaces),

Volume defects (inhomogeneities and inclusions).

To avoid confusion, an inclusion is defined as a misfitting region embedded
within a larger constraining matrix body, and, therefore, acts as a source of
stress. It may be either homogeneous (if it possesses the same elastic properties as
the matrix) or inhomogeneous (if its elastic properties differ). On the other hand,
an inhomogeneity is simply an embedded region with different elastic constants
but no misfit.

Following the preliminaries of the present chapter, the book presents
(Chapter 2) a concise account of the basic elements of anisotropic and isotropic
linear elasticity, and, in addition, derivations of a number of special relationships
needed throughout the text. This is followed by a review of methods of solving
defect elasticity problems (Chapter 3), derivations of useful Green’s functions
(Chapter 4) and the basic formulation of interactions between defects and imposed
stress in the form of interaction energies and forces (Chapter 5). In Chapters 6
to 15, attention is focused on the individual defects in the following order:
inclusions, inhomogeneities, point defects, dislocations, and interfaces. In most
cases, the elastic field associated with the defect in an infinite homogeneous region
is treated first. Then, the interaction of the defect with imposed stress is studied.
This sets the stage for analyzing the behavior of the defect in finite homogeneous
regions where interfaces and associated image stresses are present. Finally, in
the concluding chapter (Chapter 16), a selection of interactions between various
pairs of defects is analyzed.



1.2

1.3

Introduction

Sources

Important sources for the book include the pioneering work of J. D. Eshelby,
especially Eshelby (1951; 1954; 1956; 1957; 1961), who invented imaginary
cutting, straining and bonding operations to create defects in a manner that
greatly expedites the analysis of their elastic properties. By applying potential
theory to the results of these operations and using harmonic and biharmonic
potentials and the divergence theorem (Gauss’s theorem),' expressions for defect
interaction energies and forces on defects are obtained in the form of integrals
over surfaces enclosing the defects. The approach has connections with classic
electrostatics and electromagnetism and produces an arsenal of general expres-
sions that can be employed to treat specific defect problems. Other sources
include the indispensable treatise of Bacon, Barnett, and Scattergood (1979b),
which demonstrated that the anisotropic elasticity theory can often be applied to
defects with almost the same ease as isotropic theory, and the more recent book,
Elastic Strain Fields and Dislocation Mobility, edited by V. L. Indenbom and
J. Lothe (1992). Additional valuable sources include the books of Leibfried and
Breuer (1978) on point defects, of Teodosiu (1982) on point defects and disloca-
tions, of Hirth and Lothe (1982) on dislocations and of Mura (1987) on inclu-
sions, dislocations, and cracks. The book of Sutton and Balluffi (2006) provided
a source for material on interfaces. Finally, many journal articles must be cited,
especially those of J. Lothe and D. M. Barnett, dealing with the anisotropic
theory.

Symbols and conventions

The Roman and Greek symbols that are used most frequently are identified in
lists before the main text. Components of vectors and tensors are generally
indicated by subscripts, while the entities to which various quantities refer to
are usually indicated by superscripts: the superscripts of most importance are
also listed.

Cartesian coordinates and index notation involving either Latin or Greek
subscripts are mainly employed. For Latin subscripts, which run from 1 to 3
(unless noted otherwise), the standard repeated index summation convention is
employed. Here, any indexed quantity possessing a repeated subscript is automat-
ically summed with respect to that subscript as it runs from 1 to 3, e.g.,

Xii = X11 + X220 + X33, XX = XX+ X0X2 + X3X3,  YiZk = YjiZ1 + YpZo + Yj3z3.

(1.1)

! Eshelby has been quoted (Bilby, 1990) as saying about this work, “Amusing applications of the
theorem of Gauss.”
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1.4 On the applicability of linear elasticity 3

For Greek subscripts, this convention does not apply. Instead, summation of
quantities with Greek subscripts is indicated explicitly by the usual summation
symbol, e.g.,

3
me = x11 + X220 + X33 F X (1.2)

=1

Cylindrical (r, 6,z) and spherical (r, 0, ¢) orthogonal curvilinear coordinates are
also employed, and basic formulae referred to these coordinates, rather than
Cartesian coordinates, are presented in Appendices A and G.

Complete descriptions of the elastic fields derived throughout the book, i.e., the
displacements, strains, and stresses, are normally not all presented together.
Instead, to save space, results are presented in forms that can be used to obtain
the complete descriptions relatively easily by employing standard relationships
between the various quantities. For example, when only the displacement field is
given, the corresponding strain field can be determined by simple differentiation,
and then the stress field can be obtained using Hooke’s law.

Unless noted otherwise, it can be assumed that the results presented throughout
the book are valid for general anisotropic systems. Results that are valid only for
isotropic elasticity are clearly identified to avoid any confusion.

On the applicability of linear elasticity

Linear elasticity is an approximation that describes a homogeneous crystal as a
uniform continuum in which the stress is proportional to the strain via constant
elastic coefficients. For many defect applications, this approximation is quite
adequate. It is most reliable in regions that are large enough to span a significant
number of atoms and where the atom displacements are small and consequently
proportional to the forces exerted on them. With this assumption, the effects of
the displacements associated with the solution for one elastic displacement field on
the solution for a superposed second displacement field can be neglected. The
stresses and strains obtained as a solution of one boundary value problem can
then be simply added to the solution of another problem involving other boundary
conditions; i.e., linear superposition holds for both the boundary conditions and
the solutions.

However, many of the defects of interest, such as point defects and dislocations,
possess core regions of atomic dimensions where the atoms have undergone
relatively large displacements out of the linear elastic range and find themselves
in alien atomic environments. As discussed by Read (1953), such highly disturbed
material, in which atoms are not surrounded by their usual neighbors, and for
which the linear continuum model breaks down, may be regarded as bad material,
in contrast to good material, which corresponds to defect-free crystalline material
that is, at most, elastically strained. The core region of a vacancy, for example,
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consists of a small roughly spherical region of bad material centered on the vacant
site, where neighboring atoms have relaxed and undergone relatively large dis-
placements. The core of a dislocation line consists of a long narrow cylindrical
region of bad material, and the core of an incoherent grain boundary consists of a
thin plate-like region of bad material in the transition region between the two
adjoining bulk crystals.

In view of this, the displacement field of the defect can be broken down into the
relatively small core region, where the linear theory cannot be applied, and the
much larger surrounding matrix region, where it serves as a good approximation.
A quite reliable solution can then be obtained by employing a hybrid approach, in
which the displacements in the core are determined by means of atomistic calcula-
tions and are matched to the displacements in the adjoining bulk matrix region
determined by using linear elasticity. Fortunately, such a complex calculation can
be avoided in many situations by realizing that the displacements due to the defect
generally decrease rapidly with distance into the matrix, and, at distances several
times the relevant core dimension, become insensitive to the detailed nature of the
conditions at the core—matrix interface. An acceptable solution for the elastic field
in the matrix region beyond a few core dimensions can then be obtained by the
exclusive use of linear elasticity with the core described, at most, by a few simple
parameters. Since the relevant core dimensions are relatively small, the regions
that can be treated in this manner in bodies containing defects typically extend
over essentially the entire body and have dimensions corresponding to length
scales that are of major interest. This limitation is therefore not a major drawback
under many circumstances. The difficulties of dealing with the large non-linear
displacements at defect cores can be mitigated to a degree by employing non-linear
elasticity, but this will not be considered in this book.

A further complication with the use of linear elasticity occurs when abrupt step-
like changes in bulk elastic constants are present in a system, as, for example, at
the interface between an inhomogeneous inclusion and the matrix. The assump-
tion that the bulk elastic constants in the matrix and inclusion are truly constant
right up to the interface is an approximation, since at small distances from the
interface the elastic constants of the inclusion and matrix must be affected to at
least some degree by their altered local environments, even under conditions when
the atomic displacements are relatively small. This problem can be dealt with by
employing size-dependent elasticity, where it is assumed that the elastic constants
depend upon the local environment over a specified length scale (Eringen, 2002;
Sharma and Ganti, 2003). This approach introduces additional complexities,
however, and will not be considered in this book.
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2.2.1

Basic elements of linear elasticity

Introduction

The basic elements of anisotropic linear elasticity are presented in concise form.
First, the deformation of an elastically strained body is described in terms of the
local displacements, strains, and rotations that occur throughout the body.
Requirements on the strains that ensure compatibility of the medium are then
described. Next, the forces acting throughout the body are described in terms of
surface tractions, body forces, and stresses. Conditions for mechanical equilib-
rium are derived. The stresses and strains are then linearly coupled via elastic
constants, and various stress—strain relationships are derived. Finally, the energy
stored in an elastically strained medium is formulated. Elements of the theory for
the special case when the medium is elastically isotropic are included,' along with
several formulations of additional elastic quantities required for treating crystal
defects.

References include: Love (1944); Sokolnikoff (1946); Muskhelishvili (1953);
Nye (1957); Lekhnitskii (1963); Bacon, Barnett and Scattergood (1979b);
Soutas-Little (1999); Hetnarski and Ignaczak (2004) and Asaro and Lubarda
(2006).

Elastic displacement and strain

Straining versus rigid body rotation

When a body is elastically deformed, points within the body are generally dis-
placed by differing degrees: local regions must therefore be strained (deformed) in
various ways. To analyze the connection between the displacements and the
strains, a Cartesian coordinate system is adopted with unit base vectors €; and
coordinates x; and its origin fixed in the material. As illustrated in Fig. 2.1, a point

! The theory of elasticity presented in this chapter holds for systems in which all displacements and
strains are purely elastic. In Chapter 3, stress-free transformation strains are introduced as a means of
mimicking crystal defects. For systems containing transformation strains the present purely elastic
formulation must therefore be modified as described in Section 3.6.
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X1

Figure 2.1 Displacements u° and u of points initially located at the vector positions
P° and P, respectively.

initially at the position P° = x7¢; is then displaced by the vector u® = u7e; to the
position P = x°e;, while a closely adjacent point initially at P = x;€; is displaced
by u = u;é; to P’ = x/¢;. The difference between the initial positions is A = P — P°
and between the final positions A’=P’ —P’°. The difference between the differ-
ences is then

A=A"-A=u-—u". (2.1)

The displacement of any point in the body is a function of its original position,
so that

uj = u; (¥, %3,%3)

(2.2)
u, = ui(xl7x27x3)
and by expanding to first order around (x§,x3,x3),
Ou; Ou; Ou; Ou;
dA; =i —u® = (u® LA LA LAy ) —u) = A 23
U — u; <ul + o 1+ o 2+ s 3) U; o, (2.3)

Then, rewriting Eq. (2.3) in the equivalent form,

1 Gui ablj 1 Gui allj
= o () o (2 - ) | A 2.4
dAI |:2 <6xj + axi) + 2 <an 6xi>] 7 ( )

and introducing the symmetric quantity, ¢;, and the skew-symmetric quantity, w;,
defined by
1 6ui + Gu,
i =¢&i =53 1t=-
J / 2 ax, 6}(,»

o — —a = A (OO
i =5 \ay )



2.2.1.1

2.2 Elastic displacement and strain 7

Equation (2.4) becomes
OA; = A} + WAy, (2.6)

which can be written in vector-tensor form as®

0A = A + wA, (2.7)
or, in matrix form as
[6A] = [¢][A] + [w][A]
dA; g1 €12 €13 Ay 0  —wy o A
= |0Ar| = |enn en &3 Ay | + | wy 0 -3 A
0A3 €13 €3 €33 Az -3 W3 0 A;
(2.8)

The quantities Ou;/Ox; are termed distortions, and as now shown, the ¢; A; portion
of A, represents local straining, while the w;; A; portion represents local rigid body
rotation. Therefore, € is termed the strain tensor.

Local straining and components of strain
To reveal the effect of the € tensor on A to produce the new vector, A’, we write

A’ = A + 3 A, where d A; = ¢;A;, so that

Al A g1 €12 €13 A (I 4+ &11)A1 + €124z + 1343

Al = |A| + |e2 &2 &3 Ay | = | enAi+ (1 +en)As + €343

Aj A; €13 €3 €33 A; ei3Ar +e3Ar + (1 + &33)A3
(2.9)

Then, according to Eq. (2.9), if A lies along e, as illustrated in Fig. 2.2a, it will be
transformed into the vector A’ = (1 +¢1)Aé| + £124&; + &13A€3, as shown in
Fig. 2.2b. Dropping second-order terms, its length will be increased by &,A4 and
it will be sheared in the direction €, by the distance &;,A4, and in the direction é;
by &13A. Similar results will be obtained when A lies initially along e, or es.

The components &1, &), and &33 are seen to be the fractional extensions of the
local medium in the €;, €,, and é;3 directions, respectively, and are termed normal
strains. On the other hand, as evident in Fig. 2.2, the quantity &, is a measure of
the extent by which the local material is sheared through the angles ¢ = ¢» = &>
in the €, and e, directions, respectively. It can therefore be expressed in the form
g1 = (¢1 + ¢2)/2 = ¢12/2, where ¢y, is the total angle of shear that converts the
square cross section in Fig. 2.2 into a parallelogram. Similar results are obtained
for g3 and &,3. The quantities ¢;,, &3, and &3 are therefore identified as half the

2 The quantities ¢; and w;; are the components of the second-rank tensors, € and w, respectively.
A second-rank tensor possesses nine components and maps one vector into another, as in Eq. (2.7),
where A is linearly transformed into & A (Nye, 1957).
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(a) (b) X
X2 lfepa |
______ 1 ]
| |
| - 0 |
A | (1+822)A |
: \ o II £pA
L —»I_ - T X
| X1 1
|'— A 4'| T (1+11)A 4'|

Figure 2.2 Deformation of vector A, lying initially along either x; or x,: (a) before strain,
(b) after strain.

total shear angles experienced by the local material in the x3; = 0, x, = 0,and x; = 0
planes, respectively, and are termed shear strains.®> The local deformation in the
immediate vicinity of a point is therefore completely described by six independent
components of g, i.e., the three normal strains, ¢;1, &5, and &33, and the three shear
strains, €150 = &1, £13 = &31, and &3 = &30.

Local rigid body rotation

To reveal the effect of applying the skew-symmetric  tensor to A, as in Eq. (2.8),
we consider the general matrix equation that yields the change in A, i.e., 0A, owing
to an infinitesimal right-handed rotation of A by the angle 60 around an axis
parallel to the unit vector @. This can be written as

A = dw X A, (2.10)
where dw is an infinitesimal rotation vector given by
dm = d0m. (2.11)

The vector dA is perpendicular to A and, to first order, (A+ 0 A)- (A+06A) = A-A.
Therefore, A remains of constant length but is rotated through the angle 60 =
| 8 @ x A|A™". Then, writing out the expression for SA in full,

0A = 0w x A= (—66()3142 + 6(1)2A3)é1 + (8&)3A1 — 8&)1A3)é2 —‘r(—S(UzA] + 6&)1A2)é3

(2.12)
or, alternatively,
5A1 0 76603 6(,02 A1
8A2 = 6(03 0 —6(,01 Az . (213)
8A; —dwy  dw 0 Az

3 The shear strain, &; (i # ), employed in this book, is a component of the strain tensor, €, and is equal
to half the “engineering shear strain,” which is often employed in the literature (e.g., Timoshenko and
Goodier, 1970) and is not the component of a tensor.
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The rotation matrix in Eq. (2.13) and the [w] matrix in Eq. (2.8), where

S0 — oy — A (O3 Qw2 s L (Qu Ous
= 32_2 aXQ 6)(53 2 13_2 aX3 axl

Sy — oy — 1 (2201 (2.14)
3 2 2 aX] aXQ

are seen to have the same form, thus confirming that the latter matrix indeed
represents rigid body rotation.

Relationships for strain components

Transformation of strain components due to rotation

of coordinate system

When a strain tensor is known in a given coordinate system it is often necessary to
find an expression for the same strain when it is referred to a new coordinate
system rotated with respect to the original system. This can be accomplished after
first finding the relationship between a given vector displacement referred to the
old system and then to the new system.

Let u=u;¢; and u' = u€; represent the same displacement vector referred
to the old and new coordinate systems, respectively. The components of
the vector in the new system in terms of its components in the old system
are then

u: = (I/llél + M2é2 + M3é3) é; = u,(é, . é;) = l,:,'uj or [u/] = [l][u], (215)

where /;; is the cosine of the angle between € and ¢;. Conversely, the old components
in terms of the new components are given by

up = (1) &) + 128, + 138}) - & = u;(&] - &) = Lu' or [u] = "), (2.16)
Solving Eq. (2.15) for [u],

) = [ ] (2.17)

=" (2.18)
Therefore,
Mt =0tm = (2.19)

Every column vector and row vector in [/] is a unit vector, and every pair of
column vectors and every pair of row vectors is orthogonal. Therefore, [/] is
termed a unitary orthogonal matrix.
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The deformation of the vector A in the old coordinate system and in the new
system by the strain tensor will be of the respective forms

[8A] = [g][A]  [8A"] = [][A]. (2.20)

The transformation matrix [/] for the vector u in Eq. (2.15) will also apply to the
vectors 8 A’ and A’ in Eq. (2.20), and therefore

B4 = ¢4
03.A) = [¢][7[A (2.21)
8.4] = [1[]10[A]

Then, comparing this result with Eq. (2.20), the strain tensors referred to the two
systems are related by

6] = [0 (222)
and, by inverting Eq. (2.22) by use of Eq. (2.18),
[ = [N (2.23)

The transformations given by Egs. (2.22) and (2.23) may also be expressed in the
component forms:

F:j = [,‘mljnélmn, (224)
&ij = lmilnjgiym- (225)

All second-rank tensors follow these transformation laws.

Principal coordinate system for strain tensor

Using these results it is now shown that for any state of strain it is always possible
to find a coordinate system, termed the principal coordinate system, that causes the
strain tensor to take the simple diagonal matrix form*

in 0 0
El=10 & 0], (2.26)
0 0 &

where the diagonal elements are known as the principal strains. When the principal
coordinate system is employed, and the strain tensor, in the form of Eq. (2.26), is
applied to various vectors in the medium, it is readily seen that a vector lying along
any one of the three coordinate axes (i.e., the three principal directions) remains
non-rotated and simply undergoes a fractional change in length corresponding to
the principal strain along that axis. The principal directions are therefore special
directions in which vectors embedded in the medium are simply changed in length

4 All quantities referred to a principal coordinate system in this section are distinguished by a tilde, as
in Eq. (2.26).
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(or scaled) by the corresponding principal strains and not rotated as the result of a
general strain. The unit vectors along the three principal directions and the three
principal strains correspond, respectively, to the eigenvectors and eigenvalues of
the strain tensor.

To find the eigenvalues and eigenvectors of a general strain tensor, g, start with
Eq. (2.20), i.e.,

[8A] = [¢][A] (2.27)

for the case where the strain tensor is applied to a vector A. The condition that A is
simply scaled by the factor A is therefore

[¢][A] = A[A] (2.28)
or, equivalently,
(e11 — M)A +e1pAr + 61343 =0
€A1 + (e — M)Ay + €343 =0 (2.29)
e13A1 + €34y + (e33 — A)A3 = 0.

For this set of simultaneous linear equations to have a non-trivial solution, the
determinantal condition

(e11 — 4) e €13
det &12 (822 - /1) &3 (230)
&3 £23 (£33 — 4)

must be satisfied. The three roots (4, 4,, 43) of the cubic equation obtained from
the determinant are then the three eigenvalues of €. The corresponding eigenvec-
tors can then be found by substituting the eigenvalues into Eq. (2.29).

As an example, consider finding the eigenvalues and eigenvectors of the tensor
(in arbitrary units)

1 1 0
=11 2 0 (2.31)
0 0 1
The equation corresponding to Eq. (2.29) is
(1 — },)Al +A; =0
Al+(2-20)A=0 (2.32)
(1-24)A;=0.
The determinant corresponding to Eq. (2.30) is
(1-2) 1 0
det 1 2-2) 0 . (2.33)

0 0 (1-2)
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The three eigenvalue solutions of the cubic equation obtained from Eq. (2.33) are

=350 =1 =35 (2.34)

Then, substituting these eigenvalues into Eq. (2.32), and solving for the correspon-
ding eigenvectors, the following three orthogonal unit vectors are obtained, which
are suitable as the base vectors for a right-handed principal coordinate system:

p 0 r
e = [pq} € = [ 0 ] €3 = [rs], (2.35)
0 -1 0

where p=1/(5+v5)/10, ¢=(1-V5)/2, r=1/(5-v5)/10, and s=(1+v5)/2. Finally, Eq. (2.23) is

used to confirm that the strain tensor expressed in this principal coordinate system
has the expected diagonal form. From Eq. (2.35), the required direction cosine
matrix linking the new (principal) coordinate axes to the original coordinate axes is

p pqg O
=10 0 -1 (2.36)
r rs 0

1 1 0 p pg O 1 1 0 p 0 r
E=01 2 off"=]0 0 —1||1 2 O||pg O rs
0 0 1 rors 0 0 1 0 -1
(3-vV5)/2 0 0 i 0 0 (2.37)
= 0 1 0 =10 4 01,
0 0 3+V5))/2 0 0 s

as expected.

Strain ellipsoid

The deformation associated with the strain in a local region that is sufficiently
small that the strain is essentially uniform, can be readily visualized by employing
the principal coordinate system. Imagine a small volume in this local region
bounded by a spherical surface of radius R obeying

H+B+8 =Rk (2.38)

before the application of the strain. In the principal coordinate system the X; will
be transformed by the strain (see Eq. (2.9)) according to

)Ell X en 0 0 X1 (l+en)
)?/2 =|X%|+]10 & 0 X | = fz(l + 522) . (2.39)
fg X3 0 0 &s33 X3 )Ej;(l + 533)
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Substitution of Eq. (2.39) into Eq. (2.38) then yields

#)* (#)* ®)°
R(1 +511)2+R2(1 +522)2+R2(1 +i3)° 3 (2.40)

The initially spherical volume is therefore converted into an ellipsoid, termed the
strain ellipsoid, possessing semi-axes R(1 + &;), R(1 + &), and R(1 + &3). Also,
the fractional volume change due to the strain, ¢, is given by

V' —V  R(1+&1)R(1 +&n)R(1 +&33) — R?

F— =& +én +én =e, (241)

1% R?
which, with the aid of Eq. (2.5), can also be expressed as
g0 O O _& g (2.42)

Ox 1 6x2 Ox 3

The fractional volume change, ¢, or cubical dilatation, is therefore equal to
the trace of the strain tensor, or, alternatively, the divergence of the displacement
vector. An important feature of the cubical dilatation is that it is invariant
with respect to the choice of coordinate system. With the aid of Eq. (2.24), and
since [/] is a unitary orthogonal matrix, it is readily verified that
(e11 + &0 +e33) =e = (&), + &), +&3) =¢ =V -u=V-uforany choice of orth-
ogonal coordinate system.

Strain compatibility

So far, expressions for the six strains, which are functions of x;, x», x3, have been
derived by using Eq. (2.5) from three displacements, each of which is a continuous
function of x;, xp, x3. Consider now the inverse problem of finding the three
displacements when the six strains are obtained without the use of Eq. (2.5).
It can be seen immediately that it may not then be possible to obtain three
continuous displacement functions from these strains by integration. Physically,
if it is imagined that the unstrained body is initially diced up into an ensemble of
adjoining cubical volume elements, each of which is then subjected to six arbitrary
strains, the volume elements may not fit back together again when an attempt is
made to rejoin them: i.e., various gaps and mismatches may remain. Clearly, the
six strains cannot be specified independently, and certain restrictions on them
must exist. The equations expressing these constraints are known as the equations
of compatibility.

To find these equations, consider a point in the body at P’ = x¢; and a second
point some distance away at P” = x/¢é;, where the displacements are u’ and u”,
respectively. If there are no gaps or mismatches in the medium after straining, the
difference u” — u’ should be expressible as a line integral of d u along a curve C
from P’ to P” that is independent of the path. The line integral can be written as

wj —u; = Jd“j (2.43)
c
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and, since du; = (Ou;/Ox;)dx;, and Ou;/0x; = &y + Wy,

Ou;
M;/ — MJ/ = Ja—x;dxk = J.s_,-kdxk + Jm/kdxk. (244)
c C c

The last integral in Eq. (2.44) can be integrated by parts to obtain

dw:
ijkdxk = (@) — @fxy) — Jxk%jlkdx]. (2.45)
c c
Putting Eq. (2.45) into Eq. (2.44),
dw:
uj/_/ _ u]’- = (O)J/;CXZ — a)j'-kx;) + J <8j1 — Xk %) dxl. (2.46)
c
Then, by differentiating Eq. (2.5),
awjk Gslj 6s,k
= _ R 2.47
ox;  Ox  Ox; ( )
and substituting this into Eq. (2.46),
1 = (@l ) + [ Uy, (2.48)
c
where
aﬁjj aa,k
=& — Xl =—~——]. 2.4
Ui = &1 — X (axk ax; (2.49)

For uj’-’ — uj’-, given by Eq. (2.48), to be independent of the path, U; dx; must be an
exact differential, thus requiring

6U,; anl
L . 2.5
Ox; ox; (2.50)
Substitution of Eq. (2.49) into Eq. (2.50) then yields
Ogji Og;;i Oy Ogj Og;;  Oey
i _ 5, (S _ L S (e
|:axl M (ka an> ax,‘ * 0% (éxk axj>]
(2.51)

62817 _ 628k,‘ _ 62811‘ 628k1
k Ox;0x;  Ox;0x;  Ox;0xp  Ox;Ox;

The first term in square brackets in Eq. (2.51) vanishes, and since x; can be varied
independently, the second term in brackets must also vanish. Therefore, the
strains must satisfy

Foy  Cou oy T, (2.5)
Ox0x;  Ox;0x;  Ox;Oxx  Ox;Ox;
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Equation (2.52) embodies 3* = 81 equations, some of which are satisfied identically
and others repeated because of symmetries in the four-indices groupings. Detailed
examination shows that only the following six equations, known as the equations of
compatibility, need be retained:

62823 62822 62833 62833 0 6823 6813 6812
- > 2:C11:O ~ \ T A T A, T A :C12:0

aX26X3 6x3 6x2 6x1 a)Q 6x3 6x1 ze 6x3

62813 62811 62833 62822 0 6823 6813 6.5:12
a - > > :C22: ~ \ T A, T A, T A :C13:0

x10x3  Ox3 Oxy Ox10x3  Oxo Ox;  Ox» Oxz

62812 62811 62822 82811 0 6623 6813 6612
2 — 2 > :C33: N . ~. A, T A :C23:0-

xlﬁxz 6x2 axl 6x2613 axl axl 6x2 6x3

(2.53)

Alternatively, these six equations can be expressed more compactly as elements of
the symmetric incompatibility tensor, C, having components

C. — st,j Pepm  0%Eim 62sjm % em e 5.
Y X, 0x,  Ox;Ox;  Ox:Ox,  Ox;Ox, 0x,0x, 0x,0x,/) "
I J (2.54)
azqu
= —Cikp€lq m =
23 Traction vector, stress tensor, and body forces

Consider a stressed body, V°, containing within it a region, V, enclosed by an
internal surface, S, as in Fig. 2.3. Region "V will generally be subjected to two
types of forces: i.e., forces exerted on its surface, S, by the outside medium, and
internal body forces due, for example, to gravitational or magnetic fields.

2.3.1 Traction vector and components of stress

The force, AF, experienced by an element of the surface, S, such as AS in Fig. 2.3,
depends upon the local stress field and the inclination of the surface element as
indicated by its positive unit normal, a,’ i.c.,

AF = AF(d). (2.55)

The traction vector acting on AS is then defined as

AF(i
T(h) = Lim 2F0)
AS—0 AS

(2.56)

5> Throughout the book, the convention is adopted that positive unit normal vectors to closed surfaces
point in the outward direction.
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Figure 23 Region, "V, (dashed) enclosed by the surface, S, within a larger stressed body, V°.
Force AF(n) acts on surface element, A S, with positive unit normal n. Orthogonal
coordinate system shown with field vector, x.

(a) (b) A
n
X3 -
032
A 031 | T
n/ T
P o
o ) |P 0 X2 O12 2
X1
(c) (d)
) o n 012
n |/—
022 P
T 2
P 023
013

Figure 2.4 (a—c) The three traction vectors, T, and nine components of stress, ¢;;, acting
on the three surfaces with unit normal vectors, n = é;, n = &, and n = €3, respectively, at
the point P(x). Arrows indicate positive stress directions. (d) Same as (b) except that the
unit normal vector to surface has been reversed.

Consider now the three planar surfaces corresponding to the three x; = constant;
planes passing through a point P(x) within "V as in Fig. 2.4. Each surface is
subjected to a traction vector, and the nine components of the three traction vectors
will be seen (Eq. (2.59)) to correspond to the nine components, ¢;;, of a tensor, @,
termed the stress tensor at the point P. The component normal to each plane is
termed a normal stress, while the two components parallel to each plane are shear
stresses. The accompanying arrow indicates its direction. The subscript i identifies
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X3

Xq

Figure 2.5 Infinitesimal tetrahedral volume element embedded in stressed body at field
point P(x); T(n) is the traction vector acting at P on face ABC with outward normal n.
011, 012, and o3 stresses act on BCD, ACD and ABD, respectively.

the axis along which the stress is directed, and j identifies the axis that is normal to
the plane on which it acts. A stress component acting on a plane whose outward
normal is pointed along a positive axis direction is positive if it is directed along a
positive axis direction. Otherwise, it is negative. When a component is acting on a
plane whose outward normal is pointed along a negative axis direction the
situation is reversed, and the component is positive when it is directed along a
negative axis direction. A normal stress component is therefore positive when
extensive and negative when compressive. All of the stress components indicated
in Fig. 2.4 are seen to be positive and the normal stresses extensive.

To find the traction vector acting on a surface of arbitrary inclination at a point P
in terms of the local stresses, consider the infinitesimal tetrahedral volume
element centered on P illustrated in Fig. 2.5. The surface of interest is the front
ABC face at the inclination n, and each of the three back faces is perpendicular to a
coordinate axis. If the area of ABC is dS, the area of the back face with normal e, is
dS; = (n- €;)dS = 72;dS. For mechanical equilibrium the sum of all forces acting
on the tetrahedron parallel to the x; direction must vanish. The stress components
anti-parallel to €; at the back faces are shown dashed in Fig. 2.5. The net force
parallel to the x; direction is then

—o1111dS — 012712dS — 01373dS +T1dS =0 (2.57)
and, therefore,
T\ = o171 + o12f2 + 01373, (2.58)

where all quantities refer to the point P(x). Similar results are obtained for the
forces along x, and x3, so that, in general,

Ty =ogi; or [T] = [o][f]. (2.59)

and ¢ is seen as a second-rank tensor mapping n into T.
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Body forces

Body forces, such as gravitational or magnetic forces, are generally represented
by body force density distributions, f(x;, x», x3). Point forces can readily be repre-
sented by force distributions in the form of delta functions (see Appendix D). The
total body force imposed on V is then

Fi= ﬁﬁ £(x)av. (2.60)
v

Relationships for stress components and body forces

Requirements for mechanical equilibrium

The requirement of mechanical equilibrium imposes conditions on the compon-
ents of stress and body forces, and the nine stress components introduced previ-
ously are therefore not independent. Consider again the enclosed region 'V in
Fig. 2.3 with body forces present. If fi(x) is the distribution of body force density,
the total force on V along x; is

Fi = ﬁ?ﬂdwﬁﬁm& (2.61)
% S

where the first term sums the body forces over V and the second the tractions
exerted on S. Applying the divergence theorem to the surface integral,

0 0 0
@Tlds = # (o111 + 012712 + 013713)dS = ﬁ} ( o1 + 712 + UB)dV, (2.62)
S S %

Ox 1 Ox 2 Ox 3

and putting the result into Eq. (2.61),

d
F = ﬁ}@ <f1 Qo Gonz aa”)dv. (2.63)
%

Ox 1 axz Ox 3

Since F; must vanish at equilibrium, and since Eq. (2.63) must apply throughout V,

0011 0o1p . Q013
=0. 2.64

Ox; + Oxy + 0x;3 +h ( )

Similar considerations hold along x, and x3, so that, in general,

—a"a’x(") +£(x) =0, (2.65)

which is known as the equation of equilibrium for the stresses and body forces.



2.3.3.2

2.3 Traction vector, stress tensor, and body forces 19

Further relationships between the stress components are obtained from the
condition that the total moment due to the tractions on S and the distribution
of body force density in V' must vanish. Consider first the net moment around &,
given by

ﬁ (f})(z —szg)dV + ﬁ (T3X2 — T2.X3)dS =0. (266)
v S

Using the divergence theorem and Egs. (2.59) and (2.65) to convert the surface
integral term in Eq. (2.66) to a volume integral

(0031 | G0z | 003 0031 | 0oy | Qo
ﬁ (T3xy — Tax3)dS = ﬁ |:(T32 — 03+ X2 (a-l- o +67X2) X3 ( o + o +@):|dv
S v

= ﬁj; (632 — 023 —f3X2+f2X3)dV. (267)
v

Then, substituting Eq. (2.67) into Eq. (2.66),

ﬁﬁ (0'32 - 023)dV =0. (268)

v

Since dV is arbitrary within "V, the condition g3, = 6,3 must be satisfied. Similar
considerations of the moments about €, and €3 show that 6,3 = 63, and o1, = 051,
so that, in general,

aij = Oji- (2.69)

The stress tensor must therefore be symmetric. This reduces the number of stress
components that must be specified to define the state of stress at a point from nine
to six, i.e., to the three normal stresses, oy, 61, and o33, and the three shear
stresses, 01, = 031, 013 = 031, and 633 = 035.

Transformation of stress components due to rotation

of coordinate system

Equation (2.59) shows that the matrix [¢] maps one vector into another, thus
establishing o as a second-rank tensor. The transformation laws for the stress
components are therefore of the same form as those for the strain components
given by Egs. (2.24) and (2.25), i.e.,

O-;'j = limljnamn Ojj = lmilnjainn- (270)

If both sides of the two expressions in Eq. (2.70) are summed over the three
normal stresses, it is found that, since [/] is an orthogonal unitary matrix, the
sum of the normal stresses, ®, in each coordinate system is identical, i.e.,
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0l + 0y + 0y =01 +0n+03=0. (2.71)

The result that O, the trace of the stress tensor, is invariant, is analogous to the
result in Section 2.2.2.3 that the sum of the normal strains, i.e., the cubical dilata-
tion, is an invariant of the strain tensor.

Principal coordinate system for stress tensor

Since the stress tensor is a second-rank tensor, a principal coordinate system
can be found by using the same general procedure employed in Section 2.2.2.2
to obtain the principal coordinate system for the strain tensor. To obtain this
coordinate system, start with Eq. (2.59), which yields the traction exerted on
a plane with normal n due to the stress tensor. In the principal coordinate
system, where the stress tensor is diagonalized, and the diagonal elements
correspond to the principal stresses, the tractions on the three planes normal
to the principal axes therefore consist only of the principal normal stresses,
i.e., no shear stresses are exerted on these planes. Using Eq. (2.59), this condi-
tion is therefore

T o o o3| |m A
T, | = o1 o0»n oxn ny | = | Anp (272)
T3 013 023 033 |73 A3

or,

(611 — )V)ﬂl + 01271 + 61303 = 0
o120 + (0'22 — /l)flz + o303 =0 (2.73)

o131 + 0301y + (033 — A)i3 = 0,

which may be compared to Eq. (2.29) for the strain tensor. Then, following the
same procedure used for the strain tensor in Section 2.2.2.2, the three eigenvalues,
A, and their corresponding eigenvectors, can be obtained, and the principal
coordinate system can be constructed by employing the eigenvectors. The stress
tensor then assumes the diagonal form

/11 0 0 6’1 1 0 0
G]=10 4 0|=]0 &»n O (2.74)
0 0 s 0 0 &

and the tractions on the three planes normal to the principal axes correspond,
respectively, to the three principal stresses, G,;.

For an isotropic system, substitution of Hooke’s law in the form of Eq. (2.122)
into Eq. (2.74) shows that the principal coordinate systems for the stress and strain
tensors must be identical.
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Linear coupling of stress and strain

Stress as a function of strain

For small elastic displacements it is expected that the deformation (strain) will
vary in proportion to the force (stress) in accordance with Hooke’s law. The most
general linear relationship for stress as a function of strain is then

oij = Cijkieu, (2.75)

which, written in matrix form, appears as

o] = [C][¢], (2.76)
where
o Cim Cnz Cusz Cips Cinzr Ciiz Cuzz Gz Chan | | €
ol Conn G Cozzs Cxoz Caozr Cooiz Cozz Co13 Comon | | 622
0
(rz Cyin Ciz Ci3z Cazzz Cazsr Csziz Cazz Caziz Csaorn | | 633
o3 Cui Coan Cazzz Coxz Cozst Coziz Casn Coziz Cozon | | €23
on| = | Cainn Gz Caizz Caizz Caizr Gz Caiz Caiiz Giion | | €3
a1 Con Cip Cizzs Ciz Crar Criz Ciz Croiz Cion | | én2
g32
013 Caoin Canxm Canaz Ciosy Gzt G Cazp Caoiz Camon | | €32
Lo ] Cisn Ciz Cizzz Cizs Cizr Cisiz Cisz Ciziz Cison | | &3
LCont Caz Coizz Coizz Cozt Coriz Gz Corz Conor | [ €21
(2.77)

The 81 constant coefficients, Cyj,, are termed elastic stiffnesses and constitute the
components of a fourth-rank tensor, C, that maps the second-rank strain tensor,
€, into the second rank stress tensor, E.é The number of elastic stiffnesses that is
required is lower than the 81 shown because of certain existing symmetries. Since
the stress and strain components are symmetric, it follows that the C;;; must have
the symmetry properties

Cit = Cjit = Cijix = Cjiik. (2.78)

A further symmetry property is obtained by examining the Helmholtz free energy,
F, of an elastically strained body. The change of internal energy of any system due
to a reversible exchange of heat and work with the environment at constant
temperature is given by the combined expression for the first and second law of
thermodynamics,

dU=80—-dW =T7dS —dW, (2.79)

where U = internal energy, O = heat, W = work performed by the system,
T = temperature and S = entropy. Equation (2.135) shows that the work (per unit

® In general, a fourth-rank tensor maps a second-rank tensor into another second-rank tensor (Nye,
1957).
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volume) required to elastically strain a body homogeneously is ¢;; d ¢;;. Therefore,
for a strained body of volume V, the work term in Eq. (2.79) is of the form

dW = —VO','dejj (280)

and the change in Helmholtz free energy per unit volume, at constant temperature,
is therefore

dft = du — Tds = gjde;; = Cjuends;; (2.81)
after employing Eq. (2.75). Then, differentiating Eq. (2.81),
Ofr
= Ciu- 2.82
as,jaskl Cjk[ ( )

Since fr is a state function, and therefore a perfect differential, the left side of
Eq. (2.82) is unchanged and symmetrical with respect to the interchange of ij and /.
The symmetry relationship

Ci = Crjj (2.83)

must therefore apply. By applying the above symmetry properties of Cyyy, and
those of ¢;; and ¢, to Eq. (2.77), it reduces to

Corp [Ciin Ciiza Cizz Cus Cusi Ciz Cus Cusi Cinn | [en ]|
o Cizz Coxm Cosz Cozz Gzt Cooiz Coz Coozt Coonn | | €2
o33 Cizz Co33 Cazzz Cans Cas Caziz Caos Gz Cazin | | €33
%3 Ciizz Coz G333 Cozz Cozzr Cozin Cazpz Cazzr Coazor | | €23
a3 | = [Ciizi Co31 Cszz1 Cxzzr Caizr Canz Cozzt Gz Gainp | | &3n
o1 Chiiz Cunn Cui Cui G Coi Cuniz Gz Con | | e
023 Cizz Coxmsz C33z3 Cx;z Cozzr Coziz Cozzz Cazzr Cosnn | | 63
Z?; Cist Cozt Gzt Cxar Caisr Caiz Cozzr Caizr G | | €31
ol LCiiiz Cni2 Gz Cx12 Gz Cioiz Ciz Gz Conz | | 612 |

(2.84)

which contains only 21 independent elastic constants.

The transformation law for the components of a fourth-rank tensor, such as C,
due to a rotation of its coordinate system can now be found by using the transform-
ation law for second-rank tensors. Substituting Eq. (2.25) into Eq. (2.75),

Ogh = Cghmngmn = Cghmnlkmllng;d~ (285)
Then, multiplying Eq. (2.85) through by /;,/;, and using Eq. (2.70),
(2.86)

/ /
liglinogn = liglinCghmnlimline, = -
However, in the new system,

G{j = C;jklglkl (2.87)

and, comparing Eqgs. (2.86) and (2.87), the transformation law is found to be
ngk/ = liglinC ghmnlimlin- (2.88)
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Equation (2.84) can be written more compactly by eliminating redundancies and
employing contracted matrix notation, in which the Cyj; are written in the form C,,,
where m and n correspond to the paired indices ij and &/, respectively, according
to the scheme (see Nye, 1957)

ii or kK = 11 22 33 23,32 31,13 12,21

m or n = 1 2 3 4 5 6 (2.89)

and the ¢;; and ¢;; in the 9 x 1 column matrices are transformed according to

o1l 012 013 g1 0s Os g1l E12 €13 g1 &/2 &s5/2
12 01 03| — |06 02 04l; |en2 en &3 | — |&/2 & )2
o13 023 033 05 04 03 £13 €3 €33 es/2 e4/2 &3
(2.90)
Using this notation, Eq. (2.84) is reduced to the simpler form
g Chi Cpp Ci3 Ciy Ci5 Cis| |
) Cpp Cn Ci Cy Cxs Cyx | |e
o3| _ |Ci3 C3 C33 Cy C35 Cie | | &3 (2.91)
04 Ci4 Cy C3y Cy Css Cae| |&s |’
05 Cis5 Cys C3s Cys Css Cse | | &5
o6 Cis Cx C3s Cas Css Ces | | &6

in which, however, 21 independent elastic constants remain, as previously.

The existence of symmetry elements in the crystalline medium to which the C;y,
tensor applies further reduces the number of independent elastic constants in a
manner that depends upon the extent of the symmetry. For triclinic crystals, which
possess only a center of symmetry, or no symmetry at all, the number remains
at 21, while for cubic crystals, with their relatively large number of symmetry
elements, the number is reduced to three. As described by Nye (1957), the effects
of symmetry can be determined in a systematic manner by transforming the
coordinate system used for the elastic constant tensor according to each existing
symmetry element operation and requiring that the tensor remain unchanged.
For example, for cubic crystals referred to an orthogonal coordinate system based
on the axes of the standard cubic unit cell, the tensor must be invariant to three-
fold rotation of the coordinate system around the four diagonals of the cell.
The procedure is tedious, and, since a detailed description is given by Nye
(1957), it will not be reproduced here. As an example, the results for a cubic
crystal take the relatively simple form

g Cihi Cpp Cp O 0 0 &l
02 Cp Cy Cpp O 0 0 &
o3| |Cin Cin Cii O 0 0 €3
g4 - 0 0 0 C44 0 0 &4 (292)
05 0 0 0 0 Cq4 O &5
[ 0 0 0 0 0 C44 &6

when referred to the cubic axes coordinate system.
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Strain as a function of stress

To obtain the strain as a function of stress, Eq. (2.75) is inverted so that

Sij = S,'jk/le, (293)
where the 81 S, coefficients are termed elastic compliances. Just as for the elastic
stiffnesses, the S;;; constitute the components of a fourth-rank tensor, and, therefore
obey the same transformation law as the C;,; tensor components. The S, and Cjjy
have the same symmetry properties, and a S;;; matrix containing 21 independent
elements analogous to the Cj, matrix in Eq. (2.84) can therefore be developed.
Using this, a contracted matrix equation analogous to Eq. (2.91) can be written by
using the rules given by Egs. (2.89) and (2.90), along with the added rules:

Sijtt = Spn when m and n are independently 1,2, or 3,
2S;ii = Smn When either m or n are 4,5, or 6, (2.94)
4Sijts = Spn when both m and n are 4,5, or 6.

The resulting equation is then

€ Sit Sz S1i3 S Sis S| |01

& S12 S S S S S| |02

e3| _ | Sz Sz S Sa S35 Sy | | 03 (2.95)
&4 S14 So4 S3a Sas Sas Sas | | 04|’ '

€s S15 Sas S35 Sas Sss Sse | | 05

&6 S16 S26 S36 Sas Ss6 Ses | |06

Crystal symmetry reduces the number of independent S; further in the same
manner as previously for the Cy;, and, for example, for a cubic crystal,

& Sy Siz2 S22 0 0 0 o
& Sz St S22 00 0 02
el [S2 S22 Su 0 0 0 03
&4 o 0 0 0 S44 0 0 04 ’ (2'96)
&5 0 0 0 0 S4 O os
&6 0 0 0 0 0 S44 J6

which may be compared with Eq. (2.92).”
Relationships between the S;; and Cyyy tensors (and therefore the S; and Cy;
quantities) are readily found by first writing Egs. (2.91) and (2.95) in the matrix forms

[o] = [Clle]  [¢] = [S][a]- (2.97)

sl=[c™ A=t Qs =1ic =M, (2.98)

7 Tt is emphasized that the contracted C;; and S;; quantities in these expressions are not components of
second-rank tensors, despite their appearance with two indices. This must be taken into account in
problems involving the rotation of coordinate systems.
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so that, in contracted matrix form,
CiSik = SiiCir = i (2.99)
and, in full fourth-rank matrix form,
CijmnSmnkt = SijmnCrnti = 0ikj1. (2.100)

Using Eqgs. (2.92), (2.96), and (2.98), the relationships between the C;; and S;;
quantities for a cubic crystal are then, for example,

Cn= Sut S Cp= —Su C44=L

(S11 — S12)(S11 + 2812) (S11 = S12)(S11 +2812) S44

Sy = Cii+Cp2 Sia = —Ci2 S44:L

(Cii — C12)(Ci1 +2C12) (Cii —C12)(Ci1 +2C1n) Cas’
(2.101)

“Corresponding” elastic fields

If two elastic fields, A and B, have stresses and strains coupled by the same elastic
constants, then

A_B B A
oheP = Bl (2.102)

This can be verified by substituting Hooke’s law and using the symmetry property,
Cijmn = Cpunij» of the Cy,, tensor, ie.,

AB _ . A B __ A B _ AB _ BJA
O_ij Sz'j - Cl]m"'gmnsij - CWV”JSmnSij - Cl]mngij Enn = Gijgij . (2103)

If the 8;;‘ and 85 strains are both compatible, and therefore can be expressed by
Eq. (2.5), it follows that

A
AB A1<a”?+a”}B>: A Oup B,.A B1<a“?+a”j>: p i

i = % 6—x, ox; 7 dx; AL N T 0x;
(2.104)
and, if the 03 and ag stresses both obey the equations of equilibrium, i.e., Eq. (2.65),
ufP d ) ul 0
0'9 o, = a—xj (Jﬁ-u?) +_}‘iAu? ag ax; = a—xj (aguf\) +fiBulA. (2.105)

Finally, if all of the above conditions are satisfied,

B A
AB_ BA _ Aaui_Baui_a A B AE_a B, A B, A
0,;€; = 08 = 0y o, =0y o, _a_x,- Ol + /i u; _a_x, Ol + 1 u;

(2.106)

and the A and B fields are termed corresponding fields.
Further useful relationships involving corresponding A and B fields can be
obtained by first forming the vector
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v = aﬁ-u? - agulA. (2.107)

Then, if these fields are present in a homogeneous region, 'V, which is enclosed by the
surface S, and isembedded in a larger body, V°, asin Fig. 2.3, the integral relationship

ﬁv,ﬁ,ds = ff}@ (opuf — oful)idS = 0 (2.108)
S S

is valid. This can be demonstrated by converting the surface integral to a volume
integral and using Egs. (2.65) and (2.106), so that

0 ou? Ou
A B _ _ AB_ A oB
4}(6 u; a,ju, MidS = iﬁaxj (o u; 01,“1 MdV = ﬁ[; <O’U B, aj; axj)a’V 0.
v v

S

(2.109)

Suppose next that S@ is a closed surface in V°, and SV is a second closed surface,
lying within S®, that can be obtained by continuously distorting S® without
sweeping through any region of the body containing singularities where the A and
B systems are not corresponding fields. Then,®

g ij v ij ij %
s@_gm s@ s

(a?uB — aBul)ids = # (aguB — aBul)ids — @ (huP — aBuM)ids = 0,

(2.110)
where S® — S indicates integration over the surfaces S and SV bounding the
swept out volume V@ — V1 Equation (2.110) can be validated by converting the
surface integral to a volume integral and employing Eqgs. (2.65) and (2.100), i.e.,

0
(ohuP — oBu)idS = ﬁj; o (afju? - all?ulA)dV

g ijvi

s@_g) 'v(l)ifv(l)
N (2.111)
:jfﬁa;j.a’ Ua)dvo
Xi X
v _yM !

In addition, if S is again a closed surface enclosing a homogeneous region, V,
containing corresponding A and B fields, the integral relationship

Rl du A
Lup — o = 2.112
@ <6x1 u; i Bx )n]dS 0 ( )
S
is valid, and, consequently,
dot du A
i B_ B
Eﬁ; <6x1 u; i 3y )n,dS 0. (2.113)
s@_gm

8 Note that for Eq. (2.110), and also Eqgs. (2.113) and (2.117), to be valid it is only necessary that A and
B be corresponding fields within the region between S? and S,
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Equation (2.112) may by demonstrated by converting the surface integral to a
volume integral and using Eq. (2.65), so that

Gl GITA o [0ch ou 00’ ouB ot
y B B Y% ~ y B B Y% Y i B i
> —o: idS = — =0 dV = —0;; dv.
# <6x, Ui O—U 6x1 & s ﬁ ax, 6x1 Ui O_'] 6)(1 ﬁ} 6x1 an JU ijf)x]
v

N v

(2.114)

Then, substituting 7} = Cij,Oup, /0x, and o} = CijnOuy, /0x, into the last integral,

OCup ouP oub o*u o’up dub oub o%ul

ﬁ Cijmn ﬁi - Cijmn ﬂ i dv = ﬁ Cmnij Lh - Ci/'rlm ﬁ u dv =0.
0x;0x,, Ox; 0x, Ox;0x; 0x;0x; Ox,, 7 O, Ox;0x;

v %

(2.115)

If, in this system, the quantities associated with the A and B fields are now each
functions of both the usual field vector, x, and another vector parameter, £, so that
0 = 0;(x,€) and u; = u,(x,§), then

y. B __ BT ~ _
ﬁ(afl u — oy 3%, nidS =0 (2.116)
S
and
TuB — 6B —L )hdS =0. 2.11
@ <@§1 w; — oy 3, dS =0 (2.117)
s@_gm

These results can be obtained by employing the same methods used above to
obtain Egs. (2.112) and (2.113).

Stress—strain relationships and elastic constants for isotropic systems

The elastic constants needed to describe an isotropic medium can be found by
requiring that the tensor components, C;;; and S;;,, be invariant to rotations
of 45 degrees around the coordinate axes (Nye, 1957). The results show that the
stress—strain relationships in matrix form then reduce to

Kz [C1 Cin Cn2 0 0 0 &1
02 Cn Cn Cn 0 0 0 )
o3| | Cnn Cip Ci 0 0 0 €3
04 o 0 0 0 (Cll —Clz)/z 0 0 &4
05 0 0 0 0 (Cll —Clz)/z 0 &5
L06 L 0 0 0 0 0 (C11 —Clz)/z &6
[ &1 (S Si2 S 0 0 0 a1
& Sz S Si2 0 0 0 02
&3 _ S]2 S]z S]1 0 0 0 g3
&4 - 0 0 0 2(511 *Slz) 0 0 04
&5 0 0 0 0 2(S11 —Slz) 0 g5
L €6 L 0 0 0 0 0 2(811 —Slz) (O

(2.118)
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Then, by employing the relationship between [S] and [C] given by Eq. (2.98),
Ch1+Cn —Ci2

= 5 5 S = 5 7.

C11C12+C11—2C12 C11C12+C11—2C12

Therefore, only two independent elastic constants are required for an isotropic

material.” These have been chosen in a variety of ways in the literature. A common
choice is the use of the constants p and v, which are related to the C;j; tensor by

2v

St

(2.119)

Cijr = 1 |didjr + 8idj + maijﬁk! = u(dudji + 3ydjx) + 280, (2.120)
so that
2u(l —v) 2uv 1 —v
Ch=—F-F7— = Si==——— Sp=——— (2.121
R R oty O T 2u(T ) (2.121)
Using ¢ and v, the stress—strain relationships for an isotropic material then appear as
g1 =2u-ﬁe+an 0'1222#812
022 =2u _(1_%\})6 + e 013 = 2uen3
2N _
033 =2 me-i—ﬁzz 023 = 203
N - | (2.122)
el :m[011*\’(022+033)] f12 =5 00
€ —*[a v(on + 033)] € —Lo’
) = 21+ ) 2 I 33 13 = 2 13
g ! [ v(o11 + 022)] g !
0y = ——— |03 — o o = —023.
33 (1 +v) 33 11 2 23 2 23

In this formulation, the constant, u, that linearly couples shear stress to shear
strain, is termed the shear modulus. The physical significance of the constant v can
be revealed by considering the case where only a normal stress, for example, o1, is
present. The accompanying strains are then e;; = o2,/[2u(l + v)]and ey, = &35 =
—vo11/[2u(1 + v)], and v is identified as the ratio of the transverse strain to the
normal strain, i.e., v = |exn/er| = |essferr] and is known as Poisson’s ratio.

Other pairs of elastic constants, related to u and v, are often employed such
as h and p, known as the Lame constants, which are related to the Cyy; tensor by
Eq. (2.120) and couple stress and strain according to

ojj = Jedjj + 2ue;;
205 1 (2.123)

TG+ o) 2

&ij =

° Since a cubic crystal requires three constants, these results show explicitly that a cubic crystal is not
elastically isotropic even though a second-rank tensor property of a cubic crystal, such as its thermal
conductivity, is isotropic (Nye, 1957). Note that a comparison of Eqgs. (2.118) and (2.92) indicates that
an isotropic material can be regarded elastically as having cubic symmetry, with 2C44 = C;; — Cy5.
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Still another choice is the use of E (known as Young’s modulus) and v, in
which case
vE E

= S »
T = )1 —2n) % T T

v 1+v
E®5U+TU,,

(2.124)
The various constants involved in these choices are all related, e.g.,
) ,
g 1GA+2p) po*
A+ 2(A+p)

Ev _ E
A+ —2n "2+

(2.125)
=

Another essential elastic constant is the bulk modulus, K, defined by
e (2.126)

where 0V/V is the fractional volume change due to the application of the hydro-
static pressure, P, defined by

1 2u(l +v)
P=——ogy=—"+ "¢, 2.127
37 31-2v)° (2.127)
where use has been made of Eq. (2.122).'° Therefore,
P 2u(l+v)
K=——=—"——=. 2.128
&ii 3(1 — 2\)) ( )
Using previous expressions, additional relationships involving K are
3K 1
3K =3/+2u and Al (2.129)

3K +4u 3(1—v)

Elastic strain energy

When a volume element is elastically strained, the forces acting on it perform
work as it changes shape. If the process is carried out reversibly, the work is
stored as potential energy and is recoverable if the forces are removed. This can
be readily understood on an atomistic basis. During the straining, the atoms
(molecules) in the medium are displaced from their equilibrium positions and
restoring forces between them develop. The work done by the applied forces
against these forces is stored as elastic strain energy in the form of potential

10 Note that P is taken to be positive when the stress field is compressive.
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«[ﬁﬁ(au,-/axj)

0 aU,'/an

Ojj

Figure 2.6 Proportional increase of stress and distortion in elastically strained body.

energy. The interatomic forces involved are conservative, and, when the applied
forces are removed, the atoms return to their unstrained equilibrium positions,
the interatomic restoring forces relax, and the stored potential energy is released.
The elastic strain energy in a strained body is therefore the work required to
produce the state of strain (and accompanying stress) throughout the body.

General relationships

The change in strain energy, W of a region 'V, enclosed by a surface S, due to an
incremental change in displacement, ou;, is therefore

N v

where the surface integral is the work required to displace the surface tractions,
and the volume integral is the work required to displace any distribution of body
force density. Applying the divergence theorem to the surface integral and using
Eq. (2.65),

au,- 60’,]- aui
W — oot ) oui|av = (b o6 av. 2.131
o ﬁ‘ﬁ {0‘,5 o, + (ax,- +f>6u}d\/ ﬁﬁa/ﬁaxjdv (2.131)
% %

Since the stresses and displacements and distortions of an elastic field all increase
proportionally as the field is introduced, Eq. (2.131) can be readily integrated
(Fig. 2.6) to obtain

1 ﬁ 61,{,‘
W==(])og;j=—4dVv. (2.132)
2 J an
The elastic strain energy density is therefore
1 aui 1
w = EGU@_X; = EO’,:,‘S,‘] = Ecijklgklgij = ESUHGHO."J" (2133)
or, alternatively, using contracted notation,
1S5 1 5.8 1 5.5
WZEZO'J‘SJ‘ZEZ C,jsisjzzzz&-jaiaj. (2134)
=1 i=1 j=1 i=1 j=1
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Because of Hooke’s law, Eq. (2.133) implies that
dw = O',‘de,‘j = C,'jkISk]dE,'j. (2135)

Strain energy in isotropic systems

The strain energy density in an isotropic system can be expressed as a function
of either strain or stress in the equivalent forms

= VoY (g Y 2
w = ,u(l — 2\)6 +81jslj) - 4,[1 ((O-zjalj (1 T V) e ) (2136)

after using Egs. (2.133), (2.120) and the stress—strain relationships in Section 2.4.4.

St.-Venant’s principle

St.-Venant’s principle is a useful concept with relevance to many elasticity problems
and can be stated as:

If a distribution of forces acting on some local portion of a body is replaced by a different
distribution of forces, then the effects of the two different distributions in regions sufficiently far
removed from the region of application will be essentially the same, provided that the two
distributions are statically equivalent, i.e., have the same resultant force and resultant moment.

Therefore, for example, if a complicated distribution of forces is acting on a body
in a relatively localized region, and if the detailed stress distribution in this region
is not the main object of interest, the distribution of forces may be replaced with a
single statically equivalent force in order to make it easier to find the elastic field
throughout the body beyond this region. (Generally, the distance from the localized
region where this approximation is satisfactory is of the order of the dimensions of
the localized region.)
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Introduction

The main methods for treating the defect elasticity problems considered in this
book are introduced. The chapter begins by reviewing the requirements that any
solution for a defect elasticity problem must satisfy. A basic differential equation
for the displacements whose solutions automatically satisfy these requirements is
then formulated, and useful methods of solving it are described. These include its
direct solution and various formalisms that expedite its solution under different
conditions, including the Fourier transform approach, the Green’s function
method, and the sextic and integral formalisms.

Following this, the transformation strain method, which is applicable for
many defect problems, is described. Here, the defect is introduced in the form
of an appropriate stress-free transformation strain. The resulting elastic field is
then found by methods involving the use of Green’s functions or Fourier
transforms.

Next, the stress function method for solving problems is introduced, and the
Airy stress function method, which is applicable when plane strain conditions
prevail, is described. Finally, the problem of finding solutions for defects in finite
homogeneous regions bounded by interfaces, rather than in infinite regions, is
outlined. The methods by which the boundary conditions at the interfaces, which
exist in such cases, can be satisfied by the method of images and use of appropriate
Green’s functions are described.

Basic equation for the displacement field

Any solution for a defect elasticity problem assuming linear elasticity must satisfy
the following:

(1) The stresses must satisfy the equations of equilibrium, Eq. (2.65).

(2) The corresponding strains must be derivatives of a set of displacements
according to Eq. (2.5) and satisfy the compatibility equations, Eq. (2.53).

(3) The elastic stresses and strains must be linearly coupled by suitable elastic
constants and so satisfy Hooke’s law.
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(4) Conditions on the elastic field at any interfaces bounding the region contain-
ing the defect must be satisfied.

Because of this extensive set of requirements, it is usually possible to find the
solution for a given problem by several different routes. In the great majority of
cases in this book, we shall solve defect problems by first finding the displacement
field of the defect. Once this is known, the strains can be determined by simple
differentiation of the displacements using Eq. (2.5), and the stresses can then be
easily found using Hooke’s law, e.g., Eq. (2.75). However, this procedure requires
that the displacement field be of a form that will produce strains that obey the
compatibility relationships, i.e., Eq. (2.53), and stresses that satisfy the equation of
equilibrium, i.e., Eq. (2.65).

A basic differential equation for the displacements whose solutions are continu-
ous functions and automatically satisfy the above requirements can be obtained
by first substituting Eq. (2.5) into Eq. (2.75) and using the symmetry property
Cijuc = Cijw SO that

1
O'ij(x) = C,-jkISkl = _Cijkl |: ox; Oxy

2
1 Ouy (x) Ou(x)] Ou (x)
o E l:Cl"kl ax, + Cl”]k ka ¢ '

= “ijkl a—x]
Then, substituting this result into the equilibrium condition, Eq. (2.65), the desired
basic equation is'

Ouy(x) n aug(x)}
(3.1)

Gaij(x)
axj

) 0%y (x)
ik 0x;0x;

+fi(x)=C +/fi(x) =0. (3.2)
As will be seen, in many defect elasticity problems the defect can be represented by
an effective force density distribution. Its elastic field can then be found by
inserting this into Eq. (3.2) and solving for the u(x).

For isotropic media, Eq. (3.2) can be written in vector form by converting the
elastic constants using Eq. (2.120) to obtain

2u(1 —v)
1—2v

U

2
I 2vV(V u) + uVou +

V(V-u)—puV x(Vxu)+f=0,
(3.3)

where use has been made of the identity VZu=V(V-u)—V x (V xu).
Equation (3.3) is known as the Navier equation.

! Note that the strains corresponding to the three u;(x) solutions of this equation will be compatible
because of the use of Eq. (2.5) in constructing Eq. (3.1), see Section 2.2.2.4.
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Fourier transform method

Equation (3.2) may be solved by the standard method of employing Fourier
transforms (Sneddon, 1951). Here, the equation is first transformed into k-space
using a Fourier transform (Appendix F). The equation is then solved in k-space, and
the solution is transformed back into real space by means of an inverse transform.

Following this procedure, Eq. (3.2) is therefore transformed by applying
Eq. (F.1), and after integrating the result by parts, the solution in k-space is

Cijkikiug (k) = fi(K). (3.4)

At this point we introduce, for convenience, an abbreviated notation for the
second rank tensor, C;kk;, appearing in Eq. (3.4) by writing it in the form?

Cijuikiki = (kk),, (3.5)

so that Eq. (3.4) appears more concisely as

(k) i () = fi (), (3.6)
or in matrix notation as’
(kk)[@] = [f]. (3.7)
The solution of Eq. (3.7) is then (in matrix and component forms)
i = () k) = (k) () (38)

Finally, after performing the inverse transformation by substituting Eq. (3.8) into
Eq. (F.2), the solution in real space, corresponding to the displacement field
caused by a distribution of body force density, f;(x'), is

u(x) = (27103 J J J d} doy dy J J Jﬁ(x/)e*“‘"‘*"’)(kk);jd/q dko dks,

(3.9)

Green’s function method

In many cases the solution for the displacement field can be expedited by the
use of Green's functions (see, for example, Morse and Feshbach, 1953). In

2 Tensors such as k;Cju/k;, which conform to the contracted notation (kk),, are known as Christoffel
stiffness tensors and appear frequently throughout the book.

3 For simplicity, matrices corresponding to Christoffel tensors are represented by the special notation
(aa): i.e., curved brackets are employed rather than the square brackets that are employed elsewhere
throughout the book to indicate matrices.
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Figure 3.1 Coordinate system used for finding potential at the field point P(x) due to
electrical charge density distributed at source points Q(x’) distributed within the
localized volume "V (dashed) which, in turn, is embedded in an infinite homogeneous
region.

considering the Green’s function method it is instructive to review first the
perhaps more familiar problem of finding the electrostatic potential due to a
distribution of electrical charge density.

Suppose that it is desired to find the electrostatic potential at a field point P(x)
in an infinite homogeneous region due to a distribution of electrical charge
density in a localized region such as V in Fig. 3.1. This can be accomplished
by employing the classical expression for the potential produced at a field point,
P(x), by a unit point charge located at a source point, Q(x’), in an infinite region,
which is given by

1
x—x|’

v(x) = (3.10)

where A = constant. Using this, the potential at x due to a distribution of charge
density, p(x'), in 'V is given by the integral

y(x) = A fﬂ;ﬁ PX) gy, (3.11)
v

x — x|

The potential given by Eq. (3.10) for a unit point charge, employed in the
integrand of Eq. (3.11), is identified as a Green’s function of the form

1

and Eq. (3.11) can then be written as
v(x) = fﬁ} G(x —x)p(x)dV'. (3.13)

ey

Equation (3.13) is therefore a general expression that can be used to solve a wide
range of electrostatic problems involving a charge distribution, p(x’). If the charge
density distribution in "V corresponds to a point charge, ¢, located at x' = x,, it
can be represented by the delta function p(x’) = ¢5(x' — x,) (Appendix D). Equa-
tion (3.13) then becomes
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v(x) :A#ﬁMdv’ a1 (3.14)
%

x| x|

and Eq. (3.10), written for a point charge ¢ at X', is recovered.

In many defect problems, a solution for the displacements caused by a force
density distribution (representing the defect in an infinite homogeneous region) is
required. Therefore, by analogy with electrostatic problems, a Green’s function
corresponding to the displacement field produced by a unit point force in such a
region is needed. If such a Green’s function is in the form of a second-rank tensor,
G(x —x'), whose component, Gj;(x —x’), represents the displacement in the i
direction at the field point P(x) due to a unit point force applied in the j direction
at the source point Q(x’), the displacement, u(x), produced at x by a general unit
point force, F, at X’ will be of the form

R u G G Gps 1*?1
ui(x) = Gj(x =x)F; or |uy| = |G Gn Gu ||F |, (3.15)
u3 G311 Gxn Gz | | F;

where the G tensor maps the force vector into the displacement vector. As
indicated, the Green’s function in an infinite homogeneous medium is expected
to be a function of only the vector difference x — X, since in this case it should
depend only upon the distance from the point force and the radial direction from
the point force. The displacement field due to any distribution of force density,
fi(x), will then be of the form

M,‘(X) = ﬁ G,‘j(X — X/) j(X/)dVl, (316)
v

which is seen to be the counterpart to Eq. (3.13) for electrostatic problems.

To obtain a basic equation for finding such a Green’s function, consider a unit
point force at x’ in an embedded region "V enclosed by the surface S. Mechanical
equilibrium requires that

Fr+ ﬁ; OiphpdS =0, (3.17)
N

where oy, is the stress due to F. Then, by use of Eq. (3.1) for ok, Eq. (3.15), and
the divergence theorem, Eq. (3.17) becomes

. du; 3G(x —X) . .
Fr=— @ Clpim L i, dS = — fﬂf Copm G =X i 4

0xp 0x,,
S S
(3.18)
0%Gi(x — X')
- im I " ) gy,
ﬁ Cgim oxdx, av
v

However, by using a delta function, the unit point force F; at x’ can be written in
the alternative form
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Fr = ff# Fidd(x — x')dV. (3.19)
v
and substituting this into Eq. (3.18),

i

%

0*Gyj(x — x') .
Ckpim ajme + 5kj5(x - X/) Fj dv =0. (320)

Then, since F;dV can be varied independently,

0*Gyj(x — x')

. . ¥ =
Ckpzm ax’naxp + 5[{]5()( X ) 0. (321)

Equation (3.21) is a useful basic equation for finding the Green’s function,
G;(x —x'), and is employed in Chapter 4.

An expression for the Fourier transform of Gy, (x — x), which is also of use, is
obtained by first comparing Eqgs. (3.9) and (3.16), which shows that

Gim(x —X) = 7 J J

Then, comparison of this result with Eq. (F.2) shows that (kk),,' can be identified
as the Fourier transform of G, (x — x), i.e.,

Gkﬂ1( ) (kk)km? (323)

In an alternative approach to obtain Eq. (3.23), the Fourier transform of
Eq. (3.21) can be taken to obtain

oo o0 X a2G
ik-(xfx’)d dx, d
Ciju J J J 6x,6x1 € X1 dxp dx3

o]

Then, by integrating by parts twice,

o0

J (kk),t e X diey diy dks. (3.22)
(
1.

(3.24)
d(x — x)e* X dy; dxy dxz = =i

é%%ﬁ

—kikiCiji J J J Grn(x — x)e® ) dx; dx, dus = —kikiCijtGom(K) = —Oim

(3.25)

and, solving for Gy,(K), Eq. (3.23) is again obtained. These results indicate that
Eqgs. (3.21), (3.22) or (3.23) could serve as starting points to obtain expressions for
Green’s functions: see Teodosiu (1982) and Mura (1987).

In Exercise 4.2, Eq. (3.21) is used to show that G;(x —x’) is a homogeneous
function of degree —1 in the variable (x —x’) and therefore must have the
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form G = f;;(I)/|x — x| where f;(I) is a function of the radial direction from
the point force indicated by the vector I.

Sextic and integral formalisms for two-dimensional problems

Important tools for treating many of the defect elasticity problems encountered in
this book evolve out of two formulations of two-dimensional elasticity: i.c., the
sextic formalism pioneered by Stroh (1958; 1962) and the extended integral formal-
ism developed later by Barnett, Lothe, Malen, and others (see, Bacon, Barnett,
and Scattergood, 1979b). These provide tools for finding essential Green’s func-
tions, as in the next chapter, and also for finding solutions to Eq. (3.2) for the two-
dimensional displacement ficlds of infinitely long straight dislocations and lines of
force. These can then be used, in turn, to find the elastic fields of curved disloca-
tions in three dimensions and other dislocation configurations by methods
described in Chapters 12 and 14.

Two-dimensional problems arise whenever the elastic field is invariant when
advancing along one dimension. For example, if €3 is the invariant direction,

&:0 up :ul(xl,xz) up :l/tz(xl,)(z) us :u3(x1,x2). (326)
The elastic field on every plane normal to €; is then identical as is the case, for
example, when an infinitely long straight dislocation or a line of constant imposed
force lies parallel to €s.
The sextic formulation is described first followed by the integral formulation.
The source for most of the following analyses (Sections 3.5.1 and 3.5.2) is the
treatise of Bacon, Barnett, and Scattergood (1979b).

Sextic formalism

Basic formulation

The approach is to solve Eq. (3.2) directly for the displacement. Two Cartesian
coordinate systems are employed. The first, termed the crystal system, is attached
to the crystal medium, has base vectors (€, €, €3), and, preferably, is oriented in
the crystal so that the Cjj, tensor assumes its simplest form. The second, has unit
base vectors (m, n, %), and is constructed as illustrated in Fig. 3.2. The vector 7 is
pointed in the invariant direction and in the case, for example, of a long straight
dislocation or line of force is therefore aligned with the defect. The (m,n,%)
vectors can be readily referred to the crystal system, and the entire (m,n,?)
system, along with the defect, can be rotated with respect to the crystal system
in order to study effects due to elastic anisotropy.*

4 Two coordinate systems, in which one is attached to the defect and the other to the crystal, are
frequently employed in this manner throughout the book.
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x-t=0 plane

n 4 €3 —
i
! o |~ Reference line

Figure 3.2 Crystal (€;,€»,€3) and (m, n, %) coordinate systems. Base vectors m and n and
reference line lie in x - 4 = 0 plane. + = m x n.

A solution of Eq. (3.2) of the form
up = Ayf (1) (3.27)
is now assumed where
A=m-X+pn-X=mx; + phx; (3.28)

and A; and p are constants. Note that this solution is two-dimensional and a
function only of position, x, in the x - ¥ = 0 plane. Substitution of Eq. (3.27) into
Eq. (3.2) (with fj = 0) yields

% uy d?

ijkmm - Cijkm("hi +pﬂl)(mm +pﬁm)Ak_ = 0 (329)
iYAm

c
d?

with the help of the operator

0 d o4 ... d
Equation (3.27) is therefore a solution if the relationship
Cijkm [ﬁiﬁmpz + ("hiﬁm + ﬁzmm)p + mimm]Ak =0 (331)

is satisfied. Equation (3.31) can be written in the alternative form
{(ﬂﬁ)jkpz + () + (i) ) + (i) }Ak —0 (3.32)

by employing the contracted Christoffel stiffness tensor notation introduced
previously in the form of Eq. (3.5). Equation (3.32) is seen to constitute a classic
eigenvalue problem that requires finding the values of p (i.e., eigenvalues) and
Ay (i.e., eigenvectors) that satisfy it. A non-trivial solution can be found only if the
determinantal equation

det|(AR),p* + [(mR), + (i), Jp + (i) | =0 (3.33)

is satisfied, and this leads to a sextic equation corresponding to a polynomial of the
sixth degree in p, which will have six imaginary roots, i.e., the eigenvalues,
py (0 =1,2,...,6), which occur in complex conjugate pairs, since the coefficients of
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the polynomial are real.’ The six eigenvalues can therefore always be assigned indices
so that

Pyis =p,(a=123), (3.34)

where the asterisk indicates a complex conjugate, and the first three eigen-
values, possessing subscripts 1,2,3, have positive imaginary parts. In this
arrangement, the remaining three, possessing subscripts 4,5,6, therefore have
negative imaginary parts. The corresponding six complex -eigenvectors,
obtained by substituting the six eigenvalues into Eq. (3.32), follow the same
pattern, and, therefore,®

Auk =123 :0=12,...6)

3.35
Ak,oc+3 = A;x(ﬂ( = 172a3) ( )

The most general solution based on Eq. (3.27) can now be written as a linear
combination of the six eigenfunctions, uy, = Ay, f(m - x + p,n - x), in the form

6 6
Up = ZlDauka = ZlDyAkocf(rh X +paﬁ : X)a (336)

where the D, are constants.
Additional vectors, L,, which are related to the A, vectors by

Ljy = —1iCijpon (Bt + iimp ) Ay = _[(fl”h)jk + (ﬁﬁ)jkpoc]Akoca (3.37)

and will be useful below in formulating the theory, are now introduced (Stroh,
1962). An alternative expression for L, is obtained by multiplying Eq. (3.37)
through by p, and adding it to Eq. (3.32), so that L;, assumes the form

1, . . 1, .. R

Ly = — iiCijm (Bt + Aimps) Ay = | — (i) 5 + (1) | A (3.38)

Po Do
So far, the magnitudes of the vectors A, and L, are undetermined, and they are
therefore normalized according to

2A;,Liy = 1 (3.39)
In addition, by virtue of Egs. (3.34), (3.35), and (3.37),
Li g3 =L;,(a =12,3). (3.40)

Eshelby, Read, and Shockley (1953) have given a physical argument that the roots must be imaginary
by showing that, otherwise, a condition of zero strain energy can be obtained in the presence of non-
zero strain.

In the double subscript notation introduced for a Stroh vector in Eq. (3.35), the Greek subscript
identifies the corresponding eigenvalue whereas the Latin subscript indicates the vector component.
This double notation will prove useful, since such vectors can then be represented for certain
algebraic purposes by 3 x 3 matrices.
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Having the above quantities, several further relationships can be developed that
will be needed when the general solution given by Eq. (3.36) is employed to find
solutions for both long straight dislocations and lines of force running along #.”
The stresses derived from the displacements of Eq. (3.36) are

Guk

6 )
df(l,) 0
0 = Cijim=— = E CitnD Ay If (Ay) Oy
o=1

dZ, Oxy

0x,,
(3.41)

6
. .. d
= Z CijkmDocAkoz (mm + pxnm) {C )
a=1 dz,

where A, = m - X + p,i - x. Multiplication of Eq. (3.41) through by 7; and use of
Eq. (3.37), and multiplication of Eq. (3.41) through by #; and use of Eq. (3.38),
produces the two relationships:

. : df
nio; = — ;LjocDoc an (3.42)
X 6 df
Moy = ; PLisDs 3 (3.43)
Next, the vector y; defined by
6
Uy = DuLjyf(f-X+p,h-X) (3.44)
o=1

is introduced. The expression for this quantity, which may be compared to the
expression for the displacement given by Eq. (3.36), will be useful later in treating
straight lines of force. Taking its derivative,

W< N - df
ox; = ;Dalfjm(mi +po¢ni) d7w (345)
Then, using Egs. (3.42), (3.43) and (3.45),
A o, O
n,—a,-j = —m,-a—xj m,-a,-j = I/l,'a—x; . (346)

This result shows that y; serves effectively as a stress function, whose derivatives
yield the stresses associated with the displacements given by Eq. (3.36).

The quantity y; can now be used to formulate a condition for mechanical
equilibrium in a region occupied by a line of force lying along the 4 axis. Consider
a cylindrical surface enclosing the line of force, and let C be the closed curve
corresponding to the intersection of the surface with a plane perpendicular to 7.

7 An expression for the elastic field generated by a line force is required in Chapter 14.
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The force on a cylindrical segment of the surface bounded by C and C + dz, where

z is measured along 7, is then
c

where ¥; is the outward normal unit vector to C lying in the plane containing C,
and s measures distance along C. Then,

V; = m;cos O + ; sin 0, (3.48)

where 0 is the angle between v and m measured around the 7 axis in a right-handed
sense, and after substituting Eqs. (3.48) and (3.46) into Eq. (3.47),

-
dF; = |}{;(rh, sin 6 + #; cos 0) alk, ds] dz (3.49)
Xi
c
However, the tangent to C in the direction of increasing 6 is given by
. dx;
p; = —m smH—|—n,-COS@=d—SI, (3.50)

so that Eq. (3.49) becomes

dF; = +%dx dz = Ay dz (3.51)
J axi ! / ' '
c
Now, if a line force of strength per unit length,f,-, is present along the 7 axis,
mechanical equilibrium requires that f; dz 4+ dF; = 0. Therefore, upon substituting
Eq. (3.51) into this relationship,

Ay; = _ﬁ, (3.52)
Otherwise,
Ay; = 0. (3.53)

Equations (3.52) and (3.53) will be of use in Section 12.3 when expressions for the
elastic fields of straight lines of force are developed.

Properties of the Stroh vectors and relationships between them

The previous formulation is now extended to obtain a number of essential rela-
tionships between the Stroh vectors, A, and L,, that must exist by virtue of
Eqgs. (3.37) and (3.38). The first step is to write the six equations that are embodied
in these expressions in the 6 x 6 block matrix form

Rl ] R | | G

=
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which, when written out in full, appears as

(am),,  (am),, (Am),;; 1 0 07 [Ay,
(ﬁ’;’)zl (ﬁm)zz (ﬁ’h)B 0 10 Ay
()3, (wi)z,  (anit)z; 0 01 Azy
() gy (i) ;- ()3 00001 | Ly,
(mm)yy (i) y,  (dwi)y; 000 0| | Loy
(i), (ivit)y,  (riwit)y; 0 00 ] | La,
(An)y,  (An)y,  (AR);; 0 0 0 Ay
2N BRI
in i An Az
K P N N
(m)yy  (i)yy  (ii)yy 0 =10 || Ly,
(ii)y;  (mi)y,  (mA)s; 0 0 =1 | Ly,
Pre-multiplying Eq. (3.54) through by the matrix
()~ [0]
L ) 530
then yields
[N] {[La] } =P {M] , (3.57)
where
(i)~ (i) (i)~
N| = — . 3.58
1=~ |y - oy o %)

Equation (3.57) is seen to constitute an eigenvalue problem involving the
six-dimensional column vectors

[A2]
{ IL,] (3.59)
and the determinantal requirement

det|[N] — p,[1)| = 0. (3.60)

Equation (3.57) is now employed to establish a number of properties of the A, and
L, Stroh vectors and relationships between them.

Orthogonality of Stroh vectors
Consider two different sets of eigenvalues and Stroh vectors, identified by & and f,
respectively, which obey Eq. (3.57), so that

V) Hﬂ } . Hz‘” ) m ] . Hﬁ;j ] (361)
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Now, pre-multiply the first equation by the 1x 6 row matrix [[L][A4]] and the
second by [[Ly][A,]] and subtract the latter result from the former to obtain

Ds [[L/j] [A/j]] |:%2[:]}:| _p/f[[L:x][Aa” |:[[?£]] :|

- (el [ ] - wam [ ] e

To proceed with Eq. (3.62), the 6 x6 [N] matrix, given by Eq. (3.58), is now
developed further. First, write it in the block form

[R] [H] }
N|] = — , 3.63
== (363
where
[R] = (AR)~" (i)
Hl — (i)~
(H] = (a) 1 (3.64)
[F] = (i) (An)~" (i) — (1)
(G = (i) (A) "
However, the symmetry properties of the C;j,, tensor show that
(flm)_,‘k = ﬁicijkmmm = ﬁicknltj’hm = ﬁicmkji”hm = ’/hmcmkjiﬁi = (mﬁ)kﬁ (365)
or, alternatively,
() = ()" . (3.66)

Using this result and the standard transpose identity [[A][B]]" = [B]"[A]", it is
found from Eq. (3.64) that

= (i) (An) " (Am) — (i) = [F).

Then putting these results into Eq. (3.62) and expanding its left side,

1]

[R]
[R]  [H]
[

(P2 — pp) (LinAip + LipAin) =|[Lg][Ap]] F

(3.68)
- [[Lx} [AO(H [
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When the right side of Eq. (3.68) is multiplied out, and account is taken of the
symmetric character of [H] and [F], it is found to vanish. Therefore,

(po: _pﬁ)(AiotLiﬁ + LiacAi,B) =0 (369)
and, if o # B, and p, # pp, the relationship
(AisLig + LizAig) =0 (« # B) (3.70)

must be valid. Then, by applying the normalization condition 2A4;,L;, =1,
expressed by Eq. (3.39), the general orthogonality relationship between the A,
and L, Stroh vectors is given (in component and matrix forms) by

(AwLig + LisAig) = 3,5 or  [A]"[L] + [L]"[A] = [1]. (3.71)

Completeness of Stroh vectors

As will now be demonstrated, the Stroh vectors, A, and L,, must obey certain
completeness relationships. Suppose that the solution of the following pair of
simultaneous equations

6
ZAiaDz = 8i
o=1

6
ZLiozDa - hi
a=1

is sought for the complex constant, D, when the vectors g and h are arbitrary.
By multiplying the first equation by L;s and the second by A;g, and adding the
results,

(3.72)

6
> (AiLip + LisAig)Dy = giLip + hidig. (3.73)

o=1
Then, substituting the orthogonality relation, Eq. (3.71), into Eq. (3.73),

6
Z OupDy = Dp = giLip + hiAip. (3.74)

a=1

Next, substituting Eq. (3.74) back into Eq. (3.72),
6 6
(Z AiocLscx>gs + (Z Ai1A5a> hy = 8i
=1 a=1
6 6
(Z L[1L3%> gs + (Z Lio:Am> hy = h;.
a=1 a=1

However, since g and h are arbitrary, and by virtue of Egs. (3.35) and (3.40), the
following completeness relationships must exist:

(3.75)
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z AiyAgy = 2 ApAg, + ZA;;A;a =0 or [A][A]" +[A7A*]" =1[0]. (3.76)

o=

2 LiLs, = Z Li,Ls, + 2 Ll =0 or [LL"+ L)L) =[0]. (3.77)

a=1 a=1

ZﬁﬁmfZAdw+ZAM&:5 or ML+ AL =[], (3.78)

o= a=1

Invariance of Stroh vectors

Finally, it is shown that the Stroh vectors, A, and L, are independent of the angle,
®, that measures the inclination of the m and n base vectors of the (m,n,%)
coordinate system in the x - ¥+ = 0 plane (Fig. 3.2). To obtain this important result
it is convenient first to adopt the change in notation

] - (.79
and rewrite Eq. (3.57) more simply as

INJ[La] = palls)- (3.80)
Differentiation of Eq. (3.80) yields

O[N] 0[¢] @m 0[L,]
—-— N Da . 3.81
] V) = () 4 (381)
To formulate the derivative 0[N|/0w in Eq. (3.81), Egs. (3.63) and (3.67) are used
to obtain
@@__3[w W]}__g () ™" (i) (An) ™!
oo do [[F] [R]" 0w | (i) (R) " (i) — (um) (i) (A2) "
(3.82)
Then, to determine the derivative of the [N] matrix in Eq. (3.82), it is noted from
Fig. 3.2, that
om on .
——h — —-—m 3.83
dw n dw ( )
and, using this result,
a(m Z )jk amm N arﬁ,
o i 7 M Cijn 3 (3.84)
= m,«C,«jkmnm + mmC,;,-kmﬁi = (ﬁlﬁ)lk + (fll’h)lk
or, equivalently,
OUmrh) _ sy + (). (3.85)
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Similarly,
o(nn . .
éw) = —(fim) — (i)

) (i) — o) (3.56)

a%”f) = — (s + (i)
To find the required derivative, 0(AA) ' /0w, the equality

(an)(an) ™" = [1] (3.87)
is differentiated to obtain
(3.88)

o)t
2 — i) () + (o) )
after substitution from Eq. (3.86). Finally, substituting these results into

Eq. (3.82),
O[N] _
5o =

(3.89)

But it can be confirmed by direct multiplication that Eq. (3.89) is given simply by
O[N
M+ iy, (3.90)

Ow
where [I] is now the 6 x 6 identity matrix. Then, post-multiplying this expression

by [L,],
OV, _
An expression for the quantity [N][N][{,] in Eq. (3.91) is next obtained by multi-
plying Eq. (3.80) through by [N], i.c.,
(3.92)

[N][N][Ca} :pa[N][Cfx] :pi[Ca]
Then, substituting Eq. (3.92) into Eq. (3.91) and substituting the result into

Eq. (3.81),
0 Opy o[¢,
= = & 2w P2 EEEO] (3.93)

— (L)) + V] 2
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To proceed further with the development of Eq. (3.93), it is necessary to formulate
several additional expressions. First, take the transposes of Egs. (3.80) and (3.63)
to obtain

TN = palt,)” (3.94)
and
r_ _[R'OFT)__[RT A
i =[] -1l W) 599

since [G] = [R]", [H] = [H]"and [F] = [F]"according to Eq. (3.67). Now, introduce
the block matrix [/] having the following properties:

I Ut -
= 8] weur - (3.96)
Then,
vy [0 W[ )0 W]
e =- [ B[R S B ]=m e

Next, post-multiplying Eq. (3.94) by [J], and employing Eqs. (3.96) and (3.97),

palla] V] = G IV V) = L] IIN): (3.98)
Also, it may be seen, with the help of Eq. (3.39), that

GV = (AL V) [[A“] } — L] [[L“] ] L= 1. (3.99)

Having these results, pre-multiply Eq. (3.93) by [C“]T[J] to obtain

0[¢,]

ow
oL.] (3.100)

ow

—(1+p)EI WG] + (G VI

Ops

~o, F PG ]

= L) V(L]

Then, using Eqgs. (3.98) and (3.99), the differential equation for p, as a function of
w 1s obtained in the simple form

Opa(w)

_ 2
T (1 +p,(w)]. (3.101)
Substitution of Eq. (3.101) back into Eq. (3.93) yields
0[] 9[L]
N5 =P g0 - (3.102)

Comparison of this result with the initial eigenvalue equation, i.e., Eq. (3.80),
shows that the two equations are consistent with one another only if a relationship
of the form
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0L,
ow

= K(0)[5] (3.103)

exists, where K(w) is a scalar complex function of w. K(w) is then determined by
pre-multiplying Eq. (3.103) by [CAT[J] , and using Eq. (3.99) to obtain

210 = K@) LTI = K@), (3.104)
Then, using this result,
K(w) = [ 2
0
0] 1] 7|8, A oL, . oA, 109
SIS EO VR SR
% [Lu}

However, differentiation of the normalization equation, Eq. (3.39), yields

aLia aAio'
Aiy—+Liy,—— =0, 3.106
" dw + B dw ( )
and comparison of Egs. (3.106) and (3.105) shows that K(w) = 0. Substitution of
this result into Eq. (3.103) finally yields the results
a[COC] aAKx aLio'
e T £~ 0. 3.107
ow 0 or Ow 0 Ow 0 ( )
This establishes the important result that the two Stroh vectors are invariant with respect
to w, i.e., rotation of the (m, n, ¥) coordinate system around the 7 axis (see Fig. 3.2).
However, they are dependent upon the direction of T as well as the elastic constants Cy,,.
In contrast, the eigenvalues, p,, are functions of w, as indicated in Eq. (3.101).

Sum rules for Stroh vectors

A number of useful sum rules for the Stroh vectors exists, which, as will now be shown,

can be established with the help of the completeness relationships from Section 3.5.1.2.

(1) Starting with Eq. (3.37), and multiplying it through by A,,, and summing
over o,

6 6 6
D ALy = =) > Auhia — (AR); > pabssAia. (3.108)
a=1 a=1

o=1

Using the completeness relationships expressed by Egs. (3.76) and (3.78),
Eq. (3.108) is reduced to

6
— () > puhsuin = Oy, (3.109)

o=1

which, after multiplication through by (ﬁﬁ)j;l, takes the form
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6
D Pulhin = —(R); 5y = —(AR) . (3.110)
a=1

(i1) Multiplying Eq. (3.37) through by L, and summing over o,

6
> Llj, = —(i) ,,(ZLWA,W — (An) ]kZp“LuAm (3.111)
a=1

By using the completeness relationships given by Egs. (3.77) and (3.78),
Eq. (3.111) is reduced to

(R) ZpyLmAka — (i) 3y = — (i), (3.112)

which, after multiplication through by (ﬁﬁ);, takes the form

Z PoLsuArs = — (i) (i) . (3.113)

(iii) Multiplying Eq. (3.38) through by L,, summing over o, applying the com-
pleteness relationship Eq. (3.78), and using Eq. (3.113),

6
ZpaLsotLjOC = ( mn jk Z:;p[yLmAkoc (31 14)
= (i), — (i) (i), i),

(iv) Multiplying Eq. (3.38) through by A,,, summing over o, applying the com-
pleteness Egs. (3.76) and (3.78), and multiplying through by (r?zrh);kl,

6
1
D = Auhiy = (i) 0 = (). (3.115)

a=1 1%

Additional sum rules exist, which are listed and referenced in Bacon, Barnett, and
Scattergood (1979b).

Relationships involving the inverse matrix, M ;

In many cases, equations involving the Stroh matrices, [A] and [L], arise in the
sextic and integral formalisms that can be solved by employing the matrix, [M],
which is inverse to [L] and possesses the following properties, expressed in both
component and matrix notation:

Migs =M, (2=123), (3.116)

[l

3
MoyLig = Oy ;M[GLW:(SU (0, f=123) or M =IL]", (3.117)

MLy = g ZMW =0 (,p=123) or | =" (3.118)
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The completeness relationship between the [L]-type matrices given by Eq. (3.77)
implies a similar relationship between the [M]-type matrices. Substituting the
equalities [L] = [M]"" and [L*] = [M*]”" into Eq. (3.77),

) [ ] e )] = o (3.119)
However, {[M}flr = [[MT]]_I, and, therefore,

™ "] e [ = T T = L (G120

which in component notation takes the form

hE

3 6
MMy + > MMy = " MyiMy, = 0. (3.121)
a=1

o=1 o=1

There are also several useful relationships between the M;; and M; matrices and the
Stroh matrices. The first is obtained by first substituting [L] =[M]' and

-1
L’ = {[M}T] into Eq. (3.71). Then, multiplying the result through by [M]"
and post-multiplying by [M],

3 3
[A][M] + [M]TIA]" = [M]T[M] or Y (Ag My + AiMys) = > MyMy:. (3.122)
a=1 o=1
Another is obtained by multiplying Eq. (3.77) through by [M*] and then post-
multiplying by [M]T to produce
ML) + L] M]" = [0] or My Lip+Li,Mpi = 0. (3.123)

Still another is obtained by first substituting [L] = [M]™" and [L*] = [M*]"" into
Eqgs. (3.71) and (3.78) to produce, respectively,

Al =+ [ ] A = 1 (3.124)
and
W] ] = (3.125)

Then, by post-multiplying Eq. (3.124) by [M] and multiplying the result by [M]", and
transposing Eq. (3.125) and multiplying the result by [M] and then by [M ]T, respectively,

M) [A]" + [A][M] = [M]" [M] (3.126)
and
MIT(AT + (M) MM AT = (M) M). (3.127)
Subtraction of Eq. (3.127) from Eq. (3.126) then yields

[A][M) = [M]" [M][m7) AT (3.128)
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and substitution of Eq. (3.120) into Eq. (3.128) finally yields

AIM) + MTTATT = (0] or 3 (AwMa + ALME) = 0. (3.129)

=1

Integral formalism

The sextic formalism requires that the eigenvalue problem posed by Eq. (3.32)
be solved. However, Barnett, Lothe, Malen, and others (see, Bacon, Barnett, and
Scattergood, 1979b), have used elements of the sextic formalism to construct an
integral formalism that eliminates the necessity of solving this sometimes incon-
venient problem. The essential quantities developed in the formalism are expressed
in the form of well-behaved integrals that can be programmed efficiently for
numerical calculations and are valid at the isotropic limit, where the eigenvalues
of the sextic formalism become degenerate (Nishioka and Lothe, 1972). In the
following, integral expressions are obtained for three quantities of the integral
formalism that will be particularly useful in the treatment of dislocations and lines
of force, namely the matrices Qg, Sk, and Bj;.

The matrices Qy, Sg, and By,

As shown in Section 3.5.1.2, the vectors A, and L, are independent of w in
Fig. 3.2. A sum rule, such as Eq. (3.110), can therefore be integrated over the
angular range 0 < o < 2n to obtain

2n 6 2n 6 2n

J § : Pa(0)AgmAr, do = — J (An)y do = § :AmAm J pa(w)do. (3.130)
a=1 oa=1

0 0 0

Now, the quantity p,(w) in Eq. (3.130) is readily found by integrating Eq. (3.101)
and is given by

py(w) =tan(y, — w) = —i{1 — expl=i2(v, = w)]}’ (3.131)

[+ exp[—2(), — )]
since the constant of integration, V¥, is complex. Having this, the integral involv-
ing p,(w) in Eq. (3.130) is given by

2n 2n

. 1 —exp[—i2(y, — w)] f 2m (x=123)
Jpa(w)dw =—i J {] T expi2(y, = w)]}dw = { omi (2=456)° (3.132)

0

as shown by Bacon, Barnett, and Scattergood (1979b) by means of contour
integration on the complex plane. Substitution of Eq. (3.132) into Eq. (3.130)

then yields the expression for the Qg matrix
2n
6
) 1 U
S Ay = o J (i) do = Oy, (3.133)
=1
0
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where the upper sign in the + notation applies when o = 1,2,3 and the lower when
o = 4,5,6,% and the right side is defined as the matrix Q. The evaluation of Qy,
therefore involves an integration around a unit circle on a plane normal to the
invariant direction.

Proceeding in the same fashion with the sum rules given by Egs. (3.113) and
(3.114), the matrices, Si, and Bj, are obtained in the respective forms

6 2n
. 1 o L
1; + Akchsaz = —% J (nn)k-l(nm)js dco = Sks (3134)
0
and
2n
i 1 B o )
- 2 Lyl = | [, — (i) () () | do = B (3139)
= 0

The B;; matrix can be expressed in an alternative form by first writing Eq. (3.77) as

6 3 6
> Loljp = Luliy+ Y Lyl =0. (3.136)
a=1 a=1 a=4

Then, substituting Eq. (3.136) into Eq. (3.135)

. 3 6 .3
Bj, = ﬁ (ZLS%L,“ - ZLmLﬂ,) = ;—EZLS“Lj“. (3.137)
=1 o=4 =1

Since the eigenvectors are independent of w, each of the three matrices, Q. Sis,
and B, depends only upon the direction of 7 and the elastic constants, C;j,,. The
Qg and Bj; matrices are symmetric, and since the integrals are real, all three
matrices are real. Furthermore, all integrals are well behaved and progress
smoothly to the isotropic limit.

Various relationships also exist between the three matrices. For the pair [B] and [S],

1 6 6 6 6
BySj + S;iBji = — 7~ S H Ll » +Aplig+ Y+ Apliy Y+ Liglig
o=1 p=1 o=1 p=1

6

D [ L) (& Lig) LAy + ApLyp) |
p=1

Q
Il

I
!

5=

(-

I
-
M=
M-

i
=
Il

[(F Lia) (& Lig)Op]
1

LixLiy = 0.

I
|

5=

(-

I~
Il

(3.138)

® This + sign convention is employed throughout the relevant literature and this book.
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after using Eqs. (3.134), (3.139), (3.70), and (3.77). Using similar methods, for the
pair [Q] and [S],

QiiSij + SijQjx = 0 (3.139)
and, in addition,
4nB;Qjk + SjiSiy = — Ok (3.140)

3.5.2.2  The matrices Qg, Sy, and By, for isotropic systems
The matrices Oy, Sy, and By, take relatively simple forms in isotropic systems and
can be obtained by evaluating the integrals in Eqs. (3.133), (3.134), and (3.135).
The first step is to determine the forms taken by the Christoffel stiffness tensors
that appear in the integrands. By direct substitution of Eq. (2.120) for Cyy,, the
following results are obtained:

. L o
(AR); = ACyuin = <5jk + Eﬂj@)
i) =L g — — 3.141
)i = [ 3 =y 14
L . 2uv -
(nm)jk = (mn)kj =12 iy + ;.
Qi can then be expressed as

2n 2n
1

1 R |
Oj = ~5- J (An)y do = Sn J {5,;{ 30— njnk] do. (3.142)
0 0

For the integration, it is convenient to introduce a new (M,N,%) orthogonal
coordinate system where M lies along the reference line in Fig. 3.2. The base
vectors of the (M, N, %) and (m, n,7) systems are then related by

rh:cost:i—sian R M = cos wm — sin wn
n = —sin oM + cos wN or N = sinwm + cos wn (3.143)
T=7 T=1.

Then, substituting Eq. (3.143) into Eq. (3.142),

2n
1 1 . . . .
Oj = mj [(5,7(—m(—Mjsinw+Njcosco)(—Mksinw+Nkcosw) dw
51‘]( 1 Ao~ ~oA 5]‘]< 1 A A
=y (MM +NN)=—E 4 (i ).
w T a(r =y MM NN = = gy (et )

(3.144)

If the (1\7[, N, 7) system is taken as the “new” system, and the crystal system as the
“old” system, for a transformation of vector components, the transformation
matrix corresponding to [/] in Eq. (2.15) is
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}’;11 }’;12 ms
=i i i3 |. (3.145)
1 T2 T3

Since [/]is a unitary orthogonal matrix (see Section 2.2.2.1), Ay, + Ajig + 1Tk = Oj,
and substituting this into Eq. (3.144),

However, for an isotropic system the crystal system can be replaced with a
Cartesian system that can be oriented arbitrarily in the body, and, if it is aligned
so that its €; axis is parallel with 4, the [Q] matrix assumes the form

10 0
__B=4) jo 1 0 o (1-2)
o= =30y T SI==30a=y |~

(3.147)

The elements of the [S] and [B] matrices can be found in a similar manner, and are
also included in Eq. (3.147).

Elasticity theory for systems containing transformation strains

Many of the defects in this book can be mimicked by introducing a localized trans-
formation strain, which represents the defect and serves as the source of its elastic field.
Aswill be seen, the use of transformation strains can be a powerful means for modeling
inclusions (Chapter 6) as well as dislocations, which can be represented by highly
localized transformation strains in the form of delta functions (Section 12.4.1.1). In
addition to other applications they can be used to treat the internal stresses caused by
the differential thermal expansion that occurs in non-uniformly heated bodies.’

Until now, it has been assumed that all of the displacements and strains are
purely elastic. However, as described next, this is not the case when transform-
ation strains are introduced, and in the following the previous elastic theory is
modified to produce a theory admitting both elastic and transformation displace-
ments and strains.

® Mura has made particular use of the transformation strain method for treating crystal defects, and
his book (Mura 1987), should be consulted for many details and applications.
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The following notation for this section is employed:

&y transformation strain,

&jj elastic strain,

e =& +ep  total strain,

’VD M . . . D . . .

& & elastic strain in the region V" and in the matrix, respectively,

i

c VP oM

i

tot, V2 tot,M

. . D . . .
s & total strain in the region V' and in the matrix, respectively,
. . . . D .
canceling elastic strain in the region 'V~ and the matrix,

respectively.

) Cij

Transformation strain formalism

A

transformation strain can be introduced into an initially stress-free homoge-

neous body by the following steps:

(1) Cut out of the body the local region, VD, that is to receive the transformation

strain that will mimic the defect, D.

(2) Alter the size and shape of VP without leaving residual stress by means of

plastic deformation, phase transformation, or the addition or removal of
material. Describe the change in size and shape (which need not be uniform)
by an effective transformation stram sT(x) 10

(3) Apply surface and body forces to 2% , which cancel the transformation strain,

ij( ). Then if
7;(x) = Cijuie (X) (3.148)

is the stress related by Hooke’s law to an elastic strain equal to 31,( x), the
tractions and body forces in VP at the end of this stage are

Ti(x) = —oj(x)a; and fi(x) = da;(x)/0x; . (3.149)

y

D o o L
(4) Insert 'V back into its cavity in the unstressed body, which it now matches

exactly, and bond it to the body.

(5) Cancel the surface tractions and body forces from step (3) by imposing equal

and opposite forces Wthh produce the canceling elastic strain fields, sC v (x)

in the region VP and 8 (x) in the surrounding matrix."'

In the final state, the material within V" is coherent with respect to the surround-
. o . D . .

ing matrix in the sense that all points on the surface of V' that were in registry
initially are still in registry. The final elastic strains in VP and in the surrounding

10

Eshelby (1957; 1961) termed such a strain a transformation strain, and Mura (1987) has more
recently called it an eigenstrain. However, since use of the latter term may conceivably infer an
association with a classic eigenvalue problem, I favor the former term.

The use of the superscript, C, (Eshelby, 1957) seems appropriate, since the & ( ) strains arise from
canceling forces. Also, the & ( ) strain, at least in the matrix, may be dttrlbuted to the constraints
imposed by the matrix on the canceling forces.
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D
matrix, des1gndted by 8 and 811 , respectively, and the corresponding elastic

displacements, uV and u, , are then
P c VP o cvP
=GV =
c C, '
e (%) = ;™ (%) uM (x) = ui ™ (x),

where u] (x) is the transformation displacement that is associated with the transformation
strain & (x).

The strains given by Eq. (3.150) are due to the incompatibility caused by the
application of the transformation strain to the VP region, which produced a misfit
between the V" region and the surrounding matrix. Such residual strains are termed
internal strains, since they are generated internally by the presence of the transform-
ation strain in the absence of any applied forces. As discussed by Eshelby (1957), they
can be formulated directly in terms of the incompatibility tensor given by Eq. (2.54).

To analyze bodies containing transformation strains, we follow Mura (1987)
and employ a formalism that introduces the total strain, &;*(x), defined as the sum
of the elastic strain, ¢;(x), and the transformation strain, i.e.,

glf?t(x) — ‘""ii(x) + g;r(x) (3151)

U

Similarly, the corresponding total displacement, u!°'(x), is the sum of the elastic
displacement, u;(x), and transformation displacement, u] (x), i..,

o (x) = u;(x) + u! (x). (3.152)

The total strain must be compatible everywhere, and the six total strains must
therefore be derivable from three total displacements according to

Qutot Qutot
4 = oy 4 6T = <u N a}/{) (3.153)

iy ox;

u

Also, the stresses, o;;, must be related to the elastic strains by Hooke’s law, and,
therefore, with the use of Eq. (3.153),

T Ou T " T
tot
o;j = Ciju(ey — &y) = Cz:fkla—xl = Cijuagyy = Cz:fkla—xl — 0y (3.154)
By virtue of Eqgs. (3.150)—(3.152), we then have
tot, V° cVvE CV totM _ _.C,M
81;) = (& )+ & = & 81;) =& (3.155)
tot, V2 ¢, VP totM __  C,M ’
u; =u; u; =u o,
tot, V° tot, M

where u; and u; are the total displdcements in VD and the matrix, respect-
ively. The boundary conditions at the coherent V" -matrix interface that must be
satisfied are continuity of the total displacements and continuity of the tractions, i.e.,

utot % uC VD tot, M uC’M b
b b ! (on V" — matrix interface).
o) i = (0;; CV JT)n-—aMﬁ—aCMA
ij A I A | n;

(3.156)
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Equation (3.155), with these boundary conditions, shows that the total displace-

ment field throughout a homogeneous body that is subjected to a transformation
. . D . . . . .

strain in a region, 'V, is given by the canceling displacement field, i.e.,

u®'(x) = ut(x). (3.157)

Next, differentiating Eq. (3.154), and substituting Eq. (2.65) in the absence of
body forces,

uptx)  9oj(x) _ Boy(x)
M 0x;0x; Ox; o Ox;

Comparison of Egs. (3.158) and (3.2) shows that the effect on the total displace-
ment of the term —GoiTj (x)/0x; in a system containing a transformation strain and
free of body force density is identical to the effect of an equivalent body force
density, f;, in a system free of transformation strain.

Equations (3.154) and (3.158) can be used to obtain a basic relationship between
the Fourier amplitudes of the transformation strain and its associated stress in a
homogeneous system (Lothe, 1992b). To obtain this, write the transformation
strain as a wave with wave vector given by the k vector, i.c.,

en(x) = AL (k)e*. (3.159)

C

=0. (3.158)

This will produce a wave of total displacement possessing the same wave vector,
i.e.,

Ul (x) = AL (k)el*™. (3.160)

The amplitude of the total displacement wave, A{*'(k), is obtained by substituting
Eqgs. (3.160) and (3.159) (after employing Hooke’s law) into Eq. (3.158) with the result

AXY(K) = —i(kk),, kiCyuA g (K). (3.161)

Then, by substituting the above quantities into Eq. (3.154), the associated stress is
obtained in the form

0;(x) = _C;ijl(lg)AZl(k)eikx = _ijkl(l;)gzz(x)7 (3.162)
where
Ciu(K) = Ciir — Ciipgksky (kK) ! Cory. (3.163)
Then, taking the Fourier transform of Eq. (3.162),

Gu(k) = —Cjyy (K)gy (k). (3.164)

Equation (3.164) shows that Fourier amplitudes of the transformation strain and
its associated stress are linearly coupled by the tensor ijk,(ﬁ). This tensor, which is
a function of the unit vector, Kk, is known as the planar elastic stiffness tensor and,
as shown in the Exercise, it has the physical significance of describing Hooke’s law
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under the condition that the planes in the elastic medium normal to k experience
vanishing traction (see Lothe, 1992b).

Fourier transform solutions

As noted in the previous section, a comparison of the basic field equations for
systems with and without transformation strains, given by Egs. (3.158) and (3.2),
respectively, shows the equivalent roles played by the quantity, —aag(x) /0xj, in
the former case and the force density, f;(x), in the latter. Therefore, on the basis of
this equivalence, the Fourier transform of f;(x), i.e., f;(k), can be replaced with the
Fourier transform of —aog(x)/ax_,-, so that by virtue of Eq. (F.1),

o

1kxdx] d.Xz dJC3

8%8
o
Q<-‘.

6x/
o0 o0 o0 T
— G | | ] %o ) x4y s
Xj
<X agT e1kx
:_Cijmn J J J {%—8}1” lkx1k1:| dX1 dxzdx3 (3165)
j

: T Likx ik- Xp
= 1Cjmn En€ kjdxy dxy dxs — fﬂ; €
S

8}}; eik‘xk_,‘ dx; dxy dxs.

= 1Cijmn 0

— .3 é%g

\
3
\
3
\
3

In this development, use has been made of the divergence theorem, and the
expectation that the surface integral vanishes for all defect transformation strains
employed in this book. Then, by substituting Eq. (3.165) into Eq. (3.8), and taking
the inverse of the result using Eq. (F.2), the canceling displacement is given by

ul(x) = c,,,,mJ J Ja, "dx| d, dx’J J Je—"‘<" X (k) ey dky diy dks,

(3.166)

Green’s function solutions

A useful differential equation for the canceling displacement u¢(x) in a homoge-
neous body containing transformation strains in a region, V", can also be obtained
by employing Green’s functions (Mura, 1987). It is recalled that in the final step in
the introduction of a transformation strain into a body in Section 3.6.1, the u° (x)
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displacement field is produced by applying surface tractions, T; = o} ;1> and body
forces, f; = aaT/ax,, to the V" region that are just the opposite of those given by
Eq. (3.149). Therefore, using Eq. (3.16),

u€(x) = — fﬂj; Gi(x —X) )E, )dV’ ﬁ;G,k(x — X))o (X)n;(x')ds’.  (3.167)
,\/D J SD

Then, by employing the divergence theorem,

ool (%' d
u (x) = — ffﬁ; Gie(x — x') g)f, )dV’ + ﬁﬁ o {Gik(x — X))o (x)| dV’
v - ; v (3.168)
N T k(X —X
- jk( ,) v’ dv/

Stress function method for isotropic systems

As pointed out in Section 3.2, the stresses in a stable elastic field must satisfy the
equations of equilibrium and also be associated with strains that satisfy the
condition of compatibility. A wide variety of stress functions has been developed
in the theory of elasticity that can be used to generate stresses that automatically
satisfy these conditions, and are therefore useful for solving a variety of problems.
For example, if the stresses generated by such functions can be matched to the
existing boundary conditions, the elastic problem is solved immediately. Promin-
ent stress functions include the Airy function, the Morera function, and the
Maxwell function [Chou and Pagano (1967) and Hetnarski and Ignaczak (2004)].
We will find a use for the Airy stress function, which is applicable for plane strain
problems in isotropic systems when the elastic field is invariant along one dimension
and the displacement along that dimension vanishes, asis the case, for example, along
an infinitely long straight edge dislocation. The Airy stress function for an isotropic
system can be developed by first selecting €3 as the invariant direction, so that
0
u1 :ul()(l,XQ) ur :le(xl,)Q) —=0 us =0 (3169)
6X3
for the two-dimensional elastic field. The only non-vanishing strains and stresses
are then ¢y, &, and 15, and 011, 022, 012, and 633 = V(O’]] + 0'22). The equations of
equilibrium, expressed in Cartesian and cylindrical coordinates by Eqs. (2.65) and
(G.5), respectively, then appear, in the absence of body forces, as

and 7 d (3.170)
@ a& _o 00,9 16099 20,9 0

Ox; Oxy or ' r o0 r
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These equations will be satisfied automatically if Airy stress functions, ¥ (x, x3), or
W(r,0), can be found that satisfy, respectively

oY 1oy 1%
1n= ox2 O =~ 2 A2
a%) ror  r:oo
o’y 2y
=_ " or - 3.171
022 o 00 =53 ( )
Oy S (l%)
[ r = N .
a12 3100 or \r 00

However, compatibility of the corresponding strains must also be satisfied, and
Eq. (2.53) therefore requires that the corresponding strains, &)1, &, and &;,, satisfy
oy O%enn  Ofem
ox0x,  Ox3 ox?

=Cy =0. (3.172)

Then, converting the stresses in Eq. (3.171) to strains using Hooke’s law and
putting the results into Eq. (3.172), compatibility is achieved if
ot ot ot
v, O

o T lagen Tag VYV (Vo (3.173)
1 2% 2

The corresponding result in cylindrical coordinates, with the help of Eq. (A.3), is

10 [ oy 1 3%y
4.0 2 2 _ 20 _ = _r _
Vi = VAV =0 where V2§ = (rar>+r2692'

ror
Therefore, if an Airy stress function is found that satisfies Eq. (3.173), or (3.174),
the corresponding stresses can be obtained simply by using Eq. (3.171).

(3.174)

Defects in regions bounded by interfaces — method of image stresses

Defects in real systems generally exist in finite regions bounded by interfaces. Any
expressions for the elastic fields that they generate must therefore satisfy the
boundary conditions that exist for these fields at the interfaces. For example, if
the interface is a traction-free surface, the defect self-stress field, G}J?(x), must satisfy
the condition TP = o)/ = 0 at the surface. In general, it will be seen that for defects
that are in large bodies and well away from any interfaces, the effect of the interfaces
on the defect self-stress in the vicinity of the defect can usually be neglected. It can
therefore be assumed that the self-stress field is the same as it would be if the defect
were in an infinite body. However, when the defect is near an interface, the effect of
the interface becomes significant and must be taken into account.

The most direct method of dealing with problems where interface effects are
significant is to treat them as boundary-value problems and seek solutions that
simultaneously satisfy both the necessary equations of elasticity and the boundary
conditions. This approach is often practicable, particularly when the problem has
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(a) ~ (b)
/”‘ - \\\ /SO, VO S ’Vo
: oP \\
‘\ oD ,/I e 4
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Figure 3.3 (a) Defect, D, embedded in infinite region V™ causing stress field 6°” . Dashed
line indicates surface, S°, enclosing finite region, V°, that D is to occupy with a traction-
free surface as in (b). (b) Same as (a) except that the image field has been added by applying
tractions, TDIM, to the surface S° which cancel the tractions TP associated with the defect
stress field ¢P” thus making S° traction-free.

a high degree of symmetry and the boundary conditions can be expressed rela-
tively simply (as, for example, in the case treated in Exercise 9.1). However, it is
often more practicable to employ the method of image stresses.'> Here, it is
imagined that the defect is initially present in an infinite homogeneous region so
that it possesses the elastic field that it would produce in an infinite body. Then, an
additional solution, i.e., an image solution, is sought which, when added to the
infinite body solution, produces a solution that satisfies both the equations of
elasticity and the boundary conditions. The final stress field for the defect in the
finite region, o}, is therefore the sum

o2 =" +a2", (3.175)

D™ is the infinite-body stress, and a?IM is the image stress. The advantage

where o;; ‘

of this approach in many cases is that it is easier to formulate the agx and GEIM
solutions individually than a single direct solution, which satisfies both the equa-
tions of elasticity and the boundary conditions.

To illustrate the image method more explicitly, consider the case where the defect
is in a finite homogeneous body with a traction-free surface. Imagine that it is
initially in the infinite homogeneous region V™ in Fig. 3.3a, and mark out the
surface, S° (dashed), of the finite region, V°, that it will occupy. Then, introduce the
image stress by applying a distribution of force to S° that produces tractions, TiD’M,
on S°, as indicated in Fig. 3.3b, that exactly cancel the tractions, T,Doc, that are
present as a result of the infinite-body stress. The surface S° is now traction-free,
and the finite region V° contains the stress field given by Eq. (3.175). Furthermore,
the stress field in the region V™ — V° surrounding S° vanishes, since no net
tractions act on it, and no sources of stress exist within it. Note that the final stress
in the system produced by this procedure is identical to that produced by the
alternative two-step procedure of simply (1) cutting the region V° in Fig. 3.3a
out of the infinite body while applying tractions, TP", to the resulting surface of the

12° As shown in Section 5.3, the method of images is also useful for obtaining the force exerted on a
defect lying in a finite homogeneous region.
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cut-out body and cavity to maintain the infinite-body tractions, and (2) canceling
these tractions by applying equal and opposite T,DIM tractions.

The image stress will depend upon the position of the defect in the V° region
and the shape and size of the region, and, therefore, no general and tractable
solutions exist for defect image stresses in finite homogeneous regions of arbitrary
shapes. However, tractable solutions do exist for many relatively simple geom-
etries possessing high degrees of symmetry. In a few special cases, a suitable image
stress for a defect corresponds to the stress field of the same defect (but of negative
character) placed in an “image” position across an interface in a manner analo-
gous to the electrostatic image fields produced by “image” electrical charges that
are employed in classical electrostatics, e.g., Smythe (1950)."

This example of the image stress method for a defect in a finite homogeneous
region possessing a traction-free surface is readily generalized to include cases
where the region containing the defect is bonded to an elastically dissimilar region
and the surface is no longer free, but instead, is subjected to elastic constraints.

Exercise

3.1 Show that the planar elastic stiffness tensor, Cl,k,( ), given by Eq. (3.163),
has the physical significance of describing Hooke’s law under the condition
that the planes in the elastic medium normal to k are subjected to a
vanishing traction.

Solution Hooke’s law, employing Cyk/( ), has the form
ij — Cljk[( )gkl (3176)
The condition for a vanishing traction on planes normal to k is then
Ti = 0,k = Cjjy(K)ewk; = 0 (3.177)

after using Eq. (2.59). Then, substituting Eq. (3.163) into (3.177) the above
condition assumes the form

I%C,jk;skl = /gjcl‘qukASkAq (/glg);l Csrklgkl- (3 1 78)

By invoking the symmetry properties of the C;;, tensor, it is then seen that
the condition expressed by Eq. (3.178) is indeed satisfied, since.
/(A_,'C,:,'pq/gslgq(lglg)71Cs,-k/8k IQC k k (klé);,l Csrklgkl

pr

ks (k) (kK),  Conien
= ki Cyrntu
ksCiriers = kiCijnenr-

(3.179)

13" Also, in some cases, the placement of an “image defect” almost satisfies the prevailing boundary condition,
and the discrepancy can be made up by adding an additional term that is relatively easy to formulate.
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4.2

Green’s functions for unit point force

Introduction

The elastic Green’s function for a unit point force was introduced in Chapter 3,
and its general use in solving defect elasticity problems was described. Also, a
basic differential equation for such a Green’s function for an infinite region was
derived in the form of Eq. (3.21). With the help of that equation, the elastic
Green'’s functions for a unit point force is now obtained when it is present in three
different types of region: i.c.; (1) an infinite homogeneous region; (2) a half-space
with a planar traction-free surface, and (3) a half-space joined to an elastically
dissimilar half-space along a planar interface. Following this, corresponding
results for isotropic systems are derived.
The following Green’s function notation is employed for this chapter:

Gy, Green’s function for point force in infinite homogeneous body,

Gim Green'’s function for point force in half-space with a planar traction-free
surface,

GM image Green’s function for point force in half-space with a planar
traction-free surface,

822 Green’s function in half-space 1 for point force in half-space 1 joined to
elastically dissimilar half-space 2 along planar interface,

g™ image Green’s function in half-space 1 for point force in half-space
1 joined to elastically dissimilar half-space 2 along planar interface,

g,(jn) Green’s function in half-space 2 for point force in half-space 1 joined to

elastically dissimilar half-space 2 along planar interface.

Green’s functions for unit point force

The Green’s functions for all three of the above regions are obtained following a
treatment of Barnett (personal communication, 2007), which is constructed within
the framework of the sextic formalism of Section 3.5.1." The geometry employed

' I am indebted to Professor D. M. Barnett for permission to include his previously unpublished
derivations of the Green’s functions, G¢5,, G, and guy, in Sections 4.2.1, 4.2.2, and 4.2.3, respectively.
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Plane perpendicular tow

oo

o at field point, x, for unit point

Figure 4.1 Geometry for finding Green’s function, G
force, F, acting at source point X' = &, w.

for all three above regions is illustrated in Fig. 4.1. As in Section 3.5.1.1, two
coordinate systems are employed. The first is the crystal system, already described
in Section 3.5.1.1, while the second is the system illustrated in Fig. 4.1, which
employs the orthogonal base vectors (u,v,w). The field point is at x, & is the
component of x along W so that ¢ = x - W, and the unit point force, F, acts at the
source point, X' = &, w.

A two-dimensional Fourier transform formulation is used in conjunction with
Eq. (3.21) to find the Green’s function. The problem is transformed into Fourier
space, where solutions are found, which are then inversely transformed back to
real space. Consistent with the geometry of Fig. 4.1, the two-dimensional trans-
form of a function, f,,(x), and its inverse, are written in the forms (compare with
Egs. (F.1) and (F.2))

where the transform vector, Kk, lies in the plane normal to w as in Fig. 4.1. For the
treatments of the two regions where planar interfaces are present, the base unit
vector, w, is taken to be normal to the arbitrarily inclined interface, whereas for
the infinite homogeneous region the direction of W is arbitrary. In all cases the
entire system (including the interface, if present) can therefore be rotated relative
to the crystal system to study the effect of elastic anisotropy.>

The Green’s function for the infinite homogeneous region is found first. Solu-
tions are then found for the half-space and the joined half-spaces, by adding image
terms to satisfy the boundary conditions at the interfaces.

2 The (i1, v,w) system is therefore analogous to the (i,h,4%) system of Section 3.5.1.1 in this
respect.
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4.21
4.2.1.1

Green’s functions for unit point force

In infinite homogeneous region

Green’s function
Employing Eq. (4.1), the Fourier transform of G5, and its inverse are first written
(Barnett, personal communication, 2007) as

Since the point force is located at (0,0,¢,), Eq. (3.21) for the Green’s function
assumes the form

. 0*G

M o T SpmO(x - W)o(x - V)o(x - W — &) = 0. (4.3)

Then, by substituting the standard delta function relationship (Sneddon,
1951),

1 (o) o0 '
S(x - 0)d(x - ¥ :HJ J e * 3k, dks, (4.4)

and Eq. (4.2) into Eq. (4.3), the expression

J J { o a [Gree 1‘”‘}+5,—,,,5(x~€v—50)e""X}dkl dio =0  (4.5)

is obtained for the Fourier transform of the Green’s function. Next, writing
k = kk, and using ¢ = w - x and

Gy, /xy = (3G, /08) (0 /oxy) = (3G, /OE)Wn, (4.6)
Eq. (4.5) can be put into the form

[ ] {CWK itk + az) (—ik&wz%)ézz} +<>‘jm6<é—éo>}e*ik'””dkl dky = 0,

4.7)

which is satisfied if

Cijni |:<—lk/€, + w; %) < lkkl + Wy az) G_;:n:| + 51',,15(5 —¢&,)=0. (4.8)



4.2 Green’s functions for unit point force 67

Using the Christoffel stiffness tensor notation of Eq. (3.5), Eq. (4.8) then assumes
the form

o A 0GXd [3G
— K (kk) ;G — k[ (k) + (wk)jk]a—é‘m + (ww)jk& ( 5 g) = —3jmd (¢ = &,).

(4.9)

The solution of Eq. (4.9) for G¢5, can be simplified by imposing on G{5, the jump
condition at the location of the point force,

‘aG;;; B ‘GG,ffn

0¢ g+ o¢

This incorporates the required delta function at the point force into the solution

for G2, since the derivative of a Heaviside step function is a delta function at the

step (see Table D.1). The delta function term in Eq. (4.9) can then be dropped,
leaving the more amenable homogeneous equation

= — (W) (4.10)

&

N e o~ 0GE D (3G
_k2(kk)jkG,ffn—1k[(kw)jk+(wk)jk} ag +(ww)jk&< Gé > =0. (4.11)

A solution of Eq. (4.11) of the form
Gin = AtaBon €17 (4.12)

is then assumed, which, after substitution into Eq. (4.11), yields

{0902 + 1069) + (), Jpa + (60, pAws = 0. (4.13)
Equation (4.13) constitutes an eigenvalue problem that involves finding the eigen-
values, p,, and corresponding eigenvectors, A,. However, it is seen to be identical
in form to Eq. (3.32) for the eigenvalue problem of Chapter 3 (which determined
the Stroh eigenvectors) with w corresponding to i and k corresponding to m. The
results in Chapter 3, involving the eigenvalues and eigenvectors in Egs. (3.34) and
(3.35), and the various Stroh vector expressions involving A, and L,, are therefore
valid for the present problem if n is simply replaced by w and m replaced by k.

Having this result, a general series solution of the form

G = S A B, e S (E52)
! (4.14)
G =3 AtuBum e—ikpa(£=Co) (E< &)
a=1

is assumed, where B,,, and B}, are to be determined. Equation (4.14) satisfies the
condition that G{° must vanish as ¢ — oo because of the manner in which the
positive and negative imaginary parts of the p, and p; eigenvalues appear in the two

sums (see Eq. (3.34)). Since G2, must be continuous at ¢ = &,, the condition

3 3
> ABon = ALBS, (4.15)
a=1 =1
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must be satisfied, and by substituting Eqs. (4.14) and (4.15), the condition given by
Eq. (4.10) becomes

3 .
Z (paAkaBam - p;AkoﬁB;m) - r (ww)km : (4 16)

Then, with the help of Egs. (3.76) and (3.110), Egs. (4.15) and (4.16) are satisfied when
iA A,
o B — —ma 4.17
k oam k ( )

and, putting these results into Eq. (4.14),

By = —

Gpy, = kZA;;A::m s (> )
(4.18)

GY = _%ZAMAW e ikpa(E=E0) (€< &)
=1
Equation (4.18) is now inverted by first substituting it into Eq. (4.2) and setting
dk; dk, = kd¢dk, so that

2n

G2 (x) = o J Jdk ZAZaA;w ﬂkkxﬂa(f &)l (&> &)

(4.19)
ka( - J J kZAka ma € ik x4p(¢=E0)] (f < éo)
o o=l
Then, after integrating over &,
| 2n 3 A% a*
G (x) = — d _ kot “ma £> .
R R D s LS
’ 2 (4.20)
T A, A
GX(x)=——1d _ o/ Amot <507
on(%) 47T2J d);k-erpa(x-W— o) (€ <)

where ¢ has been replaced by x - w.

Equation (4.20) can be expressed in a simpler form by recalling that the Green’s
function for a point force in an infinite homogeneous region with no interface present
is a unique function of the vector difference x — ¥/, i.e., Ggy, = G (x — X'), as indi-
cated previously in Eq. (3.15). The system in Fig. 4.1 can therefore be arranged so that
w is parallel to x, and the source vector at Q(x’) is given by X' = £,w, as illustrated in
Fig. 4.2. Equation (4.20) still applies, but now

X —XxX

W =

Ix — x|
k-x=k-wx=0 (4.21)

w-(x—x)=x—x|

o
<
|
U

o
I
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£ (Unit circle

Figure 42 Geometry for Eq. (4.22): w is parallel to x and x — x/; X' = &, w.

Therefore, substituting these relationships into Eq. (4.20),

Al
G x ) = e X,J ¢>2 e (65 ¢,)
271

e pa— MZA‘;"” <t

4n2\x—x’|

(4.22)

The real parts of Eq. (4.22) can now be taken as the desired solution. According to
Eq. (3.115), with m replaced by k as discussed in the text following Eq. (4.13), the
real parts of the sums in Eq. (4.22) are given by

Re ZA“‘ ™ — Re ZAE“A:"“ = = (kk) (4.23)

=1

o |

and substituting this equality into Eq. (4.22),

2n
GE(x—x) = L J (kk)g} d¢p. (4.24)

8m2|x — x|
0
Recasting Eq. (4.24) as a line integral, G}, (x — X') can also be written as
oo 1 AN
ka(x — X/) = m{)(kk)km dS. (425)
I
As is evident in Fig. 4.2, where w is parallel to (x — x’), the integral in Eq. (4.25)
corresponds to a line integral along s around the unit circle, £, traversed by the

unit vector k as it rotates in the plane perpendicular to w=(x—x)/|x—x|.

Using standard matrix algebra, the integrand, (kk) -+ can be expressed in the form

iRy = oo (0 (KL,
2epgn(kk) 1p (kk)Zg (kk)s,,

(4.26)

The above result is in agreement with results found elsewhere using other methods
(Bacon, Barnett, and Scattergood, 1979b), and it is stressed that the evaluation of
Eq. (4.25) does not require the sextic eigenvalue problem to be solved, and that the
integral can be readily evaluated numerically, as discussed by Bacon, Barnett, and
Scattergood (1979b).
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Derivatives of the Green’s function for infinite

homogeneous region

Expressions for the spatial derivatives of G;, are required frequently, and their
determination, which is not straightforward, is now taken up. Following Bacon,
Barnett, and Scattergood (1979b), Eq. (4.25), which is expressed as a line integral
around the unit circle £ in Fig. 4.2, is first rewritten (equivalently) as a surface
integral of the form

G2 (x —x) = 8n2|x M} )26k - w)ds, (4.27)
S

where the integration is over the unit sphere S (|k| = 1) but is subjected to a delta
function that restricts the non-vanishing part of the integral to the unit circle, £,
on which k- w = 0. Since w = (x — x')/|x — x|,

oG, (x—x) 1 ﬁ 165k W) (u—x)) @ ds
0x; T8 ) x—x| Jio x — x| Jind :
S

(4.28)

Next, substituting the two equalities

05(k-w)  do(k-w)o(k - W)

= 4.29
ox; dk-w) O ( )

and

R kg — )

(kW) = (4.30)

X — x|
into Eq. (4.28), and using the properties of the delta function in Table D.1,

oGy (x—x') ﬁ i do(k - do(k-w) ds. 431)
0x; 87r2|x—x’| Jonki d(k - W)

Then, using the derivative of the delta function from Appendix D,

G, (x —x) _ ff}g kk km/é ds (4.32)
ox; nz\x —x| W) 0 7

which can also be written as a line integral around the unit circle £ in the
form

oo x -1
axi mx —x|°) ok -w)
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Figure 4.3 Geometry used to obtain Eq. (4.34).

The integral in Eq. (4.33) can be simplified by referring to Fig. 4.3 which shows the
relevant parameters and introduces the unit vector, q, lying along the projection of
k on the plane of the unit circle. From the figure it is deduced that

k = cosOW +sinfq or kj =wjcos0 + g;sin0. (4.34)
Therefore,

l A@ij 1 _ [a akjel = (4.35)

Ok W) |4 40 COSY Jonpn

and using Eq. (4.35) to change variables in Eq. (4.33),

oGy (x —x) 1 fF et OkK) gy
o =— wi(kk),,, + Wsk; | ds. 4.36
ox; 8m2|x — x'|* ) (k) Oks (436
£z

An expression for the derivative in the integrand can then be obtained by first

differentiating the identity (kk);,, (lglg)mj = 0y so that
oo 1 OkK),y Bk
fk)p Y =y (), 2k — ), 4.37
)km aks ( )mj ak; ( )
However,
o(kk),; -
615 - = kn (Cnmjs + Csmjn) (438)

and, after substituting Eq. (4.38) into Eq. (4.37) and multiplying the result through

by (IE]E);H], and using (]E/Q);nl (lglg)mi = 0jj,
WD
e — (kk) ) (KK 3 C apjn (ks + Knigs). (4.39)
Finally, substituting Eq. (4.39) into Eq. (4.36),
3Gz (x ~ X) ! T P
N T A LI A CONEY NI
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where, as in the case of Eq. (4.25), the integral corresponds to a line integral along
s around the unit circle, L, traversed by the unit vector k as it rotates in the plane
perpendicular to w = (x —X')/|x — x/|. Derivatives with respect to x; are then
readily obtained using

0GR (x —x) 0GR (x —x)

v e (4.41)

1

Higher-order derivatives can be obtained by repeated differentiation and are
described by Barnett (1972) and Bacon, Barnett, and Scattergood (1979b). In
general, it is found that the Nth derivative can be written in the form

NGy
axsl ‘e ast 8n2|x

,|N+1 El;fN w, k)d (4.42)

In Exercise 4.3, Eq. (4.40), for the first derivative, is derived by an alternative, and
physically more transparent, approach.

In half-space with planar free surface

Having G¢;,, the Green’s function for a half-space with a planar traction-free
surface, Gy, 18 now derived. This problem has been treated by Pan and Yuan
(2000) and Barnett (personal communication, 2007) but we will follow Barnett
here, in an extension of the preceding analysis.

Figure 4.1 still holds but with the origin and the unit circle now fixed in the surface
plane. The procedure will be to assume that Gg;, is valid everywhere in the half-space
and then to find an image term, G}, that vanishes as ¢ — oo and, when added to G5,
produces a traction-free surface. The solution will therefore be of the form

Gim =G5, + Gt (%, &) (E>0), (4.43)

where the image Green’s function is a function of both the field vector, x, and the
position, &, of the source point along w. The corresponding transforms will then
be given by

Gim= G + G (E>0). (4.44)

An image transform solution of the form

G = ZA* E;, e P (4.45)

km koom ©
is therefore assumed, which vanishes as & — oo. Next, the unknown, Ej,, is
determined by invoking the traction-free condition at the surface. Using
Eq. (2.59), the traction at ¢ = 0 that would be present if the region were infinite is
T — _(0—90)“ K (4.46)
4:

J iy
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where o7 is the stress due to the point force in an infinite region, and is obtained
by using Eq. (3.15) in the form

~ oGP Fr
61:]» = Cijkl a}q . (447)
Putting this into Eq. (4.46),
0G2F,
T = —w,Cy; k™ . 4.48
! " jkl( 0xy >¢—0 ( )
Similarly, the traction associated with the image Green’s function is
OGIMF,
TM = —WiCiju | —22—=) . 4.49
F w Cﬂcl( o )g’—o (4.49)
The condition for a traction-free surface, i.e., >+ T,IM =0,is
oGy, oGM
:Ci km 2Tk F,=0 4.50
W Ijkl( ax, + ax, )5—0 ! ( )
and, since F,, is arbitrary,
oGy, oGM
iCi | =2 4 —fm. =0. 451
s (e ) @s1)

Next, substituting the inverse transform relationship given by Eq. (4.1) into
Eq. (4.51), and using 0/0x; = w;0/0¢,

oo 00 R a B B
J J WiCijnt (—ikk, + Wy a«:) (G + G dkidk, =0 (£=0),  (4.52)

which is satisfied if
N e A
WiCin (—lkkz + W, a?) (G +Gph)y =0 (E=0). (4.53)

Finally, substituting Egs. (4.18) (for {<¢&,) and Eq. (4.45) into Eq. (4.53), and
setting £ = 0, the condition for a traction-free surface is

3 -3
* 1 1 £
z :LjdE:m = & E :L.fOCAmU« ePese. (4.54)
o=1

o=1

Equation (4.54) can now be solved for E}, by employing the matrix, Mg, which is
the inverse of the matrix L}, as indicated by Eq. (3.118). Multiplying Eq. (4.54)
through by My,

3 3 . 3
% 7k ek s sk 1 * ikpy &,
ZMﬁijaEam = E :5ﬁ°‘Eozm = Eﬁm = %Mﬁjz :LjﬁAma elPse, (4-55)
a=l1 o=1 a=1
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Unit circle in surface plane [X'—(W.x)w]

X=X+ (W X)W I

Figure 4.4 Geometry for finding image Green’s function, GM(x, x') given by Eq. (4.58).
Field point is at x and variable source point at x’. Origin, at O, lies in surface plane
containing unit circle. Dashed system corresponds to coordinate system of Fig. 4.1.

The quantity £, given by Eq. (4.55), is then substituted into Eq. (4.45), and after
interchanging the o and f subscripts,

© 3 3
o ZZA;:% LipAppg ¢ *Wpste), (4.56)
ki =

Next, GIM is obtained by an inverse transformation according to Eq. (4.1). Setting

dky dky = kd¢dk (Fig. 4.4), and integrating,

2n oo
00 = g [ 6 305 At ity [ 480
. e 0 (4.57)
-2 Sy A,
4n20/f L[k X 4 pix - W — ppé.)

which is of the functional form anticipated by Eq. (4.43).

Equation (4.57) is valid for the coordinate system of Fig. 4.1 where the point of
application of the unit force, F is restricted to lie along the vector w at the position
&,w. However, it will be more useful to have a formulation for G}M at a field point,
x, in which F can be applied at a generally variable source point, denoted, as usual
in this book, by the vector x’. This can be accomplished by adopting the coordin-
ate system shown in Fig. 4.4.

The coordinate transformation illustrated in Fig. 4.4 requires modification of
the expression for GIM given by Eq. (4.57). Comparison of Figs. 4.1 and 4.4, and
consideration of the dashed construction in Fig. 4.4, shows that this requires
the replacement of the quantities x and &, in Eq. (4.57) by the quantities
[x —x" + (x' - W)W] and x’ - W, respectively, where x in the replacement is now the
field vector referred to the origin O in Fig. 4.4 rather than the field vector referred to
the origin O in Fig. 4.1, as previously. Therefore, making these replacements, and
taking the real part as the solution, as previously in the case of Gy, we obtain the
image Green’s function, as a function of the x and x’ vectors in Fig. 4.4 in the form



423

4.2 Green’s functions for unit point force 75

3 A MyLigA,,
G (x,x') Re J ZZ el —dé. (4.58)

oo k- (x = X) +pix - W — ppx’ - W]

When evaluating Eq. (4.58), it must be recalled that Fig. 4.4 applies, the origin is in
the surface, the unit vector, w, is perpendicular to the surface, and in the integra-
tion over ¢ (with x and X’ constant) the unit vector k rotates over the range
0 < ¢ < 2min the surface plane. The integrand involves various Stroh eigenvalues,
Pa. Stroh vectors, Aj, and Lj,, and [M*] matrices, which are inverse with respect to
corresponding [L*] matrices as indicated by Eq. (3.118). All of these quantities are
functions of ¢, and therefore must be determined by solving the Stroh eigenvalue
problem after every incremental increase in ¢ during the integration. The neces-
sary expressions for accomplishing this can be extracted from the Stroh sextic
formalism presented in Section 3.5.1 with the unit vectors n and m replaced by
w and k, respectively, as described in the text following Eq. 4.13.

In half-space joined to dissimilar half-space along planar interface

This problem has also been treated by Pan and Yuan (2000) and Barnett (personal
communication, 2007), and we again continue to follow Barnett. Figure 4.1 again
applies initially, with w normal to the interface located in the x - w = 0 plane. Now,
however, half-space 1, with elastic constants Cl(jkin, occupies the & > 0 region, the unit
point force, F, is located in half- space 1 at § =¢&,w, and half-space 2, with elastic
constants Cl(jkzn, occupies the & < 0 region. To obtain a solution, it is assumed that the
Green'’s function in half-space 1 consists of the Green'’s function for the point force in
an infinite body, G2, plus an image term, giM , that vanishes as ¢ — o00. A solution for
half-space 2, denoted by g,(mz , is then assumed that vanishes as £ — —oo and matches

the solution for half-space 1 at the interface. The solution is therefore of the form

(1 _ MO
8im = Gl?;z + 8km

(4.59)
2 2
Zim = 8l
or, in terms of corresponding transforms,
MO
G+ g

gkm km Eim (460)

52 _ -

Etm = 8km-

Using the expression for G2, given by Eq. (4.18), a solution of the form

7kx H* 7kl f 3
km_ ZAkoc nm oo +2Akoc lp (6>€0)

ZA )¢ e—itpy (&) +2Aka¢ H: e o—itpVe (0<é<é,) (461)

—(2) _ikpD e
g/(cm Z Aku am © pa¢ (é < 0)
=1
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is assumed, with A}, and F,, to be determined. The solution vanishes as £ — Fo0,

and it therefore remains to satisfy the boundary conditions at the interface. The
transforms must be continuous across the interface, i.e., g,((in) = g,(jf) SRR that
é=

ZAkoz moc lkp‘ = ZAkac om ZA/{D( om* (462)
k

The tractions must also be continuous, and, therefore, using the same procedures
that led to Eqgs. (4.51) and (4.53),

)38k _ () 08
Wi qu/ o _Czjkla—xl =0 (4.63)
=0
and
1) (1 2) (2
(i + 015 ) (Chely - i), =0 (4.64)

Then, substituting Eq. (4.61) into Eq. (4.64) and using Eq. (3.37),

-3
Z kot moc lkpl ) ZLI(% om ZLkoc ' (465)

Equations (4.62) and (4.65) can now be used to solve for the two unknowns, F,,

and H;,. Using the matrix, M;,il), which is the inverse of LZS) as indicated by
Eq. (3.118), and the matrix, _54;5(1), which is the inverse of A;\") according to

A A =6 (,p=123) (4.66)

and multiplying Eq. (4.65) by M\"

s and Eq. (4.62) by ﬂlﬁk and subtracting one
from the other,

3
w 1) Likpe, #(1) 4 (2) (1) 7 (2)
__Z /fk ka - /il(c )Lﬁﬁ)Afni e Z(ﬂ/jk Ay =My L )Fam.

a=1
(4.67)
For convenience, the matrices Py, and Ry, defined by
_ *(1 1 #(1 1
i = ALAL a1 e
— x4 #(1) 7 (2) '
Rpy = ﬂpk A *Mﬁk L,
are introduced so that Eq. (4.67) can be expressed more simply as
i ROP 3
— D PR =D Ry F. (4.69)
a=1 a=1

Then, to solve for F,,, the matrix, Rz, which is the inverse of Rg, according to

3
Z R“/’BR/}“ = 5",’0( (V = 17273) (470)
p=1
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is introduced, and, by multiplying Eq. (4.69) through by R, and summing over f,

- __ZZ R P g ALL) S (4.71)

=1 a=1

The quantity H;, is obtained in a similar manner Startmg with Egs. (4.62) and
(4.65), and employmg the matrices, M;ik, and ﬂlﬁk, which is the inverse of Aka)
according to

AL =55 (0, p=123), (4.72)
and the matrices Uy, and Wy, defined by

_ 2040 _ 400
Ups = A Ajy. — M L,

(4.73)
_ 2) 4x(1 (2) 7 #(1
Wp = APAY — ML,
the expression

.3 3

i L) y

§Z UpAly) €755 = " Wy, Hy, (4.74)
a=1 a=1

is obtained. Then, by multiplying this result through by the matrix, W},/;, which is
the inverse of Wy, according to

3
S W gWey =06, (p,0=12,3) (4.75)
p=1

and summing over f§, H},, is obtained in the form

Zzw,ﬁUﬁa eitris:. (4.76)

[}]ot—

Then, substituting the above expressions for F, and H;,, into Eq. (4.61),

_ ekl e-pl)
gllclr\n/l _Z ZA WwUJaA Wi epie] (0<¢)
a=1 y=1

o (4.77)

i o _
g = ZZA R,PiAL) ikl ¢—pl ) (£<0).

a:l =1

After inversely transforming Eq. (4.77) by the same method used to obtain Eq. (4.20),
the image Green’s function in half-space 1 and the solution in half-space 2, for a point
force in half-space 1 at the source point £,W in the coordinate system of Fig. 4.1, are

3 AW UL AL
MO 1 ky %Y jemo.
Sm (%, o) ——J - E : - My — pDe d¢ (0<¢)
0 (4.78)

@) 1 3 3
gkm(xaéo) = _HJZZ N
0
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As in the case of the half-space image Green’s function, i.e., Eq. (4.57), it is more
useful to have the Green’s functions given by Eq. (4.78) as functions of a field
vector x and a general source vector, X', and by employing the same coordinate
transformation used to obtain Eq. (4.58) from Eq. (4.57), the Green’s functions as
functions of the x and x’ vectors in Fig. 4.4 are

2n
303 AWy, Al
M), 1 b WoyljeAma .
8im (x,x):—ReJ . . dp (x-w>0)
ki 472 ) ;; [k X (X _ X/) +p~,:(l)x W _pg{l)x, VAV}
2n
33 AP R ,PLAN
() (g o 1 iy RojPjnAms R
gm(x,X)=——iReJ . - —d¢ (x-w < 0).
‘ 4n? 0;;[k-(x—x’)+p~f,2)x-w—p§l)x’-w]
(4.79)

As for Eq. (4.58), in the integration over ¢ (with x and x’ constant) the unit vector
k again rotates over the range 0 < ¢ < 27. The integrand again involves various
Stroh eigenvalues, p,, and Stroh vectors, Aj, and Lj,, and now, in addition, several
“inverse type” matrices of the same general type as [M], which is the inverse of [L],
as indicated by Eq. (3.117). All of these quantities are functions of ¢, and therefore
must be determined by solving the Stroh eigenvalue problem after every incre-
mental increase in ¢ during the integration. The necessary expressions for accom-
plishing this can again be extracted from the Stroh sextic formalism presented
in Section 3.5.1, with the unit vectors fi and m replaced by W and k, respectively,
as described in the text following Eq. 4.13.

Green’s functions for unit point force in isotropic systems

The Green’s functions of the same three types analyzed in Section 4.2 are now
determined for an isotropic system. Following Rongved (1955), the most complex
of the three problems, i.e., the joined half-spaces problem, is first solved in a
form that can subsequently be readily reduced to solutions for the half-space and
the infinite region. This is accomplished by employing a method originated by
Mindlin (1953), where, instead of obtaining the Green’s function directly as in the
previous section, the displacements due to the point force are found first as
solutions of the Navier equation with the help of Papkovitch functions. The
corresponding Green’s functions are then readily constructed.

In half-space joined to dissimilar half-space along planar interface

As illustrated in Fig. 4.5, a Cartesian (€;, €, €3) coordinate system is used with its
origin in the interface and e; pointed into half-space 1, which occupies x3 > 0, and
contains the unit point force, F, at (0, 0, ¢). Solutions are found for the point force
normal, and then parallel, to the interface which can then be linearly combined to
obtain the solution for a general force.
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Half-space 2 - Half-space 1 E

(‘U(Z),V(Z)) ;/ (#(1),‘/(1))

O é3 X3

/, g ——s

Interface #

Figure 45 Geometry for unit point force, F, applied at (0, 0, g) in half-space 1 joined to
elastically dissimilar half-space 2 along planar interface.

General formulation of Papkovitch functions

Displacement functions that obey the Navier equation in isotropic systems
can generally be expressed in terms of the two Papkovitch functions B and f
(Papkovitch, 1932; Mindlin 1936a,b; 1953). The first step in deriving them is

irr

to divide the displacement field, u(x), into an irrotational part, u"'(x), and a
solenoidal part, u*°'(x), i.e.,?
u(x) = u"(x) + v (x) = V¢ + V x H. (4.80)
Then, substituting Eq. (4.80) into the Navier equation, Eq. (3.3),
) f
VB =——, (4.81)
u
where B is the Papkovitch function defined by
2(1 —
B—oVé+VxH sz (4.82)
1—2v
Then taking the divergence of B,
1
\Yar) =-V-B, (4.83)
which has the solution
1
¢=—(x-B+p), (4.84)

20

where f is a second Papkovitch function, whose Laplacian is given by

V2 = ix -f. (4.85)

3 A vector field can be generally expressed as the sum of two vector fields one of which is solenoidal and
the other irrotational (e.g., Sokolnikoff and Redheffer, 1958). A vector field, ui"(x), is irrotational if
u'™(x) = V¢(x), where ¢(x) is a scalar function with continuous second derivatives. The function
¢(x) is generally called the potential of the field and the field is called a potential field. A vector field,
! (x), is solenoidal if u*®'(x) = V x H, where H(x) is a vector function with continuous second
derivatives.
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Next, putting V x H from Eq. (4.82) and ¢ from Eq. (4.84) into Eq. (4.80),

u:B—4(11_v)V(X~B+ﬁ). (4.86)
The displacement given by Eq. (4.86) is therefore a solution of the Navier equation
and is expressed in terms of the Papkovitch functions, B and f, whose Laplacians
are known from Egs. (4.81) and (4.85).
A solution for the displacement field, u, in the present Green’s function problem
can therefore be found by determining the two Papkovitch functions, consistent
with the presence of the point force and the prevailing boundary conditions.

4.3.1.2  Papkovitch functions for point force normal to interface
The displacements and tractions must be continuous across the interface, leading
to the boundary conditions

TV =6Vi; =T =6Ph;  (onx3 = 0). (4.87)

These are satisfied by the Papkovitch functions if

B =By =0 (x3 > 0) (458)
BY =B =0 (x3 < 0)
and if, after using Eqgs. (2.5) and (2.122), the following conditions are satisfied on
X3 = 0:
(1 2 (1) 201 vy [ O] 20(2)
(1,2\,(1))633 P :#(>(1 vi) (1,2\)(2))633 ey
Ox;  Oxoxz pD(1 —v@) Ox;  Ox10x3
U] 2 (1) 2 ny [ 2 2 (2)
(1_2v(1))aB3 _op :ﬂ()(l—VU) (1_2v(2))633 _op
GXQ 6x26x3 ,u(l)(l — v<2)) 6X2 GXan_g
(1) 2 (1) 2 [ 2 A2p(2)
2003 - S S Lo - v - T
ox3 ox3 w1 —v2) I ox3 ox3 (4.89)
6/3(1) _ (1— V(l))aﬁ@
ox; (1 —v@) ax
op _ (1 —v")op®
ox;  (1—=v@) ox,
aﬁ(l) (1— V(l)) ) a[g(Z)
3—ayMp) 22— 34y 2|
( v ) 3 ox3 (1 — v(z)) ( ) 3 ox3

Consider next the unit point force, F5. Rather than describe it, as usual, with a
delta function, we follow Rongved (1955) and formulate it, equivalently, as a force
density distribution f3(x) that vanishes everywhere except within a small closed



4.3 Unit point force in isotropic systems 81

(a) %4 (b) y
P(x) P
RY { RM R
Q™ (x) ax) Fs
~ T
) — —q a9

Figure 4.6 (a) Half-space, 'V, with planar free surface, S, at x3 = 0. P is the field point, Q is
the source point, and Q™ is the image of Q outside of V. (b) Same general arrangement as
(a) but with unit point force, F, directed along x3, applied at the source point (0,0, g).

region, R, where it produces the total force {ﬁ; f 4(x)dV. Then, taking the limit as
R

R — 0, while maintaining the integral constant,

F3 = Lim ﬁj@ f3(x)dv. (4.90)
R

The quantities Bgl) and ﬁ“) can now be related to the point force by employing
Green'’s classical third identity (Kellogg, 1929),

_ 1 ~ 1 2
S v

which states that a function, (x), at any point, P(x), in a region, 'V, bounded by
the surface, S, as illustrated in Fig. 4.6a, can be expressed in terms of its values on
S, its Laplacian, and the appropriate Green’s function for the region, which is
denoted here by g. Furthermore, the contribution to yy made by the surface
integral in Eq. (4.91) is harmonic,* while the contribution of the volume integral
is generally not. To proceed, it is therefore convenient to divide each quantity B(;)
and B(l) into harmonic and non-harmonic parts, indicated by the subscripts

S and 'V, respectively, so that
(1 _ pM )
g g (9
BY =B+ B

Then,
1 1 1 1

(4.93)
vZﬁ(l) _ vZ(ﬁg) +ﬁ(q]/)) _ VZ[;({/)

* A harmonic function obeys Laplace’s equation.
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Substitution of the B(> functlon and then the V) function, into the volume
integral in Eq. (4.91), W111 yield BV and ﬁV , respectively. Therefore, with the help
of Egs. (4.81) and (4.85),

= ‘*fﬂ;ﬁ V2B dvf—#ﬁgﬁdv
v

The Green’s function, g, in Eq. (4.94) must be of the appropriate form for a half-
space region, V, with a planar surface, S, and this can be found with the help
of Fig. 4.6a, which shows a field point, P(x) and a source point Q(x'), at a distance
R from P. An electrostatic potential argument (Kellogg, 1929), in which a positive
unit electrical charge is placed at Q, is then used to obtain g. Taking the potential
at the distance R from a unit positive charge in the simple form 1/R, the Green’s
function is given by

(4.94)

§(P,Q) = v(P,Q) + 5. (4.95)

where 1/R is the potential produced at P by the charge at Q, and v(P, Q) is the
potential at P produced by the electrical charge that is induced on a grounded
conducting sheet having the same configuration as S. The total potential along
S must vanish because of the grounding, and this can be achieved by placing a
unit negative charge at the image point, Q™, as shown in Fig. 4.6a. Therefore,
v(P,Q) = —1/R™, where R™ is the distance between the image source point, Q™
and the field point, P, and

1 1
§(P.Q) =%~z (4.96)
where
, 1/2
R= [0 —x))” + (2 — ) + (x5 — xy)7]
s (4.97)

R™M = [(x) —x{)* + (12 — x5)° + (13 +24)7]

(see Mindlin (1953) and Rongved (19595)).
The quantities B(V and ﬁ for the point force, F3, at (0, 0, ¢) in Fig. 4.6b, can

now be obtained by mvokmg Eq. 4.90 and taking the limit as R — 0 of B(V) and

ﬁVmEq (4.94)), i.e.,

B — Lim ! LA

By = R amu sf3dv 47r,u(R RM
v

1 R gF3 (1 1
— Lim — dV=—""(=-——+
:Rli%4n ﬁ&gh% 4mu (R RIM>’
v

(4.98)
i
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RIM

where R and are now expressed by’

1/2

R = [X12 +X22 + (X3 - 6])2)]1/2 RM — [Xlz +X22 + (X3 + 6])2] / : (4'99)
With these results, the boundary conditions given by Eq. (4.89) can be rewritten as
functions ofB(Sl), ﬁ<51>, Bgz) and ﬁ(z)

(1))

opl)  gF @) op®
_ 9y <1>__5_L_ /‘ _9y@p@ 9P "
(1-=2v"")B o 2np s <R1M> l—v L1 =) (1 =2v')By o
0
X
0

(1 2 (1) 1
21—y B Ths (L v)F a_<L>

oxs3 ox3 ulh) ™M

B U U PREINC . S
'u(1>(1 - V(z)) Ox;3 6)(3
g (1 —) )
S (1=v®)

B g o (1N (11— o
3-4vp) s T = () = T (3 4@ - T
(= &8s oy 2muMaxs \R™M /) (1 —v@) (3 = 4B o

(4.100)

Equatlon (4. 100) contains four relatlonshlps 1nvolv1ng the four quantities B(S),

[35 , 3 and B?. Solving these for Bs and [35 , and substituting them into
Eq. (4.92), the Papkov1tch functions for half-space 1 are finally obtained
(Rongved, 1955) in the forms

BV =B =0

B—4")  24(x3+q)

3 T a0 R S By | g (RIM)?
g — F; Jq N p — @ q(3 —4W)
dmO VR @04 (3 — )@ | RM
4(1 — V“))M(l)[(l — zv(l))(3 — 4V<2>) — 2M(2)(V(U,v<2>)(u<l),u<2))‘l}
N 2) 4+ (3 — 4@)M
x In(R™ +x3 + q)] } (4.101)

The Papkovitch functions for half-space 2 are found by solving the previous
equations in a similar manner with the results (for details see Rongved (1955))

> The symbol R is frequently employed throughout the book to denote the distance between a source
point and a field point.
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B =BY =0

g2 (1—O)F 1
Poalu® 4+ (3 - 4v@)uIR
B (1 —v)Fs

T2 1 (3 — 4v0)u?)]
_a. a1 =201 (3 = 4@ — @) (1 = 2v2))(3 — 4(1)) (R — xsq)
R 1@+ (3 — )M T

(4.102)

4.3.1.3 Papkovitch functions for point force parallel to interface
The solution for the unit point force parallel to €; is obtained (Rongved, 1955) by
a generally similar procedure. However, it is lengthy, and so I shall not describe it

here but merely present the final results for the Papkovitch functions: see Rongved
(1955) for details.

F 1 M _ 4N 1
Bgl) _ 11 oy H M
47['“( ) |R 'u,(l) + ‘u(Z) RIM

By =0
g = (W =i [ ¢ 1 — 2y }
3 2™ + u@ (3 — M) |y @RM) T (@D + p@)(RM + x5 + g)RM
g = Fix {(1 — 2y () — 4 @)q A }
27 (p + )M + p@ @B = 4] [ (RM 4 x5+ g)RM " (RM + x5 + ¢)
BY = A1
U7 2n(u + u®)R
BY =0
Bgz) = = 2"(2))(#(1) - M(2))F1X1
3 20 + 1@ [u@ + 1 (3 = HD)(R — x5 + q)R
5O — (1 —v@)F,
2 (1 = v0) (u) + u@) [ + u@(3 — 4v()]
M) — @[ 2)(3 _ 44D
x {(R e {A+ 00 = O + 43 = 40)
+ﬁ {(1 20y () — @) 4 (v - v(z))[ul“it(;;)(2>(3 — 4] } }
(4.103)
with
A [ﬂ(2>(3 — 4\)(1))(1 ; 2\)(2))]* ‘u(l)(3 ; 4v(2))(1 _ 2\1(1))]
1@+ (3 — H) .

(u<1> —u(1 - 2V<1>) — 2u(2)(v(1> — v(2))[ﬂ(1> +u?(3 - 4v(1>)]
1 .

X
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4.3.14  Determination of the displacements and the Green’s function
Knowing the Papkovitch functions, the displacements can be determined by use of
Eq. (4.86) which, when expanded, expresses u; in the form

0B, (F)) M) } , (4.105)

1 .
(3 — 4V)B,(FJ) — (Xm a)Ci + ax,'

ui(ﬁj) = m

where u;(F;) is the displacement in the direction i due to the force applied in
direction j, and B(F;) and B(F;) are the Papkovitch functions associated with F;.
With this notation, the Green’s function is

g = ui(F;=1) (4.106)

and is therefore readily found by substituting the Papkovitch functions given by
Eqgs. (4.101-4.104) into Eq. (4.105) and employing Eq. (4.106).

In the following sections, I write out for the reader’s convenience the detailed
results for the infinite body and the half-space with a planar free surface. The
results for the joined half-spaces, which can be obtained from the previous results
in a similar manner, are omitted because of their unusual length.

4.3.2 In infinite homogeneous region
The Papkovitch functions for this case are obtained from the solution for the
joined half-spaces by setting u() = u®, v() =y and ¢ = 0in Eqgs. (4.101-4.104).
The only non-vanishing functions are then

)5 )5 £y (1) 5 )5 I
B'(F\) =B (F1) = By (F2) =B, (F2) =
4’;“R AmiR (4.107)
Mg _ p@epy _ 3
B (F)) =B = 3
3 (F1) =By (F3) IR
where now
R=RM=(3+3+)"=|x|=x. (4.108)

Substituting these results into Eq. (4.105), the displacements due to F, are then

(F)) = F 374v+x%
= 16n(l —v)u | R R3
~ Fl X1X2
CF)=—— = 4.109
) = i = | (4.109)
. F
u§°(F1) 1 X1X3

T 16n(1—vu B

Corresponding results for ﬁgc and ﬁgc are obtained by the cyclic exchange of
indices. Using these results, the Green’s function with the point force acting at the
origin is
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XiXj
x|

~ 1

GF W) = ot =Vl (4.110)

[(3 - 4V)5,‘j +

A useful expression for the displacement at x due to a general unit point force, F,
acting at a source point X’ can now be written. The displacement, by definition, is
given by

u™(x —x) =Gy (x — X )F; & (4.111)
and substituting Eq. (4.110) into Eq. (4.111), and moving the source point to x/,

B 1 3—4v. (x—x)-F
 Lomp(l —v) |[x = x| x —x/|}

u®(x —x') (x—x)|. (4.112)

4.3.3 In half-space with planar free surface

The point force is at (0,0, ) with the origin at the surface, and the Papkovitch
functions for this case are obtained from the solution for the joined half-spaces by
setting u® =v® =0 in Eqs. (4.101-4.104). The only required non-vanishing
functions are then, after dropping the (1) superscript,

R Fi /1 1
Bl(Fl):m E+R17M

B3(Fl):ﬁlxl 1—2v g
2np | (R™M + x5 + @) R™  (RiM)3
ﬁ(ﬁl) - FIXISW— 2 |:(RIM +x(3]+ g)R™ o (RHS/II_,:xiv_)'_ q)} (4.113)
o
B(Fs) = fn3,u {4(1 —v)(1 = 2v) In(R™ + x5 + q) Z‘W}

where R = @ + 2 + (x3 — ¢)]'/* and R™M = [? + 2 + (x3 + ¢)*]'/%.

Putting these results into Eq. (4.86), and referring to Eq. (4.109), the displace-
ment components, u;, due to the force components, F;, are

ey S S

Fj (374\)) XiXj
ol

]me—W®+W@L (4.114)

i.e., the sum of the displacements expected in an infinite region plus associated
image displacements. The latter are of the form
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RM ~ (RM 4 x3 + ¢) (RIM)3 (RIM)3 RIM(RIM 4 x 4 q)2 (RIM)5

M (F) =—

L F [ 1 4(1—v)(1—2v)  (3—4v)x]  2gx3  4(1—v)(1 ZV)X%_é‘qu
A

WM(F)) :ﬁlxlxz (3—4v) 3 41 —v)(1 —=2v) _ 6gux;

2 W A (RMY  RIM(RIM 4 4y 4 ¢)>  (RM)°
uIM(ﬁ)_@ B-—4)(s—q) , 41—n(1-2v) 6gx3(x3+¢q)
3 ) =—4 (RM)? RM(RM 1 + ¢) (RIM)?

N _ _

s Foxixa [3—4v) 41 —v)(1 —2v) 6gx3
o (RM)>  RIM(RIM 4 x| g)?  (RIM)?

M () E L A= =2v)  (B—4vg 2gx 41— v)(1=2v)5  6gxsn
) R (RM + x3 + q) (RM)? (RM)* RIM(RM 4 x5 4 g)>  (RIM)°
mipy = Fon [(G—4n)(—q) | 41-)(1-2v) 6qx3(x3+0)

3 2 A | (RIM)3 RIM(RIM + X3 +q) (R[M)S
ey = P [ A0 =2n) (- —q) | Gans +9)

1 3) — A | RIM(RIM +X3+q) (R[M)3 (RIM)5
u;M(ﬁ):@ [ 40 -n(1-2v) | (-3 —q) , 6au:(x+q)
A ] RM(RIM x5 + q) (RIM)3 (RIM)5

gy _ By (8= = (B—4v) (B 4v)(ns +9)° —24%s | 6qx3(xs +4)°
us” (F3) = RIM + (RIM)3 (RIM)S ,

where A = 16mu(1 —v)
(4.115)

in agreement with Mindlin (1936b). The corresponding half-space image Green’s
functions for the general case, where the origin of the coordinate system shown in
Fig. 4.7 is at the surface, the field point is at x, and the point force is at the source
point,x’, is readily obtained from Eq. (4.115) by using G} = uM(F;=1) and
making the changes ¢ — x4, x; — (x; — ) and x; — (x2 — x}), so that

My = L L 41 =n(1=29) | (= dn)n —x) + 26
1 (XX ~ A RM (RIM +X3+x§) (RIM)3
A= =20 =) e —X)°
RIM(RIM | x; +x§)2 (RM)?
GM (x X,):(xlfx’l)(ngx’z) (B—4v) 41 -v)(1-2v)  6xx
o A (RM) RIM(RM 4y )" (RM)]

L =) (G =) | A1-0)(1-2)  64uln +4)
G%(X,X): IA l { (RIM)33 : RIM(RIM_i_x}_;'_x;)i g(ERU\;)S ;} (4116)
i x,)i(xl—x’l)(xz—x’z) (G-4)  41-v(1-2)  6¥x '

RAmSS A (RIM)3 RM(RM +x3+xg)2 (RIM)5
Mo o T[T a4 =ma =2 (B —4v)(x—x)7 + 2
Gzz(x,x):z R™M (R™ + x3 +x4) (RM)3
4112 -0 64uln )’
RIM(RIM +x3+,€3)2 (RIM)5

N (a=x) |3—4v)(x3—x%) 41 —v)(1—2v) 6x5x3(x3 + x4)

G35 (x,x) = A ; { (RIM)? : RMRM 4 3 1)) 3(313”3‘)5 :
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Surface

QIM

OE X3

Figure 4.7 Field point, P, and source point, Q, for half-space image Green’s function given by
Eq. (4.116).

Exercises

4.1

Obtain Eq. (4.110) for the Green’s function for a point force in an infinite
isotropic region by starting with the general integral equation solution given
by Eq. (4.25).

Solution The first step is to rewrite Eq. (4.25) in terms of isotropic elastic
constants. Substituting Eq. (3.141) into Eq. (4.25),
~ , 1 1 P 1
Gin(X = X) =g =] fi;[ékm =3 =y Bknlds = g
£ (4.117)
X [27xm — i{)k}/gm ds].

I
Equation (4.117) is referred to the (&), €,, €3) crystal coordinate system, and
the line integral is around a unit circle in the plane perpendicular to
w = (x —X')/|x — X/| (Fig. 4.2). Therefore, to simplify the integral, trans-
form it to the (@, v, W) system, termed here the “new” system. Now, rotate
the new system around w so that i = W x €3, and the base vectors of the new
and “old” (crystal) systems are related by

1
2(1 —v)

Wwie| — wies

3 \/ W+ w3
WiW3€1 + W€y — (W + W3)é; (4.118)
\/ Wi+ W3
W = Wwie| + W€, + wses.
Then, using Egs. (2.17) and (2.18), the k vector in Eq. (4.117) will be
transformed according to

@ =[] or ki =1k (4.119)

where the prime indicates the new system, and

o>

0=WwXx

=wxu=

<>

Wz/ W% + W% W]Wz/ W% + W% wi
. hh b Iy
[Z] = 112 122 132 = —yf/l/ w% + W% 1,{;212;3/ yf/% -+ W% WZ . (4 120)

l / l
13 23 133 0 _\/m s



4.2

Exercises 89

In the line integral of Eq. (4.117), k lies in the W = 0 plane, and using these
results to evaluate the integral,

i;]gklgm ds = %l,/xlgfl,mlgjl ds
r I

2

= (Zlkllmcoszﬂ + (llmlzk + Zlklzm) sin 0 cos 0 + IZklzmSinzg)dG

e

(=}

—~

Lidim + Lilom)T.
(4.121)

Finally, substituting Eq. (4.121) into Eq. (4.117) and using Eq. (4.120) and
w=(x—X)/|x — x|, G, assumes the form

1

) (31— )y — )
~ 16mu(1 — v)|x — x|

00 /
Gij (X_X) /|2

[(3 — 4)5; + (4.122)

Ix — x
in agreement with Eq. (4.110).

Show that the Green’s function for a point force in an infinite medium is a
homogeneous function of degree —1 in the variable (x — x’) and must be of
the form

G = Jilh) (4.123)

e

where f;(I) is a function of the unit vector / = (x — x)/|x — x/|.° It therefore
falls off with distance from the point force as |x — x| "' and is a function of

direction according to f;;(/). Hint: start with the basic Eq. (3.21).
Solution Starting with Eq. (3.21), i.e.,

2 oo
"G (x —x')

. _ ! —
T + 0yo(x —x') =0 (4.124)

Ckpim

and making the change of variable

E=x-x, (4.125)
’G
Cipim ai’(f) + 0,0(§) = 0. (4.126)
m=op

® This exercise was suggested by Professor D. M. Barnett.
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Then, scaling § by setting
E=1y (4.127)
where A = constant, Eq. (4.126) becomes

| *G (2y)

;7 kpim W + 0o (Ly) = 0. (4.128)

However, using the properties of the delta function from Egs. (D.2)
and (D.3),

1

g3

J d(x)dx; dxy i = 2° J d(2y)dy; dy, dys

|l
e (4.129)
(RN

o(y)dyrdyady; =1,

Il
8‘8

so that
3(2y) = 27%6(y) (4.130)
and, upon substituting this result into Eq. (4.128),
ACkpim M + 0y0(y) = 0. (4.131)
0ymOyp

Then, in view of the functional form of Eq. (4.131), we can write

GZGO"[ (x — x')]

)"Ck])lm Ox..0x
XmOXp

+ 00 (x — X'). (4.132)

Comparison of Eq. (4.132) with (4.124) shows that
G [A(x —x')] :/TIG;O(X—X’) (4.133)

and therefore G (x — X') is indeed homogeneous of degree —1 in (x — x).
Furthermore, since scaling (x — x’) by 4 scales G (x — x') by 271, it must be
concluded that Gi¥(x — x') is of the form of Eq. (4.123) when the point force
is located at x'. As an example, note that the Green’s function given by Eq.
(4.110) in that case takes the form

1 (xi = x) (% — x))

= 3 — dy)y 4 Y A
Gy S L A R

_ [(3 - 4v)(3,‘j + lilj] 1

o lemu(l —v)  x—x|’

G (x)

(4.134)

which is consistent with Eq. (4.123).



Exercises 9N

4.3  As shown by Lothe (1992b), the partial derivative of the Green’s function
with respect to the displacement of the field point, given by Eq. (4.40, can be
obtained by considering the tilt of the plane on which the unit circle integral
is performed (Fig. 4.2) when the field point is displaced by the vector dx and
the source point remains fixed. This tilt is illustrated (in exaggerated fash-
ion) in Fig. 4.8 for the special case where x is parallel with k. In the general
case the component of dx parallel to k will produce a rotation of the vector
(x —x') corresponding to the angle (k- dx)/|x — x/|, which will, in turn,

cause Kk to rotate so that

5&:—%. (4.135)

Using this information, derive the derivative of the Green’s function given
by Eq. (4.40).

Unit circle plane

Figure 4.8 Edge view of the tilt of the unit circle plane in the special case when the field
point is displaced by the vector, dx, in the direction of k while the source point at
x’ remains fixed.

Solution The derivative of G7;,, using Eq. (4.25), is

r—1

GEx—x) 1| 1 fi;a(kk);m ds+1§(1€/€);,jdsi(;) . (4.136)

- Ox; Ox; \|x — X/|

L L

Ox; - 812 ||x — x|

The derivative of (IEIE),:,,IL in the first integral of Eq. (4.136) can be obtained,
using matrix and index notation, as follows:

(KR (k) = (1
aa -1
(i 2B O gy~
o) Ok (4.137)
o - ) | ox, ) 1
a(lglg)k_rri AAfla(lglg) |
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where 6(l€l€)pj/6x,~, is obtained by substituting Eq. (4.135) into
Eq. (4.137), i.e.,

okk),, o . - ko .
a—x,- = a—)q(k,C;,,jnk,,) = — =] [(kw)pj + (wk)pj]. (4.138)
In addition,
0 1 (X,' — X{) Wi
— = — L= — . 4.139
axi <|X_x/|> |X—X/|3 |X—X/|2 ( )

Then, substitution of Egs. (4.137)—(4.139) into Eq. (4.136) yields Eq. (4.40).



5.1

Interactions between defects
and stress

Introduction

To formulate interactions between defects and stress it is useful to classify the various
types of defect and stress that will be of concern to us. Of the defects considered in this
book, inclusions, point defects, dislocations, and various interfaces containing dis-
crete intrinsic dislocations are sources of stress, and they therefore interact elastically
with imposed stress, which may be internal stress due, for example, to the presence of
other defects, or applied stress, due to forces applied to the body.!

On the other hand, when a defect source of stress lies in a finite region bounded
by interfaces, an image stress is generated, as described in Section 3.8, which then
interacts with the defect. Thus, the interface acts, in a sense, as the source of a
stress that interacts with the defect. In addition, an inhomogeneity, which by itself
is not a source of stress, causes a perturbation of an imposed stress field, which, in
turn, interacts with the imposed stress. An inhomogeneity may therefore be
regarded as the indirect source of a stress that interacts with an imposed stress.

Finally, in the case of a dislocation, a segment making up one part of the
dislocation produces a stress field that interacts elastically with the stress fields
produced by other segments of the same dislocation. We classify such interactions
as self-interactions to distinguish them from the previous interactions.

The following types of interaction are therefore distinguished:

(1) Interactions between a defect source of stress and imposed internal or applied
stresses,

(2) Interactions between a defect source of stress and its image stress,

(3) Interactions between an inhomogeneity and an imposed stress,

(4) Self-interactions between various segments of the same dislocation.

This chapter focuses on basic formulations of the interactions included in (1), (2),
and (3). These are expressed in terms of interaction energies and corresponding
forces, which are derived in forms that will be of use in succeeding chapters
devoted to specific defects. The dislocation self-interactions in (4) are not
considered in this book, but are analyzed extensively in other publications focused

' Throughout this book, an imposed stress is regarded as any stress arising from a source independent
of the defect. An applied stress is therefore considered to be an imposed stress due to an applied force.



94

5.2

Interactions between defects and stress

strongly on dislocations, e.g., Gavazza and Barnett (1976); Bacon, Barnett, and
Scattergood (1979b); Hirth and Lothe (1982); and Lothe (1992a).
The following notation is employed for this chapter:

8,1-]? strain field of defect, D, in finite homogeneous region;

s?x strain field of defect, D, in infinite homogeneous region;

e?IM image strain field of defect, D, in finite homogeneous region;
afj imposed internal strain field, I;

ef? imposed applied strain field, A;

8,? general imposed strain field, Q (either internal or applied).

Interaction energies between defect source of stress and various
stresses in homogeneous finite body

Following the pioneering work of Eshelby (1956), consider an elastically homoge-
neous finite body, V°, possessing a defect source of internal stress, D, a second
source of internal stress, I, and a surface, S°, subjected to tractions, TA, as
illustrated in Fig. 5.1.2 As described in Section 3.8, the stress field of the defect,

a?, may be expressed as the sum of the field that it would produce in an infinite
body, o7, and its corresponding image field, O'EIM, so that o) = ap” + a}?m (as in
Eq. (3.175)). Four distinguishable elastic fields are therefore present in this system,

. o0 IM . . .
ie., o}]? , o}]? , a}i and 03» where 0}/ is the internal stress due to the internal source,

I, and ‘7? is the zipplied stress due to the surface tractions. The total stress, strain,
and displacement are therefore

_ D™ D™ I A
gjj = 0j; + g + g + gy

_ D> p™M I A
&jj = 8,‘] +8ij +8zj+81j (51)

D> D™ I A
up=u; —+u- +u +u;.

) Y

S,V

Figure 5.1 Finite body, V°, with external surface, S°, subjected to tractions, TA, containing
an embedded region, V, enclosed by a surface, S, that contains a defect source of stress,
D. Another source of stress, I, lies in V° — V. The field vector is x, and the vector § indicates
defect position.

2 Situations where the body is not homogeneous, as when the defect is an inhomogeneity or an
inhomogeneous inclusion, are considered later.
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Since this book is concerned only with the elasto-mechanical behavior of bodies
under isothermal conditions, the total energy of the body, E, is taken to be the sum
of the elastic strain energy in the body, W, plus the potential energy of any forces
applied to the body, &, so that

E=W+®. (5.2)

Here, the potential energy is defined so that if an applied force, F, is displaced by
u, and, therefore performs work, W = F - u, the change in potential energy is

AD=-"W=-F u (5.3)

Since linear elasticity is assumed, the interactions between the various fields in the
above system can be treated independently. The interaction energies of the defect,
D, with the internal I field, the applied A field and its image IM field are, therefore,
now considered in turn.

Interaction energy with imposed internal stress

Defect represented by its elastic field

The defect is represented by its elastic field, i.e., D field, no transformation strain is
present, and the body is homogenous. The interaction energy between the D field and
the I field is then the difference between the total energy of the superimposed fields and
the sum of the energies of the individual fields. Since no applied forces are involved,
all of the energy is strain energy, and, by use of Eq. (2.133), the interaction energy is

D/1 1 1 1
Ep/'=wPH WP Wl = 5 {# (o + o) (&) + e)dV—3 ﬁﬁ oy ey V=3 Eﬂ}@ oleldV
v Ve v
. (5.4)
-2 ﬁjﬁ (oDl + oeP)dV.
N

Then, using Eq. (2.102),

pip 1 . _
E . = 3 fﬁﬁ (U?Sb + agjs?)dV = fﬂ} a?sb dv = ﬁj; abs? dv. (5.5)
v° Ve Ve
To integrate Eq. (5.5), the geometry indicated in Fig. 5.1 is employed (Eshelby,
1956). The integral is then written as the sum of two integrals, one over the region

V, containing D but excluding I, and the other over the region (V° — V),
containing I but excluding D, i.e.,

el = i obetav+ fff olibav. (5.6)

v Vv

In this arrangement, any incompatibilities or singularities associated with the
sources of the D and I fields are avoided, and the D and I fields within the
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regions of integration are “corresponding fields,” as defined in Section 2.4.3.
Equation (2.106) can therefore be applied so that

6u 0 p 1.D Ia”D_a 1.D

DI _ _ i
08 = O’” 6_xj ax,- (crij u;) ojE; = 0y B, = 3% (o’ijui ). (5.7
Then, substituting these expressions into Eq. (5.6),
ED/N = i( ul)dv + i(a?up)dv (5.8)
nt aX] lj 1 ax/ yvi : :
Ny v OX

and, converting the volume integrals to surface integrals,

EE{I:@ of ,n,d5+§ﬁ€ oLuli; ds — @ ahLul; ds. (5.9)
S s S

The last integral is negative, since a normal vector to a closed surface directed
inwards is taken to be negative. The penultimate integral vanishes since the tractions
on S° due to the internal stress, G,Ijﬂj, vanish, and Eq. (5.9) therefore takes the form

Eﬁt/l = ﬁ; (O’DMI — ‘71;’41 )nj ds. (5.10)
S
Equation (5. 10) can be put into another form by setting ¢;) = ai]j?% + O'?IM and

uP = uP” +uP", so that

ED/_

int

00 00\ A M
(0? u} - aleu,D )A;dS + fﬁ; (a? uI - alju )n, ds
S

(5.11)

= (U}])muI - alu )n;ds,

s R

where the image term vanishes since the D™ and 1 fields are corresponding fields
that obey Eq. (2.108) within S, where the source of the I field is excluded. Therefore
EPIN = gD/ (5.12)

nt nt

and the interaction energy between the defect and the I field in a finite body is
given by either Eq. (5.10) or (5.11) and depends only on the I field and the field
that the defect would possess in an infinite matrix. In either case, it can be
expressed in the form of an integral over a surface, S, of arbitrary shape that
encloses D but excludes I (Eshelby, 1956).

Defect represented by a transformation strain

If the defect is mimicked by means of a transformation strain, ¢;, in an elastically
homogeneous body as described in Section 3.6, Eq. (5.10) can be expressed in
the form of a relatively simple volume integral (Eshelby, 1956, Mura, 1987).

T
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According to Section 3.6, the transformation strain is localized in a region, VP,
embedded in the surrounding matrix, and, therefore, beginning with Eq. (5.10),
D/1 .
£ = § (Pt~ ol ds
N
R 0
= ﬁ [ ?u} — afj(uiD +ul ))A;dS = #ﬁ a—)q[a?u} - a}j(uP +ul)]dV
SD VU :

ou! O(uP + ul)
= D% 2\% T
o ﬁ |:Gij aXJ' alj an :|dv (5]3)

= {# [a?gll-j - aﬁi(sg + ag]dV

= — fﬁﬁ a%jeg dv.
'VD
On the first line of Eq. (5.13), the surface S lies in the matrix outside of the V?
region, and all field quantities are elastic quantities, as described in Section 3.6
(see Eq. (3.151)). On the second line the surface, S, has been shrunk down to a
surface SP infinitesimally inside the V™ region. Since the VP region contains a

transformation strain, the matching conditions that must be satisfied across the
interface between the matrix and VP regions are

a}?(out)ﬁj = a}?(in)fzj
o} (out)a; = aj;(in)A (5.14)
ul (out) = u!(in)
u " (out) = ' (in) = uP(out) = uP (in) + u;,

where 6P, aii;, uP and u} (both in and out of V) are elastic quantities, and the last
condition satisfies the requirement that the total displacements, given by u? tot —
uP +u] (see Eq. (3.152)), must match across the interface. Then, the surface integral
over SP is converted to a volume integral. On the remaining lines, the integrand is

differentiated, Eq. (2.65) is applied, and, finally, use is made of Egs. (3.151) and (2.106).

Defect represented by point body forces

Now consider the case where the defect is in a homogeneous body and is mimicked
by an array of point body forces that produces the stress field, a}?, as in the force
multipole models of Section 10.3. In this case, o}? is an applied stress field whose
interaction strain energy, Wilzt/l, with the internal stress field, a}j, vanishes as
demonstrated in Section 5.2.2.1 (see Eq. (5.25)). Therefore, Wi]it/l =0, and
Eit/l = diﬁt/l. The interaction potential energy, @3{1, is readily determined by
imagining that the I source is introduced into the body when the defect, with its

center at the origin, is already in place. Then, using Eq. (5.3),
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D/I D/I
Eint/ - 1nt/ - Zu (515)

where x® is the field vector from the center of the defect at the origin to the point
force FP® (Eshelby, 1956).

5.2.2 Interaction energy with applied stress

5.2.2.1 Defect represented by its elastic field
Since both strain energy and potential energy are involved, the interaction energy
is given by

EP/A = (WPHA WP — WA) 4 (9P A — M), (5.16)

nt
The strain energy term will take the form obtained previously in Eq. (5.4), while

the potential energy term will be given by — #a uP; ds, which is the change in

potential energy of the A system when the D ﬁeld is added to the A system to form
the D + A system. Therefore,

1
Eﬁ{AZE{# (gD3A+g & )dV @qul n; dS
Ve s

= #J; a},?s? dv + ﬁﬁ; 0?85 dv — @ oy u, n; ds,
v 4 ¢

(5.17)

where, as previously in Section 5.2.1.1, the volume integral is taken as the sum of
integrals over the regions V and V° — "V, so that only corresponding fields are
involved. Then, applying Eq. (2.106), and the divergence theorem,

EE[/A:%%(U wh)dv + #ﬁ a%(,j uP)dv - ﬁ; oAuPii; ds
R

<°
ﬁ 1/ u; n] dS + ﬁ lj u; n] ds — @ ;?MP}’Al/dS - # 1] u; n] dS (518)
S s S s

= #( EuzA - Gljul )l’l, ds.
S

Equation (5.18) can be put into another form by using the procedure employed
previously to convert Eq. (5.10) to Eq. (5.11), i.e.,

ER/A _

nt

(2" ut — oBuP u; D A dS + ﬁ; (o DIMuA g/}uDIM)ﬁj ds

ij i ij i ij v
S

(5.19)

D* A _ _A D\
(o w; —oju; )i;dS

e e
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and

EP/A = EPTA (5.20)

nt nt

These results are seen to be identical in form to Eqgs. (5.11) and (5.12) for the case
of the internal stress field, 1.

The expression for the interaction energy between a defect, D, in a finite body
subjected to an imposed stress is therefore independent of whether the stress is
internal or applied, and in either case involves integrating over a surface, S, of
arbitrary shape that encloses D but excludes the source of the imposed stress.

To investigate the interaction strain energy between an applied field (repre-
sented here by the A field) and an internal field (represented by the D field),
Eq. (5.18) can be written as

Eﬁ{A—@ 0;; ,anS—i—@ @aﬁu?ﬁde—@ g andS
s (5.21)

S s
D/A | zD/A
- Wmt + ¢1nt ’
where Wmt/ A and dilm/ are identified, respectively, as
WA — # uli; dS + @ uPi;ds — ﬁ oluPiyds (5.22)
S s S
and
B{A = #aﬁu 7 dS. (5.23)
s

The surface S can now be moved infinitesimally close to S° by virtue of Eq. (2.110)
without changing the values of any of the integrals, thus causing Wi[;t/ A to vanish,
since a?ﬁ,- =0on S, ie.,

Wi]r)n/A = @ n} ds + ﬁ;o u n;ds — @agu:}ﬁj ds = ﬁgogu?ﬁj ds=0. (5.24)
5 5 5 5
This result establishes the important conclusion that

The interaction strain energy between an internal stress field, I, and an applied stress field,
A, vanishes, i.e.,

WA =o. (5.25)

nt

Defect represented by a transformation strain or point body forces

The interaction energy between a defect, represented by a transformation strain,
and an internal stress, I, has been derived in the form of Eq. (5.13) after starting
with the expression for the interaction energy given by Eq. (5.10). When the stress
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is the applied stress, A, the same type of derivation can be employed, starting in
this case with Eq. (5.18), and this leads to the result

ED/A = — ﬁ? cheldv, (5.26)
VD
which is of the same form as Eq. (5.13).
The case where a defect, represented by an array of point body forces, interacts
with the internal stress, I, has been treated in Section 5.2.1.3. When the interaction

is with the applied stress, A, start with Eq. (5.18) and convert it to the volume
integral

D A
ED/A — ﬁ — gt D)dV ﬂﬁ o au’A +ut 66,-]- — ot 6uP —uP 6(; dv.
Ein ax, it v Ox; toOx Y o ! ij

v

(5.27)

Since the defect is represented by applied forces, the D and A fields are corres-
ponding fields within V, and, therefore, using Eqs. (2.106) and (2.65),

oot =~ e = - e Pwav, (529

% v

where the forces representing the defect are represented by the force density
distribution, £P(x). If the forces correspond to an array of discrete point forces,
the distribution in Eq. (5.28) can be replaced by an assemblage of delta functions
so that

Eni = - fﬁﬁzu o(x —x Zu DE) - (5.29)

where x® is the field vector to point force FP®. Equation (5.29) is seen to be

identical in form to the solution when the interacting stress is the internal stress, I,
given by Eq. (5.15).

In summary, the results in the last two sections have shown that the expressions
for the interaction energies are independent of whether the imposed stress is
internal or applied. When the imposed stress is due to another internal source,
no applied forces are present, and the source of the interaction is obviously the
interaction strain energy in the system. On the other hand, when the imposed stress
is an applied stress, the interaction strain energy vanishes because of Eq. (5.25), and
the source of the interaction energy is the interaction potential energy.

Interaction energy with defect image stress

The interaction energy between a defect, D, and an image stress arising from an interface
in its vicinity can be formulated with the help of Fig. 5.2. In Fig. 5.2(a), the defect lies in
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(a) (b) (c)

0¥

‘D

% (V==V°) (Ve_ vO
of-;m (G,-/D-m+ G',?IM) (0,[-/) +0' )

Figure 5.2 (a) Defect, D, in infinite region, V>°, where it produces the stress field o}?x

(b) Same as (a) except that an 1nterface S°, enclosing D, has been introduced which
generates the image stress, ¢©, in both the region V° inside S° and the region V> — V°
outside S°. (¢) Same as (b) except that an interface S, which encloses the region V

and the defect, D, and lies within S°, has been introduced.

an infinite homogeneous region, V°°, where it generates the stress field, af_-,?x. In
Fig. 5.2(b), an interface, S°, has been introduced and the defect now lies in a finite
homogeneous region, V°, bounded by S° and surrounded by V> — "V°. Events, such
as interface sliding, have occurred along S° that have altered the tractions acting on S°,
and these have generated the image stress, o° ™ throughout the system so that the total
stress in both V° and V> — V° corresponds to (¢2” + a,l-j)lM ). The interaction energy,

D*/DM . Y
E , 1s then (Bacon, Barnett and Scattergood 1979b)

nt

00 M
EPT/D

nt

=E—E° =w -wP", (5.30)

where E = W is the energy of the system when the defect and interface are in the
proximity of each other, as in Fig. 5.2b, and EP~ = WP"is the energy of the
system when the defect is present by itself in the infinite body.* Therefore,

DX/DIM fﬂ} (a i (sfljx +e DIM dV+f fﬂ} (a f/ )(s}?x +SSIM)dV
(5.31)
- D> DX dV
2 ﬂsﬁ % ¢
’VX

where the sum of the first and second terms corresponds to W, and the third\ ternll
represents WP .

In the simplest case, where S° is a traction-free surface, the second term in
Eq. (5.31) vanishes, since the region V> — V° outside of S° is free of tractions
and any source of stress. This can be demonstrated formally by applying the
divergence theorem to obtain

3 Equation (5.30) can also be arrived at by imagining that the defect and interface are initially
separated by an infinite distance in the infinite body and then brought into the proximity of each
other, as in Fig. 5.2b.
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—_—

1 oo oo o
2 Eﬁ:ﬁ (07 +op e +e) AV =5 + P uP

ij i i i
M M |
f{ﬁ D Jup | i;dS =0,

s

)
| 2
<

8

(5.32)

. . . M ™M
which vanishes, since (6" 4+ oF )i; =0 on §°, and o} — 0 and o — 0 as

S— S§°° where S is any surface enclosmg the defect. For this case, Eq. (5.31) then becomes

D> /DM 1 oo M o0 M 1 o Y 1 00
ED/ zifjﬁ(af +oR" ) (D + 6D Jdv -5 ﬁ?ﬁ ol D" dv— 23@}05 2™ av,

Ve Ve oY
(5.33)
which can be reduced by the following steps:
o 1 o x 1 o px 1 o px
EEL /DM _ zﬁ (”}j) F}j)IM n ﬂ}j?lwg}j? n G}j)lM }j)m)d _Eﬁ”},) u}) i ds + - ﬁﬂl) !)
Ve s> s
oo 0 1 o
- ff# oP2"eR dv+ﬁf a2 e dV+§( ﬁﬁ 2" f/)de-&-ﬁj; a2 dv+# o2 uP n_,dS)
Vv hY o s
o0 M M x M M ESNN
:ﬁ@(a,‘? WP = PP ds__@h WP = PP )i ds
N
1 o pIM M oo, .
=5 ( },) iD —a}? u? )i ds.
N
(5.34)

The first line of Eq. (5.34) is obtained by converting the volume integral in Eq. (5.33)
over the region V> — V° into surface integrals. The second line is obtained by
introducing the surface S and region "V shown in Fig. 5.2c, omitting the integral over
S° in the first line (since it vanishes), and, with the help of Eq. (2.102), reformulating
the volume integrals so that they extend over regions where their integrands are
composed of corresponding quantities. The third line is obtained by converting all
volume integrals to surface integrals and applying the condition a,?x nj = —a?m iijon
S°. The last line is then obtained by shrinking S° down and applying Eq. (2.110).
When the defect is represented by a transformation strain, Eq. (5.34) can
be used as the starting point for the same procedure that led previously from

Eq. (5.10) to Eq. (5.13), to obtain

. 1
s L #ﬁ el dv, (5.35)

where VP = V is the region containing the transformation strain. Note that it is
readily verified that Egs. (5.34) and (5.35) also hold when D is an inhomogencous
inclusion, and the body is, therefore, not homogeneous.
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Forces on defect source of stress in homogeneous body

General formulation

Consider again the defect, D, in the presence of the I, A, and D™ fields in the finite
homogeneous body shown in Fig. 5.1, where the position of the defect in the body is
indicated by the vector §. Its elastic field must therefore be of the functional form

O-zl'j?(xv g) = G}j)x (X - g) + O-}j? (X7 g)
up (%, €) =" (x — §) + " (x.8),
since the field properties of the defect in the finite body must depend upon the field
vector, x, as well as on § (which are independent of each other), while in an infinite

body the field properties depend only upon the vector displacement from the
defect, i.e., the vector difference (x — §). Therefore,

(5.36)

D> D> d >
adlj _ aa,-j auID _ auP ) (5.37)
a-xa aé(x axoc aé%

The force exerted on the defect by any of these fields, X, in the « direction, FO(D/X,
can be obtained by giving the defect an infinitesimal virtual displacement &¢&, and
determining the accompanying change in the total energy of the system. The force
is then

1 1 (OE OF
FD/X:_L' E —E)=— Li —3d = —— 5.38
DX Lim (£ - B) = - Lim - (5706 ) =-S5, (539
where the prime indicates the system after the displacement. Since linear elasticity
applies, the total force if several fields are present, as in Fig. 5.1, is simply the sum
of the individual forces, i.e.,

F, = FP/' 4 FD/A 4 pD=/DY (5.39)

Alternatively, the force can be determined by finding the change in the interaction
energy of the defect with the stress field, Eﬁ{ X as the defect is displaced. The force
is then defined by

1y 1 (eERX oED/X
FP% == Lim o (B2 — B = = Lim (a'gtaéx =5 (540)
o o o o o

In the following, it is demonstrated that the two formulations for the force given
by Eqgs. (5.38) and (5.40) indeed yield the same results.

Force obtained from change of the total system energy

Force obtained by use of the energy—-momentum tensor
Following Eshelby (1956), the total force exerted on the defect in Fig. 5.1 by the
total stress field corresponding to the sum of the internal stress field, I, the applied
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S° (before)

_éa Ol Xo

Se (after)

Figure 5.3 Configuration before (dashed), and after, displacing surface of body relative
to embedded defect, D, by —¢,,.

stress field, A, and the defect stress field, D = D> + D™, is now obtained by
applying Eq. (5.38) in a formulation that involves the energy—momentum tensor.
However, it is simplest to start the analysis by omitting the internal stress, I, which
will be added later. The first task is to determine the change in the total energy of
the finite body when the defect is displaced by 8&, while keeping the boundary
conditions at the surface due to the applied forces constant. This is accomplished
in two steps: in step 1 every quantity ¢ associated with the elastic field throughout
the body is replaced by ¢ — (0¢/0x,)06¢,, and in step 2 the original boundary
conditions at the surface are restored.

The change in strain energy in step 1 is obtained by expanding to first order the
total strain energy density, w, around &¢&,=0, integrating the changes in local
strain energy density over the volume, and converting the result to a surface
integral so that

sw) — ¢, ff# 2;” v = —3¢, 3@@ Wi, dS. (5.41)
Vo §

Eshelby (1951; 1956) has pointed out that in the volume integral in Eq. 5.41 w may
become infinite, or Ow/0x, may be undefined at the defect, thus causing a problem.
However, an alternate procedure can be employed, equivalent to the step 1 proced-
ure, in which the defect is displaced by moving the surface with respect to the defect,
rather than the defect relative to the surface. When the surface is rigidly displaced
relative to the defect by, —3¢,, as illustrated schematically in Fig. 5.3, SW is
obtained by integrating over each volume and taking the difference. The contribu-
tions from the overlapping hatched region then cancel. Since the defect will gener-
ally lie in this region, any problems with singularities in w due to the defect are
effectively subtracted out, and Eq. (5.41) should therefore apply.

The strain energy is altered in step 2 because the surface tractions perform work
on the body as they are adjusted to restore the boundary conditions. Again
expanding to first order, the displacements and tractions at the surface at different
stages can be written as

u; (initially)

u; — %6@ (after step 1)

u (finally, after step 2)
ol (initially)

(05— 208¢,)A;  (after step 1)
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do;
(G —=—

i aXa 5&1)/7‘/-_'

Figure 5.4 Curve of traction versus displacement during step 2.

3o 3o :
(05 — 088 )it + U 8¢, = gy (finally, after step 2). (5.42)
T Ox, T Ox,
The change in strain energy during step 2 is then obtained by integrating the work
done by the tractions over S°. According to Eq. (5.42), the traction versus
displacement curve during step 2 will appear as in Fig. 5.4, and the work per-

formed is therefore

O WO o —u) o Mise o ds— (g Q% e 9% Ol s 12
w w @[ay(ul u1)+6,_,axa5£a ity dS—(u; u,)axa5£a axzaxz(g“)
s
1 , 60',']' lﬁa,jaui 21 A
5 (W — u) =—8&, + 5 ——~—(8&,)7]a; dS.
T3 ) g, B T, i, O 1S

(5.43)
Then, recognizing that (u; —u;) is of order 8&,, and dropping terms of order
(88,

W = oyl — ) + 555,y (544)

s
The change in potential energy of the tractions that occurs during steps 1 and 2 is
given by

s+ _ _ fﬁﬁ o, — ) dS (5.45)
e

and the change in total energy is therefore

Ou;
SE =E —E =W + 5w + 500+ = _5¢, Sfﬁ (Wit — aifﬁﬁ_f)ds. (5.46)
s *
Using Eq. (5.38), the total force along x, is then
Ou;
F, = Q@ (W — 0y )ity dS. (5.47)
Ox,,

¢

A simpler expression is obtained by realizing that the above surface integral can be
taken over any surface in the body, S, that encloses D. This may be shown by first
converting Eq. (5.47) into a volume integral to obtain
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0 Ou;
F, = ﬁ[}— 8y — 0ij— ) dV. 5.48
axj (W 7 O-J ax“> ( )
Ve

The difference between the force obtained by integrating over the S surface and
the S° surface is then

0 ou; ow Q%u;
AF, = — —(wdy; — ;i — |dV = — — —0;—— |dV. (5.49
‘ {# Ox; (W J 00 6xa) v ﬁ (6)@ Ujaxjﬁxa) V. (549
v -V

after using Eq. (2.65). The integrand in Eq. (5.49) over the region V° — "V, which
is free of singularities, takes the form

ow Qu; 1 (Ou; 0oy Qu;

g | = (g — 55

(6)(9, “fax_,-ax) 2 (ax,» o, “faxaax_,») (5:50)
after substituting Eq. (2.133), and vanishes when Egs. (2.75) and (2.5) are

substituted and the symmetry properties of the C;j, tensor are invoked. Therefore,
AF, = 0, and Eq. (5.47) can be written (Eshelby, 1956) as

Fy = @Pﬂﬂ, s, (5.51)
S

where P;,, known as the energy—momentum tensor (Eshelby, 1975), is given by

aui

Crr
o

On reviewing the derivation of the force expressed in terms of the energy—
momentum tensor by Eq. (5.51), it is readily verified that Eq. (5.51) is also valid
for a defect, such as an inhomogeneity, even though it is not a source of stress in a
homogeneous body.*

So far, the source of internal stress, I, in Fig. 5.1 has been omitted. However,
this can be remedied on the basis of an argument by Eshelby (1956). Recall that
the total energy was partitioned into the strain energy in the body and the
potential energy of the forces producing the applied stress. However, it could
equally well have been partitioned into the strain energy within S and the sum of
the strain energy outside of S and the potential energy of the applied forces.
By carrying out the derivation again and taking the “surface” of the body to be
S and everything outside of S to be the agency producing “surface” forces on S,
the same result would have been obtained. Equation (5.51) is therefore valid
when the stress responsible for the force on the defect is either applied stress or
internal stress.

* In Section 5.4, Eq. (5.51) is used to obtain an expression for the force exerted on an inhomogeneity
due to an imposed stress (see Eq. (5.83)).
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The total force on the defect, D, in Fig. 5.1 can now be obtained by first writing
Eq. (5.52) as
1 614,- all,'

Pj, Zzﬂikasy ~ iy,

with the help of Eq. (2.133), and then substituting the expressions for ¢;; and u;
given by Eq. (5.1). Then, after applying Eq. (B.11) (Stokes’ theorem) and putting
the result into Eq. (5.51), the total force can be written as the sum

5.53
L A (3:53)
where the diagonal and off-diagonal (cross) terms have the forms
1 doX RITS
X/X _ oy X X i o
F™ = 5 # (fﬁxx u;p — oy ax“>"f ds (5.54)
S
and
X/Y _ v Y YT ) s
F,/7 = @(axa ug — oy o n; ds, (5.55)
S
respectively. HQW?,\}’GT» as now seen, all terms in Eq. (5.53) vanish except the three
cross terms Fry /D JFY M and Fy /A The integral representing the D°°/D° term

is a constant independent of the choice of S, by virtue of Eq. (2.113). However, it
vanishes, since when S is expanded to infinity it is expected that afj?m — 0 at least
as rapidly as x~2 in three dimensions and x~! in two-dimensions. The D'™™/D™,
D'/D', DA/D*, D™/D!, D™/D” and D'/D” terms vanish by virtue of Eq. (2.112)
since in each case the two fields involved are corresponding fields throughout the
volume enclosed by S.
The total force given by Eq. (5.53) is therefore reduced to
F, = FO™/P™  pD/1 pD¥/A (5.56)

where (Eshelby, 1956)

Gl ouP™
FD*/1 _ pD/T _ fﬂ; LU S Rt 1, dS
o o Ox, i % 0xy g
S
. oop” ouP”
FD™/A = FD/A _ @ ( - a? g)lc )ﬁ_,- ds (5.57)
o
S

. aO'DX ) D>
Dfx/DIM _ D/DIM _ ij DIM DIM Ml -
F, =F, = Wl T | ds,
o
S
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and where the relationships
Fan/I — FaD/I
FD™/A = pb/A (5.58)

Dﬁ(, DIM D DIM
Ft / _ Fa/

are valid by virtue of Eq. (2.112).° For example, in the case of FEOC/I,

g™ ouP”™
D=/ _ I G A
FL = @( o u; — 0y alx i;dS

S
dop | ouP) . aa;‘?m I a”zDIM A
— iﬁ (6)(% U — 0y o, n;jdS — g; 6—)@”" — 0y v n;dS (5.59)
6‘7}1? pgoup
pry - . — . L A-d = FD/I
@ <ax% 4T 0xy 7y dS x
S

where the integral containing the image quantities vanishes because the D™ and
I fields are corresponding fields throughout V.

Furthermore, it is shown in Exercise 5.1 that equivalent expressions for the
forces are obtained when the superscripts X and Y are interchanged, i.e.,

60,?-( Gux R aO'lY auY R
S

N

(5.60)

5.3.2.2  Force obtained directly from changes in total system energy
Instead of employing the energy—momentum approach, as previously, the force
due to each type of stress can be considered individually and found by the use of
Eq. (5.38), which involves determining the change in total energy as the defect is
displaced (Eshelby, 1951). This is demonstrated next by considering first the force
due to an applied stress and then the force due to an image stress.

Force due to applied stress

Consider again the system in Fig. 5.1 and take into account only the interaction
between the defect and the applied stress system, A.° When the defect is displaced
by the distance 6&,, the surface tractions perform the work

5 Note that the results for the forces exerted by the I and A fields given by Eq. (5.58) are consistent with
the results for the corresponding interaction energies given earlier by Egs. (5.12) and (5.20),
respectively.

S This is valid, of course, within the framework of linear elasticity.
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ouP

1 A

SW = @ 32, o8¢, dS #0” 3%, 8¢,n;dS, (5.61)
s $°

corresponding to a change in the potential energy of the system 8¢ = — ' W.

Since changes in the defect elastic field are reflected in the image force, which is not
being included here, and there is no interaction strain energy between the internal

defect field and the applied field, A, 3E = 8® = — & W. Therefore, using this
relationship and Egs. (5.38) and (5.61),
OF ouP
D/A _ A
F, 61;1310561 ﬁ; o 3% n; dS. (5.62)

s°

The surface tractions due to the defect stress field must remain at zero as the defect
is displaced, and the boundary conditions

O'?ﬁ,‘ = J?xfl,‘ + O'IIJ?IM}'AII» =0
a® oD o™ (on 57) (5.63)
i A4: i ﬁ[‘i’ ij ﬁ:()
must therefore be satisfied on S°. The equation
ﬁu Gélj i;dS =0 (5.64)
S‘ o

is therefore valid, and upon subtracting it from Eq. (5.62),

5 GlgH ouP dop
FP/A = ﬁ; <O.$ a’é —ud 52 ) dS = # < ﬁalé ul @Ej>n ds, (5.65)

s S

where use has been made of Eq. (2.117). Next,

GuD aUD
D/A _ A OU; A
! _ﬁ;<°"f@_”' 3, )9S

S
auD% ou DIM aGDIM
_ AU A A I Sad/i Py
@(%‘ 3, u; afa )anSJr@(a, u; ac, )nde.
S N
(5.66)

However, the last integral in Eq. (5.66) vanishes by virtue of Eq. (2.116), and so by
applying Eq. (5.37),

ouP™ 0sl” o™ ouP™
D/A __ A i A y ~ _ iy A A i ~
FP/A = @ <o—l:/. ac, —u ae. nde—@ o, u; —aiia—xa i;dS, (5.67)
S

N

in agreement with Eq. (5.57).
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Force due to image stress

Following Eshelby (1951), start with the defect in an infinite homogeneous
body and then cut out the region, V°, corresponding to the desired traction-
free body containing the defect, while applying surface forces to maintain
the initial stress field. Next, carry out the same operation but with the cut-
out region displaced relative to the location of the embedded defect by the
distance —8¢&,. The defect in the latter body will therefore be displaced
relative to the body surface, S°, by the distance 8¢, as illustrated in Fig. 5.3.
The elastic energy in the latter body (indicated by a prime) minus the energy
in the former body, before any relaxation of the applied surface forces is
allowed, is then

’ 1 D 1
W=W —-W = 75#011 & (8¢, -n)dS = —5@ o & D¥8¢ iy dS

s s (5.68)

1
:—56@@ Oix alk Swnde
Jod

When the surface forces are relaxed on the former body to produce a traction-free

. . M . . .
surface, an image displacement field, uP , is introduced, causing a release of

1

% ( agy) éf}ﬁg W™, (5.69)

and, by substituting these results into Eq. (5.38),

energy given by (1/2) ﬁ; agx uP™ n;dS. The corresponding energy release for the

latter body is then

0
0¢,
s°

o0 1 1
F* /P = — Lim —(E' —E) =5 Eﬂ; oip e Oyt dS — a; “up iy ds

8¢,—0 861 2
¢

o 1 D>® au a D';c DIM
_2@(,k - oy — aeob ™ iyas.
o
(5.70)
Then, by applying Stokes’ theorem, Eq. (B.11), and Eqgs. (5.37) and (5.63),

< /TyIM M Dx D[M 00 M aGDIM
F? /D :%# lag W]ﬁjds+isﬂ; l(u? +u,D ) 65 ii; ds.

s s

(5.71)

However, the two integrals in Eq. (5.71) can be shown to be equal by demonstrat-
ing that their difference vanishes, i.e.,
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da? " M w OuP " g™ ouP”™
S (A L L S _ 9% oy e O g
= Sﬂ; ( 3% ug +0j; 3%, n;dS +ﬁ o, ug +0j; v, n;dS =0,
s° s°

(5.72)

where use has been made of Eqgs. (5.63) and (5.37). The first integral in the last line
vanishes by virtue of Eq. (2.116), and the second vanishes because of the argument
given previously in deriving Eq. (5.56). With this result, Eq. (5.71) takes the form

o yIM M G(qu—kuPlM) R
FD/D :@ [0’}? S s, (5.73)

o
However, the integral expression

M

(aP” + oP

ﬁMuD'Mﬁi ds =0 (5.74)
aéa 1 E

.

is valid by virtue of Eq. (5.63). Equation (5.74) can then be subtracted from
Eq. (5.73) to obtain, with the use of Egs. (5.37) and (2.116),

D DM o M
F?oc/DIM _ ﬁ [_ a(UU + 0 ) uDIM n GDIM a(uP + MP )] i ds

0¢, ' v 0¢,
<
aO_DOc M M aqu 65D]M M M auDlM
_ y D D i - ) D D i ~
= @ [ 3¢, ug +oy 5 ndeJrﬁ; ~ %, u; TS n;dS
5 ) 5

D %
aaij DM DM auP R
= ug =0y n;dS
Ox,, Ox,,
b

(5.75)

for the image force, which is in agreement with Eq. (5.57) obtained previously
through use of the energy—momentum tensor.

Force obtained from change of the interaction energy

It is now demonstrated that the above forces can be obtained by the alternative
method of employing Eq. (5.40) which involves a change of the interaction energy
as the defect is displaced.
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Interactions between defects and stress

Forces due to internal and applied stresses
To obtain the force FxD/ ' via Eq. (5.40), an expression for the increment
SEP = EP, — EP is required with the interaction energy given by Eq. (5.11).

When the defect is displaced by 8¢, the I field remains fixed, while the defect field
quantities at any point on the fixed surface S change (to first order) according to

oo « 0op” . « ouP”
o =ap + ag 8¢,  uPT =uP” + ag 8¢, - (5.76)
Then, substituting these relationships into Eq. (5.11) to obtain (EP — EP ), and,
after substituting this into Eq. (5.40) and employing Eq. (5.37),
D/l _ pD®/1 _ i1 194 .
F)l=F) "= @ ( o T i | ds, (5.77)

S

which is identical to the previous result for this force given by Eq. (5.57).
A similar result for the force due to the applied stress A, i.e., FP/A, is

obtained by starting with the interaction energy given by Egs. (5.19) and (5.20).

Force due to image stress

The determination of the defect image force by the above method is more compli-
cated, since the image field varies in the body as the defect is displaced rather than
remaining fixed as in the cases of the I and A fields. However, by substituting Eq.
(5.34) into Eq. (5.40) and differentiating, the image force is given by

D> o DM M
FDX/DlM _ aElm _ _l aO'l-j uD]M _ GPIM 6M,D _ do i uD n GO auD i ds
” 0¢, o¢, ! Vo, o¢, Yoo,

(5.78)

Then, by expanding S to the free surface of the body, $°, and employing
Eq. (2.117) and imposing the boundary conditions on S° given by Eq. (5.63),

. | o(ul D[M 1 . aUDIM
FO/PM 5@@ la}f“ Q> +u>) az = )] i dS+§# [(u? ) [#5dS,

s° s°
(5.79)

which is 1dentlca1 to Eq. (5.71), which has been previously shown to lead to the
result for Fy /D™ given by Eq. (5.57).

In summary, these results show that the force on a defect source of stress
subjected to a stress field imposed by surface tractions, or another nearby defect,
or its own image, can be obtained as the rate of change of its interaction energy
with the imposed stress as it is displaced, or, alternatively, by the rate of change of
the total energy of the system. Furthermore, the force is given by a surface integral
of the form of Eq. (5.55), where the integral is over a surface enclosing the defect
but excluding other sources of stress.
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Interaction energy and force between inhomogeneity and imposed stress

To formulate the interaction energy between an inhomogeneity and an imposed
stress field Q, start with a homogeneous body with the Q field already present, and
mark out the region intended for the inhomogeneity. Then convert the elastic
constants in that region from C}, to Ci". The changes in the elastic constants will
perturb the Q field, resulting in an interaction energy between the inhomogeneity

and the Q field that can be expressed as

INH/Q
int

E =EY —EQ = WQ + o) — (W + 09, (5.80)

where EQ is the total energy of the system with the perturbed Q field (indicated by
Q) present, and EX is the total energy of the Q field before the introduction of the
inhomogeneity.

If there is a gradient in the Q field, the resulting force is given by the rate of
change of the total energy of the system as the inhomogeneity is displaced as
expressed by Eq. (5.38), i.e.,

1 /oEQ OEQ
FINHQ —  Lim — (S e, ) = ~ & 81
2 Hmsg \8g, 0 ) = 5, (5:81)

On the other hand, the force should also be given by the corresponding rate of

change in the interaction energy, EINH/Q, according to Eq. (5.40), i.e.,

nt

L feEMO L om0 —EQ) 0B
Lim 8¢, | = = = . (5.82)

FINH/Q _ _
* o¢, o¢, 0¢, o,

As anticipated, both expressions are seen to yield the same result, since E® is
independent of the position of the inhomogeneity.

The force on an inhomogeneity can also be obtained by employing the Eshelby
energy—momentum tensor. As pointed out in the discussion following Eq. (5.51),
the force between a defect and an imposed stress given by Eq. (5.51), which
involves integration of the energy-momentum tensor over a surface enclosing
the defect, is also valid for an inhomogeneity even though it is not a source of
stress in a homogeneous body.” Equation (5.51) for the force on an inhomogeneity
due to the Q field is then

oul 1 g ou? oul\
FiNH/Q = ﬁ; <W/8joc - 03 ox, )”j ds = ﬁ (EO-I% a—xk5joc - O'S o, n;ds
S N

(5.83)

7 See the agreement obtained between Egs. (9.55) and (9.56) and Eqs. (9.44) and (9.48).
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where use has been made of Eq. (2.133) for the strain energy density and then
Eq. (B.11) for the term containing the delta function.

The force equation given by Eq. (5.83) can be put into a further form by first writing
the perturbed stress field, Q’, as the sum of the initial field, Q, and the perturbation
of the Q field, AQ, caused by the inhomogeneity, i.e., Q' = Q + AQ, so that
u? = uQ + AuQ

1

(5.84)

,(-J)—o* —|—Ao

Then, substituting Eq. (5.84) into (5.83) and employing elements of the same
procedure that led from Eq. (5.51) to (5.57), the force is obtained in the form

INH/Q 4 z? QOu Q
F, :@ o, Au; ” o, i;dS (5.85)
S
or, alternatively
GAU aAu
FINH/Q Sf}ﬁ ul — o2 iy ds 5.86
o 6)6% U lj axo( J ( )
S

by virtue of Eq. (5.60). Equations (5.85) and (5.86) are seen to be analogous to the
results given by Eq. (5.57), with respect to their general forms, indicating that the
force on an inhomogeneity can be regarded as the result of an interaction between
the imposed stress field, o2, and the perturbation of this field, Aag, caused by the
inhomogeneity. ‘

ij >

Exercises
5.1 Prove the relationship given by Eq. (5.60). Hint: use Stokes’ theorem in the
form of Eq. (B.10).

Solution Proof of the validity of Eq. (5.60) is obtained by showing that the
difference between the two sides of the equation, i.e., A = sz/Y —FaY/X,
vanishes. First, write A in the form

el ouX doy ou)’
_ pX)Y _ pY/X _ gy _ YO |- ioX _ X
A=FXY _FY/ Eﬁﬁ(axx U — 0y o, n_,-dS—ﬁ o, up — o~ o, n; dS
S

N

ouY Qo) ouX oy o
—ﬁ;[afj 6x1+axi uf—(a;a +6 ;ulx nde:ﬁa’a@);uY—a u; )n/dS
S

N

(5.87)

Then, upon application of Stokes’ theorem, i.e., Eq. (B.10), Eq. (2.65) and
Eq. (2.106),
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(5.88)

Note that the use of Eq. (2.1006), is valid, since the X and Y quantities in the
last integral are corresponding quantities on S.

Verify that the force exerted on a defect source of stress by an applied field,
A, given by Eq. (5.57), vanishes when A is uniform throughout the body.

Solution First use Eq. (5.60) to rewrite Eq. (5.57) as

0aP” ouP” Rl oul
FP*/A = AL | qdS = UyP* _ gP" L | . dS.
” @( o up — oy o n;dS o u; 0j; o n;dS
S

S

(5.89)

The first term in the second integral then vanishes, since ao,’? /0x, =0, and
the second term,

A A

@ oD Zznj ds = Z‘C 3@@ ol ii;dS =0 (5.90)
S S

also vanishes. Here, 0u? /dx, is a constant, and is taken out of the integrand.

The remaining integral then vanishes, since it represents the net traction

exerted on the closed surface, S, by the defect stress field which must vanish

to satisfy equilibrium.
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6.2

Inclusions in infinite
homogeneous regions

Introduction

The elastic properties of various types of inclusion in infinite homogeneous
matrices are determined. Expressions for their elastic fields and strain energies
are obtained by treating them as defects produced by the introduction of trans-
formation strains, as outlined in Section 3.6.

The problem of a coherent, homogeneous inclusion of arbitrary shape and
transformation strain is treated first. This is followed by treatments of inclusions
with ellipsoidal shapes (which in limiting cases can be spheres, thin-disks or needles)
and various transformation strains. Next, the more complicated problem of treating
inhomogeneous inclusions by Eshelby’s equivalent homogeneous inclusion method is
described. Finally, the elastic fields and strain energies of incoherent ellipsoidal
inclusions produced by coherent — incoherent transitions are considered.

Since the inclusions are characterized throughout the chapter by transformation
strains, the special elasticity theory for systems containing transformation strains
formulated in Section 3.6 is used.

The following notation is employed for this chapter:

e c e elastic strain due to inclusion in inclusion and matrix, respectively
TR ey canceling strain in inclusion and matrix, respectively

Characterization of inclusions

An inclusion is characterized by five features, i.e., its shape and volume, its misfit
relative to the matrix, its inhomogeneity, and its degree of coherence with respect
to the matrix. To characterize an inclusion with respect to these features, we
imagine producing it by the following procedure consistent with that described
in Section 3.6.1 for introducing general transformation strains:

(1) Start with a stress-free matrix with elastic constants, C}:\i/lk,, mark out the region
intended for the desired inclusion, and cut it out of the matrix. This establishes
its shape and volume.

(2) If desired, change the elastic constants of the cut-out region to C%}Z‘ZC. This
establishes its degree of inhomogeneity.
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(3) Subject the cut-out region to a transformation strain, 8;;(X), to establish
its misfit. Then apply forces to restore it to its original shape and volume.
This produces an elastic strain, —eg(x), and a corresponding stress,

g (X) = —Cl e

(4) Insert the cut-out region back into the matrix cavity, while maintaining the
applied forces, and bond it to the matrix.

(5) Then, cancel these forces by applying a distribution of equal and opposite
forces, which produces the canceling strain field, ag"mc (x), in the inclusion and

PSM(X) in the matrix corresponding to a state of pure internal stress in
the body.

(6) The inclusion at this stage is regarded as coherent, since all points on
opposite sides of the inclusion—matrix interface in registry after the
marking-out operation in step 1 are still in registry. However, the strain
energy due to the inclusion can generally be reduced by changing the shape
or volume (or both) of either the inclusion or the cavity in the matrix that it
occupies. This can be accomplished by diffusional transport of material or
by plastic deformation, as described in Section 6.5.1 (Fig. 6.6). These pro-
cesses generally destroy the coherence, producing an incoherent inclusion via
a coherent — incoherent transition. The degree to which this occurs estab-

lishes the degree of final coherence.

Goherent inclusions

For a coherent homogeneous inclusion produced by the outlined procedure, the
elastic displacement, elastic strain, and stress in the inclusion and matrix are
given by

JIN M
MIINC = ulC ¢ — l/l;r M}vl = Mlc
INC __ .CINC T M _ .CM
Ej =& g & =& (6.1)
INC C,INC T M C,M
% =% T % % T % o

in terms of quantities introduced in Section 3.6 for systems containing transform-
ation strains. The corresponding boundary conditions at the coherent inclusion—
matrix interface are then

INC,tot
u. =

e N =

NGy _ : (on SN, (6.2)
i =05l

4 i

The central problem is the determination of uS(x) in both the inclusion and
matrix, since once this is known, all other elastic field quantities can be determined
by use of Eq. (2.5), Hooke’s law, and Eq. (6.1).
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Elastic field of homogeneous inclusion by Fourier transform method

Arbitrary shape and 9
For an inclusion with the transformation strain, ¢! (x'), Eq. (3.166) can be
rewritten in the equivalent differential form

1 a o0 oo o0

u€(x) = _ﬁcjlm,ia—ﬁg}m(x')dxq dx) dng J Je_‘k ) (k) dky dky dks.

(2n) 1 )
1% C —00 —00 —00

(6.3)

Following Mura (1987), the integration over k-space can be performed using
standard spherical coordinates %, 6, ¢ (Fig. A.1b) with

dk; dky dks = k* dk sin ¢pdpd6 = k> dk dS(k), (6.4)

where dS(k) represents a differential element of area on the surface of the unit
sphere, |k = 1|. This introduces two integrations, i.e., one over the unit sphere and
the other over 0 < k < oo. Therefore, substituting Eq. (6.4) into Eq. (6.3),

1 d T o L
0 =~ s Gy ok ()0, s e [ i g e, s
(2m)” T Ox
VINC 0 $
(6.5)
and by reversing the sign of k in Eq. (6.5),
1 0 i
00 == s ol (0 a0 [ 2k M) aS ),
(2n) ox; '
yINC —00 S
(6.6)
Then, adding Egs. (6.5) and (6.6), and employing k = kk,
uC(x) = —LCY iiﬂj; L (x')dx| dxf, dx J itk ( dkﬁ;
’ 2(2m)* " 0 ‘
VINC —00 S
(6.7)

Next, by substituting the standard delta function expression (Sneddon, 1951),
J O] 4 = 275k - (x — X)] (6.8)

into Eq. (6.7), and performing the differentiation with respect to x; with the help of
the relationship
30k (x—x)] k- (x —x)]Ok-(x—x)] -
0x; ok - (x — x')] 0y
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where the prime indicates differentiation of the delta function with respect to
its argument,

1 o aa R A
uS(x) = _@C,,,,m ﬂ} er (x)dx|dy dx, Eﬁ; k/(kk)l;lél[k - (x —x)]dS(k). (6.10)

VINC 5‘~

At this point, Eq. (6.10) is quite general and involves one integration over the
surface of the unit sphere, S, in k-space and a second in Cartesian space over the
inclusion, whose shape and transformation strain have yet to be specified.

Ellipsoidal shape and arbitrary s,-?
Equation (6.10) can now be formulated for an inclusion of ellipsoidal shape but
arbitrary transformation strain. This is of special interest, since the ellipsoidal
shape can be readily varied to serve as a good approximation for the shapes that
inclusions often take in real materials. For example, if the a; are the principal axes,
the shape is a sphere when a; = a» = as, a thin circular disk when a; < a» = as,
and a long thin cylinder (needle) when a; > a» = as.

First, the principal axes of the ellipsoid are taken (Mura, 1987) parallel to the
base vectors of the (x;, x», x3) coordinate system,1 so that the condition

x/2 x/z x/2
L+Z+3<1 (6.11)
a a; a3

is imposed on Eq. (6.10). Then, by making the changes of variable

= (6.12)

X, = a's,
the ellipsoidal inclusion is converted into a unit sphere when the new (y;, y», ¥3)
and (y},y5,y5) coordinates are employed. It is also useful, for purposes of inte-
grating Eq. (6.10) over the inclusion volume and the surface, S, to introduce the
additional quantities illustrated in Fig. 6.1. The vector { is defined by {, = a,k,,
and, therefore, the unit vector, {, in the figure possesses the components
Ea = a,k, /¢, where { = |C|. The unit vectors m and n are orthogonal to each other
and to £, and OA lies along the projection of r in the plane containing m and i. An
element of inclusion volume is then a;a,asr dyy dr dz. Relationships involving the
various quantities are therefore

! This axis system generally differs from the crystal axis system, and, by rotating it relative to the
crystal system, the effect of varying the crystal orientation of the inclusion relative to that of the
crystal matrix can be studied.
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Unit sphere

Figure 6.1 Geometry for integrating over the inclusion volume.

dx|dxhdx; = ajarasdy|dy,dy = aiarasrdrdydz

éoc:dockz

E=¢/C
A ly= é:cc/C = ao:koc/é (613)
Cy=k-x/(

=Ly = [Iglx/l +I€2x’2 —&—k}x@]/( =k-x/¢
X = kjay1 + kaazys + kzazys = (- y =Ly
R=(1-2"

=

where it is noted that y, z, r and R are dimensionless, whereas { has the dimensions
of length.

In addition, the differential element of area, d§(ﬁ), on the surface of the unit
sphere in k-space associated with the unit vector k in Eq. (6.10), is transformed to
an element of area, dS(), associated with the new unit vector L. The relationship
between these two quantities can be obtained by writing them in the respective
forms dS(k) = |dk" x dk®| and dS(¢) = |df,(1) X d§(2>|. Then, denoting the unit
base vectors for k and , respectively, by /E; and @:, and using @a = ayky /¢, it is
foundl Py Writizng out the vector products, that the components of dk!) x dk®
and d ' x dC "~ are in the ratio a;a»as/¢>. Therefore,

as(@) = ‘”22“3 dS(k). (6.14)

Substituting the relevant quantities into Eq. (6.10) and using the relationship

13-y - )

: ~ , (6.15)

S(L-y—(2) =

the expression

R ~
uC(x) = #cﬂmn err J dy J dz ﬁ b (X)ki(k A);‘desA(@) (6.16)
0 5
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is obtained, where R = (1 — z*)"? must be a real quantity.
Next, the derivative of the delta function in Eq. (6.16) can be eliminated by
integrating by parts with respect to z to obtain

z=1

2n R
00 =g | [ 00 [rar @ a8, (0EER), 2oLy — 1) 05Q)
00 K 0
| 1 2n R
~ g3 Comn | 0y =) | [aw [ rar o, (k¢ aS(0) |0z
Z1 0 0 $

(6.17)

Further treatment depends upon whether y is inside, or outside, the unit sphere,
i.e., whether the field point, x, is inside, or outside, the inclusion.

Elastic field inside inclusion
When the field point y is inside the unit sphere, inspection of Fig. 6.1 shows that a
value of z exists for all possible orientations of £ which satisfies the condition

The delta function in Eq. (6.17) is then non-vanishing and R = (1 — z%)"/? is real,
as required. The first term in Eq. (6.17) vanishes, and the derivative with respect to
z of the relevant quantities in the second term, can be expressed as

R R
0 et
% lsT err:| = EJ) dr — Z[ST} R (6.19)
0

by applying Leibniz’s rule. Then, upon substituting this expression into Eq. (6.17),

£)

1 2n
1

ulc(x) =— WCﬂmn J dz J Oz
— 0

1

T . ag;n(x/) C (LD 2 ¢
dwlrd; @ ky(kk);; 0(C x y — L2)* dS(
S

1 2
- [ et @l a0, sy - e asd
B

(6.20)

The integration with respect to z is carried out using the property of the delta
function (Appendix D) that

1

CJ S(LL-y—(2)d j S(L-y—2)d Jé(@-y—z)dzzl. (6.21)

-1

1

—1
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(a) s (b)

Unit sphere
Cap 2

Figure 6.2 (a) Region of the surface of the unit sphere (i.e., the region between the
shaded polar caps 1 and 2) where the condition given by Eq. (6.18) is satisfied when y is
outside the unit sphere. (b) Corresponding cross section through center of unit sphere
containing O and the vector y.

Substitution of this expression into Eq. (6.20) yields (Mura, 1987),

2n R
1 el (x/ NN R
00 = gz G [0 [ o] b i casd,
0 0 ={xy $

(6.22)

where S represents the entire surface of the unit sphere, and the vector x’ must
satisfy the condition k - (x — x) = 0 to satisfy the condition z = { - y as is readily
demonstrated by the use of Eq. (6.13), i.e.,

k-(x—x)=0. (6.23)

py_ kx kX _1
A A

Further details are given by Mura (1987).

Elastic field outside inclusion

When y is outside the inclusion, inspection of Fig. 6.1 shows that the condition
given by Eq. (6.18) can be satisfied only when @ impinges on the surface of the unit
sphere in the region outside the shaded polar caps illustrated in Fig. 6.2a. Then,
Eq. (6.22) again applies (Mura 1987), but with the integration over the unit sphere
restricted to the region between the polar caps where Eq. (6.18) is satisfied, i.e.,

2n R
1 2l (x / o
M) = — g Com [ [rar®m ) o b [y s
0 0 =Ly §
(6.24)

where the notation S* indicates the surface region between the polar caps.

Mura (1987) and Mura and Cheng (1977) have derived companion expressions
for the derivatives of ulc(x), i.e., distortions, which are useful for calculating elastic
strains. Further developments and details are given by Mura (1987).
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Figure 6.3 Vector @ in spherical coordinate system, (r = 1,0,¢).

Ellipsoidal shape and uniform 8;
Elastic field inside inclusion
When ¢! is uniform, Eq. (6.22) for x inside the inclusion reduces to

1
) = 4 Cunnth, ) (k0GR 0SQ) (625)
S
after employing Eq. (6.13). To expedite the surface integration overi the spherical

coordinates (r = 1, 0, ¢), illustrated in Fig. 6.3, are now introduced. An element of
area on the unit sphere is given by dS (€) = sin ¢d¢pdf = d{5 db, and, therefore,

1 PPN .
Ltic’INC(X) = Ecjlmnglnxk # k k (kk) dC? d@ - _7[ jlmnémnxk J dC3 J ljkl(k)d97

S -1 0
(6.26)
where
Piju(k) = kkkl(kk) (6.27)
An expression for SC INC is obtained by using Egs. (6.26) and (2.5) with the result
2n
S = Cppmthy J dt, J [P () + P g ()] ), (6.28)
-1 0
which can be written in the form
e = SE e (6.29)

where

2n
1 - . .
S;:mn = 8_ncpqmn J dgs J [Piqu(k) +P1Piq(k)]d9' (6.30)
0
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The fourth-rank tensor, S};:mn, which linearly couples the canceling strain,
sg‘lNc, with the transformation strain via Eq. (6.29), is known as the Eshelby
tensor. This tensor is seen to be independent of x;, which establishes the important
result that the canceling strain is uniform throughout an ellipsoidal inclusion when
the transformation strain is uniform. Then, the final elastic strain in the inclusion,

g <, is also uniform, by virtue of Eq. (6.1).

Elastic field outside inclusion
In the matrix, Eq. (6.24) takes the form

s(x) 2
1 . X
utM(x) = Ecﬂms}mxk J dés J Piu(k)do, (6.31)
—s(x)

where s(x) and —s(x) are the limits of 63, and depend upon the distance of the field
point x from the inclusion. Inspection of Fig. 6.2 shows that these limits decrease
as x (and, therefore, y) increases, thereby causing u,CM (x) to decrease as x
increases, as we would expect.

Finally, the displacements in the inclusion and matrix are obtained by substi-
tuting Egs. (6.26) and (6.31) and the known «! into Eq. (6.1). Mura (1987) has
given results for a number of cases where these equations have been integrated for
crystals of different symmetries with limiting ellipsoidal shapes, i.e., spheres,
needles, and thin-disks.

In Exercise 6.1, Egs. (6.26) and (6.31) are used to find the displacement fields in
the inclusion and matrix for a homogeneous spherical inclusion with FT =¢'9;in
an isotropic system.

Ellipsoidal shape and non-uniform s represented by polynomial
When the transformation strain is non- umform it can be represented (Asaro and
Barnett, 1975) by a general polynomial of the form

22 B () T

ag (6.32)
= Snm + 8mnpyp + 8mnpqypyq +o
From Fig. (6.1), y' can be written as
" = z{ + rlcos Y + sin i
y' =z{+r[cosy Y] (6.33)

Vi= 2 + rlm;cosy + A siny]

o

and using the binomial theorem, quantities such as ()’/1) can then be written as

o 0(1!

)" = l;)w(zﬁ)m_ﬁ'rﬁ‘ [ri) cosy + 7y siny]. (6.34)
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Since all equations are linear with respect to sl-Tj and its derivatives, the displace-
ment field due to each term retained in Eq. (6.32) can be determined and then
simply summed to obtain the final result. The required canceling displacement
field for each term can be obtained by employing Eq. (6.22) or (6.24), and
integrating over both iy and the unit sphere.

Consider the relatively simple case where the transformation strain is a polyno-
mial of the first degree in the form ¢, (x') = ¢,y Then, using Eq. (6.33),

mn

del (x') 5
TZ( = Szmpél" (635)
Next, substituting this result and Eq. (6.33) into Eq. (6.22),
2n

C g;ll;np T e P ~ A
u;j (x) = — 2 J dys errg,, — z[z{,, + R(ri1, cosyy + i, sin )]
0

# lemnlgl(lglg)i;lc d§(t) .
S

0 =Ly
(6.36)
Then, after performing the first two integrations,
C SEHP p 2,2 C i —1 J5;
W) = =B @ (1= 3E- L Cumki (60 LAS@). (637)

s
Next, substituting £ - y = (k - x){ ! into Eq. (6.37), and using Eq. (2.5), the corres-
ponding canceling strain in the inclusion, skC,’lNC, is given by

3 s
g N = ¢l ﬁCI.NCCPkmkS[k,(kk)kfl+kk(kk)lj1]c LdS(C) px, (6.38)

R anp Jman
S
or, alternatively,
£CINC _ g;fnp T gnpiisXs (6.39)
where
30 nes o e e P
Lanpris = 5 ﬁ@ CIN L Kk [ (KR) '+ ke (kK) ;10" dS(Z). (6.40)
S

Equation (6.39) shows that the canceling strain in the inclusion is a polynomial
of the first degree, and, therefore, since the transformation strain is also a polyno-
mial of the first degree, the strain in the inclusion is a polynomial of the first
degree. In Exercise 6.2, it is shown that when the transformation strain is a second-
degree polynomial, the strain in the inclusion is also a second-degree polynomial.
As demonstrated by Asaro and Barnett (1975) and Mura (1987), this result,
i.e., that the inclusion strain is a polynomial of the same degree as the transform-
ation strain polynomial, is true for polynomial transformation strains of any
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degree. However, the proofs are lengthy and will not be presented here. These
results therefore lead to the polynomial theorem:

The canceling strain field within an inclusion possessing a transformation strain that is
a polynomial of degree M in the x; coordinates is itself a polynomial of degree M in the
x; coordinates.

This will be of use in the formulation of the equivalent inclusion method for
treating inhomogeneous inclusions in Section 6.3.2.2.

Elastic field of innomogeneous inclusion with ellipsoidal shape

Uniform 8;1;
Having solutions for homogeneous ellipsoidal inclusions, solutions for corresponding
inhomogeneous ellipsoidal inclusions can now be found by employing the equivalent
homogeneous inclusion method of Eshelby (1961). This involves the construction of a
fictitious homogeneous inclusion that is “equivalent” to the corresponding actual
inhomogeneous inclusion. The solution for this equivalent homogeneous inclusion,
which can be found by using our previous methods for solving homogeneous inclu-
sion problems, then provides the desired solution for the inhomogeneous inclusion.
First, the inhomogeneous inclusion is constructed by the procedure described in
Section 6.2, i.e.:

(1) Cut out of the matrix the region intended for the inclusion.

(2) Change its elastic constants from C}, to CJ3C.

(3) Subject it to the uniform transformation strain, eg

(4) Impose on it the elastic strain, —eg, by applying suitable forces.
(5) Incorporate it back into its original cavity.

(6) Apply forces that cancel the forces of step 4 and generate the elastic strain

. . . CM . .
™€ in the inclusion and &; in the matrix.

&jj

The final elastic strain in the inclusion is therefore given by

g}jNC = ggJNC — &I (6.41)
and in the matrix by
CM
e =& (6.42)

and the final size and shape of the inclusion differ from its initial size and shape by

the strain &N

Next, the equivalent homogeneous inclusion is constructed as follows:

(1) Cut it out of the matrix with the same size and shape as the corresponding
inhomogeneous inclusion.

(2) Subject it to the transformation strain, &\ .>

i

2 Quantities associated with the homogeneous equivalent inclusion are indicated by an asterisk.
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(3) Subject it to the elastic strain, — u ", by applying suitable forces.
(4) Incorporate it back into its cavity.
(5) Apply forces that cancel the forces of step 3 and generate the elastic strain,

INCH . . . M* . .
S INE , in the inclusion and 85 in the matrix.

ij
The final elastic strains in the equivalent inclusion and matrix are then

INC* __ CINC* T* M* _ C,M*
g =g — & & =¢&; (6.43)
and the size and shape of the inclusion differ from its initial size and shape by
CIINC Now, if the two inclusions are under the same stress and have the same
final size and shape, they can be interchanged without disturbing the matrix,

i.e., they will be “equivalent.” This requirement will be met if the two conditions

cINC" — GINC g (OINC _ (CINC (6.44)

ij Oij ij )
are satisfied. To satisfy the equal stress condition, the relationship

CINC* _T* _ _CINC T
a5 — 0, =0 — 0 (6.45)

must be satisfied. Then, using Hooke’s law, and substituting the equal strain

IN AN
condition, SC < —sg' C,

Cu/d( C,INC* T*) Clljr;rlc( CINC" 82}) (6.46)

However, since the transformation strain, PE,*, is uniform, and the equivalent

inclusion is homogeneous, the relationship &, INC = Sk, méh, given by Eq. (6.29)
is valid, and substituting this into Eq. (6.46),

[(CII;E]C Cljkl) Sl](almn + Cgﬁnn:| m* Czljl:InS zm (647)

Then, by introducing the tensor Y'NC defined by

ijmn

YII/I;ImC = (Ctljl\NlC Cz/k[) SI]::lmn + Cg/rlnm (648)
the solution for ¢! can be written in the matrix form
"] = YN IENET. (6.49)

The problem is now solved. The elastic strain in the inhomogeneous inclusion is
first written as

INC _ CINC T _ CINC T _ oE T T
& =& T ey =gy —&; = Sty — & (6.50)

after using Egs. (6.1), (6.44), and (6.29). Then the transformation strain of the
equivalent inclusion, 83;, given by Eq. (6.49), is substituted into Eq. (6.50) to
obtain

6] = (SEI0y™) ™ ™) - 1) 6], (6:51)
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Finally, the elastic field in the matrix, which is the same as the corresponding field
in the matrix surrounding the equivalent homogeneous inclusion, is found by
employing the methods described in Section 6.3.1 for homogeneous inclusions.

A complete solution for the inclusion and matrix displacement fields in the case
of an inhomogeneous spherical inclusion with a uniform transformation strain in
an isotropic system is presented in Section 6.4.3.1.

Non-uniform ?Z represented by polynomial
When the transformation strain of the inhomogeneous inclusion, sg, is non-
uniform it can be represented generally by a polynomial in x; as in Eq. (6.32).
Since all of the relevant equations are linear, each term in the polynomial can be
substituted by itself for &, in Eq. (6.46). If the polynomial is of degree M, and the
transformation strain of the equivalent inclusion, akT,, is also taken to be a
polynomial of degree M, then, by the polynomial theorem on p.126, the corres-
ponding canceling strain, skc, INC" in Eq. (6.46) will also be a polynomial of degree
M. Then, by collecting the coefficients of common quantities in x; that appear in
Eq. (6.46), a set of simultaneous linear equations can be developed that yield the
required coefficients in the assumed polynomial expression for ], .

Consider this method for the case of a transformation strain given by the first-

order polynomial

T (X T
= Z Epny )= EmnpYp- (6.52)
o o

Following the above procedure, writing skT, in the same polynomial form as
Eq. (6.52) and using Eqs. (6.52) and (6.39), Eq. (6.46) takes the form

T T
&
§ : § : klow INC § : § klow
ljkl gqnp F‘["Pklfx'x (Cl )xaz Cljkl [ qnp Fﬁ["[’k[“‘x (a )xo«.‘| .
o o

(6.53)

Because of the symmetry requirement, &/, = &}, there are 18 unknown &}, coeffi-
cients to be determined. Since the x/, are independent, Eq. (6.53) provides three
equations corresponding to o = 1,2,3, and each of these provides six equations
corresponding to ij = 11,22,33,12,13,23. There are therefore 18 linear equations
available to solve for the 18 unknown polynomial coefficients. Having solved for
the transformation strain in the equivalent homogeneous inclusion, sZ,, the
equivalent homogeneous inclusion problem and corresponding inhomogeneous
problem can be solved using the methods of Section 6.3.1.

Strain energies

The strain energy due to an inclusion in an infinite homogeneous region can be
found by considering step 4 of the procedure for producing the inclusion described
in Section 6.2. At the point where the inclusion has been put back into its cavity
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and the applied forces have not yet been removed, the inclusion is subjected to the
elastic strain,—¢};(x), and corresponding stress, —a;(x), and the matrix is strain-
free. The strain energy in the entire system is then

1

! _ T.T

W' = 5 {ﬁ o;&; dV. (6.54)
VINC

When the distribution of applied force is now canceled we can imagine that this
occurs by a process in which the forces are simply allowed to relax to zero, thus
causing the canceling displacement, uic, to reach its maximum value (Eshelby,
1961). Since these quantities are linearly coupled, and the distribution of applied
force is

dF; = 6,A;dS (6.55)

the energy released is

1 1
AW =3 “ oy Ay dS = 5 ﬁ;ﬁ opes ™ dv (6.56)

SINC fleC
after using the divergence theorem. The energy remaining is then the final
strain energy in the entire system, i.e., the strain energy due to the inclusion,
given by

1 1 1
INC / T, T _,CINC T, INC INC,T
14 =W —AW—EﬁO‘ﬁ(SU-—SU )dV——E#J;JUSU dV——Eﬁ}GU sljd‘/,
N AN ive

(6.57)

after use of Eqgs. (6.1) and (2.102).

We therefore have the remarkably simple result that the strain energy depends
only upon the transformation strain and the stress within the inclusion. This result
is quite general and applies to both homogeneous and inhomogeneous inclusions
with arbitrary shapes and transformation strains in both general and isotropic
systems.

Coherent inclusions in isotropic systems

Elastic field of homogeneous inclusion by Fourier transform method

The preceding equations, which were obtained using the Fourier transform
method, can be converted to corresponding equations valid for an isotropic
system by use of Egs. (2.120) and (3.141). They can then be solved subject to the
prevailing boundary conditions. For convenience, several factors that appear
frequently in the previous equations for general systems along with their corres-
ponding isotropic forms are presented here:
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PN ~ ~ 1 N
(kk),‘j = (kkckijlkl) — U |:(S,'j + 1 — 2V k,’kj:|
- ) . 1 1 o (6.58)
kk).." = (kiCrijik1) ™ — 10 ki
( )l/ (ki kJ//) _)/1["+2(1—v) J:|
porr ~ 1 ~ ~ =
Citmntm k1 (kK) ;" — 260 Ko — ki [kmkner, — ver]- (6.59)

This procedure is used in Exercise 6.1 where, in an isotropic system, the displace-
ment field of a spherical inclusion with the uniform transformation strain
a; = §;¢" is found by use of Egs. (6.26) and (6.31) after converting them to forms
valid for isotropic systems.

Elastic field of homogeneous inclusion by Green’s function method

As shown in Section 4.3.2, relatively simple analytical expressions exist for the
point force Green’s functions for an infinite isotropic body. The Green’s function
method is, therefore, an attractive method for finding further expressions for the
displacement field of inclusions in isotropic systems, as first shown by Eshelby
(1957). In the following, Eshelby’s method, which also involves elements of
classical potential theory, is applied to inclusions with uniform transformation
strains. Many of the results can be expressed in relatively simple analytical forms
and provide insights into the general elastic behavior of inclusions.

Arbitrary shape and uniform 8,-jT-

Starting with Eq. (3.168), and substituting the Green’s function applicable for
an isotropic system given by Eq. (4.110) while using 0G;(x —x')/0x; =
—0G;;(x — x') /ox;,

1 1 0¢(x) 1 2’y (x)
Cre) _ T T
i (x) = 4rpM Tik o, lemuM(1 —wM) ik Ox;O0x;0x (6.60)
where
dav’
o0 = (b V= {# x — x/|dV". (6.61)
ymNe A/INe

The functions ¢(x) and y(x) are well-known potentials termed, respectively, the
Newtonian potential (Kellogg, 1929; MacMillan, 1930) and the biharmonic potential
(of an attracting mass of unit density distributed over volume VINC): they are
related by

VA (x) = V? f{# x —x'|dV' = ﬁj; Vix —xX|dV' =2 ﬁg; : dV’ = 2¢(x).

</
VINC /‘/INC /‘/INC |X X |

(6.62)
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Also, using Eqgs. (6.61) and (D.6),

V2ip(x) = iﬂj; v? ! dV' = —4n ﬁﬁ o(x —x)dV' = —4n. (6.63)

[x = x|
/INC /INC

Therefore,

2 _ [ —4ninside V€ 4 _ [ —8ninside V"€
Vo) = { 0 outside V'™¢ Vivix) = { 0 outside V'™C. (6:64)
Equation (6.64) follows from Eqgs. (6.62) and (6.63) and the fact that x’ is restricted
to V' in Eq. (6.63).
Equation (6.60) is quite general, is valid for regions inside as well as outside the
inclusion, and is restricted only by the assumption of a uniform transformation
strain. In the following, several useful results for the elastic fields in the inclusion

and matrix are obtained by the use of Eq. (6.60) without requiring its complete
solution (Eshelby, 1957).

Dilatation in inclusion and matrix
The cubical dilatation, eC(x), in both the inclusion and matrix, can be found
directly without knowledge of . Using Eqs. (6.60) and (6.62),

ou€ 1 ¢ 1 o'y
Clx) = —L = — T T
e (x) = Ox; 4ruM Ik 0x;0x + 16muM(1 — vM) %k Ox20x;0xy
— L 1 ¢ + 1 T o* ( 2 )7 (1-2M) ¢
o AmM %k ox;0x,  16muM(1 — vM) ik 0x;0x o 8mpM(1 — M) %k Ox;0x;.”

(6.65)

which is seen to be independent of . This result is used in Exercise 6.3 to find
¢“™C and ¢“M for an inclusion with the transformation strain gy = 0e".

Elastic field in matrix at inclusion—matrix interface

For an inclusion with a uniform transformation strain, the elastic field in the
matrix is generally more difficult to determine than in the inclusion. However, by
using general potential theory, the elastic field in the matrix at the inclusion—
matrix interface can readily be found from knowledge of the field at an opposite
point across the interface just inside the inclusion. This is useful, since the stress
concentration in the matrix directly adjoining the inclusion, where it is generally at
a maximum, is often of special interest.

According to classical potential theory (Poincaré, 1899), the second deriva-
tives of any potential, v(x), obeying Poisson’s equation, V*(x) = —47p (x), as
in Eq. (D.5), undergo discontinuous jumps whenever x crosses a surface, S,
separating two regions of different density, p.> When the potential is the

3 The symbol p indicates a generalized density, corresponding to mass density in the case of a
Newtonian potential and electrical charge density in the case of an electrostatic potential.
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Newtonian potential, ¢, and S encloses a region, V, and x crosses S from
the inside to the outside at a point where the inclination of S is indicated by n,
the jump is given by

62 d)IN 62 d)OUT

= —4mi;i; (p™ — pOUT) = —dmii; 6.66
axiaxj axiaxj n n/(p p ) nin;, ( )

when the mass densities inside and outside "V are unity and zero, respectively. By
differentiating Eq. (6.62) for the biharmonic potential,

v2< oY ) =2 L (6.67)

axkaxl N axkéxl'

Comparison of this with Poisson’s equation shows that the quantity 9%/(Qx0x;)
behaves as a potential produced by an effective density p’ = —[1/(271)][0°}/(0x,0x))].
Therefore, substituting these results into Eq. (6.66),

64 IN 64 ouT
lp l// _ _4nﬁiﬂj(,0”N _ p/OUT) _ 2ﬁlﬂ]

62¢IN 62¢OUT
0x;0x;0x40x; B 0x;0x;0x40x; o ]

axk('ﬁx[ B axkax,
= 2 —Amiiy) = —8miijiy .
(6.68)

Next, the canceling strain is obtained by applying Eq. (2.5) to the general solution
for u¢ given by Eq. (6.60), i.e.,

&S = % oy _ oy il + oy, ¢ (6.69)
T 16muM (1 — vM) Ox;0x;0x,0x;  8muM *oxi0x; " ox0x; ) ’
Then, using Egs. (6.66) and (6.68) to evaluate the derivatives in Eq. (6.69), the

difference between the canceling strains in the matrix and inclusion across the
inclusion—matrix interface is

1 o
C,M C,INC Jjk A A A A A A PN
(Sil’ - gil )[NC/M = 2H_M [m I’ll‘njnkn[ — (O';l];nkn[ + U?];n,'nk)‘| . (670)

Elastic field in matrix far from inclusion

This problem can be solved by finding an expression for u® by integrating the
displacements due to the layer of forces on S™NC and converting the surface
integral to a volume integral. Using Eq. (3.16) and Fig. 3.1, and the Green’s
function given by Eq. (4.110), the displacement at x due to the application of
the distribution of body force, dF; = akafzk dS, can be expressed by

1 (3 —4v) (xi — x;) (x5 — x7)

Clix) = N i 6T s, ds’

s (")_16WM(1_VM)# Lx_x, 3+ ea—E opicds’.  (6.71)
SINC

Then, using the divergence theorem,
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Ji
 (DEF

Figure 6.4 Geometry for integration of Eq. (6.72) over ellipsoidal inclusion.

C U 4
i i dv = i V7
uy (x) = 16muM( l—vM fﬂ x—x/J? i 1_VM ﬁﬁ X — 2g/k

(6.72)
where [ is the unit directional vector
= (x—x)/}x x| (673)
and f;; and g;; are given by
Jie = (1= 2V)(5ijl:k + 5ka:;) - 5ﬂil§ + 31: ,l 674
ik = (1= 2v)(0ijlk + duly — pli) + 3liljly.

Equation (6.72) is valid both inside and outside the inclusion, and at distances in
the matrix from the inclusion, |x — x'|, that are large compared with its size, f;; and
giix become essentially constant over the integrations. Therefore,

C,M( ) — U_,-ka}jkVINC 1 S]TkgkaINC |

— = 6.75
T6mM (1 — ) x — X (6.73)

i 871?(1 —VM) |X—X,‘2

and the displacement is seen to fall off with distance from the inclusion as [x — x'| 2,

Ellipsoidal shape and uniform 33

Let us now consider homogeneous inclusions of ellipsoidal shape in isotropic
systems following Eshelby (1957; 1961) and Mura (1987). Fortunately, the poten-
tials associated with ellipsoidal bodies are well known (Kellogg, 1929; MacMillan,
1930). These have different forms inside and outside the inclusion, and the elastic
fields in the inclusion and matrix are therefore treated separately.

Elastic field inside inclusion
The canceling displacement within the inclusion, uc INC( x), is obtained (Eshelby,
1957) by integrating Eq. (6.72) over the volume of the inclusion subject to the
condition of Eq. (6.11). With the origin at the center of the ellipsoid, the geometry
is shown in Fig. 6.4.

The conical volume element with apex angle, dw, has its vertex at x and its axis
along the unit vector, [, and intersects the inclusion surface at the distance p({).
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The differential volume element, located at x/, has the volume dV' = |x' — x|*d|x' —
x| dw. For convenience, the positive direction of I [see Eq. (6.73)] has been reversed
and now points from the field point to the surface of the ellipsoid. This has required
a change of the sign of g, since, from Eq. (6.74), g;x is an odd function of I
Equation (6.72) is first integrated along |x — x| and then over w by integrating over
the surface, S, of a unit sphere centered on the field point at x. Therefore,

CINC/_\ _
W0 = 3{3@9 RS
T (D)
glk ﬁ J S @ A A A
=—— dlx — G (DdS(l) = (Dg;
87T(1—VM) ‘X X|g/1\() S() I—VM ,0 g/k
§ 0 S

(6.76)

An expression for p(I ) in the ellipsoidal body can be found by first writing
X3 X3 X3
S+5+=5=1 (6.77)

where X = x + pl. Therefore,

~ 2 ~ 2 ~ 2
(x1 + phy) n (x2 + ply) " (x3 + pl3)

=1. 6.78
@ Z (679
Solving this equation for p, and taking the positive root,
; f, 7 e
pl)=—=4+4/=5+-, 6.79
(1) et (6.79)
where
X<2 flxl iz)(z i3X3 [2
R A (050
Then, substituting Egs. (6.79) and (6.80) and the quantities
. L, &
1 1, = 2 == 6.81
Al a% A2 a% 43 a% ( )
into Eq. (6.76), the displacements uC INC( ) are given by
T T
CINC Ejk - PP XmEji ﬁ m8ijk
hy =" D)gin(1)dS(1 dS (6.82
0 = gy D a8 = g )
S S

and the corresponding strains by

C,INC
g (x) =

167( l—vM

1 i i &7
4}@ glf"* 18Ik 4. (6.83)
S
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Note that the square root term in Eq. (6.79) has been dropped, since it is an even
function of I.
Using Eqgs. (6.81) and (6.74), the surface integral in Eq. (6.83) can be broken
down into a sum of integrals that are of the forms (Eshelby, 1957) given by
S‘ I)
Eﬂ; — =2na ara;
S

~
»—-I\) ’_‘I\J

du
(af +u)A(u)

>
>

du

= 2najaras —
(af +u)"Au) (6.84)

S Oﬁg

=~

I
=
Q |__N>
=R
o
o |2
=

o0

ﬁﬁds_ﬂ) = dranaas | du
N
2

[98]

I, =
aja; g ) (af + u)(a3 + u)A(u)

A(u) = (@} +u)'* (@3 +u)' (@ +u)'?,

where the additional non-vanishing types can be obtained by the cyclic inter-
change of (1, 2, 3), (a1, a», as) and (i1, s, [3).

The I; and I;; quantities are connected by several relationships. Using Egs. (6.84)
and (6.80),

1313 13]dsd .
hirbrh= fﬁ; atatae &0 SEﬁdS( ) = 4n. (6.85)
Vet @& &) g !
$ S
Also,

j4 j2j2 2127 as()
3arh + a5l + a3l @ 32 L 435212 4 3,2 103 2O
1 2 3 3 L 2a2a2 satal| g

(6.86)

Furthermore, starting with the integral equation for /;,, and decomposing the
integrand into partial fractions,

I 2naaaT du 2dddT ! [ ! ! du
~ g ~ g .
T et uE s waw) T T @ - a) Lef

(6.87)

and, by using all three of the above relationships,

4
300 + I + I3 :a—’;. (6.88)

1
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Using the above relationships and their cyclic variants, all /; and I;; can be
expressed in terms of I, and /3, which, in turn, are given (when a; > a» > a;) by

dnayaras
L = ) ) 5 o172 [F(k,@)*E(/Q@)]
(a7 — a3)(aj — a3) (6.89)
I 4naaras ar(a3 —a%)l/2 E(k.0) '
D @@ -\ as o)

where F and E are the standard elliptic integrals of the first and second kind
(Gradshteyn and Ryzhik, 1980)

0

d@ 0
F(k,0) = Ji E(k,0) = [ V1 — k%sin*0d0
Y 1 — k2sin%0 0 (6.90)

22 2\ 1/2
O<k<1) ©=Y=@) 4 G (1 —“—3) .
a

As pointed out by Eshelby (1961), the condition a; > a, > a3, which ensures that

0 < k < 1, is not actually necessary. If it is not satisfied, the elliptic integrals can be

transformed into new elliptic integrals, F(', k') and E(¢', k'), where 0 < k' < 1
(Byrd and Friedman, 1954).

Finally, having the above results, Eq. (6.83) can be put into the same form as

Eq. (6.29), i.c.,
e ¢ = St en, (6.91)

where

ds(I) (6.92)

GE _ 1 @ Aigi + Aigiki
UKL 6m(1 — vM) g
S
is the Eshelby tensor for an isotropic system having the symmetry properties

St =Sk, =Sk (6.93)

Again, in agreement with Eq. (6.29), the important result is obtained that the canceling
strainina homogeneousellipsoidal inclusion is uniform when the transformation strain
is uniform. Using the previous expressions for g;; and /; and also Eq. (6.84),

1
St = 8r(1 = W [3aily + (1 — 2™ ]
1
St = (i, — (1 = 22M)I
1122 8n(1 — vM) [“2 12— ( V) 1] (694
: .
St = 8r(1 = W™ (@315 — (1= 2™
a2+a2
Sty = 2 [To+ (1 - 2M) (1 +1)],

167m(1 —vM)
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where all additional non-zero tensor components can be obtained by cyclic inter-
change of (1, 2, 3). The symmetry properties resemble those of the elastic constant
tensor except that, in general, Sgk, # S}E,U. There is therefore no coupling between
unlike shear strains and between shear strains and normal strains, and there are
12 non-zero independent Sgk, components: nine of these couple the normal trans-
formation strains and normal canceling strains, i.e., ¥, S¥,, S35, 5115 S5s)s
SE 230 511, Sty and Stis,, and three couple the corresponding shear transform-
ation strains and shear canceling strains, i.e., S5 ,, &5 and S%.;.

The quantities in Eq. (6.94) can be determined for various ellipsoidal shapes,
and expressions are given in Appendix H for the S};fkl tensor for ellipsoids of
revolution as a function of their shape (as determined by their principal axes).
Additional expressions are given by Mura (1987).

The elastic field in the inclusion can now be obtained by using the inclusion
shape and volume and transformation strain as inputs. The quantities /; and /5 are
first calculated using Eq. (6.89), and the S}jfk] are determined using Eq. (6.94). Then,
the sff’mc strains are determined by using Eq. (6.91) in matrix form and employing
the index contraction rules of Egs. (2.89) and (2.90) to construct the matrix
representing the Eshelby tensor. Therefore,

[N = [$F)[e"], (6.95)
which in full form appears as
rC,INC 7
€] FSECSESE 0 0 07 e
o1 sk sk sk o0 0 0 | |4
83C’INC S5 S, S0 0 0 e]
ciNe | T A E T (6.96)
gy 0 0 0 28, O 0 €4
S?INC 0 0 0 0 2s& 0 €1
| (CINC | LO 0 0 0 0 255 [el]
The elastic strain in the inclusion, -ngC, is finally obtained from Eq. (6.1), and the
stresses are obtained via Hooke’s law. This method is employed in Exercise 6.7, to

obtain ¢1¥¢ and ¢! for a thin-disk inclusion.

Elastic field outside inclusion
This problem for isotropic systems has been treated in several ways by Eshelby
(1959; 1961) and Mura (1987). Following Eshelby, and employing elements of
potential theory, an expression for ulCM(x) solely in terms of the well-known
Newtonian potential, ¢(x), is now obtained.

The general expression for u¢(x) given by Eq. (6.60) contains both ¢(x) and
Y(x). However, /(x) can be eliminated by following a procedure that starts by
introducing the function f;; that is related to ¢ and ¥ by

op &
P

=X .
ij XiXj

(6.97)
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The Laplacian of f;;, given by

AV2P) D¢ (V)
2= 2 - 6.98
v fj * 6x, + 6x,~6x_,- 6x,-6x_,» ( )

is seen to vanish both inside and outside the inclusion by virtue of Egs. (6.62) and
(6.64), and f; is therefore harmonic in both regions. Furthermore, its normal
derivative at the S™C surface, i.c., Vfij - i, undergoes a discontinuous jump on
passing through SINE, Making use of

2 2 2

~ X1 X2 X3 B X7 X5 X3

n= (o, =, 2 pw=lyp2 4 5 6.99
<a%h ash a%h) at  a ag ( )

and the fact that the first derivatives of ¢ and the third derivatives of y are

continuous across S™C, the jump is given by

(V- )™ — (Vf; - 7)Y =~ (6.100)
According to classical potential theory, Poincaré (1899), f;; must therefore be the

harmonic potential of a layer of density x;#; distributed on gINE 4

Next, compare f;, with the function g, given by
2
a; 0 0
=——(xm——x—). 6.101

812 (a2 —a3) (Xl o o ( )

By using the same methods, it is found that g;, is harmonic both inside and
outside S™€ and its normal derivative undergoes a discontinuous jump on passing
through S™C€ Wwhich is identical to the jump for f,. Furthermore, both functions
are continuous across S™C and vanish at infinity. Both quantities must then be
harmonic potentials of the same surface distribution of density and so must be
identical: therefore,

op a} a¢> a¢
— — = 6.102
Mo amon (@ -a) Mo o (6.102)
Similar expressions for i, j = 1,3 and i, j = 2,3 hold so that
0%y __a d¢ 3 a3 3
6x16x2 a% — a5 axl a% 2 6x2
0%y ) a3 ¢
= — 6.103
Ox0x3 a% — a3 2 0xy T a% — a% Ox;3 . ( )
Py a% N
Ox30x; —aj ax ai — a3 6x1

4 See discussion and analysis preceding Eq. (6.68).
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All remaining required derivatives of { in terms of derivatives of ¢ can now be
obtained through use of the above expressions. For example, by differentiating
Eq. (6.62),

avy) Sy, vy v 0

= 6.104
Oxy ax? 6x16x% 6x16x3 6x1 ( )
and, therefore,
3 2 o2
T, %_i(6¢>_i( ‘”). (6.105)
0x; Ox;  Oxp \Ox 0xy Ox3 \ Ox10x3
Also,
o’y 0 [ %Y
Oxidx,  Ox <ax16xz> (6.106)

The derivatives of iy in Eq. (6.60) are now eliminated by substituting the above
expressions, and the desired expression for u{ in the matrix is obtained as a
function of ¢ in the form

cM _ 1 {*gz_*lTl 0 (2 aqs 2 a¢>+“n_“1T1 0 (2 0¢ 2 %)

u = a Xy — azX| — — a|x3
! 8n(1 —vM) | @ —ad dxa \ Oy @ —a o\ o Ay

0 0 0
_2[(1 - "M)Sn +v ( &2 "“’33)] _¢_4(1 - VM)( 1Tza¢ + 1T3 6;{)) +@x|}
(6.107)
where
2¢ 0 0 2¢l 0 0¢
I = 12 2,99 2y 23 < 2 09 2 9
ai — a3 <alx2@ “ @)Q) TE-a\ " e (6.108)

263, » 0, 0
+ a% — (12 <a3xl 67)63 - aﬂ@a .
Corresponding expressions for u5"™ and u$*™ are obtained by cyclic interchange
of (1, 2, 3) and (ay, a», az).
Now, the Newtonian potential external to the ellipsoidal body, i.e., ¢™, has the
well-known form (Kellogg, 1929; MacMillan, 1930)
2

2naiaa X2 X x2

M 14243 2 1 2

=" |F-= 0,k) + E(0,k
4 E { [[ k2+k2] (04) + {kz 2l o B0

F
L i B
1 — &2 AB2

(6.109)
where ai > a3 > a3, and
A=@+1)"? B=@+)" c=@E+1"
2 _ 2
1/2 ai —a . (1 (6.110)
I = (@ —a}) == F):sml(Z>
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and A is the largest root of the equation

2 2 2
X1 X3 X3

(@+4) (@G+21) (a3+21)
Therefore, u-™ is finally obtained by substituting Eq. (6.109) into Eq. (6.107). The
substitution and differentiations are lengthy, and detailed results will not be
presented here. Since 2 = A(x) and 0 = 0(J) = 0(x), the differentiations can be
helped by using the relationships

=1. (6.111)

o1& B, 4 8 4
oy 2ABC o4 2A3C A4 B* C® (6.112)
oA o 2)(1 oA o 2X2 o o 2X3
v AZR2 o, B2 vy C¥

The first relationship in the first row, for example, is obtained by multiplying
OF /00 = A/B by 80/d/ = —1/(2A*C), while the first relationship in the second row
is obtained by differentiating Eq. (6.111). Further aspects of determining the
elastic field in the matrix are discussed by Eshelby (1959; 1961) and Mura (1987).

Elastic field of inhomogeneous ellipsoidal inclusion with uniform eiTj
With the help of Eq. (2.120), the general result given by Eq. (6.47) reduces for an

isotropic system to
"M GE M T M,T*
(M Sy ity 04 + 2 Szjklgkl ) — (A€ 05+ 2u"e; )

(6.113)
= (}"INCSEmkISkI 0j + 2HINCS51<18/<1 ) — (;~INC T5 + 2#INC T)

with S,ﬁ, now given by Eq. (6.92). Equation (6.113) breaks down into separate
expressions for the shear and normal transformation strains, respectively. When
I %],

(WNC — )Szjkl‘ck] +2uMe #INC 3 (i=)), (6.114)

which yields the solution for the shear strains in the equivalent homogeneous
inclusion in the form

INC

™ _ I .
o = 5paNe — e s (D) (6.115)

after invoking the properties of the S,-jk, tensor described in the text following
Eq. (6.94), and employing Greek indices to avoid the index summation convention.

When i = j, the three normal strains are obtained as the solution of the three
simultaneous linear equations represented by

c_y
(NG = IMYSE el + 2(u™NC - :“M)Sgugkz +Me™ 4+ 2uMel .
_ JINC,T +2ﬂINC N) l_J)'
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The solution of Eq. (6.116) is expedited by writing it in contracted matrix form
using the rules given by Egs. (2.89) and (2.90), i.c.,

Myl = Ngg  MIET] = [N][eT) (6.117)
or
My My M el Niy Nip Ni3] [ef
M21 M22 M23 Sg* = N21 N22 N23 Sg 5 (6118)
M3 Mz Mss ]| [el N3 N3y Nsz] [&f
where
My = (N = 2M)(ST + 85 + S5) 4+ 2(u™C — pM)SE + M 4+ 24Ms; (6.119)

N,'j = }VINC + 2IMINC5,'}'.
The normal transformation strains for the equivalent homogeneous inclusion are then

(6.120)

Having the transformation strains of the equivalent homogeneous inclusion in the
forms of Egs. (6.115) and (6.120), the remainder of the solution is carried out using
the procedure described in the text following Eq. (6.49).

Spherical inclusion with &, = ¢'9;;

The equivalent inclusion method described above can be illustrated by applying it
to the relatively simple case of an inhomogeneous spherical inclusion of radius R
with the uniform transformation strains 8; = sTé,-j in an isotropic system. The
only non-vanishing transformation strains are therefore the three equal normal
strains, and using the values of Sg-,d given by Eq. (H.4) for a sphere, the M;; matrix
elements in Eq. (6.118) are

_ _ _ (4INC _ ;M 1+M INC _ M 7—5M M M
My =M =Mz = (A y) )43(1—vM)+2(‘u )715(1_‘)1\,[)-&-2 +2u
14 M SM—1
My = Moy = Mys = My = Moy = My, = (A€ — )VM)WVVM) +2(u™NC - #M)w(v]ﬁ + /M
(6.121)
Then, using Eq. (6.120), ¢7 is obtained in the form
ST* _ (3KM + 4,uM)KINC ST _ 3,UINC(1 4 VINC)(I _ VM) ST
(3KNC - 4, M) KM (1 + vM) [uINC(T o yINC) 2 M (T — 2yINC)]
(6.122)
Substitution of Eq. (6.122) into Eq. (6.50) then yields
INC __ INC __ JINC __ 2#M(1 - 2VINC) T _ 4uM T
&)1 T én T &3y

T T3KINC pgM©
(6.123)

T 7 INC(] 4 yINCY oM (] — 2yINC) ¢
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leading to the corresponding displacement
INC _ 4M

T
i ——mg Xi. (6124)

u
The displacement in the matrix, M = u"M, is given by Eq. (6.107) which requires
an expression for the potential exterior to the spherical inclusion, i.e., ™. How-
ever, this has the known form (MacMillan, 1930),

47R3
M
=— 6.125
M) =2 (6.125)
and, therefore, making the substitution,

MCM _ M?/l _ (l + VM)ST*VINCE _ 9KM8T*VINC ﬁ (6126)

! (1 —vM) X3 4r(3KM + 4uM) 3
Then, substituting Eq. (6.122) into Eq. (6.126),
M i
i =c3, (6.127)

where the constant ¢ is a measure of the ‘strength’ of the inclusion as a center of
dilatation given by

9K'NC INC,T 3HINC(1 + VINC) INC,T
= & = .
4n(3KINC 1 4 M) An[pINC(T + yINC) 4 2M(T — 2yINC)]

(6.128)

Finally, since the above solutions are spherically symmetric, they can be expressed
simply in spherical coordinates as

uINC(’,) _ 4uM i MM(’.) _ Ci _ 9K™NC INC Ti
r (3K™C + 4,M) r r2 4m(3K™C 4+ 4,M) r2,
Ug = Uy = 0
(6.129)

In Exercise 6.8, the results given by Eq. (6.129) are obtained by using an alterna-
tive method of solution in which the Navier equation is solved directly in both the
inclusion and matrix as a boundary-value problem.

Strain energies

Homogeneous, or inhomogeneous, with arbitrary shape and 53

The general expression for the strain energy due to a coherent homogeneous or
inhomogeneous inclusion of arbitrary shape and transformation strain given by
Eq. (6.57), and derived in Section 6.3.3 without reference to any elastic constants,
applies to both anisotropic and isotropic systems.
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Homogeneous with ellipsoidal shape and uniform 9; in isotropic system

The dependence of the inclusion strain energy on its homogeneity, shape, and
transformation strain is a topic of considerable interest, since it affects the kinetics
and morphology of many phase transformations where new phases are produced
in the form of inclusions. Examples include precipitation and martensitic trans-
formations (Balluffi, Allen, and Carter, 2005). It is also important in determining
the thermal stability and morphology of many microstructures. This dependence
is particularly easy to study for coherent, homogeneous, ellipsoidal inclusions with
uniform transformation strains in isotropic systems. In such cases Eq. (6.57)) is
readily integrated to obtain

~

W = —%a}jNC - T1/INC VINC — —naiaras. (6.130)
The stresses in the inclusion required in Eq. (6.130) for inclusions of various
ellipsoidal shapes are then found by substituting values of the Eshelby tensor
from Appendix H into Eq. (6.96) to find the relevant s,»(;’INC strains in terms of the
transformation strains. Then, Eq. (6.1) is used to find the elastic strains, and the
stresses are finally obtained by use of Hooke’s law. A calculation of this type for a
thin-disk inclusion is carried out in Exercise 6.7.
The strain energies calculated in this manner for homogeneous spherical, thin-
disk, and needle-shaped inclusions subjected to general uniform transformation
strains in isotropic systems are as follows:

w

Sphere (a; = ar = a3 = a)

_ 2uM INC T2 T2 T2 M T, T T, T T,.T
W= T5(1 =) 4 {4[(611) 4 (620)" + (e33) ]+ (5v7 + D) (1160 + 811833 + 630833)
+(7 = M) + (1) + (5) 1}

(6.131)
Thin-disk (a; = a»,az — 0)
M/INC
W= b {161 + )+ 2Meleh + 20 - MEh) ) (6132)

Needle (a; = a», a3 — )

W ’qulNC {3 T

21— M) Z[(311)2+(622) ]+ 2(e3;)’ +;‘511‘522"'2" [E3,633 + 1133]
e 420 - MEE + 7T},
(6.133)

IN
V C

where, in the needle case, W and are measured per unit inclusion length.
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In Exercise 6.6, it is shown that the strain energy due to a homogeneous
inclusion of arbitrary ellipsoidal shape having the uniform transformation strain
&y = &0, is given by
2uMKM 2me _ 2M(1+vM)

i ey VN =Ty (€ (6.134)

W =
and so is independent of its shape (as long as it remains ellipsoidal).

Inhomogeneous with ellipsoidal shape and 8; = 8T5,:/~

Strain energies for spherical and thin-disk shaped inhomogeneous inclusions with
T

&) = &0, in isotropic systems are as follows:

Sphere (ay = ar = a3 = a)

This case has spherical symmetry with cl)'¢ = o25¢ = o§'“, and Eq. (6.130)
becomes
1 3
W= fEJ%INCa;VINC = fEJWCeTVINC. (6.135)

The stresses in the inhomogeneous inclusion and its equivalent homogeneous
inclusion are equal, and therefore, since o€ = 3kMeM and &€ is given by
Eq. (6.123) with K™N¢ — KM, and T — &1,
GINC _ 124MKM .
1 3KM + 4uM
Then, substituting Eq. (6.122) into Eq. (6.136), and Eq. (6.136) into Eq. (6.135),

(6.136)

~ 3KINC 4 4yM

ISKINC‘MM INC( T)2 _ 6/JINC,MM(1 + VINC) INC(gT)Z
['uINC(l + VINC) + ZMM(l _ ZVINC)] .
(6.137)

Note that Eq. (6.137) reduces to Eq. (6.134) for a corresponding homogeneous
inclusion with &, = &'d,; when '™ NE WM Ttis shown in Exercise 6.9
that Eq. (6.137) can also be obtained by directly summing the strain energy in the
inclusion and in the matrix.

—uMandy

Thin-disk (a; = a», az — 0)
With & = &', and (a; = aa, a3 — 0), Eq. (6.130) takes the form

1 1
W= —Ea}jNngleC =-3 (6N + o + o3 CJeTVINE, (6.138)

The JLNC normal stresses are obtained from Eq. (6.182) after replacing the given s,»jT

strains by the s; strains of the equivalent homogeneous inclusion and are of the forms,
2uM(1 + M)
GINC = GINC — P14V INC _ (). (6.139)

(1 —VM) en 033
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Figure 6.5 Coordinate systems for studying strain energies of various
inhomogeneous ellipsoidal inclusions.

The .95 strains are then obtained as a function of the given ¢ strains by using
Eq. (6.120) with the M;; given by

;LINCVM /IM(I _ 2VM) 2#INCVM Z,UMVM

Mz = ™€+ 2uINC My = My, =

1 —wM 1 —wM =M 1M
JINC.M 9 M M
Ay AT (1 =2y
Mis = Moy = 27 Mip = M) = 1 — M (1 —wM ) My = My = My +2pM.
(6.140)
Then, after some algebra,
T [M(1 4 M) — 2INCYM](] 4 yINC)
33 M(] M) (1 — yINC

e ENC (1= M) (1IN

e = én = (M (1 + wM) (1 — yINC)

Putting the above results into Eq. (6.139), and substituting the result into
Eq. (6.138),

2u™NC(1 +v™N) e
(1 —vINT)

in agreement with Barnett (1971). Again, as for the spherical inclusion treated
earlier, the expression for the inhomogeneous inclusion, i.e., Eq. (6.142), reduces
to the expression for the corresponding homogeneous inclusion, i.e., Eq. (6.132),

when ™€ — M and vINC — WM,

W= (e7)?, (6.142)

Further results

Further effects of varying the shape, transformation strain, and inclusion or
matrix elastic constants can be conveniently studied (Kato, Fujii, and Onaka,
1996¢c) by employing the two coordinate systems illustrated in Fig. 6.5, where
the (x1,x,x3) system is the crystal system fixed to the matrix, and the (x},x},x})
system is fixed to the inclusion, with the x axis coinciding with the a3 axis of
the ellipsoid. The x} axis is maintained in the x; = 0 plane, and rotation of the
inclusion with respect to the matrix is obtained by varying the angles 6 and ¢. The
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transformation strains are specified in the (x,x,x3) system by the three uniform
principal strains, &/}, &, and &1;. The matrix of direction cosines describing the
rotation of the inclusion relative to the matrix is

cosficos¢ cosfsingg —sinf
lj=| —sing cos ¢ 0 (6.143)
sinfcos¢ sinfsin¢g cosf

and using Eq. (2.24), the transformation strains in the inclusion, expressed in the
(x},x5,x5) system, are

cosficos¢ cosOsing —sinf|[&, 0 0
S;jT(H, ¢)=| —sing cos ¢ 0 0 &, 0
sinfcos¢ sinfsing cosf 0 0 Gzl (6.144)
cosfcos¢p —sin¢g sinlcos¢p
X | cosfsin¢g cos¢  sinfsin¢
—sin 6 0 cosf
For convenience, the ratiof = u™¢ /M isintroduced, and itis assumed that yINE =M

With this arrangement, the strain energy due to spherical, thin-disk, and needle
inclusions can be studied as a function of the above variables using the methods
described above. The first step is finding the transformation strains of the equivalent
homogeneous inclusion expressed in the (xl/,xz/,x3/) inclusion coordinate system.

For a sphere, these are given by

dT = F(1—v) 10e}] — 5(e5) + &55) e 1oy el
11 2f(4—=5v)+ (7—=5v) f(l4+v)+2(1 —2v) o149
4 L 15f(1 —_ v) T -

Y] Py

with the remaining transformation strains obtained by cyclic interchange of the indices.
For an ellipsoidal thin-disk (a; = a,, a3 — 0),

/T /T T (1 —f )V /T T /T
& = fe g — fe ey =~— (8 +¢& ) + &
1 =fey o= feh 3 =, Ente 33 (6.146)
IT* /T T T m* T
€ =rfep €13 =3 &3 = &3

and for an ellipsoidal needle (a; = a», a3 — 00),
JT (1 - ){[f(5 — )+ B =)l + (fF =D - 4V)Fzz} +f(1 —f)vess
! [F(3—4v) + 1][f + (1 = 2v)] f+(1=2v)

o (LG4 G- (- D0 A | v
e =f1 ’{ G @) T 7+ (1= 2) }+f+(12V)

L 41— o Pl
oy =fey  eh :m &h el = I1f &y &y = T1f AN
(6.147)
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The above expressions for the sphere and thin-disk agree with Eqs. (6.122) and
(6.141), respectively, when ¢l = ¢"6y, u'™/u™ = f, and v'™© = W = v, Using
these results, inclusion strain energies can be calculated using Eq. (6.130) after
evaluating O',IjNC by the equivalent inclusion method.

Many calculations of the elastic energy of various types of inclusion have been
published. See, for example, Barnett (1971); Barnett, Lee, Aaronson, and Russell
(1974); Mura (1987); Onaka, Fujii, and Kato (1995); Kato and Fujii (1994); and
Kato, Fujii, and Onaka (1996a; 1996b; 1996c). The results are complex and

generally involve cumbersome expressions that must be evaluated numerically.

Coherent — incoherent transitions in isotropic systems

General formulation

The inclusions considered so far have been elastically coherent in the sense described
in Section 6.2, and we now consider coherent — incoherent transitions, in which the
strain energy is reduced, by changing the shape or volume (or both) of either the
embedded inclusion or the matrix cavity enclosing the inclusion, and in the process
destroying the initial coherence across the inclusion—matrix interface. As men-
tioned in Section 6.2, this can be accomplished by diffusional transport or plastic
deformation mechanisms, which can be either conservative or non-conservative
depending upon whether they produce a net gain (or loss) of mass to (or from)
the inclusion or the matrix immediately adjoining the inclusion. Examples of
conservative processes are shown in Fig. 6.6. Figures 6.6a, and b show the misfit
between the inclusion and its cavity immediately after the inclusion has undergone
its transformation strain. Figure 6.6c shows how the shape of the misfit can be
subsequently reduced by conservative diffusional transport within the inclusion,
which changes the shape of the inclusion but not its volume. Alternatively, this can
be accomplished by diffusion along the inclusion—matrix interface or by plastic
deformation within the inclusion as in Fig. 6.6d. Conservative diffusional and
plastic deformation processes that change the shape of the cavity can also occur
in the matrix in the immediate vicinity of the cavity surface. Since the inclusion and
matrix volumes remain constant in these mechanisms, the original volume misfit
(i.e., the original transformation strain dilatation, e') remains unchanged. At the
limit, the shape misfit can be eliminated completely, producing an incoherent
inclusion in a state of hydrostatic pressure inherited from its original volume misfit.

Reducing the volume misfit requires a non-conservative process, such as the
long-range diffusional transport of atoms between the inclusion—matrix interface
acting as a net source (or sink) and sinks (or sources) in the matrix far from the
inclusion, or, alternatively, by plastic deformation in the matrix by a mechanism
such as prismatic dislocation punching (Balluffi, Allen, and Carter, 2005).

In principle, all shape and volume misfits can be eliminated by these conserva-
tive and non-conservative mechanisms, thus converting an initial inhomogeneous
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(c) (d)

Figure 6.6 (a) and (b) Misfitting inclusion and corresponding cavity in matrix directly
after transformation strain. (c) and (d) Diffusional transport and plastic deformation
mechanisms, respectively, within inclusion, that will conservatively decrease the misfit
between the inclusion and cavity in (a) and (b).

inclusion into a simple inhomogeneity. However, the extent to which this actually
occurs depends upon a host of conditions too extensive to discuss here. In the
present context, such a complete transition is of relatively little interest, and I will
therefore focus on conservative transitions and prove formally that in such cases
an initially coherent inhomogeneous inclusion achieves minimum elastic energy by
eliminating its original deviatoric strain (Appendix J), or, equivalently, its devia-
toric stress, and reverting to a state of hydrostatic pressure. Expressions for the
final pressure and elastic energy reached are then obtained in terms of the original
transformation strain dilatation, e”.

According to Eq. (6.130), the elastic energy due to the inclusion, with uniform
transformation strains, in its initial coherent state (indicated by a prime), is

1 INC
/ /AINC /T / /T /AINC /T /ANC /T /INC /T /AANC /T INC
W= *5(611 & T 0y & 033 &3+ 207, & + 2075 &3+ 205, 623)‘/ .

(6.148)

Making changes in the misfit of an embedded coherent inclusion by the processes
illustrated in Fig. 6.6 is equivalent to making changes in the transformation strains
assigned to the inclusion at the onset. We can therefore adopt the transformation
strains as variables and minimize W with respect to these, in order to find a new set
of transformation strains that minimizes the energy. Since there are no physical
restraints on changing the transformation shear strains in a conservative transi-
tion, W can be minimized by simply setting them to zero. However, the require-
ment of constant inclusion volume demands that the transformation strain
dilatation be held constant. The problem of minimizing W is therefore reduced
to the formal problem of minimizing the function

1

T T T INC, T INC, T INC, T \y/INC

W(en, 6, 833) = ) (0 ey + 00 ey + 033 e33)V (6.149)
with respect to the variables &, &),, and e}y subject to the constant volume
constraint

T

el +eny + ety = el by +eiy = e’ = constant. (6.150)
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This problem is solved next, for various ellipsoidal inclusion shapes in an isotropic
system, by employing Lagrange multipliers.

Inhomogeneous sphere

Consider first a spherical (¢; = a, = a3 = a) inhomogeneous inclusion. Following
Kato, Fujii, and Onaka (1996¢), set u'™€/uM = f, and make the relatively modest
approximation that v'N¢ = y™M = y. The stress a}jNC required in Eq. (6.149) is then
obtained by using Egs. (2.123) and (6.44) with &N = SE &l — &l The trans-
formation strains, eg*, for the homogeneous equivalent inclusion, are given as
functions of the 8;1; by Eq. (6.145), and the S,-';;k, are given by Eq. (H.4). Using these
relationships,

gINC — jINC (I+vja—=(1-v)e 1
(I =v)e

4(4 — 5v)ca+ (1 +v)ab —3(1 —v)bc ¢ (14 v)ab —2(4 — 5v)ac

2 31— v)be s (e R
(6.151)
where
a=f(1—-v) b=2f(4—"5v)+ (7—5v) c=f(1+v)+2(1 —2v),
(6.152)

and 625'C and o§'“ are obtained by cyclic interchange. Substitution of Eq. (6.151)
into Eq. (6.149) therefore yields W as a function of the 8;5 The minimum of
W(ei1, €25, €15) under the constraint given by Eq. (6.150) is now obtained by
introducing the Lagrange multiplier, 4o, and requiring that

ow 5 0g ow . 0Og ow 0g
T dey, " Oey Oy Oej;

(6.153)
g(el) 60, 63) =& +ep ey —e'

Solving the above equations for the new transformation strains and calculating
the new stresses and strain energy, it is found that in the final minimum energy
state (indicated by a double prime)

/MINC _ (nINC _ (/INC _ o (1 +v) M. T

_ __ _ JNC _ M

o =% =93 = TyNe 3[f(1+v)+2(1—2v)]’u e (v=v M)
" o1 2f(1+v) M, T2/ INC i T €
W(sphere)—ze _3[_f(1+v)+2(172v)]'u (e )V Gl =ép =éy3 =
(6.154)

in agreement with results obtained by Kato, Fujii, and Onaka (1996¢) by a
different route. The inclusion has therefore minimized its energy by adopting a
state in which the shear transformation strains have vanished and the total
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conserved dilatational transformation strain, e', is partitioned into three equal
normal transformation strains thereby producing a condition of hydrostatic stress.
The strain energy, W, is proportional to (¢7)? and, since f = x™N/uM, is seen to be
identical to the expression given by Eq. (6.137) for the strain energy of a coherent
inclusion having the same transformation strains. In this case, the elastic states of
the two inclusions are the same. For the incoherent inclusion that state was
reached via a coherent — incoherent transition while for the coherent inclusion
no transition was possible.

Inhomogeneous thin-disk

Using the same methods as before, the results obtained in Exercise 6.10 for an
incoherent ellipsoidal thin-disk (a3 — 0,a; = a») are

/MNC _ 5/MNC _ /INC _ _ yINC _ M
o1 =9» o3 =0 (r=v""=v1)
: (6.155)
W (thin-disk) = 0 gl =el=0 & =el.

In this case, the inclusion has eliminated the initial shear transformation strains and
concentrated all of the conserved transformation strain dilatation in the direction
normal to the broad face of the disk. The thin-disk geometry allows this to occur without
the development of stress. All stresses, as well as the strain energy, therefore vanish.

Inhomogeneous needle

Finally, for an incoherent ellipsoidal needle (a; = a,, a3 — o0 ), it is found by the
above methods that

o/INC _ /INC _ (#INC _ _ (1 +v) Mt y = yINC = M)
11 22 33 2f( ) (1 ) (
" = - g!INCYINC,T _ INC, M (T
W (needle) = : Vv ) (e )2.
“2° C2f(T4v)+3(1—2v)
(6.156)

In this case, the inclusion has eliminated all shear transformation strains and shear
stresses and produced a state of hydrostatic stress. Again, the strain energy is
proportional to the square of the conserved transformation strain dilatation, e".

These results indicate that for fully incoherent inclusions the strain energy varies
with inclusion shape in the sequence

W (thin-disk) < W” (needle) < W’ (sphere). (6.157)

In the limit whenf = ™€ /M — oo, and all of the strain energy resides in the matrix,
the energies of the differently shaped incoherent inclusions have the relative values
C 3
W (thin-disk) : W’ (needle) : W”(sphere) = 0 : 1 1, (6.158)

in agreement with the classic results obtained for this case by Nabarro (1940) and
illustrated schematically in Fig. 6.7.
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Figure 6.7 Schematic plot of relative strain energy of infinitely stiff incoherent ellipsoidal
inclusion in isotropic system as a function of its eccentricity, i.e., az/a;.

Exercises

6.1

Find the elastic displacement field, in the inclusion and matrix, of a homoge-
neous spherical inclusion of radius a with a uniform transformation strain 35 =
5,~jsT in an isotropic system by starting with Egs. (6.26) and (6.31), respectively.

Solution Since the displacement field has spherical symmetry, it suffices to
determine the field as a function of distance along €;. Therefore, with x fixed
along ez, and after substituting 85 = 5,»1-8T, Eq. (6.26) takes the form

—_—

1
ug’INC()Q) = E (lell + Cj[zz + Cj[33)8TX3 J da3/€3]€/(/€]€)3j. (6159)
—1

Then, after using Eq. (6.58),

1 A A oA 1 N
CINC T

' =—(Cin1 +Cima + Cizz)e x3 | dizksk;| 03 — ——k3k;
Uy (x3) 5 (Cim 22 133)€ 3[ (3k3 1{ 3 21— 3 J}

and after using Eq. (6.13),

1 5 s 1 s ] s
U™ (x3) = % (Cimi + Cima + Ciz3)e ' x5 J €YY |:53j - mCSCj] dgs,
(6.161)
and after using Eq. (2.120),
1
cine, . (I4+v) ¢ JAz s _ (+v) 1
u; (X3)—2(1_v)8 X3 C3dg3—3(1_v)8 X3, (6.162)
2
and after using Eq. (6.1), with u} = &'x3,
2(1 - 2v
ulNC(x3) = ug’INC()@) —uy = — ( )STX3, (6.163)

3(1—v)
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which agrees with the displacement for this inclusion given by Eq. (6.124).
Turning to the matrix, if Eq. (6.31) is treated in the same way as Eq. (6.26)
to arrive at Eq. (6.162),

s(x)
1+v oy n
uS™M(x3) = ( v)ng3 J 2dg,. (6.164)
—s(x)

The limits for { 3 required for the integral in Eq. (6.164) are found with the
help of Figs. 6.2b and 6.3. Since x and, therefore, y are parallel to es,
component {3 can be measured along y, and using Fig. 6.2b it is readily
seen that the limits on {5 are

1 a

s=d-=4". (6.165)
y X

Then, substituting these into Eq. (6.164) and using Eq. (6.1),

a/x
1 5y s 1
B (x3) = us™ (x3) = 2((1+_Vv)) ¢T3 J Bdly = :f(l—tvv))a%T;‘_g, (6.166)
—a/x

in agreement with Eq. (6.126) for the case of a homogeneous inclusion.

Consider a homogeneous ellipsoidal inclusion with a non-uniform trans-
formation strain given by the second-degree polynomial

Epn(X') = Epa Vol (6.167)

‘mn mnpgq

Show that the final strain in the inclusion, &!N€, is also a second-degree
polynomial.

Solution By differentiating Eq. (6.167) after substituting Eq. (6.33),

el - ; ; ;s ;
O _ g;nm{zzc,,gq Y [(cqm,, + Eng) cosyp + (Eyip + Coiy) sin qf} }

Oz
(6.168)

and then substituting this expression and Eq. (6.167) into Eq. (6.22) and
integrating over r and ,

8T a A
uy N = — ﬁ { {Cpéq — m (g + ﬁpﬂq)}z
S (6.169)

= 28,8y = Oyt + )| 2}y Comnki ()£ dS ().

Then, employing -y = (k-x){~' from Eq. (6.13), and differentiating
Eq. (6.169),
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o C,INC 8;,1 .
uéxk B gngq # { {gpcq — n(rprmg + npnq)}
S
_ {6&&1 - 37‘[(1’;11:7;1,, + ﬁpﬁq)} C*2(f( . X)Z}lemnlgzlgk(]glg)i;l dS(@)

(6.170)

Inspection of Eq. (6.170) shows that by virtue of Eq. (2.5), £€5;iN¢ will be a
second-degree polynomial in x;. Then, according to Eq. (6.1), since &,,is a
second-degree polynomial, £, is also a second-degree polynomial.

Use Eq. (6.65) to show that the dilatations, €™ and ¢“™, for a homoge-
neous inclusion of arbitrary shape in an isotropic system are given by

1 M
SCINC _ (1+v )eT

CM — 6.171
3(1 - M) ¢ ’ (6.171)

when g = £'5;.

Solution By applying Hooke’s law,

3'«M 2 M
ok = MeToy +2uMe] = (%) 7oy (6.172)
and by substituting Eq. (6.172) into Eq. (6.65),
1 (14+yM)
c__ 1L UTVT) 12
e = 4n3(1—vM)e V<. (6.173)

Then, use of Eq. (6.64) produces the required results. The dilatation there-
fore vanishes in the matrix and is uniform throughout the inclusion, a result
that is verified, for example, in Section 6.4.3.1 for the case of a spherical
inclusion.

Show that, for a homogeneous inclusion of arbitrary shape with ¢} = £'§;;
in an isotropic system, Eq. (6.70) produces the same result for the difference
in dilatation, e“M—e“™NC across the inclusion—matrix interface, as pre-
dicted by the results of Exercise 6.3.

Solution The transformation stress, aj{, required to evaluate eSM_CINC

using Eq. (6.70) is again given by Eq. (6.172). Substituting this into
Eq. (6.70), and performing the required sums,

C,INC C,M (1 )
e — e -’ ¢ 61/4
3(1 ‘M) ’ ( )

in agreement with the result obtained for e“™—¢“™C using Eq. (6.171).

The strain energy due to a homogeneous inclusion of arbitrary shape and
transformation strain is given by Eq. (6.57), where it is obtained by deter-
mining the change in the elastic energy of the entire system that occurs as the
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canceling displacement, u", is imposed. Obtain the same result by determin-
ing the strain energy as the sum of the strain energies in the inclusion and
matrix taken separately.

Solution The final strain energy in the inclusion is given by

1
INC __ INC INC
WING =2 {# INCEINC gy, (6.175)

V]NC

The final strain energy in the matrix corresponds to the work done on it

during step 5 of Section 6.2 when the forces dF; = ¢74; dS are applied to
gINC

ij
to produce the displacement u""™. Since the displacements increase

linearly with the forces, the work is

M1 CM_CM~ 1 CINC_CINC -

w =5 # w; o RdS =5 w0y ii; ds, (6.176)
SINC SINC

where the positive direction of n is taken in this case towards the inclusion,

and o™ i; = oINCii; and u ™ = 1™ on S™C. Then, reversing the direc-
tion of n in the surface integral in Eq. (6.176) and converting the integral to

a volume integral,

y

1
WM =wM = — {# oiNCe N av. (6.177)
/VINC

The total strain energy due to the inclusion is then, from Egs. (6.175), (6.177)
and (6.1),
1 1
W= wiNC M — D D o - iy = -3 fff oiNoTav,
rleC vaNC
(6.178)

in agreement with Eq. (6.57).

Show that the strain energy due to a homogeneous inclusion of arbitrary
ellipsoidal shape in an isotropic system is given by

MKM

2 2uM(1 M
W= u (T)ZVINC: 1 ( +v )(ET)zleC, (6179)

(KM + 4pM) \° 9(1 — yM)

when the transformation strain is 93 = gT(S,-j. Its strain energy is therefore
independent of its particular ellipsoidal shape (i.e., spherical, thin-disk, or
needle).

Solution Equation (6.130) for the strain energy becomes

| 3
W = _E(O_llll\lc + O_%II\JC + allI]\lC)sTVINC _ —EKMelNCSTVINC. (6180)
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Using Eq. (6.1), e™¢ = ¢“™NC_¢T and the result given by Eq. (6.171) in
Exercise 6.3 that €“™NC = (1 4+ vM)eT /[3(1 — vM)] for a homogeneous inclusion
of arbitrary shape and uniform transformation strain, 95 = ST(S,»j, Eq. (6.180)
takes the form of Eq. (6.179).

In an isotropic system find expressions for the stresses in a coherent homo-
geneous thin-disk ellipsoidal inclusion with a uniform transformation strain,

85, in the limit where its thickness tends to zero.

Solution Substitute values of the Eshelby tensor from Eq. (H.6) into
Eq. (6.96) to find the s,(j: INC strains in terms of the transformation strains.
Then use Eq. (6.1) to obtain the elastic strains in the inclusion given by

INC _ T INC _ .T INC _ T ,.T
el = e €pn = —éxp €3 = [ — M (e + &) (6.181)
INC _ T INC _ INC _

e = —¢ép g3 =¢y3 =0.

Finally, substitute these strains into Eq. (2.122) to obtain the stresses

M M
INC _ M|V T T T INC __ M|V T T T

on- =—2u I_VM(311+822)+311 oy =2u 1_VM(811+822)+%2
INC _ M,T INC _ _INC _ _INC _

T = =218 03y =053 =0y =0

(6.182)

Instead of using the equivalent inclusion method to obtain the results given
by Eq. (6.129) for a spherical inhomogeneous inclusion of radius R with
transformation strain 8,}- = sTé,»j in an isotropic system, derive the same
results by solving the Navier equation directly.

Solution Treat the problem as a boundary-value problem requiring the
direct solution of the Navier equation in both the matrix and inclusion,
subject to the prevailing boundary conditions. The system contains trans-
formation strains, and we therefore employ the formulation of elasticity
theory presented in Section 3.6. The Navier equation for an isotropic
system without transformation strains is given by Eq. (3.3), and a com-
parison of Egs. (3.2) and (3.158) shows that the corresponding Navier
equation for an isotropic system with transformation strains must there-
fore be

2u(1 —v) tot tot - 60'5 _
ﬁV(VU )—[LVX(VXU )—e,axj—(). (6183)

Then, since 85 = 8T5,-j,

2u(l —
%V(V . lltOL) — ,uV X (V X llwt) =0. (6184)
The problem is spherically symmetric, and u'®' is therefore radial and a function

of r only. Therefore, employing spherical coordinates, V x u'®* = 0, and
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oflo
tot 2 tot
V(V-u') = ar{2a; [ruO()]}o (6.185)
The general solutions of Eq. (6.185) in the inclusion and matrix are then,
respectively,
C[N CM
WIN () = N 46T = L N M) = i () = S

(6.186)

In the matrix a bound is put on «™(r) by requiring that ¢3* = 0. Then,
using Eqgs. (G.10) and (G.11), the elastic stresses and strains in the

matrix are
M_ Ml M _ M _
" =cp Uy = uy =
1
M M M_ Ml M _ M1 (6.187)
&y = —2€) 3 i Epp = C1 33
M _ M, M 1 M _~, MM 1 M _ 9, ,M.M 1
o, =—4urcl Oogg = 2107 ¢y 55 Opp = 2H7CY 5.

The dilatation, eM = M + szfd) + &M, is therefore seen to vanish through-
out the matrix. When ¢M is positive, for example, each differential
volume element (Fig. G.1b) contracts in the radial r direction and
expands in the 0 and ¢ circumferential directions without producing
any volume change.
In the inclusion, a singularity at the origin is avoided by requiring that
¢iN€=0. Then, using Eqgs. (6.186) and (3.152),
M;ot,INC(r) INC( )+u ( )_ C;NC INC( )+6 r, (6188)
and using Egs. (G.10) and (G.11), the elastic strain and stress are
INC _ JINC _ JINC _ INC _ T
Cp T Epp TE T Cp  —E
(6.189)
of}\IC %C _ Gg()vc -3 KINC( INC _ Ty,
The remaining constants, AN and ¢M, can now be obtained by invoking
the boundary conditions at the inclusion/matrix interface. The radial
stresses in the matrix and inclusion must match across the interface, i.e.,
cNC(R) = 6M(R), and therefore

r

4M M
BRI —el) = == (6.190)
The total radial displacements in the inclusion and matrix must also match,
so that
1
NCR =M. (6.191)

R2
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Then, solving Eqgs. (6.189) and (6.190) for the constants, the elastic displace-
ments are

4uM
INC(,y _ totINC(\ _ T, _ (INC _ Ty _ _ T
u, - (r) =u, (r)—er={(q e )r (3K1NC+4/1M)8 ’ -
M 9K INC/INC 1 (6.192)
') ="5 = e

rr 4n(3KINC 4 4uM) " 27
in agreement with Eq. (6.129).

In Section 6.4.4.3, the strain energy due to a spherical inhomogeneous
inclusion with a uniform transformation strain & = ¢'d; in an isotropic
system was found in the form of Eq. (6.137) with the help of the general
Eq. (6.130). Obtain Eq. (6.137) by an alternative approach that uses the
stresses and strains associated with such an inclusion and calculates the
strain energy as the sum of the strain energies in the inclusion and
matrix.

Solution In spherical coordinates the displacements in the inclusion
and matrix are given by Eq. (6.129). Using Eq. (G.10), the strains are
therefore

(NG _ 4uMe” ¢INC _ 3 INH INC M _% oM — _ 4pMe
r 3K1NC +4,LLM r rl r ’,3 r ’_3

INC INC INC INC INC INC M _ M _ ¢ M_ M _ 2pMe

I Ogo = Opp — Op 8p9 = Spp = 3 900 = %¢ =73

(6.193)
The strain energy in the inclusion is then
2
72KINC(MM) VINC(ST)Z

1
INC INCEING . 5INC,INC 4 GINC,INC
Wi =3 ffﬁ; (00 &+ g + gy ey )V =

A (3KINC 4 4yM)?

(6.194)

and the strain energy in the matrix (when the inclusion radius is a) is

1 1 OC‘dr 3272 uMc?
wM = EJ (MM 4 gMeM 1 (7%3%)4711‘2 dr = 24muMe? Jr_3 = 3yiNc -
(6.195)
The total strain energy is therefore
18KINC'uM
_ INC M _ INC [, T2

in agreement with Eq. (6.137).
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6.10 Derive the results given by Eq. (6.155) for the final minimum energy state of
an incoherent ellipsoidal thin-disk inhomogeneous inclusion with uniform
transformation strains in an isotropic system.

Solution Using the same procedure used to obtain Eq. (6.151),

o\ = alef, + e3,) — bej, o’ = alel) +e3) — bey
INC _ (6.197)
o =0 a= A =D J;(EVV D b = 2fuNC.
The inclusion strain energy, from Eq. (6.130), is then
N T T,T T \27/INC
W= T—, [(e11)" =+ 2vefyeg + (e2) JVINC (6.198)
Equation (6.153) applies in this case, and therefore
2 INCpyINC
1=y (e1) + ven) = o
2, INC/INC
IV T T = (6.199)

1 —
o =0

T T T _ T _
&) + &y + &3 = e = constant.

Solving Eq. (6.199) simultaneously for &, &5, and & then allows the

calculation of the results given by Eq. (6.155).
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Interactions between inclusions
and imposed stress

Introduction

Interaction energies and forces between homogeneous inclusions and imposed
stress are treated first using the basic expressions developed in Chapter 5. Then,
attention is shifted to inhomogeneous inclusions where the treatment is more
complicated, since the inhomogeneity associated with such inclusions perturbs
the imposed stress field. It is therefore necessary to determine the total field
produced by the imposed stress, the inhomogeneity associated with the inclusion,
and the transformation strain (misfit) of the inclusion. This problem is treated
using results obtained in Chapters 6 and 9 for ellipsoidal inhomogeneous inclu-
sions and inhomogeneities, respectively, by use of Eshelby’s equivalent homoge-
neous inclusion method.

Interaction between inclusion and imposed stress

Homogeneous inclusion

As shown in Chapter 5, the interaction energy between a homogeneous inclusion
of arbitrary shape and transformation strain and a general imposed stress system,
Q, can be obtained by use of Eq. (5.13) with I replaced by Q, since it is valid for
defects represented by transformation strains in homogeneous bodies.! Therefore,

nt 1] 1/

ENCQ - _ Bfﬁ & dv. (7.1)
»VINC

In the simple case when the transformdtlon strain is the dilatation, 9 = sTéu, and
Q is uniform throughout % , we obtain

nt

Q
EINC/Q _ —O’?S}?VINC = —g2TYINC = _%AVINC — PRAYINC (7.2)

! Equations (5.10) and (5.15) also apply when the inclusion stress field, or, respectively, the force
density mimicking the inclusion, is known (see Exercise 7.2 for the latter case).
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where PQ = —afi) /3, and AVING = 3yINCT ig the misfit volume of the inclusion
due to the transformation strain. The interaction energy is thus the familiar “work
of expansion” against hydrostatic pressure, P, and takes this form because the
inclusion with its isotropic transformation strain interacts only with the normal
stress components of the general crg stress tensor.

When 03 varies throughout the body, the inclusion will experience a force that
can be obtained to first order by employing either Eq. (5.57) in the form

- o - o vy Ou®
INC INC ij INC® M INC® M A
FRES =R Sfﬁ <axj “ %i axll i dS, (73)
S

where u,I-NCx’M is the displacement in the matrix produced by the inclusion in an

infinite body, or Eq. (5.40) expressed as

INC INC/Q
FNQg) = — kf%éié, (7.4)

Consider the former approach first, which requires the integration of the Q field
and INC™ field properties over the surface S. To illustrate its use, it is assumed,
for simplicity, that the inclusion is spherical with siTj = ¢'4;; in an isotropic system.
The inclusion is centered at the origin, and S is chosen to be a sphere of radius
R in the matrix infinitesimally outside the inclusion—matrix interface. Prior to the
integration, the derivatives au,.Q /0x; and 603 /0x; in Eq. (7.3) are expanded around

the origin to first order, i.e.,

614? B au,Q i o’ ulQ .
Ox; o Ox; 0x,,0x; "
0,0,0 0,0,0

(7.5
60’3 663 6203 )
= + X«
Ox; Ox; 0x,,0x;
0,0,0 00,0
Then, substituting Eq. (7.5) into Eq. (7.3),
a2 - %62 o0
FINCQ = (L @%}NC M, dS + ” @xmu}NC M, ds
Ox; 0x,,0x;
00,0 § 0.0,0 g (7.6)

a”zQ INC™® M o%u? INC™ M
— ;o n;dS — ! Xpos 7 i;pdS.
<6x/ fﬁg Y ! 0x,,0x; ﬁ " !
00,0 0,00 '

The third integral vanishes, since the net traction on the sphere in the infinite
body must vanish. The remaining three integrals can be evaluated by switching
to spherical coordinates (Fig. A.1b), where x; = RcoslOsin¢g, x, = Rsinfsing,
x3 = Rcos, iij = xj/R and dS = R” sin ¢dpd0. The displacement field of the
inclusion in the matrix at x = R, given by Eq. (6.127), can be written as

u;NCX’M(r) = c%, (7.7)
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where ¢ = 3KMVINCT [4n(3KM + 44M)]. The stress a,l-jNCx’M required in Eq. (7.6)
can then be obtained by use of Egs. (7.7), (2.5), and (2.122). Performing the
integrations,

N 4 . x 16muM
ﬁ; WNC M s = 55, ﬁxmumc M. ds = 0 Q@WWC Mids = — 2 5,
i 3 , i ! ij 3
N S S

(7.8)
and substituting these results into Eq. (7.6),

4re | (062 o*ul
FINCG/Q T 22 M — . .
! 3 Ox; 000 A Ox;0x; 000 (7.9)

Finally, using Egs. (7.9), (2.5), (2.126), (2.127), and (6.128), the force is given by

F}NC,Q — e (3KM + 4p™M) @ _ _TyINC @
3KM axl 0,0,0 ax/ 0,0,0

— —AVINC (@) )
x; 0,0,0

Next, consider the second approach, which employs Eq. (7.4) and therefore
requires the determination of the change of interaction energy, SES::C/ Q, that
occurs when the inclusion is displaced by 6 &;. Since the displacement, & &;, causes
a change in the Q field throughout the inclusion given by 302 = (603/651)851, use

ij
of Eq. (7.1) shows that

(7.10)

8EINC/Q . 6638 T4
() == (I 5588z dV. (7.11)

V]NC
Substitution of this into Eq. (7.4) then yields

60,9 60?
FINCRg) = {# aéj erdvV = ﬁjﬁ axj erdv, (7.12)
rvINC ! VIN(T !

since 603 /0¢ = 603 /0x;. Then, with the inclusion at the origin, 603 /0x; can
be expanded around (0, 0, 0) to first order, as in Eq. (7.5), so that Eq. (7.12) becomes

o9 262
FINC/Qgy _ T {# i i
l &) &ij ox 000 + 0x,,0x; 00 Oxm v

VINC
g2 a2 09
_ gy (0 O #ﬁ v = Ty (295
J Ox; 7\ Ox,,0x; v ox;
0,0,0 00,0 e 0,0,0
(7.13)
since it is readily seen that the integral X, AV vanishes. Then, since 8iTj = sTéij,

VINC
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FINC/Q _ Ty/INC aig — _3,TyINC <%) — _AVINC <%>
! le 0.0.0 ax/ 0,0,0 axl 0,0,0

B (7.14)

after making use of PQ = —02/3. Comparison of Egs. (7.14) and (7.10) shows that
the approaches based on Eqs. (7.3) and (7.4), respectively, lead to the same result.”
However, both employ first-order expansions, and therefore both must be con-
sidered first-order approximations. Note that they predict that an oversize inclu-
sion will be urged in the direction of decreasing hydrostatic pressure, as expected.

In Exercise 7.2, Eq. (7.2) is obtained for this inclusion by starting with
Eq. (5.28), where the inclusion is mimicked by a force density distribution as
described in Section 5.2.1.3.

Inhomogeneous ellipsoidal inclusion

The relatively simple treatments used in the previous section for homogeneous
inclusions cannot be used for an inhomogeneous inclusion because the inhomogeneity
associated with the inclusion perturbs the imposed stress. To analyze this situation, we
focus on ellipsoidal inhomogeneous inclusions with uniform transformation strains
and compositions. The Eshelby equivalent inclusion method (Section 6.3.2.1) is then
employed to find first the elastic fields in bodies when the imposed stress is an applied
stress that would be uniform in the absence of the inclusion. Having these results, the
interaction between the imposed field and the inclusion is formulated.
The following notation is employed for this section:

sj}‘ uniform strain field, A, that the forces applied to the
body surface would produce in the absence of the
inhomogeneous inclusion.
8,/-;" A’ strain field corresponding to A strain field per-
turbed by inhomogeneous inclusion.
AL INC A" M

A’ strain field in the inclusion and matrix,
respectively.

ij » ij

INC,INC _INC,M

i  Ejj INC strain field present in the inclusion and matrix,

respectively, due to inhomogeneous inclusion in the

absence of the A field.
INC+A’), INC .
s}jNC = sl(-j +AY), sum of INC and A’ fields in
INC.INC . A’ INC inhomogeneous inclusion.
=& + &
j ij
INC+A’), M . .
8}-}4 = sfj +AY), sum of INC and A’ fields in matrix around
_JNCM | Am inhomogeneous inclusion.

ij i

2 The derivation of Eq. (7.14) using the second approach is readily seen also to be valid for a general
anisotropic system.



7.2.2.1

7.2.2.2

7.2 Interaction between inclusion and imposed stress 163

Elastic field in body containing inclusion and imposed stress
The system, consisting of the inclusion in a finite body subjected to an applied
A field, is constructed as follows:

(1) Start with the stress-free homogeneous body and introduce the inhomoge-
neous inclusion.
2 Apply forces to the body that would produce a uniform applied strain field,

,j, throughout the body in the absence of the inclusion.

The final strain field is then the sum of the field associated with the initial inhomo-
geneous inclusion (designated as the INC field and represented by slNC INC and

INC M) and the A field perturbed by the inhomogeneity assomated with the
mclusmn (designated as the A’ field and represented by sA INC and sA M) It is
assumed throughout this chapter that the body is relatively ldrge and the inclusion
sufficiently small and distant from the body surface that image strains can be
neglected, as discussed in Section 8.2.1 (see Eq. (8.3)). The INC and A’ fields in the
inclusion are therefore assumed to be the same as if the body were infinite. As
determined in Chapter 6 for ellipsoidal inclusions, the INC field in the inclusion is
therefore uniform and given by Eq. (6.51). Also, as determined in Chapter 9, the
A’ field in an ellipsoidal inclusion is uniform and given by Eq. (9.11), after setting
CIN' = CINC.? Therefore, the strain field in the present inhomogeneous inclusion
subjected to the imposed A field is

[S(INCJrA’),INC] — [SINC,INC] + [((;A’,INC]7 (7]5)
or, after substituting Egs. (6.51) and (9.11),
/ —1
[S(INCJrA ),INC] :<[SE][YINC} [CINC] _ [[]) [ST]

(7.16)

+ {ISEIY™NT (M) = ™)) + M,
In Exercise 7.4 it is demonstrated that, instead of using the results in Egs. (6.51)
and (9.11) to obtain Eq. (7.16), it can be obtained directly by employing the
equivalent homogeneous inclusion method under conditions where the bodies
containing the inhomogeneous inclusion and the equivalent homogeneous inclu-
sion are each subjected to the applied forces that produce the A field.

Interaction energy between inclusion and imposed stress
Since the total elastic field in the body — containing the inhomogeneous inclusion
and imposed A field — consists of the sum of the INC and A’ fields, the interaction

* These strain fields for the special case of a spherical inclusion with &} = ¢; and s{j* =¢A5; in an
isotropic system can be obtained from Eq. (6.129), or Eq. (8.62), for si]jNC']NC, and Eq. (9.62) for

A’ INC
i
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energy between the inclusion and the A field is then the difference between the
total energy when both fields are present, E™SHA and the sum of the energies of
the individual INC and A fields, i.e., E™NC + EA. Therefore,

EINC/A _ pINCHA' _ pINC _ pA- (7.17)

int

Now, according to Eq. (5.80), the interaction energy between the inhomogeneity
associated with the inhomogeneous inclusion and the A field, Eilrll\lm/ A, is expres-
sible in the form

INH/A
int -

E EN —EA (7.18)

and is formulated in detail in Chapter 9 (see Eq. (9.26)). Therefore, by introducing
this quantity into Eq. (7.17),

EINC/A _ pINCHA’ _ pINC | pINH/A _ pA” (7.19)

int int

Since the interaction strain energy between the internal INC stress field and the
applied A’ field vanishes according to Eq. (5.25),

EINCHA’ _ /INC | A | pINCHA

ENC = wN¢ (7.20)
EN =W~ + o

and upon substituting these expressions into Eq. (7.19),

int int int ij i i

EINC/A _ pINH/A L INCHA A EINH/A @GA’(MINCJOFFA’ _ MA’)ﬂj ds
o

= BN = ol s,
it
(7.21)

A further expression for the interaction energy, Eilrll\ic/ A, can be obtained by

converting the surface integral in Eq. (7.21) to a volume integral by the
following somewhat lengthy process, which employs the transformation
strain formalism of Section 3.6, the divergence theorem, and Egs. (2.5),
(2.65), and (2.75).

A’ INC, tot 0, A’ INC,tot Q!
,tot A _ ,to _ i
ﬁ; O U n;dS = fﬁﬁ (o5 u; )dv = f{ﬁ; 0 —a—dV

axj ij
<° V° Ve
aIﬂNC, tot a’/ﬁNC, tot (722)
:ﬁmz—dw e A1
iy iy

VINC rvo 7’\/[NC
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The penultimate integral in Eq. (7.22) then takes the form

a INC tot au U a INC tot a INC,tot a Al
o —L——dv = CINC_k T qy = CINci Mk dv

U ax, iﬁ KL ax,- klij ox;  Ox
/INC yiNe A/ INC

ou oul out
_ INC / INC k INC Y%k INC T %
- ﬁ Ckllj ( ij + &jj ) axl dv = ﬁ O 1 X] dv + % Ck[lj ij a dav
/INC VINC /INC

3 , dul
= #ﬁ = (J}INC AYdV + g;ﬁ C}};I,C = Tdv # INCMA ii;dS + {# a;? p;d\/
]
vaN( rleC SINC V'NC

(7.23)

while the last integral in Eq. (7.22) becomes

D INC,tot 0 A’ 0 INC du INC a
ot uaT dv = #ﬁ oM T gy = ﬁ} M o’ gy
]

v Ox;  Ox; 6 Ox;
yoivaN(, VO rvINC VC’*VIN(‘
ou A .
= fﬁﬂ G —_ o kqv = ﬁ; oNCu iy dS — # aiNCuN iy dS.
'voirvIN(, 5‘0 SINC

(7.24)
Then, substituting Egs. (7.23) and (7.24) into Eq. (7.22),

ﬁ;aﬁ uN %, ds = iﬁ ol-j Fl-j dv + ﬁ;a}fc Ay dS = {ﬁ oyerdv,  (7.25)

SO vaNC So fleC
since 6IN“A; = 0 on S°. Finally, substituting (7.25) into Eq. (7.21), and employing
Eq. (9.26),
INC/A _ LINH/A AT L AT AT
E., =E,, ﬁ 0 & dv = ) ﬁ} 0 dv — f{:ﬁ i & dv. (7.20)

V]NC VINC V]NC

The interaction energy in this form therefore consists of two terms, i.e., the
interaction energy between the inhomogeneity associated with the inhomogeneous
inclusion and the imposed A field, as given by Eq. (9.26), and the interaction
energy between the transformation strain of the inclusion with the perturbed
A field, which is seen to be similar in form to the interaction energy between the
transformation strain of a homogeneous inclusion with an imposed stress, as given
by Eq. (7.1).

In Exercise 7.3, it is verified by a detailed calculation that Egs. (7.21) and (7.26)
yield identical results for the inclusion treated in the following section.

7.2.2.3  Some results for spherical inclusion in isotropic system
Results for the case of a spherical inhomogeneous inclusion with transformation

strain 85 = sTél-j interacting with the imposed A field, sj? = sAél-j, in an isotropic
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system, can be readily determined, since all the necessary ingredients, determined
by means of the equivalent inclusion method, are available in Chapters 6 and 9.

The transformation strain for the equivalent homogeneous inclusion corres-
ponding to the inhomogeneous inclusion, [¢T ™€, is given by Eq. (6.122), and the
INC field in the inclusion, eNGINC needed for Eq. (7.15) is given by Eq. (6.123).
The transformation strain for the equivalent homogeneous inclusion correspon-
ding to the inhomogeneity associated with the inhomogeneous inclusion, [¢T']* is
given by Eq. (9.42), with INH — INC, and the A’ field in the inclusion, S?OQJNC,
is given by Eq. (9.62) with INH — INC.

Interaction energy

The interaction energy, Eilfftc/ A between the above inclusion and the A field, given
by Eq. (7.26), is determined by using Eqs. (9.43) and (7.44) to represent the first
and second terms, respectively. Then, by introducing the vector &, the result can be

written in the form

E

int

M M\y/INC M _ gINC
) = - e A +RNTA )

(7.27)
Interaction force

If there is a gradient in the A field, the resulting force, obtained by employing
Eq. (5.40), is then given, to first order, by*

INC/A _ aE-[NC/A(g) 9(3KM + 4M)VINE B

F, méf, T (BKINC {4uM) 3¢,
S gy g} (7.28)

det
Gx,

9(3KM + 4pMyVINe INCH A INC, T
=~ BRINC 4 4,7 (KM — K™%)e + KNCe

after using© /0&, = 0/ Ox;. The direction of the force depends in a complex manner on the

signs of (K™ — K™NC), ¢*, ¢, and 8¢™ / dx;. For example, when (KM — K™C) is positive,

and the inclusion acts as a “soft” spot, the first term will urge the inclusion towards a

region of increasing compression (negative &) as would be expected. On the other hand,

if ¢" is positive, the second term will urge it to be repelled, as again would be expected.

Note that when KM = K™€ = K and the inclusion is homogeneous, Eq. (7.28) reduces to
oe?

INC/A INC, 7O 10 ine iNe OPA
! ! l

in agreement with Eqgs. (7.10) and (7.14).

4 This first-order approximation may be compared with the first-order approximations used to obtain
Egs. (7.10) and (7.14) for the force on a homogeneous inclusion due to a stress gradient.
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Exercises

7.1

7.2

Derive Eq. (7.10) by an alternative approach that again starts with Eq. (7.3), but
with S taken infinitesimally inside the inclusion rather than outside as in the text.

Solution By shrinking the surface, S, infinitesimally inside the inclusion as in
the procedure used in developing Eq. (5.13), Eq. (7.3), takes the form

aO’Q 0 I~ auQ
INC/Q _ ij ( INC*INC | T INC® INC OU; | ...
F, = fﬁ; l@x; (u; +u;)—oy s ii; dS

Ox | ! v Ox 1

609 00 0 GuQ
ij uyNC JINC O_INC JINC Yy ﬁj ds.

(7.30)

However, the last integral in Eq. (7.30) vanishes by virtue of Eq. (2.112),
and, therefore, by converting the remainder to a volume integral,

669 0 aaQ
FNOQ = @a—;uTnj ds = Sfﬁf " (a_xj”T dv. (7.31)

SINC ! VINC J !

Then, applying Egs. (2.65) and (2.5),
00 ouT 02
INC/Q _ ij QUi _ § T
Frm = ﬁ; T o ﬁeﬁ A (7:32)
erNC / rleC

and, finally, substituting &} = &'0;;, and using Eq. (2.127),

sy 362 P2 aPQ
F}NC/Q _ iﬁ; ij FIT dv — fﬁﬁ 99ii 1 dV = 3, TyINC O™ AyINe O
axl 4 axl 6x1 axl

rleC rleC

(7.33)
which agrees with Eq. (7.10).

Consider a spherical homogeneous inclusion with the transformation
strain, 8;5» = ¢1d;, in an infinite isotropic body, whose interaction energy
with a general stress field, Q, is given by Eq. (7.2). Instead of starting with
Eq. (7.1) to obtain the interaction energy, as in the text, start with
Eq. (5.28), for which the inclusion is mimicked by a body force density
distribution. Hint: find the necessary expression for the force density
distribution for this situation by using the Navier equation and the known
solution for the displacement field of the inclusion.

Solution First, imagine a system having a force density distribution, but no
transformation strain, and find the force density distribution that produces
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7.3

a displacement field that matches the field produced by the inclusion. For
such a system, the Navier equation, Eq. (3.3), takes the form

OM 4+ 2uM VIV - u™NCTM(x)] = —f(x) (7.34)

with u™NC"M(x) given by Eq. (6.127) with K'™N¢ = KM ie.,
INC* M B i B 9KMVINC8T 1

" (x) = ‘BT An(3KM + 4uM) x3° (7.35)

INC*M is given by Eq. (8.5), and therefore the force

00 .
INC®M *sbtained from

The quantity V -u
density distribution to produce the displacement, u
Eq. (7.34), is

f(x) = —(M + 2uM)V(V - u™NTM) = OM 4 2 MYdreVo(x).  (7.36)

The interaction energy is then obtained by substituting Eq. (7.36) into
Eq. (5.28) and using Eq. (D.4) to evaluate the resulting integral involving
the derivative of the delta function, i.e.,

o)
ENC/Q _ J ulfdv = (MM + 2uM)4dne J ul a)(:) dv
v v (7.37)
M M a“iQ M M Q
= —(A 4 2u")4nc e —(A7 4+ 2u")4nce®.
Finally, substituting for ¢ from Eq. (6.128), and using P = — KM ¢<,

M MY/ INC
INC/Q 2/1 (1 +v )V
B = - oM eleQ = —KMVINCTeQ = pPRAYING(7.38)

in agreement with Eq. (7.2).

Verify that Eqgs. (7.21) and (7.26) yield identical expressions for the inter-
. INC/A . . . .

action energy, E; , between the inhomogeneous inclusion and imposed

A field of Section 7.2.2.3.

nt

Solution The quantity EiI:tIH/ A, which appears in both equations, is given by

Eq. (9.43), and substituting this into Eqgs. (7.21) and (7.26), the two expres-

. INC/A .
sions for EN/ are, respectively,

nt

9 KTNH —KM 3KM 4 M VINH ,
EINC/A _ _( )( + 4p™M) (8A)2 B @G? M}NC,totﬁj ds

int - 2 (3K1NH + 4,UM)
¢
(7.39)
and
INC/A B 9 (KINH —KM)(3KM +4/JM)VINH 2 AT
E., =5 (KNI 1 4,) (") — 0 & dv. (7.40)
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It therefore remains to show that the surface integral in Eq. (7.39) is equal to
the volume integral in Eq. (7.40).
Evaluating the surface integral by switching to spherical coordinates,

ﬁ; o;;.‘lull-NC’m[ﬁj dS = 4nd’c’ (a)u!NC(a) (7.41)
i

after using the surface condition aA nj = o ;1j on S°. Then, using Egs. (G.10)

and (G.11), 6% (a) = 3kMe?, and substltutmg this result and the expression
for u'NC(a) given by Eq. (8.62) into Eq. (7.41),

9KINC(3KM +4 M)VINC
A" INC tot 5 U AT
Sﬂ;al u; ;dS = (BKINC 4 4,M) ghel. (7.42)
o
Next, the volume integral takes the form
u e T4y — a/? JINC TVINC — 3KINC A" INC,Ty/INC (7.43)

VINC

A’ INC _ A’ JINC + 6A/ INC AINC _

Again switching to spherical coordinates, e teyg =

3¢A"INC "and using this result and Eq. (9.62) to evaluate Eq. (7.43)

) 9KINC(3gM | 4, M)y/INC
oNeldv = BK™ 4+ 4w VT age (7.44)
ij “ij (3KINC 1 4M)

VINC
in agreement with Eq. (7.42).

Construct the equivalent homogeneous inclusion corresponding to the
inhomogeneous inclusion of Section 7.2.2 while the body containing the
inclusion is being subjected to applied forces that would produce a uniform
A field in the absence of the inclusion. Then use this result to determine
directly the strain a(INC+A JINC given by Eq. (7.16).

Solution The equivalent homogeneous inclusion is constructed by
employing the same procedure that produced the equivalent homogeneous
inclusion corresponding to the inhomogeneous inclusion in the absence of
the A field described in Section 6.3.2.1, except that the applied forces must
be applied in a sixth and final step. The applied forces must also be added to
the procedure used to produce the inhomogeneous inclusion in the absence
of these forces, as given in Section 6.3.2.1. The equal stress condition,
corresponding to Eq. (6.45), then takes the form

CINC T , _AINC

C,INC* T
i o + 0 =0y — 0y 05

7.45)
CINC* " INC {..C,INC A'INC (7.
Cukl <8kl — gy + Ski) Cijn <8k1 — ey + ey )
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and the equal size and shape condition, corresponding Eq. (6.44), takes
the form

CINC* | A _ .CINC , .A'INC
& +e =& + ¢ ) (7.46)

By substituting this latter equality into Eq. (7.45) and using Egs. (6.29)
and (6.48),

M (L CINC' T | A INC[.CINC' T , A
Ciju (? 1l —&y T ‘°'/<1> Ciju ( & &yt 3k1>

M (E T T INC
Ciju (Skimemn — &4 +80) = Cini (SkmmEnm — &1 + 8kl> (7.47)
INC, T INC, T M INC

Ytjmn ‘mn Czjmn 'mn (Cumn - Czjmn) Emn-

Then, solving the above equation for ¢ ,
7] = ™I ENC ]+ YN T ICM] — [END . (7.48)

Equation (7.48) shows that the transformation strain of the equivalent
homogeneous inclusion corresponding to the inhomogeneous inclusion sub-
jected to the imposed stress field A, &' _ is just the sum of the transformation
strain of the equivalent inclusion corresponding to the inhomogeneous
inclusion in the absence of the A field, given by Eq. (6.49), and the trans-
formation strain of the equivalent inclusion corresponding to the inhomo-
geneity associated with the inhomogeneous inclusion subjected to the
A field, given by Eq. (9.10).

Now, the elastic strain in the inhomogeneous inclusion subjected to the
A field is given by

INC C,INC T A'INC _  CJINC* T E T A
& =& — & + & =&y Sljml‘l mn — €ij + &ijs
(7.49)

after employing Eqgs. (7.46) and (6.29). Therefore, by substituting Eq. (7.48)

into Eq. (7.49),

(™) = [SFY™NCTTHE™N O T + [SEI YN T ([EM] = [N [N - [T + [,
(7.50)

in agreement with Eq. (7.16), as might have been anticipated immediately
from the form of Eq. (7.48).
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8.2.1

Inclusions in finite regions —
image effects

Introduction

Having treated inclusions in infinite homogeneous regions in Chapter 6, we now
consider inclusions in finite homogeneous regions bounded by interfaces. In such
cases, as first described in Section 3.8, the defect stress field can be taken as the
sum of the field that it would have in an infinite medium plus its image stress.
Image stresses for inclusions relatively far from interfaces in large regions are
considered first and found to be generally unimportant in the vicinity of the defect.
However, it is demonstrated that the volume change produced by the image stress of
such an inclusion can be significant. Then, attention is focused on various types of
inclusions near interfaces where image stresses must be taken into account. Solutions
for their elastic fields are found using the Green’s functions for point forces in homo-
geneous regions adjoining interfaces, derived in Chapter 4. However, results can
generally be expressed only in the form of lengthy integrals. The tractable problem of
a spherical homogeneous inclusion with a uniform transformation strain near a planar
free surface in a large isotropic system is therefore solved analytically to provide
physical insight. Finally, the strain energies of inclusions in finite bodies are considered.
The following notation is employed for this chapter:

8-O~O'INC 8oo.M

i s & strain in inclusion and matrix, respectively, associated

with inclusion in infinite body,

e image strain associated with homogeneous inclusion in
finite body,
INC L. . . . .
g < =¢; 4  strain in homogeneous inclusion in finite body,
el =& e strain in matrix around homogeneous inclusion in finite

body,

CM . .. .
- canceling strain in matrix.

SU

Homogeneous inclusion far from interfaces in large finite body
in isotropic system
Image stress

Consider the simple tractable case of a homogeneous spherical inclusion of radius,
R, and a uniform transformation strain e = &'d; at the center of a much larger
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spherical body of radius, a, so that (R/a)’ < 1. The surface of the body is traction-
free, and, following the method for formulating image stresses in Section 3.8, we
first write the stress in the matrix for the case where the same inclusion is in an
infinite matrix, which, according to Eq. (6.187), is given by

~ 1
c>M(r) = 74,uMcll\Ar—3. (8.1)

r

Next, all matrix material beyond r=a is removed while applying tractions
oM = —4yMcM /@ to the new spherical surface so that the stress field in the
body remains unchanged. Then, equal and opposite tractions are applied to make
the surface traction-free. This produces an image hydrostatic stress field through-

out the body,

1
oM = —o2M(a) = 4uMe) (8.2)
a

and, according to Eq. (3.175), the total stress field in the matrix is then

1 3
aM(r) = a>M(r) + o™ = —4;11\/Ic]1vlr—3 [1 - (2) } (8.3)

The image stress is therefore seen to be negligible compared with ¢>M(r) in

regions of the body around the inclusion at distances where (r/a)’ < 1. This result
will be generally true for inclusions in relatively large bodies of other shapes where
r is significantly smaller than the linear dimensions of the body. This is clearly
because the stress fields of inclusions fall off relatively rapidly with distance (i.e.,
as r—2) and is of prime importance, since it means that image stresses can generally
be neglected in regions around inclusions that are in large bodies, but not
unusually close to interfaces. This result, obtained using the tractable isotropic
system outlined previously, should also apply to corresponding anisotropic
systems. However, the situation is obviously quite different when the inclusion is
near a surface at distances of the order of a few multiples of the inclusion size as
considered in Sections 8.3-8.5.

Volume change due to inclusion — effect of image stress

Despite the earlier conclusion that the image stress in the vicinity of an inclusion
lying well within a large homogeneous finite body with a traction-free surface can
generally be neglected relative to other more significant stresses, the image stress
can play a significant role in determining the overall volume change of the body
caused by the presence of the inclusion.

Consider the tractable case in an isotropic system of a homogeneous spherical
inclusion with the transformation strain 8,1; = 8T5,-j so that it acts as a center of
dilatation. First, the volume change that occurs when such an inclusion is created
in an infinite homogeneous region is determined. According to Eq. (6.187), the
displacement field has spherical symmetry, with radial displacements given by
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_ , . . M
u*M(r) = ¢Mr=2. Using Cartesian coordinates, so that u*" = cMx;/x°, the

volume change, AV™, of any finite region, 'V, which is bounded by the surface,
S, and lies in the infinite matrix and contains the inclusion, is given by

AV = @UW’M -nds =Y @ gdS = 4ncM, (8.4)
x
N N

which is a constant independent of the size and shape of V. This may be
understood by examining the divergence of u™™, which corresponds to the local
volume change in the medium, and is given by

o X 1
V-uM=v. (611‘/1 )F) = —Cllvlvz <;> = 47‘[6'11\/[5()()7 (8.5)
with the help of Egs. (6.127) and (D.6). The volume change of the region V is then

b v

in agreement with Eq. (8.4). According to (Eq. 8.5), all local volume change in the
matrix is concentrated at the origin in the form of a delta function and vanishes
everywhere else. This volume change is propagated outwards through the matrix
in divergenceless fashion, so that the volume change of any region, 'V, containing
the inclusion remains constant at 4mcM.

If the region "V is now cut out of the infinite matrix and converted into a
free body, V°, with a traction-free surface, S°, as described above, it will undergo
a further volume change, AV™, caused by the image stress and given by
(Eshelby, 1954)

3kM
v v

AVM = J# Mgy — L oM dv. (8.7)

Equation (8.7) can be developed further by introducing the vector A; defined by
A = a,!jM x;. Application of Eq. (2.65) shows that
V-A=¢M

7

(8.8)

and by substituting this expression into Eq. (8.7), and converting the result to a
surface integral,

1 1
IM _ —_— . = —
AV = 3K fﬁﬁ V-AdV KM #A ﬁ;a x;A;dS. (8.9)
v° s s°
Next, by substituting the relatlonshlp, a i =—o; i Mﬂj, which is valid on S°, and
the further relationship, o;; =2uM (6u°°M /0x;), which is valid in the matrix,

Eq. (8.9), with the help of uoc M = Mx;/x*, becomes
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2uM ou>>M 2uM X-n
IM __ i ~ _ M
s° S
Then, substituting Eq. (8.4) into Eq. (8.10),
4,UM
M __ 00
AV = G AV, (8.11)

With the use of Eq. (6.128), the final total volume change of the finite body due to
the inclusion when its surface is traction-free, AV, is then

4uM 4uM
AV—AV”+AVIM—AV°°<1+ s )—4nc5‘4<1+“—>

3kM 3KM (8.12)
_ 3KM yINC, T (1 + 4#M) _ pINC,T
3KM 4 4uM 3KM ’

which is seen to be independent of the body size and shape. The image stress in
this particular case is therefore responsible for an increase in the volume change due
to the inclusion amounting to the factor (1 + 4pM/3KkM) = 3(1 — W) /(1 +WM) =~
3/2 (when vM = 1/3). This is a significant effect, as first pointed out by Eshelby (1954).

Homogeneous inclusion near interface in large region

Elastic field

Consider now the elastic field of a homogeneous inclusion of arbitrary shape near the
traction-free planar surface of either a half-space or a planar interface between joined
half-spaces. The Green’s functions for a point force in these regions have been obtained
in Section 4.2: we therefore employ the Green’s function method of Section 3.6.3 to
obtain u (x) by substituting these Green’s functions into Eq. (3.168), which applies to
defects represented by transformation strains, such as inclusions.
Assuming a uniform transformation strain, Eq. (3.168) takes the form'

T 0Gm(x,x")

ukc(x) = Cimﬂlsnl o
i

av’, (8.13)
fleC

where the integral is taken over the region containing the transformation strain,
i.e., the inclusion. Alternatively, Eq. (8.13) can be transformed to a surface
integral form by applying the divergence theorem so that

ug (x) = Cimmie), ﬁ Grom(x, X ) dS'. (8.14)

S[NC

! Note that here Gy, = Gin(x, x') rather than Gy, = Gp,(x —X') because of the presence of the
interface.
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If Eq. (8.13) is used, the required derivative of the Green’s function for the case of
a half-space, obtained with the help of Eqgs. (4.43), (4.58), and (4.40), is

aka(nyl)_ 1 a =1 =l A A7 r—1
1 = e e L) — B ), + (5 60 s
L
, (€>0)
= A MyLigAns (ki + )
R [303 I,
o F1 o=t [k (x =X) + pix - W — ppx’ - W]
(8.15)

Integration of the expression for the canceling displacement field, u$ (x), obtained
by substituting Eq. (8. 15) into (8.13), will then require: the line integration along s
around the unit circle, £ traversed by k in the plane perpendicular to w, called for
by the first term in Eq. (8.15); the integration over ¢ as the unit vector k rotates
over the range 0 < ¢ < 2x in the surface plane (which is perpendicular to w),
called for by the second term in Eq. (8.15); and the final integration over the
inclusion volume, as it is traversed by the source vector, X', called for by Eq. (8.13).
Additional details regarding the integration with respect to ¢ are discussed in the
text following Eq. (4.58). Having obtained both u" ™€ and u¥ by this method, the
elastic displacements in both the inclusion and matrix can then be obtained using
Eq. (6.1).

When the interface is a planar interface between joined half-spaces, the required
Green’s function derivatives can be obtained with the use of Egs. (4.59), (4.79),
and (4.40), and the resulting expressions for the displacements can be integrated in
a similar manner.

Force due to image stress

The force exerted on a homogeneous inclusion by its image stress is given by
Eq. (5.57) in the form

oo, M M
FINC®/INCM _ Eﬁ; 0 MM _ IMM ou;* jdS — Eﬂ; 0 WM oM ou™ P
* ox, ! ¥ ox, )’ ox, ! Uooox, )T
S

N

(8.16)

Alternatively, since the inclusion is being represented by a transformation strain,
the force is also given by Eq. (5.40), i.e.,

. INC>/INC™M
FINCx/lNC = — Li int 8.17
a T, &1
with the interaction energy given by Eq. (5.35). Then, assuming a uniform trans-
formation strain, and employing Eq. (5.35), the increment of interaction energy
required in Eq. (8.17) can be expressed as
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3V=08£,4,dS

Figure 8.1 Diagram for determining 8V increments when inclusion displaced by 8¢,

INC/INCM T M g, L i oM
oEN Sodh efotav = S fp o 5 56,av 3 @ eTolot, i ds.
VINC /v]NC SINC
(8.18)

The first term accounts for the change in the image stress throughout the inclusion
as the inclusion is rigidly displaced relative to the surface of the body. The second
term accounts for the changes in the interaction energy that occur when differen-
tial increments of the inclusion, 8V, are gained or lost around its periphery, S,
as the inclusion is displaced, as illustrated in Fig. 8.1. Therefore, substituting
Eq. (8.18) into Eq. (8.17),

INC> /INC'M |

IM SE a IM X 1
PRCIN ()= Lim = —— = ﬁﬁ &— 5( Syl 5 3@@ eioit (X, €)djuit; dS.
“ VINC * SIN(

(8.19)

However, the surface integral in Eq. (8.19) can be developed further, as follows:

woul o oul — ,oaM\
ﬁ@ £LotM5i; dS = 3{}@ oS 3y S = ﬁ <05,M sl g ids

SINC SINC SINC

_ 0 ( mou ¢ ao}/M _ 0 e
a f{# 0x; (G’j or, T, ) S {# o \7 )Y

/VINC VINC

- ﬁ?ai( ;e 5)dv

/VINC

(8.20)

Here, the third integral in the development has been obtained by applying Stokes’
theorem, i.e., Eq. (B.10), and use has been made of Eqs. (2.65) and (2.5). Then
substituting Eq. (8.20) into Eq. (8.19),

M IM
F}NC*“NC'M@)%65{}?(66"@2, E aa”'ag’gvdv' (820

f\/lNC
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X4 P(x)
Surface (x3 = 0)———
RM R
X Q(x’)
<
) ) X3
/U 0 A\
|<— qg —f-q —>| \
Image inclusion Inclusion

Figure 8.2 Spherical inclusion at distance ¢ from surface of a half-space. Vector constructions
are based on Fig. 4.7.

In Exercises 8.1 and 8.2, it is verified that Eqgs. (8.16) and (8.21), produce identical
results in determining the image force tending to pull the homogeneous inclusion
of Fig. 8.2 out of the half-space.

Elastic field of homogeneous spherical inclusion near surface
of half-space in isotropic system

Following Mura (1987), we now treat the tractable case of a homogencous
spherical inclusion, with a transformation strain & = &'d;, located a distance ¢
from a traction-free planar surface of a half-space in an isotropic system, as
illustrated in Fig. 8.2.

Its displacement field in the matrix can be found by using Eq. (8.13) after
modifying it so that it can be used for an isotropic system and assumes the form

0
ut (x) = (AMslméﬂ + 2,uM£jT,) {# aGU(x, x)dV'. (8.22)
rvINC

After substituting the transformation strain, s; = 8T5,3,, and the Green’s functions,

G; (x, x'), obtained from Egs. (4.110) and (4.116), Eq. (8.22) takes the form

VINC

0? 1 ,
_2)(3 7@)(/36)(/,' (RIM> }dv .

The transformation

(8.23)

2 2 1/2
==y + =)+ =] =ly-Y]
1/2 1/2
Y= 434+ =+ 8+ (- )]
1/2
o2+ 2+

R
A

Vi=x3—q Yr=x3—q Y
(8.24)
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is now made to aid in the integration of the first term in the integrand of Eq. (8.23).
Using OR/0x] = —OR /0x;,

v
(8.25)

where ¢(y) is the Newtonian potential of the inclusion given by Eq. (6.61). The
integration of the remaining two terms, involving 1/R™, is carried out in similar
fashion after making the transformation

2
a=x 7 =2 RM = [ =4  + (@ =4+ (@ -B) =7
2=0 Bn=x AIM—Z—(Zl"‘Zz"'Z)l/z:[ X% (x3+f1)2]1/2
n=xm+q H=-¥+q Z=CP+R+D"
(8.26)

with the result

2 (1, - 0 #ﬁa_z 1) gy 2 TE)

ﬁﬁ@ 7 )4V 3z ax,ox, \RM 0230z (8.27)
1 VINC

/\/INC

Substituting these expressions into Eq. (8.23), and using Eq. (6.125) for the
Newtonian potential of a spherical inclusion at an exterior point in the matrix,

WCM M LIl (B =My 6xx(xs +q)
1 A3 (AIM)3 (AIM)S
cCM_ M xv  (3=4Mx, 6rx(x+gq)
VT + M3 M5 (8:28)
(A™) (A™)
v fnmg [B-4M(stg) 2] 66+ g
3 3 A? (AIM)3 (AIM)S

in agreement with results obtained by Mindlin and Cheng (1950). The quantities A
and A™ are given by Egs. (8.24) and (8.26), and ¢ = (1 + vM)eTVINC /[4n(1 — yM)]
is a measure of the “strength” of the inclusion acting as a center of dilatation,
as described in Section 6.4.3.1 (see Egs. (6.127) and (6.128) with p™¢= M
and v'N¢ = yM). Comparison of Eq. (8.28) with Eq. (6.127) shows that the terms
in Eq. (8.28) involving A represent the displacement field that would be produced
by the inclusion at the position (0,0,¢) in an infinite medium. The remaining terms,
involving the quantity A™ therefore represent the image displacement field.

The displacements at interior points of the inclusion can be obtained by this
method by employing the Newtonian potential at interior points in a sphere
(MacMillan, 1930),

¢ =2n <a2 - 3). (8.29)

0 /1 ;L 0 Ve 0 1 , 0 av’  0¢(y)
fiﬁ; 0x; (R> W= #ﬁ Ox; ( )d Ox; (R) W= Oyi ly-vyl Oy
INC ,\/ rVINC VINC

)
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Strain energy of inclusion in finite region

The strain energy, W, due to an inclusion in a finite region, such as illustrated in
Fig. 5.2b, where an image stress is present due to an interface, S°, in its vicinity,
can be obtained by use of Eq. (5.30) written in the form

iNce/iNe™ 1 50,INC

W =W> +En 5 (Do

VINC

eF dV 4 EINCT /N (8.30)

nt )

where W™ is the strain energy of the inclusion in an infinite body, given by
Eq. (6.57), and EII:IC /INC™is the interaction energy between the inclusion and
its image stress, given by Eq. (5.31).
; R . . INC>/INC™M
In the case where the inclusion is in a finite body with a free surface, E;
can be obtained from Eq. (5.35), which is valid for a defect, D, represented by a
transformation strain. Therefore, using the notation of this chapter,

INC> /INCM 1
EINCT/INGT —3 ﬁfﬁ oMl dv. (8.31)

Substitution of this into Eq. (8.30) then yields the inclusion strain energy in
the form

2 i P i Y
»VINC V’NC

1 1
W=—= {ﬁ (af’INC + o*;M)sT dV = —— ﬂ:ﬂ aNCel dv. (8.32)

It is readily confirmed that Eqgs. (8.31) and (8.32) are valid for both homogeneous
and inhomogeneous inclusions.> Equation (8.32) is seen to be identical to Eq. (6.57),
obtained for either a homogeneous or inhomogeneous inclusion in an infinite body
in systems that are either general or isotropic, and, therefore, it is again found that
the self-energy of an inclusion depends only upon the stress in the inclusion and the
transformation strain.

In Exercise 8.5, Eq. (8.31) is obtained directly from Eq. (5.33) rather than from
Eq. (5.35), which is obtained in the text by the roundabout method of first
obtaining the general equation for the interaction energy between a defect and
its image stress in the form of a surface integral over a surface enclosing the
defect, i.e., Eq. (5.34), and then employing the procedure leading from Eq. (5.10)
to (5.13).

In Exercise 8.6, Eq. (8.32) is obtained by a direct calculation of the strain
energy in the finite body containing the inclusion, and in Exercise 8.3, the strain
energy given by Eq. (8.32) is used to determine the image force on the inclusion
in Fig. 8.2.

2 Equations (6.57) and (5.35) also hold for both homogeneous and heterogeneous inclusions (see
discussion following Eq. (5.35)).
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Exercises

8.1

8.2

Find the image force tending to pull the homogeneous inclusion of
Section 8.5 (Fig. 8.2) out of the isotropic half-space by starting with
Eq. (8.16). Hint: note the first order procedure for integrating Eq. (7.3) over
the surface S in section 7.2.1.

Solution Writing Eq. (8.16) as

- oo™ outM
FINCT/INCT Sf}ﬁ ( UM greM ) j s, (8.33)

6)(3 i v 6)@
S
the integral over S can be treated in the same manner as the surface integral
in Eq. (7.3) in Section 7.2.1, but with a,? replaced by a},M. This produces the

result

FINC/INCY - Ty/INC oP™ — _AYINC oP™

.34
3 6x3 aX3 ’ (8 3 )

corresponding to Eq. (7.10).

The dilatation of the image field, M, along (0,0,x3), is determined
by utilizing the image part of the total displacement field, 1™, given by
Eq. (8.28), with the result

CM _
g (0,0,x3) = o _dl-2) 22) ; (8.35)
i Joo (g+x)

where ¢ = (1 +v)eTVINC /[47(1 — v)] is the strength of the inclusion given by
Eq. (6.128) with K'N© = KM = K. Then, substituting Eq. (8.35) into Eq. (8.34),

. M 1271 — v)c?
FINCT/INC™ _ eTVINCK<ae ) — _M7 (8.36)
E aX3 0,0,9 q

in agreement with Mura (1987), who determined the force by an alternative
method. Note that the image force is relatively short-ranged and, as
expected, tends to pull the inclusion out of the half-space, regardless of
whether the inclusion is a positive or negative center of dilatation.

Determine the image force obtained in Exercise 8.1, and given by Eq. (8.36),
by starting with Eq. (8.21) rather than with Eq. (8.16) as in Exercise 8.1.
Hint: note the first-order procedure for integrating Eq. (7.12) over the
inclusion volume in Section 7.2.1.

Solution Since siTj = 8T5,:,», Eq. (8.21) assumes the form

INCT/INCM ) 1 7 9™ (x,§) | 0e™(x,§)
Fy () =5e K{# ( e T o dav. (8.37)

—VIN(‘,
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The integral over the volume of the inclusion can be treated in the same
manner as the volume integral in Eq. (7.12) in Section 7.2.1, leading to the
result

M M M
FINCe/INCM _ 1 rpyine Kae (x, §)) + (ae (x, g)ﬂ . (8.38)
2 03 0x; u=&=q

As in Exercise 8.1, the required image dilatation along (0,0,x3) is obtained
by utilizing the image part of the displacement field given by Eq. (8.28), with
the result

My £) — 8c(l —2v)
(x,€) Gy (8.39)

after substituting &; for q. Then, substituting Eq. (8.39) into Eq. (8.38),

Ne /e 12ap(1 — v)e?

F , 8.40
3 614 ( )

which is identical to Eq. (8.36).

Show that the image force on the inclusion in Fig. 8.2 (which is obtained in
Exercises 8.1 and 8.2 by two different methods, starting with Egs. (8.21) and
(8.16), respectively), can be obtained by a third method that starts with
Eq. (5.38), which describes the force in terms of the change in total energy of
the inclusion as it is displaced.

Solution Since the total energy is all strain energy, Eq. (5.38) can be
written as

INC™ /INC'M . oW
F = — Lim —, 8.41
3 66,0085 ( )
where the strain energy, W, is given by Eq. (8.32), i.e.,
1
W3 ﬁﬁ (o7 NC 4 MY T gy (8.42)
vaNC

The increment, W, required in the above force equation is then

1 00,INC 1
W = —338 {# (05 + o)z dV = =58 ﬁﬁ ae) dv, (8.43)
VINC V[NC
since 077 INC s invariant with respect to 8&5. This expression for 8W is seen

to be of exactly the same form as that for 5EilnNth/lNC[M in Eq. (8.18), which
leads to Eq. (8.21) in the text. The present approach therefore produces the
same force on the inclusion as obtained in Exercise 8.2 through the use of

Eq. (8.21).
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84

In Exercise 8.1, Eq. (8.35) is derived for the dilatation associated with the image
field of a homogeneous spherical inclusion, having the transformation strain
s; = aTél-j, and located a distance ¢ from the traction-free surface of an isotropic
half-space (see Fig. 8.2). This is accomplished by making use of Eq. (8.28) for the
image displacement field obtained by means of the Green’s function method.

Derive Eq. (8.35) using a different approach, in which an image inclusion
is placed opposite the actual inclusion to cancel partially the tractions at the
surface caused by the actual inclusion and then making the surface traction-
free by applying an appropriate distribution of force to it.

Solution The image inclusion is located at (0,0,—¢) as in Fig. 8.3, and the
combined stresses at x; = 0 due to the image and actual inclusions, obtained
by use of Eq. (6.127), are then

6ucx 6ucx 6ucx 6ucx
O-Il\g(xlvx%()) == Hx31q+ #x31q =0 o%(xhxz,O) = — ,ux32q+ Hx32q =0
= —1 — _2 1/2
G%(xl,xz,O) 4.“C<x3 3ZS> X = ()L% —‘rx% —|—q2) / .
(8.44)

The image inclusion therefore cancels the oM and ¢} tractions but not the
o} tractions. The distribution of normal force that must be applied to the
surface to generate the stress, —a}i(x1, x2,0), and thereby produce a traction-
free surface, is then

1 q2

dF3()C1,X2,0) 3
= 30
@R+2+¢)7 (B +2+q)

ds B

| (849)

The displacements due to this distribution of force density can be deter-
mined by first finding the displacements due to a single unit point force and
then using this as a Green’s function to integrate over the distribution. The
displacements due to a unit point force (F3 = 1) applied at the surface at
(0,0,0) are given by uf = u"™ + 4™, where the u"" are the displacements

due to the force if the body were infinite and given by Eq. (4.110), and

X1
\(Surface (x3=0)
Image inclusion NdF Inclusion
-
b ol <
9 o= - X3
X—X

|q\\x o

Figure 8.3 Geometry for determining image stress of inclusion near surface (x3 = 0)
of a half-space: x’ lies in the surface; dF3 is an increment of normal force acting
on the surface.



Exercises 183

the u}:[M are the corresponding image displacements given by Eq. (4.115)
after setting ¢ = 0 and R = R™ = x. Therefore,

1T X1 X1X3
F
SR PO N B
y (¥1,32,%3) dru | ( v)x(x+X3)+ X3
1 [ X2 X2X3
ug(xl,xz,)@):H _(1—2v)<+x3)+x3] (8.46)
1 [ 1 x3x
F A at]
uy (x1,x2,x3) = I _2(1 v)x—|— s }

Using Eq. (8.46), the dilatation at P(x;,x»,x3) due to a unit point force at the
surface is
oul (1 =2v)x3

- =t =- . 4
&ij (Xl,XZ,Xg) 6x,- 27'[/1, x'; (8 7)

With P on the x; axis, the problem is cylindrically symmetric around the

axis, and by integrating over the force distribution on the surface using

Egs. (8.45) and (8.47), the total dilatation at (0, 0, x3) caused by the forces,

after adjusting for sign conventions, is

&h°Y(0,0,x3) = —4c(1 — 2v)x;3 J
0

1 q2 t d rl

-3 7
) )"

2 +x
(8.48)

where 72 = x? + . Carrying out the integration, and realizing that the
dilatation due to the real inclusion and the image inclusion vanish in an infinite
matrix, the final result is

8c(1 —2v)

811'1'M(07 0,)(3) = 85(100 (07 0,)(3) = 3
(q+x3)

, (8.49)

in agreement with Eq. (8.35).

8.5 Show that Eq. (8.31) can be derived directly from Eq. (5.33) rather than
from Eq. (5.35) as in the text.

Solution Using the notation of the present chapter, Eq. (5.33) is written as

o0 1
pINCT/INCY 2 (Goc,INC + O_IM)( o0 INC | 8IM)dV

int 7 ij ij ij y
VINC
1 oM | _IMy/.00M | M
+5 ﬁﬁ (077 + 0 ) (e +e7)dV (8.50)
VO_VINC
1 0,INC _00,INC 1 oo,M oo,M
3 ﬁ} o & dV— B {# o e dV.

f\/lN( r\/x 7FVINC
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8.6

However, the last integral in Eq. (8.50) can be converted to a surface integral
according to

M oo M M oM, M oM,
ﬁ} o e dV:ﬁa?c’ u;” nde—ﬁ;a?o u; " i dS

ij ij ij ij
0o INC 599 SINC
Vv (8.51)

M oM 5
U i dS.

=—{o;

SINC

In addition, the following conditions must be satisfied at the S° and S™ ¢
interfaces:

o Mi;+ oM =0 (on S°)
O_;j)foﬁINC Aj — O_;)]oMﬁ/ (On SINC)
M?O.INC + u;[ _ MIOOM (On SINC). (852)

Substitution of Egs. (8.51) and (8.52) into Eq. (8.50) then yields

int 2 gy

BN = Sl MaTiyas = - 5 ffp olMeTav (8.53)

SINC fleC
in agreement with Eq. (8.31).

Determine the strain energy due to a homogeneous or inhomogenecous

inclusion in a finite homogeneous body possessing a free surface, S°, by a

direct calculation of the body energy starting with E = (1 /Z)ﬁ‘; e dV,
e

where the special notations, ¢;; and ¢, are used in this exercise to represent

the stress and elastic strain, respectively, throughout the body.

Solution The total strain energy in the body is

1 1 1 oul®*
W= 3 ﬁﬁ oje;;dV = 3 ﬂ} ojj (8},‘” — 8;) dv = 3 ﬂ:ﬁ gjj <6x] — 8;) dv,
Ve v v
(8.54)

where use has been made of Eqgs. (3.151) and (3.153). Then, integrating
Eq. (8.54) by parts and using Eq. (2.65),

Lo L
W—Eﬁaixjdv—i #ﬁ O'l_/Sl-jdV, (855)
VO fle(‘

since & vanishes in the matrix. Applying the divergence theorem to the first
integral in Eq. (8.55), and since ¢yi; vanishes on S°,
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W= % oyul®'h; dS — % ﬁﬂ; aije; dV = — % ﬁ} aije; dV, (8.56)
s yive viNe
in agreement with Eq. (8.32).
Show that the result
AV = AV + AVM = (1 + ﬂ)mf“ (8.57)
3KM

given by Eq. (8.12) for the volume change experienced by a finite body
containing a homogeneous inclusion with 8; =gl d0;; in an isotropic system
also holds for a spherical inhomogeneous inclusion of radius R with a,T =gl
o0 at the center of a spherical body of radius a possessing a free surface.
Assume that (R/a)® < 1. Hint: determine the image field using the methods
of Exercise 6.8.

Solution We shall obtain Eq. (8.57) by solving for the elastic field due
to the inclusion in the spherical body with a free surface to obtain
AV and then using Eq. (6.129) to determine AV™ due to the inclusion in
an infinite body.

The elastic field in the free surface case is obtained by solving the Navier
equation using the method employed in Exercise 6.8. Using Eq. (6.186), the
general solutions for the displacements are

M
c
W) = NG et M) =) = M (858)
after setting ¢;"™¢ = 0 to avoid the singularity at r = 0. The three remaining
constants are found by satisfying the boundary conditions at the interfaces.
The radial stress o} (r) must vanish at the free surface at r = a and, there-
fore, with the use of Egs. (G.10) and (G.11),

4uM

3KMM — = M=0. (8.59)

The radial stresses must match across the inclusion—matrix interface, and
therefore,

INC( INC _ T um M oy
3K (e — 67 ) =3K ¢ — g (8.60)
The total displacements must also match there so that
INC Y
c) :7F+c2 . (8.61)

Then, by solving for the three constants and substituting them into
Eq. (8.58), the elastic displacements in the inclusion and matrix are
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INC t, INC T INC T 4MM T
u - (r) = ult N (r) (3" —¢e )r=—

—er=I(q (3KINC ¢ 4,M)° "

(8.62)

_ 9K1NCVINC el N 4MM (’.)3
 4n(3K™NC 4 4y M) 2 3KM \a

The volume change of the body due to this displacement field is then

9K1NCVINC 4,uM

2 M T

_ \ — _ 1+——1. 8.63
AV = 4nau,” (a) (3KINC_|_4HM)S < +3KM> ( )

On the other hand, the volume change in the infinite body case, AV,
obtained using Eq. (6.129), is

9 KINC VINC

AV =4 uM (r) = o6
nrcu, (r) (3KINC+4'HM)8

(8.64)

Substitution of Eq. (8.64) into (8.63) then produces Eq. (8.57).



9.1

9.2

Inhomogeneities

Introduction

Even though an inhomogeneity does not generate its own stress field, it perturbs
an imposed stress and therefore interacts with it, as described in Section 5.4. This
interaction is of importance in many phenomena (e.g., stress-induced cavity
migration) and also plays an essential role in the interaction between an inhomo-
geneous inclusion and an imposed stress because of the inhomogeneity associated
with such inclusions, as already described in Section 7.2.2.

This chapter begins with a consideration of the perturbation of the imposed stress
and the accompanying interaction energy when the inhomogeneity is in a large body
and is uniform in composition and ellipsoidal in shape, and the imposed stress field
would be uniform in the absence of the inhomogeneity. The analysis is based on the
equivalent homogeneous inclusion method of Eshelby, described in Section 6.3.2.

Finally, the interaction energy and corresponding force are formulated for the more
general case where both the inhomogeneity and imposed stress are non-uniform.

The following notation is employed for this chapter:

s{? applied strain field, A, that would be uniform in the absence of
the inhomogeneity,

Asg’INH, As,’-?’M perturbation of the A strain field in the inhomogeneity and
matrix, respectively,

gAVINH ATM perturbed A strain field in the inhomogeneity and matrix,

ij ) Cij
respectively,
e elastic strain in equivalent homogeneous inclusion,
s}}/l elastic strain in matrix around equivalent homogeneous inclusion,
S’INC*, SM canceling strain in inclusion and matrix, respectively, in

equivalent homogeneous inclusion system.

Interaction between uniform ellipsoidal inhomogeneity
and imposed stress

Consider the case of an ellipsoidal inhomogeneity with uniform elastic properties
in a body subjected to an applied A field that would be uniform in the absence of
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the inhomogeneity. The resulting S?HNH and sﬁl’M fields are determined first, by use

of Eshelby’s homogeneous equivalent inclusion method. Following this, the inter-
action energy between the inhomogeneity and the imposed A field is formulated.

Elastic field in body containing inhomogeneity and imposed stress

To apply the equivalent homogeneous inclusion method, we first construct the
system, consisting of the inhomogeneity and the perturbed imposed field, i.e., the
A’ field, as follows:

(1) Start with the homogeneous stress-free body and introduce the inhomogeneity.
(2) Apply forces to the body that would produce a uniform applied strain field,
A throughout the body in the absence of the inhomogeneity.

&ij»

The final elastic strains in the inhomogeneity and matrix are then
A’ INH AINH | A
&, = Ag; + &, (9.1)

A,INH

where Agj; is the perturbation of the A field, and

A'M AM
g = Agy + b;/\ (9.2)

It is assumed, as previously in the treatment of an inhomogeneous inclusion in the
presence of an imposed stress in Section 7.2.2.1, that the body is relatively large
and the inhomogeneity is sufficiently small and distant from the body surface
that any image strains can be neglected in its vicinity, as discussed in Section 8.2.1
(see Eq. (8.3)).

Next, we attempt the construction of an equivalent homogeneous inclusion with
a uniform transformation strain, as follows:

(1) Cut the ellipsoidal region destined to be the inclusion out of the unstressed
homogeneous body, and subject it to the uniform transformation strain 9;
and then to forces producing the elastic strain —85*.

(2) While holding these forces constant, insert the inclusion back into its cavity
(where it fits exactly) and apply forces that cancel the previous forces, thereby
producing the strains sg’mc* and (ng

(3) Apply the same forces to the body surface that were applied previously to the
body containing the inhomogeneity. This produces the uniform strain field,

A throughout the system.

&ij»

The final elastic strains in the equivalent inclusion and matrix are then,
respectively,

INC' _ CINC" _

8’] y

& +éy (9.3)
and

M= OMT A (9.4)
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The requirements that the equivalent inclusion and inhomogeneity be under the
same stress and have the same size and shape are, respectively,

C,INC* T A A _AINH A
0;; —0; +o; = Aaij + 0y (9.5)

and

C,INC* A,INH
& = Ag;" (9.6)
Then, by applying Hooke’s law to the equal stress condition, and substituting the
equal strain condition into the result,

CINC* . C.INC*
C%(Su — &y +ep) = C,IE/H( + &) 9.7)

However, since the transformation strain, s,d , 1s uniform, Eq. (6.29) is valid, and
substituting it into Eq. (9.7),

[(CLT[H Cljkl) Sllglmn + Cz/}[nn} ‘m* - (Cg/r[rm - C}}jﬂ) Qn' (98)
Finally, by introducing the tensor Y}J}I! defined by
YIIJI;IT/I;I - (CtI;EIH C%) Sll(almn + C}yi[nn (99)

and substituting it into Eq. (9.8), the transformation strain of the equivalent
inclusion is obtained in the form

7] = ™M) - [E™N) M. (9-10)

Finally, the strain in the inhomogeneity can now be determined by substituting
Egs. (9.6), (6.29), and (9.10) into Eq. (9.1), i.e.,

[SA’,INH} _ [SE} [FT*] i [SA] _ {[SE][YINH]*I ([CM] . [CINHD + [1]}[‘OA] (9'11)

The elastic field in the matrix, which is the same as the field in the matrix
surrounding the inhomogencous inclusion, can then be found by the methods
described in Section 6.3.1 for homogeneous inclusions.

Since a‘? is uniform in Eq. (9.11), sA INH {5 also uniform. We have therefore
obtained a valid solution for the 1nh0mogenelty problem, which demonstrates that
the elastic field in an ellipsoidal inhomogeneity subjected to a uniform imposed
stress field is uniform and that such an inhomogeneity can indeed be represented
by an equivalent homogeneous inclusion with a uniform transformation strain.

In Exercise 9.2, this method is used to obtain the elastic fields, 8A N and SA M
for the case of a spherical inhomogeneity in the presence of the 1mposed A ﬁeld

A

& =& 5,,, in an isotropic system.

Interaction energy between inhomogeneity and imposed stress

For this analysis it is assumed that the initial homogeneous body is first
subjected to the uniform applied field, A, and the inhomogeneity of the previous



190

Inhomogeneities

section, which is of uniform composition, is then created while the A field is main-
tained constant at the body surface. The interaction energy is then found using
Eq. (5.80), which requires expressions for the total energies of the stressed body with
and without the inhomogeneity, i.e., EYN = WA + ¢* and E* = WA + o4,
respectively. Using Eqgs. (2.133), (2.106) and the divergence theorem,
and denoting the body and its surface by V° and S°, the strain energies, W* and
WA are

1 1 0 1
Wh=3 3&} ayey AV =3 ﬁ?ﬁ A (ahut)av =3 3@ ohuli; dS 9.12)
v v 5
and
wA :% O_I/;’-,MSI{?’,M + ﬁ:ﬁ G?’JNH I{;’,]NH dv
Vo _yNH /N

1 AM A'M ( A'M A'M _ _A'INH A’,INH) A dS —
=5 Oy U O U 0 U; n;ds =
SO SINH

1
2

A'M A'M -
fﬁ;au u; i dS,
‘®

(9.13)

since the integral over S™ vanishes because of the matching tractions and
displacements at the inhomogeneity/matrix interface. Therefore, the difference,
WA — WA, is given by

! 1 A/‘ A ~
wA —wA = Eﬁ; (u; Maij M _ ulAa?)nJ ds. (9.14)
pd

Similarly, the corresponding difference in the potential energy of the surface
tractions is

AN — M = — ﬁi (Mo ™M — ub o)y ds = 2(WA — W), (9.15)

i ij
5

Therefore, according to Eq. (5.80), the interaction energy is simply

INH/A
int

E =wA —wA (9.16)

or, upon substituting Egs. (9.12) and (9.13),

mm/A _ 1

A_A A’ INH A’ INH
Eint 2 ) dv.

)+ ﬁiﬁ (o — oy &y
VoileH VINH

(9.17)

Equation (9.17) can be put into a more useful form by first writing it as
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INH/A | AMA  _AAM AINH A A AINH
En " =3 (o ey — oy ) + (b (o ey —oyey ) | AV
/voivaNH fv]NH
1 AAM  AMAM _AMA
+§ fﬁﬁ; (a 8 +oge T —oy ey — 0y ,l.j)
/vo_rleH
A AINH _ _AINH ALINH __ALINH A
+ ﬁ (0 l} +O’ 8 ij ij - ij lj) dV'
'leH
(9.18)
Then, using the same method that produced Eq. (9.13), the second bracketed term
can be converted to the surface integral, ﬁ(aﬁ./“ o)™ + u)i;ds, which
¢

vanishes because of the constant surface traction condition given by
02/ M, = api;  (onS%). (9.19)

The first term in the remaining expression also vanishes because, according to
Eq. (2.102), aA M e aAgA M in the region V° — V™H_ Therefore, Eq. (9.18)
takes the reduced form

iNH/A ] A’INH A/ INH

Enm " =3 3@ (o NHeh — el Ny, (9.20)
'vINH

Then, by using

A’ INH CINH A’ INH

ij ijkl ek
C,jk,bk, (9.21)
M
Cljkl Ck/lj’

Eq. (9.20) can be put into the form

INH/A L A/ INH
B =3 ] (- sl ™ av. 0.22)
'v]NH

An alternative expression for the interaction energy can be obtained from
Eq. (9.22) by introducing the transformation strain, 65’ of the equivalent
inclusion. Using Eqs. (9.1) and (9.6), the integrand in Eq. (9.22) can be
written as

INH A A’ JINH INH C,INC* AN A
(Cljkl Cz/kl) ij & (Cljkl Cllkl)(gk[ + Skl)gzj (923)

and then, by substituting Eq. (9.7), in the further form
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INH M AAINH _  ~M AT
(Cijkl - Czj/kz) ij €kl —Cijutij e - (9.24)
However,
M A T M AT AT
Cintijen = Cuiiien = Outu (9.25)

and, finally, upon substituting Egs. (9.24) and (9.25) into Eq. (9.22),

1
ENTA —3 {# alhel dv. (9.26)

nt

f\/lNH

In Exercise 9.3, it is verified that Egs. (9.22) and (9.26) yield the same result for the
interaction energy between a spherical inhomogeneity and a stress field possessing

the strains &} = ¢*d;; in an isotropic system.

Some results for isotropic system

Elastic field in body containing inhomogeneity and imposed stress

The system analyzed in the previous sections is now assumed to be isotropic. The
equivalent homogeneous inclusion method is again employed, and the equation for
the transformation strain of the equivalent inclusion appropriate for an isotropic
system is obtained by converting Eq. (9.8), by use of Eq. (2.120), to the form

(;LINH B ;LM)SELmkISkTI*élj n 2(,uINH )Sukl&kl + MeT 5,, +2uMe

= (M = JNYeAS L2 (M — ulNH)ag}.

(9.27)

When i # j, the shear transformation strains can be obtained directly from
Eq. (9.27) in the form

T M — A
€, = 3 (a #p 9.28
of 2('uINH )Ssﬁxﬁ + ,uM of ) ( )
by invoking the properties of the Eshelby tensor, S”kl, described in the text following
Eq. (6.92), and using Greek indices to avoid the index summation convention.
When i = j the normal transformation strains can be determined by solving the
three simultaneous linear equations obtained from Eq. (9.27), i.e.,

(ANH ;LM)SEmklngl* +2(u™ — )Suklskl +2Mel 4 2uMej

(
_ ()M o /IINH)eA + 2(,[1 'uINH)gllj\

= /). (9.29)

As in the previous development, leading to Eq. (6.120), the solution is expedited
by using the contracted index notation given by Egs. (2.89) and (2.90) and writing
Eq. (9.29) in the matrix form

Viie"] = Wile"], (9.30)

where
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Vi = (AN = 2M)(ST + 85 + S5) + 2™ — pM)SE + M + 2uMs;

9.31
Wi = oM _)INH 2(# MINH)&/ ( )
Then, solving Eq. (9.30) for the &},
)= VIR (=) (9.32)

The elastic strains in the 1nh0mogene1ty, A/ INH, can now be found by using

Eq. (9.11). The transformation strains, 3;, , for the equivalent homogeneous inclu-
sion are given as functions of the known strains, .clj , using Egs. (9.28) and (9.32), and
the required values of Sz]k[ are available in Appendix H.

The strain in the matrix, sf? M is the same as that around the equivalent homoge-
neous inclusion given by Eq. (9.4), where the required strains sfj:M can be found
using the methods described in Chapter 6 for treating homogeneous inclusions.

In Exercise 9.2 detailed expressions are found for eA INH - and e;;‘,’M for a

spherical inhomogeneity in the presence of the initial stress field, c{? = &My

Interaction energy between inhomogeneity and imposed stress
For an isotropic system, the interaction energy between the ellipsoidal inhomo-
geneity of the previous section and imposed strain, s , given by Eq. (9.22) for a
general system, can be converted, with the help of Eq (2.120), to
Eilrll\lIH/A :% #ﬁ [(AINH )VM)eAeA’,INH 4o (uNH HM)S;?SI:A;’,INH]dV. (9.33)
~/INH

The ¢ ™" and e2¢ ™M strains required by Eq. (9.33) are obtained by first writing

J 1]

Eq. (9.11) in the contracted index form specified by Egs. (2.89) and (2.90), i.e.,

A’ INH _ E T
8[ SU ' + 8 (934)

Then, substituting the Sg tensor from Eq. (6.96) into Eq. (9.34),

M A INH
&

(st Sh Si; 0 0 0 (el T [e]
g SESE SE 0 0 0 || &
A’ INH E E E T A
, . e S5 Sy S 0 0 0 & &
[AINH] — [SE][sT] 4+ 4] or 3, _ 0% Pn Om 3x L1 7
g4A ANH o o o0 258 o 0 ey ey
g INH 0 0 0o o0 255 o0 el e
86A/,INH | 0 0 0 0 0 2.5'2:6 1 _l—zgx ] _Eé 1
(9.35)

where the siT* strains are provided by Eq. (9.32). Then, from Eq. (9.35), A ™NH and

?AFA INH 4 re obtained in the forms

GAVINH _ ALINH = (SE 4+ 8E 4 sE)el" 4 A (9.36)

un
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and
A AINH _ A _A'INH AAJINH | A _AINH | A AINH
& & = &€ +2(eq'€)y + 565 + &g € ). (9.37)

Interaction between spherical inhomogeneity and hydrostatic stress
Interaction energy

Equation (9.33) is now used to determine the interaction energy between a spher-
ical inhomogeneity of uniform composition and the imposed strain field a? = sAé,-j
in an isotropic system. It is seen immediately that the problem has spherical
symmetry, and that the inhomogeneity is under hydrostatic pressure. Therefore,
using Eqgs. (9.36), with ¢] =&l =¢l" =¢T', (H.4), (9.37), and (2.129),

, 1+ L. 9kM .
ALINH _ T A _ T A
e =T Mt + 3" = o & +3e (9.38)
and
A A INH A A’ INH eheh N
grey =3t = —s (9.39)

The equivalent inclusion transformation strain, ¢!, required in Eq. (9.38), is

provided by Eq. (9.32) with matrix elements given by Eq. (9.31) in the forms

LM (N (7 - 5yM)

M oM
3(1— M) 15(1 — M) AT 2

Vil =Vy = Vi =V = (N _)M)

1+VM 2 INH_ , M SVM —1
Vo=V =Vis=V3 =V =V =V = ()v'N“—),M)3(l_vM) + (w 15?1_)51\4) )+},M

Wi=Wyn=Wy=W= ()VINH — )M) + 2([11NH — uM)

Wia =Wy =Wz =Wz =Wy =Wy =W = M_ JINH

(9.40)
Then, substituting Eq. (9.40) into Eq. (9.32),
e v vV Iw oW owr e
=V v V W W WA (9.41)
el ViV v wow WA
Solving Eq. (9.41) for [¢7] and using Eq. (2.129),
. KM _ KINH KM 4 M

KM(3KINH 4, M)
Then, substituting Egs. (9.38), (9.39), and (9.42) into Eq. (9.33),

FINH/A _ B(KINH — KM)(3KM 4 4, M)yINH (M) (9.43)
int - 2 (3KINH + 4MM) ’ : ’
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Interaction force

If the A field is no longer uniform, Eq. (5.82) can be employed to obtain a first-
order expression for the resulting force exerted on the inhomogeneity by the
hydrostatic pressure components of the field which involve the strains eASij =
SAS,-J- (see Eq. (J.4)). Using Eq. (9.43), the force, to first order,' is then

piniga _ OB O(RM — KNI (GKM 4 4pM)YINE gt (9.44)
: Glq (3K™NH - 4uM) ox; | '

Alternatively, the first-order expression for the force given by Eq. (9.44) can be
obtained by a different approach, which starts with Eq. (5.86) in the form

Rl oul
INH/A ii A AJINH AJINH OU; | o

S

Equation (9.45) can then be integrated using the same method employed in
the integration of Eq. (7.3), which led in Section 7.2.1 to Eq. (7.10) for the
force exerted on a spherical inclusion by a gradient of hydrostatic pressure. The
surface, S, is again taken to be infinitesimally outside the defect, and the A field
properties are expanded to first order around the origin, as in the case of the
Q field properties in Eq. (7.5). The perturbation of the hydrostatic component of
the A field in the inhomogeneity, using Eq. (9.54), is given to first order by

A AINH 9(KM _ KINH)VINHSA X;
u- = -
i 4n(3KTNH 4 M) 3

(9.46)

after converting it to Cartesian coordinates. This quantity has the same functional
form as Eq. (7.7), and, therefore, substituting Eq. (9.46), along with the corres-
ponding stress, o™H into Eq. (9.45) and carrying out the integration,

ij
A 2. A
(a””) +aM <a o > . (9.47)
axl 0,0,0 axlaxi 0,0,0

which may be compared with Eq. (7.9). Then, since o = 9KkMe?, and
aulA/@x,' = 3,

FINH/A _ 3(KM _ KlNH)leHSA
! (3KINH _|_4’uM)

INH/A 9(KM — KINH)VINH(RM 4+ 4,M) SA@

F) RN £ 4] o (9.48)

in agreement with Eq. (9.44).
When K™ < kM as, for example, in the case of a cavity, the inhomogeneity
acts as a “soft” region, and will be urged towards regions of high strain

! This approximation may be compared with the first-order approximation used to obtain Eqgs. (7.10)
and (7.14) for the force on a homogeneous inclusion due to a stress gradient.
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regardless of whether the strain is extensive or compressive, as might have been
anticipated.

Interaction between non-uniform inhomogeneity and non-uniform
imposed stress

We now consider the interaction between an inhomogeneity that is elastic-
ally non-uniform with a stiffness tensor that varies as illustrated schematic-
ally in Fig. 9.1, and an imposed stress field that is also non-uniform. The
determination of the perturbed A’ stress field in this general case is daunting,
and we shall therefore content ourselves with formulating general expres-
sions for the interaction energy and corresponding force on the inhomo-
geneity. Inspection of the formulation of the interaction energy, Eilrl:iH/A, in
Section 9.2.2 shows that it is also valid when the inhomogenecity and applied
stress are non-uniform. Therefore, using Egs. (9.14) and (9.16), we can
express EiI:iH/A
E:}:H/A = —%@ (a?lu?, - o;‘u?)ﬁj ds. (9.49)
®
The corresponding force can be found by following the same procedure used
in Section 5.3.2.1 to derive the force on a defect expressed in terms of the energy—
momentum tensor. In this procedure the force is obtained by the method that
involves the change in total energy that occurs when the defect is displaced by
6&,. The displacement operation is performed in two steps: in step 1 every
quantity, ¢, associated with the elastic field in the body is replaced by
¢ — (0¢/0x,)0&,, and in step 2 the constant traction condition at the body surface
is restored. For the present problem, the displacements and surface tractions
during the operation are

ul® (initially),

A/
ud — éaul- 8¢, (after step 1),

! X

u' (finally, after step 2),
ot (initially),

, oo
A U 5¢, (after step 1),

ag:
ij ox,
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ol Xy

Figure 9.1 Variation of Cj;,,, across relatively small inhomogeneity in large body along
the x, direction. Cj;,, is at a maximum near the inhomogeneity center (positioned at
the origin) and falls off with distance in all directions in the general manner indicated.

N @al’?/ 60’?’
% T A o0&, + o, o, = a (finally, after step 2), (9.50)

which may be compared to Eq. (5.42). Using Eq. (9.13), the change in strain
energy in step 1 is then

ol oul
) _ A’ i A’ i a ul
W= 3@@ K%’ e 55“) (”" o 55“) IRl
e

!

o L 00 out
o _E@ <ul axa +O_” a n,Séa dS

0y

(9.51)

and, using the same procedure employed in Section 5.3.2.1 to obtain W® and
oD in the forms of Egs. (5.44), (5.45), respectively, we obtain, for the
present case,

SW(Z) _ A A A aM;A, 85 AdS 9 52
= (P oy (u; _ui>+6x(, o |1 (9.52)
5 '
and
5o+ — _ @ o (Y — )iy dS. (9.53)
N
Then,
SE = oW 4 sw® 4+ 5p(V+(2) — 1 o o u 60’3/ i0&,dS  (9.54)
2 ij axa i axa ] o .
e
and, by use of Egs. (5.82) and (2.113), the force is given by
SE 60 / / 61/{
FINH/A:__:_@ i oA A .
: 5, 20\ @ 1 T o )9S ©.53)

S
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In view of the approach used to obtain this expression, it is not surprising that it can
also be obtained by direct use of the energy—momentum tensor force equation, i.e.,
Eq. (5.51). Substituting Eq. (2.133), for the strain energy density, into Eq. (5.51),

Joul | 1 ou oul
F;NH/A — ﬁ (W/6j _ O';-? a_xo,)nj ds = ﬁ (EJQ a—xk8jy — O'g a—xa>l’l/dS (956)
S

Then, by substituting Stokes’ equation, Eq. (B.11), for the term containing the
delta function, Eq. (9.55) is again obtained.

Exercises
9.1 1In an isotropic system, find the perturbed displacement field, i.e., u"™NH (r)
and u,A/’M(r), generated by introducing a spherical inhomogeneity of radius

R into a large body initially containing the uniform applied strain field
.s,/-j*- = 8A5,»j. Assume that the A field is maintained constant at the body
surface. As in the text, focus on the common situation where the body is
much larger than the inclusion, and the inhomogeneity is sufficiently distant
from the body surface that the ¢2"™NH field is essentially uniform and inde-

pendent of the location of the inhomogeneity.

Solution For this problem a simple model system can be employed in which
the inhomogeneity is at the center of a spherical body of radius a, where
(a/R)* >1, and the surface is subjected to tractions, which maintain the
strains there at pjj = &¢"3;. As in Exercise 6.8, where the elastic field due to
an inhomogeneous inclusion in an infinite body is determined, the problem
can be treated as a boundary value problem requiring the direct solution of
the Navier equation in both the matrix and inhomogeneity. The problem
again has spherical symmetry, and since there is no transformation strain in
the system, Eq. (6.186) can be taken as the general solution of the Navier
equation for the present problem when written in the form

A/ INH o™ Nm A’ M ' m
XN (r) = 2 +cr uXM(r) = T tar: (9.57)
Then, after setting ¢/ = 0 to avoid a singularity at the origin, the remaining

three constants are determined by invoking the following three boundary
conditions that must be satisfied at the interfaces. Using Eqs. (G.10) and
(G.11), the radial stress at the body surface must be

oA M(q) = 3kMeA (9.58)

rr

and, according to Eq. (9.57), the relationship

3KMeA = 3kMeM — ﬂcM (9.59)
- 2 a3 1 .
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must therefore be satisfied. The displacements must match across the
inhomogeneity/matrix interface, and therefore,

M
MR =+ 'R (9.60)
and the corresponding normal stresses must also match so that

4 M M
3RMA - ZE R;l = 3K™NHINH, (9.61)

Then, solving Egs. (9.59-9.61) for the three constants, dropping terms of
magnitude (R/a)’ relative to unity, and substituting the results into
Eq. (9.57),

MA’,INH (I") — ,INH,. — M%}AF
- 2 3KINH 1 4M

S N R (9.62)
S (8T

M
AMy _ G M. _
u, " (r) =T Tar= (3K™NH 1 4,M) 7

The corresponding strain in the matrix, £XM(r) therefore falls off with
distance from the inhomogeneity as 7 and becomes essentially equal to
the strain, ¢*, maintained at the body surface at a distance of only a few
multiples of R. This will therefore be the case for inclusions anywhere in the
body at distances from its surface exceeding a few multiples of R.

In the following Exercise 9.2 these same results are obtained by employing

the equivalent inclusion method.

Solve Exercise 9.1 by using the equivalent inclusion method rather than the
Navier equation method.

A’ INH

Solution To obtain &j; it is convenient to write Eq. (9.11) in the form

AINH _ GE,T" | A
€ =S¢ +é (9.63)
using contracted index notation. The required transformation strain of the

equivalent inclusion, g?‘, has been obtained in Section 9.3.3 in the form of
Eq. (9.42), and substituting this into Eq. (9.63),

gNVINH _ (ALINH _ AUINH _ A INH _ L+ 1)
; 3(1 —wM)

(9.64)

3KM +4M

KN 4M©

The corresponding radial displacement field in spherical coordinates is then

/ 3KM + 4,uM
A’ INH A
u, = 3KINA 14 R (9.65)
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9.3

The strain field in the matrix is given by Eq. (9.4), which is expressed here as

eAM(P) = M (1) 4 A (9.66)

r
The quantity ¢&&™ (r) corresponds to the strain field in the matrix produced
by a homogeneous inclusion possessing the transformation strain sT The

displacement field corresponding to this strain field is given by Eq. (8.62),
which takes the form

cM 9KM VINC ST*

" (r) = IR 4 17 (9.67)

after setting K'™N© = KM and ¢" = ¢ and dropping the image term, since it
is being assumed throughout that image effects can be neglected. Then,
substituting Eq. (9.42) into Eq. (9.67) and substituting the result into the
displacement field corresponding to Eq. (9.66),

/ . KM _ gINHY /p\ 3
M (r) = up ™M (r) +ehr = |1 +M (—> ]SAF- (9.68)

(BKTNH 1 4;M)

Finally, Egs. (9.68) and (9.65) are seen to agree with Eq. (9.62).

Verify that either Eq. (9.26) or (9.22) yields the same result for the inter-
action energy, EE;IH/ A between a spherical inhomogeneity and the uniform
hydrostatic strain field, 83‘ = SAéi/‘ in an isotropic system.

Solution Starting with Eq. (9.26), and using contracted indices and
Eqgs. (2.122) and (2.129), the integrand takes the form

oy =atel = 9KMerel (9.69)

The transformation strain, ‘91 , 1s given by Eq. (9.42), and substituting this
and Eq. (9.69) into Eq. (9.26),

E}EH/A _% ﬁ:ﬁ a T* dv = gKMVINHsAsT*

Vi (9.70)
_2(KINH _ KM)(3KM + 4,UM)VINH . )2
) (3K™NH 1 4M) '

On the other hand, Eq. (9.22) takes the form of Eq. (9.33) in an isotropic
system, and it is shown in the text that use of Eq. (9.33) leads to Eq. (9.43),
which is identical to Eq. (9.70).
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Point defects in infinite
homogeneous regions

Introduction

Point defects in crystals can exist in many configurations. Substitutional point
defects occupy substitutional lattice sites and include single vacancies (unoccupied
substitutional sites) and single foreign solute atoms occupying substitutional sites
in dilute solution. Interstitial point defects correspond to atoms occupying intersti-
tial sites, i.e., sites in the interstices between substitutional sites. The interstitial
atoms may be either foreign solute atoms, or the host atoms themselves: defects of
the latter type are often referred to as self-interstitial defects. Small clusters at the
atomic scale of any of these defect types also qualify as point defects. These
clusters may consist entirely of substitutional atoms or entirely of interstitial
atoms or may be of mixed character. For example, an undersized solute atom of
one type may occupy a substitutional site and be bound to an undersized atom of
another type occupying an adjacent interstitial site.

A common feature of all these defects is that they generally distort the host
lattice and generate corresponding long-range stress and strain fields around them.
If, for example, an embedded solute atom has a larger ion core radius than its host
atoms it will, on average, push outwards against its near neighbors, causing a net
expansion of the surrounding crystal, i.e., it will act as a positive center of dilata-
tion. Conversely, a smaller solute atom will behave as a negative center. An
interstitial atom is usually larger than the interstice in the lattice that it occupies
and therefore acts as a positive center. On the other hand, the atoms around a
vacancy often tend to relax inwards towards the vacant site causing the vacancy to
act as a negative center. The symmetry of the surrounding stress field depends
upon the symmetry of the point defect, as discussed later.

Another feature of point defects, already discussed in Section 1.4, is the highly
disturbed atomic structure of their cores. Atoms in the core have different envir-
onments than in the matrix, and the effective elastic constants in this small region
therefore differ from those in the matrix, causing it to act effectively as an
inhomogeneity. A point defect therefore acts approximately as a tiny inhomo-
geneous inclusion.

This chapter begins with a description of the symmetry of point defects in Section
10.2. The force multipole model for determining the elastic field is then taken up in
Section 10.3. Here, the forces that the defect exerts on its near-neighbor atoms are
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replaced by an array of point forces applied to a homogeneous medium represent-
ing the crystal. The elastic displacement field produced in infinite homogeneous
regions by these point forces is then found by employing point-force Green’s
functions. The assumption of a homogeneous medium therefore neglects the
inhomogeneous nature of the defect cores and any effects due to the difference
between the effective elastic constants of the tiny core region and those of the
lattice. Finally, in Section 10.4, the small inhomogeneous inclusion model for
point defects is discussed briefly. This model mimics both the forces exerted on
surrounding atoms and the effect of the core inhomogeneity and can be analyzed
using the methods of Chapters 6-9.

Symmetry of point defects

An important property of any point defect is its symmetry. When an otherwise
perfect crystal contains a single point defect, the symmetry of the overall structure
(which includes the strained crystal) is known as the defect symmetry. Because of
the point nature of the defect, the defect symmetry lacks translational symmetry.
Of interest then is its rotational point group symmetry and to which of the seven
crystal classes it belongs, i.e., cubic, tetragonal, hexagonal, trigonal, orthorhom-
bic, monoclinic, or triclinic. The defect symmetry can be either the same as the
symmetry of the host crystal or lower: in the latter case, the defect can generally
assume more than one structurally equivalent variant' in the host lattice (Nowick
and Berry, 1972). Three examples are shown in Fig. 10.1. Figure 10.1a shows an
interstitial atom defect in a FCC lattice where the interstitial atom (black sphere)
occupies an octahedral site.? The defect possesses the same cubic symmetry as the
host lattice, and, therefore, no variants are possible. Figure 10.1b shows an
interstitial atom in an octahedral site involving two nearest-neighbor and four
next-nearest-neighbor lattice sites in a BCC lattice. The defect symmetry is there-
fore tetragonal with the major tetragonal symmetry axis along the x5 axis. Since
this symmetry is lower than the cubic symmetry of the host lattice, this defect type
can exist in the form of three variants which can be produced by locating the
interstitial atom in the three structurally equivalent sites labeled 1, 2, and 3 in
Fig. 10.1b, where the major tetragonal axis is directed along [100], [010], and [001],
respectively. Lastly, Fig. 10.1c shows a self-interstitial defect in a FCC lattice
where two host atoms share a single face-centered lattice site in a “split” configur-
ation extended along a <110> direction. This defect possesses rhombohedral
symmetry, which is lower than the cubic symmetry of the host lattice. Additional

! Structurally equivalent variants are defects that have identical atomic structures but are simply
rotated with respect to one another in the host lattice.

2 The site is considered an octahedral site since it is located at the center of an imaginary octahedron
whose vertices are located at the six nearest-neighbor lattice sites.
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X3

(a)

X2

X1

Figure 10.1 (a) Interstitial atom (black sphere) in octahedral site in FCC lattice. (b) Interstitial
atom (black sphere) in octahedral site in BCC lattice. Three structurally equivalent variants
of this defect can be obtained by locating the interstitial atom on the three distinguishable 1, 2,
and 3 octahedral sites. (c) Self-interstitial defect in FCC lattice, where two host atoms share a
lattice site in a “split” configuration extended along <110>. Here, an extra host atom has been
inserted interstitially, and relaxation has occurred so that the atom that originally occupied
the face-centered site (indicated by the x) and the inserted atom (i.e., the two black atoms) are
symmetrically disposed along <110> around the x site, which constitutes the center of the defect.

structurally equivalent variants can therefore exist with their extended axes along
other <110> directions.

Further discussion of defect symmetry is given by Nowick and Berry (1972),
Nowick and Heller (1963), and Teodosiu (1982), and in Section 10.3.4.

Force multipole model

As pointed out in Section 10.1, a point defect generally exerts forces on its
neighboring atoms that are absent in the perfect crystal. These forces, in turn,
produce a displacement field around the defect that extends throughout the
surrounding matrix. An elastic model for the defect can therefore be constructed
by replacing the defect with a homogeneous elastic continuum subjected to a
localized array of point forces, i.e., a force multipole, which mimics the forces that
are imposed on the atoms surrounding the defect. These forces fall off rapidly with
distance from the defect, and it usually suffices to include only those acting on
nearest and next-nearest neighbors. The displacement field throughout the remain-
der of the body due to these forces is then found by using continuum elasticity
incorporating the appropriate point-force Green’s function. The model is there-
fore expected to be applicable outside the defect core at distances beyond at least
next-nearest-neighbor distances. Methods of determining the forces that mimic the
effect of the defect require atomistic calculations employing approaches that are
beyond the scope of this book. The continuum force multipole model is therefore
developed next, assuming that the forces are known.

Basic model

The treatment mainly follows those given by Siems (1968), Leibfried and Breuer
(1978), Teodosiu (1982), and Bacon, Barnett, and Scattergood (1979b). As shown
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Defect
center

Figure 10.2 Geometry for Eq. (10.1).

in Fig. 10.2, the field point is at x, the center of the defect is at x/, and the ¢th point
force due to the defect is at a vector displacement s”from the defect center.
Assuming N point forces, and, using Eq. (3.15), the displacement at x is then

N
w(x) = > Gy(x —x' —s)F?. (10.1)
q=1
Since the distances [s'?| are relatively small, Gjj(x — x' — s‘¥) can be expanded in a
Taylor’s series around (x — x’) of the form

0G;(x —x') 1 0°Gji(x — X))
Gy(x =X = s1) = Gy(x = x) + =V =0 5 sl
1 a3G ) m m n (10.2)
LG (x=X) () @) 4 ...
3 ox, oddx. Mo
Then, substituting Eq. (10.2) into Eq. (10.1),
0G;(x —x/) 1 0°Gj(x — X) 10°G;(x — X))
(x) = Gi(x —x P, 4 ZiX X))y 10O XX )y, LG XXy
ui(x) = Gyx = X)Py + = P+ 55 ga Pt 31 g g Tmi b
(10.3)
where
N
Pi=YF" =0, (10.4)
q=1
S (9)
Ppj=> sWF", (10.5)
q=1
N
Py = Y s\DsOF (10.6)
q=1
N
Poj = s\ OsOF?. (10.7)
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x31 F

e

X2
F /X

Figure 10.3 Assumed simple nearest-neighbor double-force model for interstitial defect
(black sphere) in octahedral site in BCC structure. Forces, F, are applied to defect
nearest-neighbor host atoms.

The zeroth-order quantity, P;, is just the component j of the total force multipole
and therefore must vanish to satisfy mechanical equilibrium. The remaining
quantities P, P, and P,,,; are second-, third-, and fourth-rank tensors and
are termed the force dipole,® quadrupole, and octopole moment tensors, respectively.
The total torque exerted by the force distribution must vanish, so that

,,é @ 5 Fl@) q%l 01 (5DFY — JOFY _ o) (R0 _ (00 | g (0 p0 _ (0 pa))
=€ (Px3 — P3) — (P13 — P31) +&;3(P12 — Par) = 0.
(10.8)
The P,,; force dipole tensor must therefore be symmetric, i.e.,
Ppj = Pjm. (10.9)

Finally, using these results, and 0G;;(x — x')/0x; = —0G;;(x — x') /0x;, Eq. (10.3)

takes the form (to third order),

_0G;(x—x')
Ox,,

19°Gy(x — X)) 19°Gy(x — X))

P mj mnj —
i v, o, A

M[(X) = Pmmj- (1010)
It is emphasized at this point that the force multipole of a defect is an intrinsic

property of the defect and is independent of the position of the defect in the body.

Force multipoles

Elementary double force

The simplest force multipole is a double force consisting of two symmetrically opposed
point forces, as illustrated in Fig. 10.3. Such a double force constitutes a simple
nearest-neighbor model of a defect such as the octahedral interstitial in Fig. 10.1b,
where the main lattice forces exerted by the defect are assumed to be on its two nearest
neighbors. With the origin at the defect center and applying Eqgs. (10.5)—(10.7), the
quadrupole tensor vanishes, since the double-force defect is centrosymmetric, i.e., it

3 A force dipole moment is analogous to an electric dipole moment, p = g¢s, consisting of two point
charges of equal but opposite sign, g and —g, separated by the distance s.
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Figure 10.4 Assumed force multipole consisting of equal forces, F, acting on the six
nearest-neighbor atoms of defect (black sphere) at distance a in a simple cubic structure.
The multipole is equivalent to three equal and orthogonal double forces.

possesses inversion symmetry.* The remaining non-zero components of the dipole
and octopole tensors for the double force in Fig. 10.3 are, then

Pu=2F+iF—uF
= — —_ = da
33 D) D)

e (10.11)
B

3

3
a a'F
P3333:§+ —

4

Combinations of double forces

Consider next force multipoles composed of combinations of double forces. A simple
example is the multipole for the defect shown in Fig. 10.4, consisting of three equal
and orthogonal double forces applied to the defect’s nearest neighbors. With the
defect center at the origin of the coordinate system, and employing Egs. (10.5-10.7),
the only non-zero multipole moment tensor components to third order are

Py =Py = P33 = aF + aF = 2aF

N \ (10.12)
Piinn =Pun =Pz =aF+a'F=2aF.

Further force multipoles

In many cases, the force distribution representing the defect cannot be constructed
using combinations of double forces. An example is the assumed “split” dumbbell
self-interstitial defect in the FCC structure shown in Fig. 10.5. Here, the force
multipole consists of eight non-collinear forces imposed on the eight nearest
neighbors of the defect. Using Eqgs. (10.5) and (10.6), the only non-zero multipole
moment tensor components to second order are then

4 The inversion symmetry operation involves moving a point initially at x to —x. In the force multipole of point
defects possessing inversion symmetry, such as, for example, those in Figs. 10.3 and 10.6, for every force, F,
acting at s, there is a reverse force, —F, acting at —s. The contributions of each F and its —F counterpart then
exactly cancel in the sum given by Eq. (10.6) for P,,,;, and it therefore vanishes. In fact, all force moment
tensors with an odd number of indices must vanish for a point defect possessing inversion symmetry.
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Figure 10.5 Assumed “split” dumbbell self-interstitial defect (black spheres) in FCC structure
with lattice forces acting on nearest-neighbor atoms. Here, an extra host atom has been inserted
interstitially at the face-centered site, x, and relaxation has occurred so that the original

atom that occupied the x site and the inserted atom are symmetrically disposed around the

x site, which constitutes the defect center. All eight lattice forces are of magnitude F.

Figure 10.6 Assumed non-centrosymmetric defect composed of two dissimilar nearest-neighbor
solute atoms (black spheres) located on lattice sites in simple cubic structure, with forces acting
on nearest-neighbor host atoms.

P11 = Py = 2aF cos0

. (10.13)
P33 = 4aF sin 0.

All of the defects considered so far have possessed a center of inversion, and all

elements of the second-order quadrupole tensor have therefore vanished. There-

fore, consider the defect in Fig. 10.6, which lacks a center of inversion. Here, the

non-vanishing elements of the dipole and quadrupole to second order are
Py =Py =2alF+F) P = P3£1 =Py = Py = a*(F — F')

3a 9a 10.14

P33=7(F+F/) P333=T(F—F/). ( )

The second-order quadrupole moment components that are now present depend

upon the degree to which the defect lacks a center of inversion, since they
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are proportional to the difference (F — F’), which would vanish if the defect
were centrosymmetric.

Elastic fields of multipoles in isotropic systems

Elementary double force

The solution for the elastic field of a double force is useful, since it can be
employed as a basic element in the construction of solutions for more complex
force multipoles that can be made up of combinations of double forces. Using
0Gjj(x — x')/0x], = —0G;j(x — x') /Ox,,, and taking the origin at the defect center so
that x’ vanishes, Eq. (10.10) for the double force in Fig. 10.3 takes the form

o aGlg (X) a2 63G,»3 (X)
i (%) = —afF ( oy 24 od

Then, using the Green’s function for infinite isotropic bodies given by Eq. (4.110),
alF {2(1 — )30 — Li(1 — 3[%)

(10.15)

ui(x) = 16mpu(l —v) x2

) _ 3)S. (3 — 2 4
+%[V(lﬂs 2013)5:3;’!(3 3OZ3+3513)]}, (10.16)

where the /; = x;/x are the direction cosines of x. The displacement field has a
complicated angular dependence. The first term, which is entirely due to the first-
order force dipole, falls off with distance from the center as x 2. The second term,
which is due to the third-order force octopole, falls off much more rapidly, i.e., as
x~* and becomes relatively unimportant at a distance from the double-force
center only several times larger than the extension of the double force, in con-
formity with St.-Venant’s principle.

Combinations of double forces
For the combination of the three equal and orthogonal double forces in Fig. 10.4,
Eq. (10.10) takes the form

_ 3G;j(x) @ *Gy(x)
u,(x)__zaF< o +5 ) (10.17)

Substitution of the Green’s function given by Eq. (4.110), into Eq. (10.17), then
yields the displacement field’

5 Note that Eq. (10.18) can be readily obtained from Eq. (10.16) for the single double force in Fig.10.3
by simple summation after cyclic interchange of i = 1,2,3 and accounting for the difference in the
labeling of the nearest-neighbor distance in Figs. 10.3 and 10.4.
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(%) aF ) {(1 —20)[; N a® [v(121; = 2083) + 35L:(=3/5 + I} + 15 + lg‘)]}.

:4n,u(l—v x2 4 x4
(10.18)

As in the case of the previous simple double force, the first-order dipole term and
third-order octopole term fall off as x 2and x~*, respectively, and the second-order
quadrupole term vanishes because the multipole possesses a center of inversion.
The first-order dipole term can be written in the vector form

u(x) = .é_aF(l72v)ﬁé4_aF(172V)ix
- Cdnu(l =) 3T drp(l—v) B3

(10.19)

which is seen to be spherically symmetric. However, the octopole term contains
the angular factor (If+ 13+ 13 —3/5) and odd powers of /; and is therefore
cubically symmetric.® The octopole term therefore contains detailed information
about the local distribution of force at the defect center and decays rapidly
compared with the dipole term as x increases. The far field due to the dipole term
is spherically symmetric and independent of the details of the distribution of local
force as expected on the basis of St.-Venant’s principle. The far field is seen to be
of the same form found in Chapter 6 for the displacement field around a homoge-
neous spherical inclusion acting as a center of dilatation with the pure dilatational
transformation strains s; = ¢15;. In fact, by employing Egs. (10.19), (6.127), and
(6.128), the fields are found to be identical when the dipole moment, 2Fa, is
assigned a value satisfying the relationship

afF(1—2v) (14 v)VINGT
T (S R e g R (10:20)

Further force multipoles

Further assumed examples of force multipoles are illustrated in Figs. 10.5 and
10.6. The forces in the multipole in Fig. 10.5, which mimic a split dumbbell self-
interstitial in the FCC structure, are non-radial, and, using Eq. (10.10), the first-
order dipole component of the displacement field is’

aGil(X)cos@—kaGi—z(X)COSQ—f—MZsinH , (10.21)

i(x) = —2aF | ——~~
" (X) a a)(] aXQ aX3

with G;; given for isotropic systems by Eq. (4.110).

¢ As pointed out by Eshelby (1977), the quantity (—3/5 + I+ 1 +13) is a surface harmonic of order
four, and the only such harmonic possessing cubic symmetry.

7 Note that this component of the displacement field becomes spherically symmetric when cosf =
2sin0, or, equivalently, when the distance, 2d, into which the defect is “split” in Fig. 10.5, corresponds
to 2d = a/2.
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For the more complex, and less symmetric, force multipole in Fig. 10.6, the
displacement obtained by use of Eq. (10.10) consists of dipole and quadrupole
terms given by

a11

. 3a(F—F/)Z3
- 3R2au(l —v)

1 1
1y (x) {(F+F’)(9—16v—31§);+ i (13—32v+51§);}.

(10.22)

Similar results are found for u¥ and ¥¥. The quadrupole term falls off as x 7, i.e.,
at a rate intermediate between that of the dipole and an octopole, which would fall

off as x%.

Elastic fields of multipoles in general anisotropic systems

The elastic fields of force multipoles in general anisotropic systems can be found
by employing the same formalism as used above, but with the derivatives of the
Green’s functions replaced by the corresponding derivatives valid for anisotropic
systems given in Chapter 4 by Eqs. (4.40) and (4.42). As might be expected, the
displacement fields due to force dipoles, quadrupoles, and octopoles again fall off
asx 2, x 2, and x %, respectively. For example, in an anisotropic system, the force
dipole contribution to the displacement produced by the elementary double force

in Fig.10.3 is given by

) = —ar T2 O DL — ks 4D + (08, G0 s,

L
(10.23)

where the derivative, 0G;3(x)/0x3, has been obtained from Eq. (4.40) after
replacing w with I.% The displacement falls off as x 2, and has an angular depend-
ence expressed as a function of I, just as in Eq. (10.16) for the corresponding
isotropic system. Also, since the higher derivatives of the Green’s function have
the general form of Eq. (4.42), the octopole contribution to the displacement field
for the double force anisotropic system will fall off as x~* just as in Eq. (10.16) for
the corresponding isotropic system.

The force dipole moment approximation

The previous results for both isotropic and anisotropic systems show that the

dipole, quadrupole, and octopole contributions to the displacement field fall off as

x 2, x73, and x*, respectively. The first-order dipole term in Eq. (10.10) carries

8 This follows from the fact that in formulating the Green’s function for an infinite body the unit
vector, w, has been taken parallel to the field vector, x, which, in turn, is parallel to I (see Fig. 4.2 and
the formulation of Eq. (4.22)).
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information about the long-range displacement field and is insensitive to the
details of the local distribution of forces, which mimic the defect as expected on
the basis of St.-Venant’s principle. Conversely, the higher-order terms carry infor-
mation about the near field in the direct vicinity of the force multipole and are
highly sensitive to the form of the force distribution. This has been clearly seen, for
example, in Eq. (10.18) for the displacement field due to the multipole in Fig. 10.4,
consisting of three equal orthogonal double forces. Here, the dipole term is
spherically symmetric, while the octopole term possesses the cubic symmetry of
the force distribution. The higher-order terms, obtained by the use of linear
elasticity in the near vicinity of the core structures of point effects mimicked by
multipoles, are generally expected to be relatively unreliable for quantitative
purposes,” and, for many applications that depend primarily upon the longer-
range elastic field, it is convenient simply to omit them and adopt the force dipole
approximation, in which only the force dipole moment tensor and accompanying
first derivatives of the Green’s function are retained.

In this first-order approximation, all defects having the same dipole moment
tensor therefore have the same elastic field even though their local force distribu-
tions may differ. The forces, Fj(-k>, and distances, 55,1,‘ >, appear linearly in the dipole
moment tensor, and an infinite number of geometrically different force distribu-
tions can readily be constructed to produce the same tensor and therefore the same
elastic field. For example, in the case of the double force in Fig. 10.3, whose dipole
moment tensor components are given by Eq. (10.11), the distance ¢ may be
decreased and the force F proportionally increased to keep the aF product con-
stant and the tensor unchanged.

The form of the force dipole moment tensor will, of course, depend upon the
choice of coordinate system. However, it must always be symmetric because of
Eq. (10.9). Its form will also be affected by the symmetry elements of the defect,
since, according to Neumann’s principle,

The symmetry elements of any physical property of a defect must include the symmetry elements
of the defect’s point group.'

Nye (1957) has described how the form of a symmetrical second-rank tensor
representing a physical property depends on the symmetry elements when conven-
tional choices for the orthogonal coordinate system are made. The results
expected for the dipole moment tensor are shown in Table 10.1. Since P,; is a
second rank tensor, it may always be diagonalized regardless of the defect sym-
metry. As seen in Table 10.1, the conventional coordinate systems adopted are

° Nevertheless, it should be noted that lattice models have shown that the higher-order multipole
terms reproduce, at least qualitatively, some of the main features of the local displacement field very
near the defect core, e.g., Siems (1968).

10 This must be true, since any symmetry operation on a defect that produces an indistinguishable
defect must also produce a corresponding indistinguishable physical property of the defect.
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Table 10.1. Form of dipole moment tensor, P,,;, in conventional coordinate systems for defects
belonging to different symmetry systems (Nye, 1957).

Conventional
Symmetry orthogonal
system Characteristic symmetry  coordinate system Form of P,,;
(P 0 0
Cubic Four 3-fold axes Arbitrary 0 P O
|10 0 P
Tetragonal One 4-fold axis P 0 0
Hexagonal One 6-fold axis x3 along symmetry axis: 0O P 0
Trigonal One 3-fold axis xy and x; arbitrary 0 0 Pi
) [Py 0 0]
Orthorhombic  Three orthogonal X1, X2, and x3 along 0 Py O
2-fold axes symmetry axes 0 0 Py
Py 0 Py
Monoclinic One 2-fold axis X, along symmetry axis 0 Pyn O
P13 0 P33
P P P
Triclinic Center of symmetry, or Arbitrary P, Py» Py
no center of symmetry | P15 Pxn Pi |

also principal coordinate systems, except for those employed for the monoclinic
and triclinic systems.
When the dipole moment tensor is expressed in its principal coordinate system,
the displacement field given by Eq. (10.10) appears simply as
G, (x 0Gp(x 0Gi(x
(%) p  9Ga(x) , - 0Gi(x)

I/li(X) = — TXIP“ axz P22 a)C3 P33 (1024)

and the force multipole is represented by three orthogonal double forces directed
along the principal directions.

For certain problems, it is useful to have an expression for the force density
distribution that can be associated with a given force dipole moment. This can be
obtained by starting with a double force consisting of the forces F and —F acting
at the vector positions s/2 and —s/2, respectively, with F parallel to s. Its force
density distribution can then be described in the usual way by using delta func-
tions so that

s s
f(x)_F[B(x—E) —5(x+§)] (10.25)
The force dipole moment tensor corresponding to such a double force is given by

P = s, F; (10.26)

mj
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and therefore remains unchanged when the force components, F;, are increased
and the extension components, s,,, decreased while their products are maintained
constant, as pointed out before. Therefore, by making the s, arbitrarily small,
while keeping the dipole force tensor constant, and expanding the delta functions
in Eq. (10.25) in a Taylor’s series around s = 0 to first order, the desired corres-
ponding force density distribution is obtained in the form

00(x)
" dx,,

fi(x) = —suF; 09 (x)

0d(x
f(X):fY F ( ) j?

Sm =P
(R

(10.27)

This expression is useful in Chapter 11, where it is employed in an analysis of point
defects in finite bodies.

Small inhomogeneous inclusion model for point defect

As already mentioned in Section 10.1, point defects can also be modeled elastic-
ally as small inhomogeneous inclusions with misfits that possess the same fea-
tures as the inhomogeneous inclusions treated in Chapter 6. In such cases, the
core region is replaced by a small fictitious continuum inclusion that possesses
effective elastic constants, which may differ from those of the matrix and
transformation strains that cause the model to mimic the forces exerted on the
surrounding matrix. An example is the classic “ball-in-hole” model for a solute
atom consisting of a sphere forced into an undersized (or oversized) spherical
cavity in the matrix and then bonded (Christian, 1975). This model corresponds
to the spherical inhomogencous inclusion with the transformation strain
811; = 8T5,'j treated in Section 6.4.3.1. Such an inclusion model is, of course, useless
for describing the detailed aspects of the point defect core, but it is useful in
determining the elastic field of the point defect in the surrounding matrix and its
interactions with the stress fields of other defects. By adjusting the transform-
ation strain and effective elastic constants in the fictitious inclusion, the elastic
fields for corresponding point defects with various symmetries can be modeled.
The small inclusion model and the force multipole model employing the force
dipole approximation (Section 10.3.5) both yield stress fields that fall off as x>
As shown in Section 10.3.3.2 by Eq. (10.20), the elastic fields in the matrix of a
spherically symmetric point defect simulated by a small inclusion and by a force
multipole consisting of three equal orthogonal double forces of appropriately
chosen “strength” are identical.

It is worth noting that the first-order approximations for the force exerted
on an inclusion by an imposed elastic field gradient given, for example, by
Egs. (7.10), (7.14), and (7.28), should be especially acceptable in cases where a
point defect is mimicked by a small inhomogeneous inclusion. Here, the accuracy
of the required first-order expansions benefits from the small size of the fictitious
inclusion.
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Exercises

10.1

10.2

Show that the expression for the force distribution due to a double force
given by Eq. (10.27) can be used to obtain, directly, the first-order term in
Eq. (10.3) (involving the dipole moment, P,,;).

Solution Substituting Eq. (10.27) into Eq. (3.16),

0o (x’
ui(x) = — ﬁ G,‘j(X — x’)Pm,%dV' (1028)

o0

To evaluate the derivative of the delta function in Eq. (10.28), the expression

fff s0 e av — )

Ox,,

(10.29)

X]=X2=X3 =0
o0

is obtained using Eq. (D.4) (in three dimensions). Then, using this in (Eq. 10.28),

00 (x’ 0G;j(x —x
M,‘(X) I ﬁ& Gij(x _ X/)ij a)(;()dvl — _Iéx X)

o0

P (10.30)

/
m

Equation (10.18) gives the displacement field due to the force multipole illus-
trated in Fig. 10.4 in an infinite isotropic matrix. The first term, as expressed by
Eq. (10.19), is known from Eq. (8.5) not to produce any local volume change in
the medium around the multipole. Prove that the second term in Eq. (10.18),
associated with the octopole moment tensor, behaves in the same manner.

Solution Using Eq. (2.42), the dilatation due to the second term is
a’F
e(x) = - 167u(1 —v)

353N =20F [, 4 4 31
S e L YU YL S
8ru(l —v) {( 1 Th+n) 5] X

1
V- e[li(21—12v) + 200} =35L,(17 + 15 + 13)] —

(10.31)

Then, integrating the dilatation over the region around the force multipole,
the volume change is

354°(1 — 2v)F
AV = =\
Vv iﬁedv Su(i = v)
v
X

2n

J7]
(10.32)

where 7, is a small radius around the force multipole. The integral is
obtained by switching to spherical coordinates and using spherical trig-
onometry to express the /; direction cosines as functions of 6 and ¢ in the
forms [/, = cosOsing, I, =sinOsing, and I3 = cos¢.

~

M . . 3] .
J [0054 0sin* ¢ + cos* Osin* ¢ + cos* p — 3 sin ¢pd¢pdf = 0,
0
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11.1

11.2

Point defects and stress — image
effects in finite bodies

Introduction

In Chapter 10, the force multipole and small inhomogeneous models for point
defects in infinite homogeneous regions were described. The interaction of inhomo-
geneous inclusions with various types of stresses has been treated in Chapters 7 and
8. Consequently, there is no need in this chapter to devote further attention to
interactions between point defects and stress in terms of the small inhomogeneous
inclusion model. Attention is therefore focused on these interactions in terms of
the force multipole model.

Section 11.2 includes a treatment of the interaction between a single point defect
(represented by a force multipole) and a general internal or applied stress. In
Section 11.3, the force multipole model is used to investigate the volume change
due to a single point defect in a finite body possessing a traction-free surface,
where the defect image stress can play an important role. Then, with Section 11.3
in hand, Section 11.4 takes up the particularly interesting problem of the behavior
of a finite traction-free body filled with a statistically uniform distribution of point
defects, which may, for example, be vacancies in thermal equilibrium or solute
atoms dispersed throughout a solid solution. Analyses are given of the volume
changes, macroscopic shape changes and lattice parameter changes (as measured
by X-ray diffraction) produced by the defects. A demonstration is given of the
intuitive result that a uniform concentration of point defects in a finite body with a
traction-free surface produces a uniform average strain throughout the body. If
the centers are spherically symmetric and act as centers of pure dilatation, the
macroscopic body either expands or contracts uniformly throughout the body
(depending upon whether the centers possess positive or negative strengths) with
no change in body shape. If the centers possess lower symmetry, the body again
expands or contracts uniformly but undergoes a macroscopic shape change,
reflecting the symmetry of the defects.

Interaction between a point defect (multipole) and stress

Equations (5.15) and (5.29) give the interaction energy between a defect, D,
represented by point forces, and internal and applied elastic fields, respectively.
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For a defect force multipole in a general stress field, Q, the corresponding equation
is then

D
Epd = — ZF (11.1)

where the center of the defect is at the origin, and sP@ is the vector to the force
FP@_ Then, expanding u; Q(sP@) around the origin to third order,

ou® 1 2ul 1 u Q

D/Q _ i
E) _ Z [uJQ(O) + gjlsn?(q) + faxmajx SB(q)SLD(q) +— 3 m E(")s,'?(")sf.)(") 4.
q m N n n r

D(q)
FY

(11.2)

and substituting the multipole quantities from Egs. (10.4)—(10.7) into Eq. (11.2),

ouy *ul *ul
EPQ = _ (PD—+l po SU Lo O ) (11.3)

mnt " a "M Qx,0x, 31 ™" 0x,,0x,0x;

If the elastic field is uniform, only the leading force dipole term contributes, and
using Eq. (2.5) and the symmetry property, P,; = Pj», given by Eq. (10.9),

ED/Q = QPP — _pPg, 6. (11.4)

int m/ mj nj

If a field gradient is present, the corresponding force on the defect given by Egs.
(5.40) and (11.3) takes the form

D/Q D/Q Q 3,Q 4 Q
FD/Q aEmt/ — aEmt/ — PD%+l D 0 Mf 1 PD 0 M/
! o¢, ox; "o 21 ™ A, dx, 31 ™™ D0, 0,0,

(11.5)

For the particular case where the defect is represented by the force multipole
illustrated in Fig. 10.4 (corresponding to a center of dilatation) the only non-
vanishing force dipoles are PP = P2 = PY} = 2aF, since the quadrupole force
moments vanish because of the defect inversion symmetry. The force imposed
on the defect in the presence of a stress gradient, given by Eq. (11.5) after dropping
higher-order terms, is then

aSQ 60’Q
D/Q _ pD ““mj ik
F =P —= =2aFS, it —= 11.6
! m ax/ a k axl ( )
If the stress is hydrostatic so that aik = —PQ5,, the above force reduces to
oPQ
FP/® = —2aFS i — (11.7)
ax,

However, as shown in Section 11.3 by Eq. (11.16), the quantity 2aFS;; in
Eq. (11.7) is equal to the volume change caused by the force multipole acting as
a center of dilatation, and, therefore, substituting this into Eq. (11.7),
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Q
D/Q p OP
F/'s=—-AVY —. 11.8
! axl ( )
This result is seen to be identical in form to Eq. (7.10), obtained previously for the
force exerted by hydrostatic pressure on a spherical homogeneous inclusion acting

as a center of dilatation with the transformation strain & = &'d;.

Volume change of finite body due to single point defect

The point defect is again mimicked by an array of point forces, and we wish to find
the volume change, AVP, that it produces in a finite body, V°, possessing a traction-
free surface. The volume change, AVF, of the body due to a single point force, F,
located at the vector position s is therefore found first, and the total volume change
is then obtained by summing the contributions made by all the point forces.

If u is the displacement field in the body due to the point force, F, the volume
change that it produces is

AVF = ffﬁ V- udV = {ﬁ edV = Siiy ﬁﬁ oudV, (11.9)

v° v v°
after using Eq. (2.93). The last integral in Eq. (11.9) can be evaluated by starting
with the equation of equilibrium, Eq. (2.65),

aO','k(X)
an

+ Fio(x—s) =0, (11.10)

where F;5(x — s) is the force density distribution representing the force, and g (x)
is the stress that it produces. Then, multiplying Eq. (11.10) through by the distance
x,, and integrating it by parts over V",

0 ik 0

ff# X Soik + xnFi0(x —s) |dV = {# — (o )dV — ﬁﬁ oimdV + f#ﬁ XmFi0(x —s)dV = 0.
axk axk

3 3 3 3

(11.11)

However,

0
ﬁﬂ; — (xpop)dV = @ XpO it dS = 0, (11.12)
axk
v° s°
as a result of the divergence theorem and the traction-free surface condition,
gy = 0. Therefore, substituting Eq. (11.12) into Eq. (11.11) and employing the
properties of the delta function,

ﬁrﬁoim(x)d‘/: ffﬂ;mei(S(X—S)dV:SmFi- (11.13)

Ve Ve
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The volume change produced by the point force is then obtained by substituting
Eq. 11.13 into Eq. 11.9 so that

AVF = S,‘,‘k[ % Okl dv = S,‘,‘le]Fk. (1114)
By
Then, if N point forces are used to mimic the defect, the total volume change due
to the defect is

N
AVP =5, > sV = SiPu, (11.15)

g=1

where use has been made of Eq. 10.5. This remarkably simple result, proving that
the volume change depends only upon the compliance tensor, S, and the Pj;
tensor of the defect, shows that the volume change is independent of the position
of the defect and the size or shape of the body. Since the volume change due to the
defect in an infinite body is a constant, the volume change due to the defect image
stress must also be independent of the position of the defect and the body size or
shape. This result may be compared with the closely related finding in Chapter 8§,
Eq. (8.12), that the volume change of a finite body with a traction-free surface due
to an inclusion, modeled as a center of dilatation in an isotropic system, is also
independent of body size or shape.

In the case of the defect represented by the force multipole center of dilatation in
Fig. 10.4, where the only non-zero components of Py, are Py = Py = P33 = 2aF,
the volume change is

AVD = SiiklPkl = S,ikk2aF. (1116)

In Exercise 11.1, it is shown that Eq. (11.16), applied to an isotropic system, yields
the same volume change for the defect as that produced by a small spherical
inclusion of appropriately chosen “strength”, acting as a model for the defect
instead of the force multipole. In Exercise 11.2, it is demonstrated that when
tractions are applied to the surface of a finite body they constitute a force dipole
and produce a volume change of the body given by an expression of the same form
as Eq. (11.15). Also, see Exercise 11.3.

Statistically uniform distributions of point defects

Defect-induced stress and changes in volume of finite body

Having the above results for a single point defect, we can now find the change of
volume, AV, of a finite homogeneous body, V°, of volume V, with a traction-free
surface, produced by a statistically uniform distribution of N identical point
defects. First, using the coordinates illustrated in Fig. 10.2, the force density is
determined at the field point x due to the defects distributed throughout V° at the
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(a)

(b) (c)
<P b b < < >
> - Ly
<GP « Ly
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Figure 11.1 (a) Cross section of finite body in form of rectangular prism with dimensions 2L;;
coordinate axes correspond to principal axes of force dipole tensor. (b) Same body
containing a uniform distribution of Py, type force dipoles. (c) Same body after mutual
annihilation of all equal and opposite adjacent forces. The result is a residual distribution
of force density on the +L; surfaces.

source points x’'. According to Eq. (10.27), there will be a force density at the field
point x due to a defect located at x" possessing a dipole moment, P,,;, given by

00(x —X/)

The average number of defects in any volume element dV’ is (N/V)dV’, and the

average increment of force density present at x due to these defects is therefore

Al = hx ~ X)dv. (1L.18)
Combining Egs. (11.17) and (11.18), the total force density at x is then
N 00(x —x')
<J§(X)> :_mejjjjmdxll dXIQ dx’3 (11.19)
v

Assume, for simplicity, that the body is a large rectangular prism of dimensions
2L; with its edges aligned along the coordinate axes corresponding to the principal
axes of the dipole tensor with the origin taken at the body center as in Fig. 11.1a.
Then, using dx; = —d(x; —x}) and o(x —X') = d(x; — X])d(x2 — x5)d(x3 — X5),
Eq. (11.19) assumes the form

x1—L Ly Ly
N 00(x; — x|
o =yry | G ) [ ot - | o s
XLy ! -, L
(11.20)
Therefore, using the properties of the delta functions,
N Xn—L N
() =3 [PasloCon = )[750] = T Pldlin = L) = 30 + La)],  (11:21)

which takes the form

(fulxa)) = ng[é(xx —Ly) = 0(x, +Ly)] (x=123). (11.22)
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The force density therefore vanishes everywhere except at the body surfaces, where
it is present in the form of delta functions. The physical interpretation of this result
is that the force density associated with the force dipole moments distributed
throughout the volume cancels out in the interior, but a residual force density is
left at each surface in the form of a delta function, owing to the asymmetry of the
local environment at each surface, as illustrated in Figs. 11.1b,c. It can now be
shown that this residual force density produces an effective traction acting on each
surface. The residual force at the x; = +L; surfaces is found by integrating
the force density given by Eq. (11.22) over the volume of the cylinder shown in
Fig. 11.1c with the result

N
dF = ds J (i), = Puds J 500 — Ly) — 8(x1 + Lo)]dx,
o o (11.23)

N N
- [P“dS} - [Pnds} ,
14 x1=L; 4 x1=-L;

where dS is the cross-sectional area of the cylinder. The quantity NP;;/V can
therefore be identified as an effective traction, dF; /dS, acting at the surface in the
direction x;. Similar exercises show similar virtual tractions at the surfaces per-
pendicular to x, and x3, due to the P», and P33 components. These results are
consistent with a picture in which the effective tractions at the surfaces cause the
interior of the body to experience the average uniform stresses

N N N
=—P =—P =—P3;. 11.24
(o11) yhu (022) iz (033) yhs ( )

Using Eq. (2.93), the resulting average uniform normal strains are then

(e11) = Stni{on) + Si1122(622) + S1133{(033)
(€22) = S1122(011) + S2202(022) + S2233(033) (11.25)
(e33) = S1133{011) + S2233(022) + S3333(033)

and the corresponding fractional volume change is

AV
- =
According to Eq. (11.26), the volume change per defect, AVP = AV/N, is just
(S11:iP11 + S22iiP22 + S33iiP33), which is consistent with the volume change per
defect predicted by Eq. (11.15). Also, using Eq. (11.13), the stress ¢;; produced
by a single defect and averaged over the volume is (1/V) [ o1;dV = Py;/V. Then,

N
(e) = (&) = V(Slliipll + 82iiP22 + S33iiP33). (11.26)

multiplying this by N to find the average stress p}/oduced by N defects,
(611) =NP/V, in agreement with Eq. (11.24). The dilatation caused by the
distribution of defects is therefore macroscopically uniform throughout the body.

In summary, a finite homogeneous body with traction-free surfaces filled with a
statistically uniform distribution of point defects, acting as force multipoles,
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experiences a volume change given by Eq. (11.26) and a uniform internal stress
and strain given by Eqgs. (11.24) and (11.25), respectively.

It should be realized that the quantity AVP is the volume change of the
crystal due to the elastic displacement field produced by the defect and that this
quantity generally differs from the total volume change of the crystal due to the
introduction of the defect at a source in the crystal, AV'°!, When, for example,
a vacancy is thermally generated in a crystal during heating, in order to
maintain thermodynamic equilibrium, the number of atoms in the system
remains constant, and an unoccupied substitutional site (i.e., a vacancy) must
be created at a vacancy source, such as a dislocation (Balluffi, Allen, and
Carter, 2005). This causes a crystal expansion of one atomic volume, Q, if no
elastic displacement field around the vacancy is allowed. However, the elastic
displacement described above will generally occur, causing the additional
volume change, AVP, so that

AV = Q + AVP. (11.27)

On the other hand, if the defect is a self-interstitial created at an internal source, a
substitutional site is destroyed, and the total volume change is

AV = —Q + AVP. (11.28)

Similar considerations hold for the addition of a substitutional solute atom from
an external source, and Eq. (11.27) therefore applies. However, if an interstitial
atom is added from an external source, the number of substitutional sites remains
constant, and the total crystal volume change is simply due to the elastic displace-
ment field so that

AV = AVP, (11.29)

Defect-induced change in shape of finite body — the A(”) tensor

To describe conveniently the change of shape of a finite traction-free body filled
with a statistically uniform distribution of point defects,’" Nowick and Heller
(1963), Nowick and Berry (1972), and Schilling (1978) have employed the second
rank tensor, AP, given by

. 1 1
AP = i ()" = sy S o)'”, (11.30)

where X(?) is the mole fraction of type p defects, and is therefore the average
homogeneous strain produced by such defects present at a density of unit mole
fraction. The defects are assumed to be present in dilute solution, and, therefore,

! This problem has had a tangled early history, as discussed by Eshelby (1954).
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X(P) = N(P)Q/V . Then, using Eq. (11.25), which is valid in the principal coordinate
system of the dipole tensor,

1
VA o (SmnPu(p) + Spo2P0'?) + Sm(33P33(p))- (11.31)

Equations (11.24) and (11.26) can then be written in the respective forms

<°'(1f>> 0 0 x(p) P&’f) 0 0
0 (o) 0 | =" | 0 PE 0 (11.32)
0 0 (o) o o Py
and
AV(P)
“// = (&) = xP 3P, (11.33)

Then, if ¢ distinguishable types of defect are present, the total average principal
strain is simply

ey = > XL, (11.34)
g=1

where each A?) tensor (which is initially referred to the principal coordinate system
of the corresponding P'?) tensor) is referred to a common coordinate system.

Defect-induced changes in X-ray lattice parameter

A finite traction-free crystal containing a statistically uniform distribution of
defects is distorted non-uniformly on a scale of the order of the defect spacing.
The degree of distortion varies between adjacent defects and becomes larger as
each defect is approached. However, as discussed already, the average “smoothed-
out” distortion of the entire crystal is uniform and described by the A tensor.
An argument is now given that the fractional change in lattice parameter caused
by the defects, as measured by X-ray diffraction, must be the same as the corres-
ponding fractional change in body dimensions, as measured by the A tensor.
Consider the crystal before the introduction of the point defects as a body
consisting of a perfect three-dimensional network, where each network node
corresponds to the position of a substitutional atom, and whose macroscopic
shape is therefore identical to that of the crystal. The number of nodes is equal
to the initial number of substitutional atoms. Now introduce the defects while
keeping the network and its number of nodes intact. If a vacancy is added, a
substitutional atom is removed from its node and discarded: in this process, the
node remains but is now occupied by a vacancy instead of the discarded atom. If a
substitutional solute is added, a host atom is removed from its node and discarded
and is replaced with a solute atom taken from an external reservoir. If an intersti-
tial atom is added, it is taken from the reservoir and added at an interstice between
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nodes. The defects will cause local distortion throughout the network but the
average macroscopic smoothed-out distortion will be uniform and identical to
the corresponding uniform distortion described by the A tensor. The positions of
the Bragg peaks measured by X-ray diffraction will be determined by the spacings
of the average smoothed-out planes of the smoothed-out network. The local
distortions of the actual crystal will produce diffuse X-ray scattering away from
the Bragg diffraction peaks but will not influence the positions of the Bragg peaks,
which will be determined by the spacings of the average smoothed-out atomic
planes. The effects of adding the point defects are analogous to the effects that
would be produced by heating the crystal. When a crystal is heated, the amplitudes
of the atomic vibrations increase and local displacements from the perfect crystal
lattice positions occur everywhere. However, the smoothed-out macroscopic dis-
tortion, i.e., the macroscopic thermal expansion, is uniform and produces shifts of
the Bragg diffraction peaks, while the local atomic displacements produce thermal
diffuse scattering (James, 1954).

The rate of change of the lattice parameters of a crystal of volume V due to the
addition of defects may be calculated when the N\ tensor is known. For example,
for a cubic crystal containing one type of defect with cubic symmetry, the principal
values of the N tensor will all be equal and the lattice parameter changes will be
isotropic. Setting 4 = A1 = A2 + 433, the rate of change will then be

1 da 1 dv 1d(<811> + <822> + <833>) 1

JdX - 3vdx "~ 3 e 7§(3/1)7/1. (11.35)
If the defects have tetragonal symmetry and they are all oriented with their main
symmetry axis aligned along the x3 axis of the original cubic crystal, the principal
values of the A tensor will be related by A;; = 13 # A33. The rate of lattice
parameter change measured along either x; or x, and along x; will then be,
respectively,

Lday Lday dlen) _deem)_, .~ 1da_des)

adX adx  dXx dx ay dX  dX

= Js33. (11.36)

These equations are all forms of Vegard's law, which states that the lattice
parameters of dilute solid solutions vary linearly with the concentrations of solute
atoms and other point defects.

These phenomena provide a basis for a determining the concentrations of point
defects in thermal equilibrium in crystals. Consider a crystal with cubic crystal
symmetry in the form of a macroscopic cube of edge length L whose equilibrium
point defects are vacancies. If such a specimen, initially at a relatively low tem-
perature, where its equilibrium concentration of vacancies is negligible, is heated
to an elevated temperature and held there, its equilibrium population of vacancies
at the elevated temperature will be generated spontaneously at vacancy sources
such as climbing dislocations (Seidman and Balluffi, 1965). The principal values of
the vacancy A tensor will all be equal, and setting them equal to A, the change in
the X-ray lattice parameter of the crystal due to the displacement fields around the
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vacancies that form and the thermal expansion of the lattice due to the heating will
be, according to Eq. (11.39),

therm
% — X%+ (%) (11.37)

where X4 is the equilibrium mole fraction of vacancies, and (Aa/a)™™ is the
contribution of the thermal expansion. The corresponding fractional change in the
macroscopic dimensions of the crystal, AL/L, will be the sum of three terms, i.e.,

AL IN®Q o /AL\"™™ X< AL\ o™
[ q J— - 1Yl J—
T =3 v + AX +(L> 3 + AX% + 7 , (11.38)

where N is the number of vacancies created. The first term is due to the addition
of the N®1 substitutional sites required to accommodate the N° newly created
vacancies. Note that this expansion, in which N° atomic volumes are simply
added to the volume, is not detected by means of X-ray diffraction, since no
changes in lattice parameter are involved. In writing this term, it is assumed that
the creation of the N°®® sites at the climbing dislocation sources produces an
isotropic expansion. The second term is the change in macroscopic dimension,
L, due to the displacement fields of the vacancies, which, as discussed already,
must be identical to the corresponding change in the X-ray lattice parameter given
by Eq. (11.35). The third term is due to the thermal expansion. Taking the
difference, (AL/L — Aa/a), and noting that the thermal expansions of the lattice
parameter and macroscopic dimensions are equal, the simple result

AL Aa
X =3——-— 11.
3<L a) (11.39)

is obtained. Measurement of the difference, (AL/L — Aa/a), therefore allows the
determination of X (Simmons and Balluffi, 1960; Hehenkamp, 1994).

Exercises

11.1 The volume change, AVP, produced by the force dipole moments, 2aF, of
the multipole center of dilatation in Fig. 10.4 in a homogeneous anisotropic
body with a traction-free surface is given by Eq. (11.16). Suppose that the
body is now isotropic. Show that Eq. (11.16) then predicts a volume change
due to the multipole that agrees with the volume change predicted by
Eq. (8.12) for a spherical homogeneous inclusion in the body, when the
strength of the inclusion (as measured by ¢ = ¢M) is related to the strength of
the multipole (as measured by 2aF’) by the relationship given by Eq. (10.20),
which matches the strengths of the two defects as centers of dilatation.

Solution Using the relationships in Section 2.4.4, convert Eq. (11.16) to its
form for an isotropic system to obtain



11.2

11.3

Exercises 225

3(1—2v)

AVP = S,u2aF = 3(Sy; +28512)2aF = —— 7~
Kk2a (S11 4+ 2812)2a 21 +)

2aF (11.40)

for the volume change due to the multipole in the isotropic body.
The volume change due to the spherical inclusion, given by Eq. (8.12), is

D (3K +4u) 3(1—v)
AV =4nc Ve = 4nc Ty (11.41)
Then, substituting for ¢ from Eq. (10.20),
AVD:47TFF(1—2V)] 3(1—v) _3(1-2v) 2F, (11.42)
dru(l—v)| (I14+v) 2u(l+v)

in agreement with Eq. (11.40).

Equation (11.15) gives the volume change of a finite traction-free body
caused by a defect in the body mimicked by the force dipole moment tensor
P,;.. Show that an equation of the form of Eq. (11.15) also gives the volume
change of a body in cases where no defects are present but, instead, tractions
due to applied forces are acting on the body surface.

Solution The tractions will produce stresses throughout the body, o,
which, in the absence of applied forces within the body, must obey the
equilibrium equation

!
oa’ i

- 0. 11.43
oy (11.43)

Following the same procedure used to obtain Eq. (11.11),

60 ik 6 , ’
— . — . =0. 11.44
ﬁj; S e V= ﬂ}axk (en'ac)dV fﬁ}a"ndv 0 ( )
v° v°

Ve

Then, by applying the divergence theorem,

4‘# 0}, dV = fﬁﬁxmagkﬂde = #me’dS = Eﬂ;xmdf/ =P . (11.45)
s s

Ve S

Here, the forces acting at the surface, df, due to the tractions, T7, integrated over
the surface, generate a dipole moment, i.e., P, .. Then, following the same
procedure that led to Eq. (11.15), the corresponding volume change is found to be

AV' = SiP),. (11.46)

A point defect, D, mimicked by a dipole force moment, is located in an
arbitrary position in a finite body of arbitrary shape with a traction-free
surface, S. Formulate a set of equations sufficient to determine the volume
change of the body, AV, caused by the defect.
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Solution Start by writing the volume change as AV = AV>® + AVM asin
Eq. (8.12), and consider AV first. Using Eq. (10.10), the displacement field
throughout an infinite body containing the defect is

B oG (x)

6Xk

u®(x) = PP (11.47)

ki»

where the Green’s function derivative is given by Eq. (4.40), and P,‘g is the
dipole force moment of the defect. The volume change of the region
enclosed by S, AV, is then

) G (%) p
AV™ = Sf}@uoc nds= ﬁ;u?"ﬁidS = ﬁ PPji;dS. (11.48)
axk J
N S

Next, AV™ can be obtained by using Eq. (11.46), i.e.,
AVM = §.,P M, (11.49)

where PPM is the force dipole moment produced by the traction forces that
must be applied to S to make it traction-free. Using Eq. (11.45), this
moment is given by

PM = ﬁ;xka}}wﬁids. (11.50)
S
The condition for S to be traction-free is
aMi; = —aj°, (11.51)
and, therefore, substituting this and Eq. (11.50) into Eq. (11.49),
AVIM = —S_]"/'k/ ﬁxkaﬁcﬁid& (1 152)
N
Finally, using Eqgs. (3.1) and (11.47),

ou>® 0’G(x)
p = imn = imn LS P -y 11.53
Oji Cl axn Cl axn axs s ( )
and, substituting this into Eq. (11.52),
0’G (x)
AVM = §1Climn ——m ) pPj.ds. 11.54
ik Ci fﬁxk o, ox, Lol (11.54)

N

2 Note the similarity of Eq. (11.52) with Eq. (8.9), where it may be seen that the introduction of the
vector A; is essentially equivalent to the present use of the force dipole moment produced by the image
tractions.
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The second derivative of the Green’s function is available via Eq. (4.42), and
AV is therefore given by the sum of Egs. (11.48) and (11.54), with all
quantities known.

A finite traction-free body contains a distribution of interstitial tetragonal
defects of the type shown in Fig. 10.3 in a BCC crystal, which is mimicked
by a single double force. As indicated in Fig. 10.1b, such defects can exist in
three crystallographically equivalent sites, labeled 1, 2 and 3, in which the
double force lies along x, x,, and x3, respectively. Find an expression for
the change in shape of the body due to the introduction of the defects,
i.e., the average defect-induced strains, when the fraction of the total
number of defects that is of type p is £, Note that, according to
Eq. (2.96), S1206 = S130x = S230x = 0 for a cubic crystal when o« = 1,2,3.

Solution Using Eq. (11.31), the A(?) tensors for the three types of defect,
referred to the coordinate system of Fig. 10.3, are

(S 0 0 Sponn 0 0
[M]:% 0 Suxm 0 WH:% 0 Spm 0
| 0 0 Suss | 0 0 Sos3
(S350 0 0 ]
[1®)] = % 0 Sunm O
| 0 0 S3333
(11.55)

From Eq. (11.34), the average defect-induced strain tensor is then

[(e)] = XW[AW] + X [AP] + XO 23]

F S 0 0 Spin 0 0
ZEX"” VT 0 S 0 [ +EP] 0 S, 0
0 0 Suss 0 0 S
S 0 0
+EI 0 Sum 0
0 0 S3s33
(11.56)

Note that when the three populations are equal, 55” = 59 = 553) =1/3, and

Siit 0 0
0 Si» 0 |,
0 0 Siss

which is just the result expected for defects that are mimicked by three
orthogonal double forces, such as in Fig. 10.4, and present at a concen-
tration of X'!/3.

B aFXfOZ

6] =g

(11.57)
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11.5 Suppose a finite traction-free crystal filled with a distribution of “split-

dumbbell” interstitial defects of the type shown in Fig. 10.5, with all dumb-
bell axes aligned along [001]. Find an expression for the average fractional
elongation produced by these defects along the unit vector direction q.

Solution Using Egs. (10.13), (11.31), (2.96), and (11.34), the average strain
tensor in the coordinate system of Fig. 10.5 is

S1111 COSO+S1122COSO

4281133 8in 0 0 0
o 2aFX 82211 €08 0 + Sy205 cos 0
[ = =5 0 2533 in 0 0
0 0 83311 cos 0 + S3305 cos 0
+2S3333 sin 0

(11.58)

If a new (primed) coordinate system is chosen, with the x axis parallel to q,
the desired strain will be (¢;). Using Eq. (2.24) to transform to the new
system, and employing the direction cosines,

I hy Iy
D=1l In x|, (11.59)
q31 432 433

the normal strain along q is
(¢53) = Lmbsn(emn) = @1 (e11) + @3{e2) + @3 (e33), (11.60)

where the (g,,) strains are given by Eq. (11.58).
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12.1

12.2

Dislocations in infinite
homogeneous regions

Introduction

The chapter begins with a description of the geometrical features of dislocations,
including the Burgers vector and tangent vector, and the conventions that must be
followed to solve problems systematically. Then, the elastic fields and strain energies of
a wide variety of dislocation configurations are determined using a range of approaches.

The simplest cases, involving infinitely long straight dislocations ranging in
character from pure edge to pure screw, are considered first. Next, smoothly
curved loops are analyzed. Finally, the elastic fields and strain energies of seg-
mented dislocation structures composed of short straight segments are derived,
and it is shown how these results can be employed to find the elastic fields and
strain energies of a wide range of relatively complex dislocation configurations in
two and three dimensions.

Geometrical features

A differential dislocation segment is characterized by two features, i.e., its tangent
vector, t, and its Burgers vector, b. To establish this, consider Fig. 12.1, which
shows the geometry for the construction of a general dislocation loop, C, in an
initially perfect infinite crystal. The loop is constructed in the following steps:

(1) The locus of the loop is first marked out along the closed curve, C. A cut is
then made along an arbitrary surface, X, with unit normal n, terminating on
C as indicated by the cap-like surface, Z.

(2) The two sides of the cut are then displaced relative to one another everywhere
by a constant displacement vector, i.e., the Burgers vector, b. To accomplish
this it will generally be necessary to eliminate overlaps and fill gaps by
removing, or adding, material.

(3) The two surfaces are then bonded together to produce the final dislocation.

To reveal the effect of the changing direction of the dislocation line around a
loop relative to the constant b vector, consider short segments of the loop, of
length ds, at various points along C. A segment where t is perpendicular to b,
illustrated in Fig. 12.2a, is termed an edge dislocation segment, since the edge of a
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Figure 12.1 Geometry for creation of dislocation loop, C, by cut and displacement at
arbitrary surface, X: t is the unit tangent vector to C, b is the Burgers vector, and i is the
positive unit vector normal to X- The conventions that determine the directions of these
vectors are described in the text. Also, x is the field vector to the point P, X’ is the source
vector impinging on the cut surface, £, and F is a unit point force applied at P.

(a) (b) (c)
Dislocation b Reference lattice Dislocation X
Xy \ \' X5
i ->| b ds7 /
/] S 7 j \_/ S
i sy/F S|F i / S
| ) /-
X b] X1
f \ /1 h
X3 Xs/
Burgers circuit Burgers circuit Burgers circuit

Figure 12.2 (a) Edge dislocation segment of length ds with SF/RH Burgers circuit (see

Fig. 12.3) showing dislocation tangent vector, £, Burgers vector, b, and positive unit normal
vector, n, to X surface. (b) Reference lattice with Burgers circuit. (¢) Right-handed screw
dislocation segment.

sheet of extra material of thickness b, jammed into the body by the cut and
displacement process, lies in the dislocation core. A segment where t is parallel
to b, as in Fig. 12.2c, is termed a right-handed screw dislocation segment, since an
observer traversing circuits around the segment on planes perpendicular to the
segment in a clockwise direction when looking along t advances along t in the
manner of a right-handed screw.' Segments with t vectors between these extremes
possess intermediate structures and are termed mixed dislocation segments. By
denoting the angle between b and t by f8, a mixed dislocation segment can be
regarded as the superposition of an edge dislocation segment having a Burgers
vector b sin f (its Burgers vector component perpendicular to t) and a screw
dislocation segment with Burgers vector b cos f§ (its Burgers vector component

U If the direction of the displacement in Fig. 12.2c were reversed, we would have a left-handed screw
dislocation segment since the observer would advance along —t in the manner of a left-handed screw.
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Figure 12.3 (a) SF/RH Burgers circuit (closed in reference lattice and starting at S and
finishing at F). (b) Same circuit mapped on to real crystal to surround an edge dislocation
possessing tangent vector, t, pointing out of paper, as in Fig. 12.2a: the circuit is clockwise
when looking along t; the Burgers vector, b, is given by closure failure of circuit using the
SF/RH rule.

parallel to t). This follows from the fact that such a segment can be produced by the
cut and displacement method by imposing the displacements b sin  and b cos [ in
two successive operations.

To specify rigorously the vectors t, b, and n, it is necessary to adopt a set of
conventions. First, the positive direction along the dislocation, which is initially
arbitrary, must be chosen. This establishes t, which is then defined as the tangent
vector pointing in the positive direction. Next, to determine b, a Burgers circuit is
constructed using either of two alternative methods, i.e., the SF/RH or FS/RH
methods (Hirth and Lothe, 1982). In the SF/RH method, a closed loop consisting of
a series of discrete jumps between lattice points is constructed in a reference lattice
corresponding to the perfect crystal before the introduction of the dislocation, as
illustrated in Fig. 12.3a. This circuit is then mapped onto the crystal containing the
dislocation so that it encircles the dislocation, as in Fig. 12.3b. The circuit around
the dislocation fails to close due to the presence of the dislocation, and if the circuit
is traversed in a clockwise direction when looking along t, the following rule applies:

SF/RH rule: the Burgers vector, b, is defined as the closure failure of a Burgers circuit of the
type illustrated in Fig. 12.3 as measured by the vector from S to F.

Alternatively, in the FS/RH method, a closed circuit is first constructed around
the dislocation in the crystal, as in Fig. 12.4a, and then mapped onto the reference
lattice where it will fail to close as seen in Fig. 12.4b. With this construction, the
following rule applies:

FS/RH rule: the Burgers vector, b, is defined as the closure failure of a Burgers circuit of the
type illustrated in Fig. 12.4 as measured by the vector from F to S.

Both methods produce the same Burgers vector (except for small elastic distor-
tions in the SF/RH case).” The FS/RH rule is generally preferred when a

2 Note that reversing f reverses the sign of b.
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Reference lattice b
(b) Iﬁl

FS/RH Method

(
\
|
\
|
\

Figure 12.4 (a) FS/RH Burgers circuit (closed in crystal around an edge dislocation
possessing tangent vector, t, pointing out of paper as in Fig. 12.2a. The circuit is clockwise
when looking along t. (b) Same circuit mapped onto reference lattice. The Burgers vector,
b, is given by closure failure of circuit using the FS/RH rule.

dislocation is in a highly distorted region, such as a dislocation array, since the
Burgers vector is then displayed as an unstrained lattice vector in the reference
lattice.

It now remains only to state the rule determining the sense of n:

Direction of 0 rule: first, if necessary, shrink the T surface down until it is completely bounded
by the dislocation in the form of a closed loop. Then, if the loop is traversed in the direction of t,
n must point in the direction normal to the  surface, which makes the traversal clockwise when
sighting along n.

Having defined t, b, and i, the manner in which the two sides of the cut surface, X,
are displaced when a dislocation is produced is specified by the following rule
(Hirth and Lothe, 1982):

Y cut and displacement rule: to make the displacement at the cut, and be consistent
with the SFIRH rule for b, the medium on the negative side of X must be displaced with
respect to the medium on the positive side by b. The positive side is the side towards which
n points.

Examples of this rule are evident in Figs. 12.2-12.4.

Invoking these rules, the following expressions can now be written for the edge
and screw Burgers vector components of a general dislocation in the respective
vector forms:

be =t x (b x t) (12.1)
and
b, = (b - t)t, (12.2)
so that, as already discussed,
be = bsi
sin (12.3)

bs = bcos f.
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Infinitely long straight dislocations and lines of force

The problem of finding the elastic field of an infinitely long straight dislocation
that ranges in character from pure edge to pure screw is now taken up. The
problem of deriving the field of an infinitely long straight line of force (which will
be required later) is similar, and the dislocation and line of force problems are
therefore treated in tandem.

Elastic fields

The elastic fields of both long straight dislocations and lines of force are invariant
with respect to distance traveled along them, and so are two-dimensional.
They can therefore be found by employing the integral formalism for two-
dimensional problems introduced in Section 3.5.3. The source of most of the material
in Sections 12.3.1 and 12.3.2 is the treatise of Bacon, Barnett, and Scattergood (1979b).

With each entity taken parallel to the # axis of the (m,n, %) coordinate system
shown in Fig. 3.2, Eq. (3.36) can be adopted as a general solution for the
displacements, and Eq. (3.44) can be taken as a general solution for the corres-
ponding stress functions.> Assuming that the function, f(i - X + p,h - x), has a
logarithmic form, these expressions take the forms

1 R 5
w = %;Ampd In(ri - X + p,i - X), (12.4)
6
oa=1

which, however, are problematic since p, is complex, and the logarithm is there-
fore multi-valued. However, this can be remedied by introducing the branch
cut shown in Fig. 12.5a. With this in place, and with the complex eigenvalues
written as

Pa = ay +ib,
. o=123), 12.6

Po+3 :aa_lba}( ) ( )
where the a, and b, are real, the corresponding logarithms can be written in the
single-valued form

. N . . . byn -
In(m - x+ p,f-x) =In|m-x+ p,n-x|+if G:itan”#,
m- X+ a0 - X

(12.7)

3 Since the (m, n, %) base vectors are referred to the crystal coordinate system, the orientation of the
dislocation in the crystal can be varied by simply varying 7.
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(a) (b)

T g

' - , ~Burgers circuit
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Figure 125 (a) Branch cut used to make In(m - x + p,n - x) single-valued. (b) Burgers circuit
around infinitely long straight dislocation lying along t = # = m x n created by a cut and
displacement in the plane n - x = 0. The Burgers circuit, in the plane perpendicular to &
(dashed) must exhibit a closure failure equal to the Burgers vector.

where the upper sign in the + notation applies when o = 1,2,3 and the lower when
o =4,5,6, and 6 is restricted to the range 0 < 6 < 2.t

For a dislocation, the determination of the unknown constant in Eq. (12.4),
denoted now by DP'S s aided by noting that u; must be of a form that produces a
discontinuity in the displacement across the plane used in the cut and displacement
on the surface X that produced the dislocation (i.e., the branch cut in this case)
equal to the Burgers vector, as illustrated in Fig. 12.5b. Using Eq. (12.7), it is seen
that, when m - x > 0,

In(m - x + p,n - x) — In |m - x| +i0 asn-x — 0" (128)
In(m - x + p,n-x) — Injm-x| +i2n asn-x — 07, ’

According to the convention given by X cut and displacement rule on p. 232,
the negative side of the cut along the n-x = 0 plane is the 0~ side indicated in
Fig. 12.5a. Using Eqgs. (12.4) and (12.8), the discontinuity of displacement across
the cut, which must equal the Burgers vector, is then

6
AuP’S = {ZA,“DDIS(lnm x| +127) +ZAMDDIS(1n\m x| —127) ZA[QDEISIn|ﬁ1-x|}
=4 a=1

6

Z DDIS

(12.9)

For a line of force, of force density, f;, a discontinuity in the function ;, given by
Eq. (3.44), must exist at the branch cut, which is of magnitude Ay; = —fj,
according to Eq. (3.52) of Section 3.5.1.1. Therefore, using the same procedure
as for the dislocation,

4 Note that this conforms to the notation introduced in Eq. (3.133).
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6
> +L,D =—f. (12.10)

For the dislocation, DS in Eq. (12.9) can now be found by noting that Eq. (12.9)
has the same form as Eq. (3.72) when the arbitrary vector, h, vanishes. Therefore,
by replacing g; with b; and using Eq. (3.74),

DPIS = £ L, (12.11)
Then, by substituting this result into Eq. (12.4), the displacement field of the

dislocation is given (Bacon, Barnett, and Scattergood, 1979b) by

1

| S
DIS P — . - . n .
u; > = i ;:1 + A Lybs In(m - X + p,i - X), (12.12)

which is single-valued in the entire region bounding the cut, and suffers a discon-
tinuity equal to b; across the cut as required.

For the line force, for which Eq. (12.10) applies, the corresponding unknown
quantity DLY can be found by a similar method with the result

DY = £ f, Ay, (12.13)
Then, by substituting this into Eq. (12.4), the displacement field of the line force is

LF __
ut = 2mZiAmAwf In(m - X + p,n - X). (12.14)

The elastic field of the dislocation, given by Eq. (12.12), can now be put into a
form that does not require solving the Stroh eigenvalue problem. Differentiating
Eq. (12.12),
a DIS
Zj:A,yLmb ( iy + Pty ) (12.15)

X + p,M - X

Since A;, and L, are independent of the choice of the angle w in Fig. 3.2, m can be
aligned along x so that Eq. (12.15) becomes

U (x|, ) _ by (

0x, 2mi|x|

1, Z + AjLsy + iy Z + pyAme> (12.16)

=1

where it is recognized that uP'S is a function of both the distance of the field point

from the infinitely long dislocation, |x|, and the angle, o (since x is now aligned

6
with m, whose direction is determined by w). Next, an expression for > £p,A;,Ls,
a=1

is required. Multiplying Eq. (3.37) by £L,,, summing over «, and substituting
Eqgs. (3.134) and (3.135),

6
. 1 -
() Y EpsAialey = — ~ [47Bjs + (7ri) Sk, (12.17)

=1
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so that

6
> ApuAnLy = i(i) ;' [4Bjs + (i) S (12.18)

=1

Then, substituting Eqgs. (12.18) and (3.134) into Eq. (12.16),

ouP'S (x|, ) _ by A L .
) :2n|x|{—mpSis+np(nn)ik 4By + () ]} (12.19)
To obtain the displacement, uP'S, by integrating Eq. (12.19), the general
expression
uP1S uP's
duP (x|, ) = A+ —7—de (12.20)

is introduced. Then, using the expressions

ouP's QuP's ouP's
i Vi DIS_ﬁl:A i = Vu DIS - hlx x|i i
olx| i " pr Oow x| =[x, 0x,

(12.21)

for the partial derivatives in Eq. (12.20) and substituting Eq. (12.19) and (12.21)
into Eq. (12.20),

duP® = é’—; {—S,—sd In[x| + (in);;' [4nBy, + (ﬁrh)krSm]dw}, (12.22)

which can then be integrated to obtain (Bacon, Barnett, and Scattergood, 1979b)

WPIS(|x], ) = ;’—n {—s,-s In |x| + 4nBss J () oo + 5,6 J () (i), dw}
(12.23)

where any constant of integration can be dropped, since it would represent a
superfluous rigid body translation.

In Exercise 12.1, it is confirmed that if Eq. (12.23) is applied to a Burgers circuit
around the dislocation, the resulting closure failure, AuDlS is equal to the Burgers
vector, as anticipated.

The dislocation stress field is readily obtained by use of Egs. (3.1) and (12.19)
in the form

DIS
ODIS([x], ) = Copy i = 2Comp { =iy Sis -+ iy ) B -+ (), ] .
Omn p axp 27'C|X| 14 p ik kr

(12.24)
The traction caused by the dislocation stress field at the field point, x, on the plane

containing both the dislocation and the field point, i.e., the plane perpendicular to
the base vector, n, is obtained using Eq. (12.24), i.e.,
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TPS(|x), 0) = 6254, = i Comiy au’—ms
n ) mn "tm m mnip 6x,,
_ b;iﬁp { =ity -+ iy () [47Bs -+ (), ] .
(12.25)
However,
ComipfimiySis = (i) ,;Sis
Comipiimity (AR) 7 Bis = (AR),.(ih) ;' Bis = S,uBis = B
Comiplimity () (A1), S5 = (AR),, (AR)5,! (Ari) Sy = S (i), Sy = () .S
(12.26)

Substitution of these results into Eq. (12.25) then produces the relatively
simple result’
_2bans

P8 (x|, 0) = ] (12.27)

The stresses and tractions given by Eqgs. (12.24) and (12.27) fall off with the
perpendicular distance from the dislocation, |x|, as x~ ', which is considerably
slower than the x* decrease characteristic of inclusions and point defects. Also,
singularities are present at the origin as p — 0. These singularities are physically
unrealistic, since linear elasticity cannot be applied in the bad material in the core
region where realistic interatomic force laws preclude infinite stresses. However, it
is demonstrated explicitly in Section 12.4.1.1, using results for an isotropic system
because of its tractability, that even though these singularities exist, the elastic
solutions given by the above results are expected to hold with acceptable accuracy
up to relatively small distances from the core.

Finally, the distortion field of the line force can also be put into a form that
does not require solving the Stroh eigenvalue problem by using essentially the
same procedure just employed for the dislocation (Bacon, Barnett, and Scatter-
good, 1979b). First, the distortion field is obtained by differentiating Eq. (12.14)
so that

LF
Ou;

Ox ]

1 & 1wy + pafy
- +A A - . 12.28
i ; io songY (m X + poh- X) ( )

Then, aligning m along x, as in the derivation of Eq. (12.16),

6 6
f. (m, PRE DY ipaA,»aAw> : (12.29)
oa=1

au}F B 1

o 2nifx|

=1

5 This result will be of use in Section 13.3.4.1.
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PN

Dislocation nt >

Figure 12.6 Geometry for determining the strain energy in a cylindrical shell of outer radius R
and inner radius r, due to dislocation lying along shell axis: n is positive unit normal vector
to X cut surface used to produce dislocation; n™ and n~ are unit normal vectors to positive
and negative sides of cut, respectively.

6

The sum ) +p,Aj,A,, in Eq. (12.29) can be expressed in terms of the Q;; and S;;
o=1

tensors of Section 3.5.2.1 by first multiplying Eq. (3.37) through by +A,, sum-

ming over o, and using Eqgs. (3.133) and (3.134) to obtain

6
> oAy, = (i) () O + Sy (12.30)

o=1
Then, substituting Eqs. (3.133) and (12.30) into Eq. (12.29),

LF
Ou;
6x,

_ ﬁfs{n%sz — (i) o), O + 54|} (12.31)

Equation (12.31) can be integrated to obtain the line force displacements by
employing the same method used to integrate Eq. (12.19) to obtain Eq. (12.23)
for the dislocation displacements with the result

W (Ix], ) _J;; {Q,-S In x| - Oy J (i) (i) deo — S, J (ﬁﬁ),;‘dw] L 232)

Strain energies

Now that the elastic field of a long straight dislocation has been obtained, its
strain energy can be determined. The procedure is first to find the strain energy in
a cylindrical shell, "V, of outer radius, R, and inner radius, r, (corresponding to
the radius of the dislocation core), centered on the dislocation, as in Fig. 12.6.
Then, an increment of energy is added to account for the contribution made by
the material in the core. The dislocation, located at the origin, lies along
t =4 =m x i and has been produced by a cut and displacement that displaced
the ©* and X surfaces relative to one another by b. The strain energy in the
shell region, V, is then
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1 1 a(aju;) 1
S

v v

after applying the divergence theorem. The surface, S, corresponds to S = S¥ +
S§ + X" + X7, and Eq. (12.33) may therefore be written as

1 1
_ + + — A R ~R I )Ar
W_E@ 04U dS—I—zﬁaUuJ dS—l—zfﬂ; ,nidS—i—E@ o u; A dS.
zr Dl St 5

(12.34)

However, on the surfaces of the cut, 4 = —i;, u; —u =b;, and oji; +

o;f; = 0. Therefore, the energy per unit length of dislocation is

17 l/l

R
1 1 1
w2 [oiani -3 § ohiditas+3 § opuriras. (239

To |x|=R \x|:ro

where the quantities oy —al‘j, and n=-n" have been introduced. Now,

Eq. (12.23) shows that the displacements on the cylindrical surfaces of radii R
and r, vary as

. 12.36
uy =A;Inr, + gi(), ( )

where A; = constant. Therefore, the sum of the last two integrals in Eq. (12.35),
indicated by 1, takes the form

I:E @ Aj lnRaU ik ds + ﬁ Ajlnroop i dS + ﬁ; gi(w o{jnde+ gj(w)oyards|.

[x|=R [x|=ro x|=R [x|=ro

(12.37)
Also, the form of Eq. (12.24) indicates that when |x| = constant,
0,;dS = oyx|do = hy(w)dow. (12.38)
Then, substituting Eq. (12.38) into Eq. (12.37),

ijti ij n;
[x|=R Ix|=r [x|=R [x|=r

1 , .
I:5 # A;InRa%ifds + ﬁ Ajlnroop i dS + ﬁ )il hydo + ﬁ gi(w)i;hydw

(12.39)

The first two integrals in Eq. (12.39) vanish, since mechanical equilibrium requires
that the net forces on the cylindrical surfaces vanish. Also, the two remaining
integrals cancel each other, since ﬁlR = —ii;°. Therefore, I = 0, and, after substitut-
ing Eq. (12.27) into Eq. (12.35) for the traction oy;,
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1 d R
W = E J O'Ub]ﬂ,d|x| = b/bsB]s JM =W, ln*; (1240)

R R
X o

o

To
where W, the dislocation strain energy factor, is given by
W, = b_,‘bSB_,'S. (1241)

This relatively simple result shows that the strain energy is just the work done in
displacing the two sides of the cut during the creation of the dislocation by the cut
and displacement process.

The energy increment associated with the core is now added in a formal manner
by introducing the parameter, «, defined by

o =b/ro, (12.42)
into Eq. (12.40) so that the total energy assumes the form

W = b;bBjs lng7 (12.43)
which is dependent upon the magnitude of o. The determination of the correct
magnitude requires an atomistic calculation, and typical values are found to be of
order o ~ 1 (Hirth and Lothe, 1982).

Equation (12.43) shows that the energy diverges logarithmically with increasing
R and becomes infinite as R — oco. However, this physically unrealistic result does
not apply to a dislocation in a real finite body where image stresses (Chapter 13)
and stresses due to other defects are present so that stress cancellation occurs over
large distances, and finite energies are obtained.

Infinitely long straight dislocations in isotropic system

Elastic fields

The elastic fields of infinitely long straight dislocations in isotropic systems are
now obtained by employing Eq. (12.24) after rewriting it to apply to an isotropic
system. These fields can also be obtained by alternative methods, and several of
these are described.

Edge dislocation

By use of integral formalism

Consider an edge dislocation with b = (6,0,0) and t = (0,0,1), corresponding to
Fig. 12.2a. Its stress field can be determined by using Eq. (12.24), with the help of
Egs. (2.120), (3.141), and (3.147) to determine the necessary elastic constants and
Bj; and S;; matrices for an isotropic medium. Also, since m and x were taken to be
parallel in the derivation of Eq. (12.24), m and n can be expressed as
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X1 > X2 5

mn=—— My = ———5 ms = 0
(v )" ()"
(12.44)
P —X2 A X1 Ao
h=——"2—+ iy =—->1= 3 =0.
(7 +)" (3 +3)"
Using these relationships, the edge dislocation stress field is found to be
uh x(3x3 +x3) wh (¥ —x3)
T 70— (a2 2T (- (242
(47 +x3) (a7 +x3)
(12.45)
b x(x} =3
o2 =5 '[11 1(21 222) o33 = v(o11 + 022) o13 =023 =0.
n(l —v) (x1 +x3)
Adopting polar coordinates, the stresses in Eq. (12.45) are of the form
g lb sin 0(2cos?0 + 1) S sin 0(2cos?0 — 1)
e 2n(1 —v) r 22_271(1—\)) r
b 0(2cos?6 — 1
Ulzizn(lll_v)cos ( ccr)s ) o33 =Vv(011 +00) o3=03=0
(12.46)

and, more simply, they appear in cylindrical coordinates, after using Eq. (G.7), as

ub  sin0 ub  cos0
e 0,0 =

2n(1—v) r 2n(1—v) r

(12.47)
Oz = V(UI'I‘ + 0()0) 0, =0y, = 0.

Singularities, such as those appearing in these equations at the origin as |x| — 0,
are physically unrealistic. However, as is now shown, these solutions are expected
to hold with acceptable accuracy up to relatively small distances from the disloca-
tion core.

First, hollow out the dislocation core by removing all material within the
relatively small radius, r. ~ b, while simultaneously applying surface tractions to
keep the stresses in the remaining medium unchanged. Next, remove these trac-
tions by applying a stress field that cancels them, and thus produces a hollow
dislocation with a stress-free interior surface. This requires the cancellation of the
6,,(r.,0) and a,4(r.,0) stresses, and can be accomplished by using the Airy stress
function from Table 1.1,

Asin0
x b

Y=

(12.48)

where A =constant. Using the stresses associated with this stress function
(given in Table I.1), and converting them to stresses in cylindrical coordinates using
Eq. (G.7), ¢}, = —2Asin0/r* and ¢/, = 2A cos 0/r°. Cancellation is then achieved
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(a) (b) (c)
X2 X2 X2
b b b3
b
// 812=—55(X2)
A\ =0 0 l
b=¢=-2¢&, ‘
Xq Xq

Figure 12.7 (a) A uniform distribution of shear strain producing a shear displacement, b. (b)
Localization of the shear strain on the X surface. (c) Representation of the localized shear
strain in the form of a delta function.

when A = —ubr?/[4n(1 —v)], and by adding the Airy function stresses to the
stresses given by Eq. (12.47), the total stresses due to the hollow dislocation are

_ ub  sinf o\ 2 _____ub  sinf 7o\ ? _
S (=) - {“(7)} = aa(T =) {”(M O = ¥0m + o).
_ub  cos0 o\ 2 B B
0 mi—v) [“(7” 7 = 00 =0
(12.49)

These stresses rapidly approach the stresses given by Eq. (12.47) with increasing
distance from the core, showing that the stresses in the matrix, even close to the core,
are relatively insensitive to the boundary conditions at » = r.. The stress field given by
Egs. (12.45)-(12.47) is therefore acceptable with the understanding that it is reliable
only at distances from the core greater that a few multiples of r. ~ . A more accurate
analysis near the core requires an atomistic calculation to establish the correct trac-
tions that the core exerts on the matrix. However, this is beyond our present scope.
The stress field for a straight edge dislocation given by Eq. (12.45) can be
obtained by several methods. In Exercise 12.2, it is obtained by using the Volterra
equation, and in Exercise 12.6, it is obtained by employing the Airy stress function
approach, described in Section 3.7, since it is a case of plane strain. In addition, the
displacement field corresponding to the stress field given by Eq. (12.45) is obtained
below in the form of Eq. (12.54) by use of the transformation strain formalism.

By use of transformation strain formalism

The elastic field, expressed in terms of displacements, can be determined by
employing the transformation strain formalism of Section 3.6. In this method
(Mura, 1987) the localized displacement across the cut used to create the edge
dislocation segment in Fig. 12.2a, is represented by a highly localized transform-
ation strain in the form of a delta function. The displacement field is then found by
integrating Eq. (3.168). The delta function representation of the localized shear
displacement at the X surface, which is of magnitude b in the —x; direction on the
x> = 0 plane, is indicated in Fig. 12.7.

The transformation strain is then first written as
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b
el (x1,72) = —50(x2)H (1), (12.50)
where H(x;) is the Heaviside step function. The transformation stress is therefore

a5 (x1,x2) = 2uel, (x1,X2) = —ubd(x2)H (x1), (12.51)

and substituting this into Eq. (3.168), and realizing that the displacements are
restricted to the x; and x, directions, the u;(x) displacement is

[o¢] o0 o0 B 0 _ ,
wi(X) = —uib J H(Y,)dY, J J 5(x [aGlz x—x)  Sonx "qu;dxg.

ox| 0x)

(12.52)

Then, substituting Eq. (4.110), setting the field point in the x; = 0 plane (since the
solution is invariant along x3), and integrating over dxj,

b T la=290 30 —2)
ur (x1,%2) = —m J H (x})dxy J R3 + Rsl s,

(12.53)

where R = [(x; — )% + 23 + (x}) 2)'/2_ The integration of Eq. (12.53) over dx}, and
dx{ involves only elementary functions (Gradshteyn and Ryzhik, 1980), and the
final expressions for u;, and also u,, which is obtained by similar means, are

b X2 1 X1 X2
= — t
) = [ o
(12.54)
(r10) = — gt (1~ 20 )+ )
U (X1,x2) = — — X X .
8n(1—v) ! 2 x%er%

In Exercise 12.5, the same method is used to obtain the displacement field of a
screw dislocation.

12.4.1.2 Screw dislocation
Consider next a screw dislocation with b = (0,0,b) and t = (0,0,1), corresponding
to Fig. 12.2¢. Starting with Eq. (12.24), and using the same procedure as employed
to obtain Eq. (12.45) for the edge dislocation, all non-vanishing stresses for the
screw dislocation are found to be the shear stresses

o o x2 wh__x o o o 0
—_— A A< g = == o = = f— —
13 2B+ ) B =5 @+ 11 2 33 12 ,
(12.55)
which, in polar coordinates, appear as
bsin 0 bcos 0
o3 = -5 a3 = £ on=o0p=0y=o0p =0 (12.56)

2n r 2n r
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and, more simply, in cylindrical coordinates as

_ Kb

= Gy =000 = O, = 0,9 = G, = 0. (12.57)
2mr

00z
The displacement field corresponding to the above stress field is derived in Exer-
cise 12.5 by means of the transformation strain formalism (see Eq. (12.274)).

Mixed dislocation
As discussed in Section 12.2, a mixed dislocation with a general Burgers vector, b,
may be regarded as the superposition of an edge dislocation component with
Burgers vector, b sin ff, and a screw dislocation component with Burgers vector,
b cos f. Its stress field is therefore readily calculated by use of the previous results.
Finally, examination of Eqs. (12.46) and (12.56) reveals the asymmetric
property
O',‘j(@ + TC) = —0,7(0). (1258)

Strain energies

The strain energy, per unit length, of a straight dislocation lying along x; is obtained
by employing Eq. (12.40) with Bj; given, for the present isotropic system, by
Eq. (3.147) with the result

1 R

The energy increment associated with the material in the core is then added, as
previously in the anisotropic case (see Egs. (12.42) and (12.43)), by introducing the
parameter o = b/r. into Eq. (12.59) so that

_ k]l 24 32 2| 1 R
=i [1v(bl+b2)+b3} In p (12.60)
Therefore, for pure edge and screw dislocations,
2
R
W= #ln% (edge)
’;E _aV) (12.61)
= 'Z—n n-—- (screw),
and for mixed dislocations,
ub? [ sin’p ) R
= —_. 12.62
W= [(l_v)—i—cosﬁ lnb ( )

It is demonstrated in Exercise 12.8 that Eq. (12.61) for the edge dislocation can be
obtained alternatively by simply integrating the strain energy density over the
volume of the cylindrical shell enclosed by S¥ and S’ in Fig. 12.6.
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Smoothly curved dislocation loops

Elastic fields

The elastic field of a smoothly curved closed loop, such as illustrated in Fig. 12.1, can
be determined in a number of alternative ways, as described in the following sections.

By use of Volterra equation

The Volterra equation yields the displacement field produced by a general dislocation
loop in the form of a surface integral taken over the cut surface, X, in Fig. 12.1.
The equation can be obtained by employing an argument given by Hirth and Lothe
(1982), where it is imagined that a constant applied point force, F, is present at the
field point, x (see Fig. 2.1), during the creation of the loop.® If the elastic displacement
at x due to the loop creation is u(x), the change in potential energy of the force is then

AP = —F -u(x) = —Fu;(x). (12.63)

Since, the elastic field of the force is an applied field, and the field of the loop is an
internal field, the interaction strain energy between them vanishes (see Eq. (5.25)).
The loss in potential energy of the force, —A®, must therefore appear in the form
of work, AW, done by its stress field during the cut and displacement at the
surface that produced the loop, i.e.,

AW = —Ad. (12.64)

The stress at x’ at the X surface due to the force acting at x; i.e., ¢/,,,(x — X'),
generates a traction acting on the surface given by 7, (x — X') = g/, /7/,. The dis-
placement everywhere on the face of the cut on the negative side of X relative to
the positive side is b, because of the X cut and displacement rule given on p. 232.
Therefore, the work done by the stress field of the force on an area dS’ on X
is dW(x —x) = -T,b,dS" = —a,b,i,dS’. Then, substituting this result and
Eq. (12.63) into Eq. (12.64),

Fiu(x) = —bn ” o (x—x)ds. (12.65)
b
The stress at x’ due to the force at x is given by

1 |Oui(x —x') Ou(x—x
Ginn (X - X/) = CmndSj[(X - X/> = Cm"ﬂi j(ax; ) + l(axl_ )‘|

1
= Cmnjl 5

0G;i(x —x')  0G;(x —x/) 0G;i(x — x)
’ 6}(; + ox/ Fi= Cmnjlji,F i
j

(12.66)

® The Volterra equation can also be obtained by an alternative procedure (Mura, 1987) in which the cut
and displacement at the surface, Z, is mimicked by a localized transformation strain in the form of a
delta function as in the derivation of Eq. (12.143) in Section 12.5.1.6.
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Figure 12.8 Planar dislocation loop. The loop plane, X cut surface, and source vector, X/, lie in
the x; = 0 plane.

where G;(x — x') is the Green’s function given by Eq. (4.25), and use has been
made of Eq. (3.15) and the symmetry properties of the C,,,; tensor. Then, substi-
tuting Eqgs. (12.66) into Eq. (12.65) and canceling out the common factor, F;, for
each component taken separately, the Volterra equation is obtained in the form

3Gi(x — X
1i(X) = —Comybm JJL,X)%dS’. (12.67)
ox;
N

Substitution of Eq. (4.40), for the derivatives of the Green’s function, into
Eq. (12.67) then yields the further expression

Cmn'/bm 1 ~f / ~ =1 A RAT NP AT ri—1
w(x) = — ﬂ|x s }{w,(kk)ﬁ — ) [(80),, + 4R, J(RR) s,
5 z

(12.68)

which involves a line integral along s around the unit circle, L (see text following
Eq. (4.40)), and a surface integral over S’ corresponding to the X cut surface.

The evaluation of Eq. (12.68) is simplified when the loop is planar. Consider, for
example, the planar loop in Fig. 12.8. Taking the cut surface, X, and the origin in
the plane of the loop so that x{ = 0, Eq. (12.68) is reduced to

le’lbm 1 ’ ’ ~ rpiN—1 P N A Aal
() = = St [t ;' = R 60, -+ 50,
z r

(12.69)

Even though the Volterra equation has been derived to apply to a closed disloca-
tion loop, it can be readily used to find the displacement field of an infinitely long
straight dislocation. Consider the square planar dislocation loop of edge-length L
in Fig. 12.9. Using Eq. (12.67), the loop displacement field is

L L/2
8Gi(x ) . WGilx —x
M,‘(X) = —Cmnj[bm JJ%HQ(LS/ = _szjlb"IJdXIl J [%} d‘xé&
/ 1 x,=0
J 0 i

(12.70)

If, as in Eq. (12.68), Eq. (4.40) is then substituted for the Green’s function
derivatives, and L is increased without limit,
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A
X3

Figure 12.9 Square planar dislocation loop. The loop plane, cut surface Z, and source vector,
X, lie in the x, = 0 plane.

o0

Cm'bmOo / 1 ~ DTN — oA ~ P Anl ,
) = =S [ [ o it — R0 i, + ) G s,
0 r

—00

(12.71)

where the source vector, X/, lies in the loop plane so that [x — x| =[(x; — X)) x5+
(x5 — x5)?]"2. Equation (12.71) yields the displacement field produced by the long
straight dislocation segment AB in the region around the origin in the infinite
crystal, since the remaining segments of the loop, which are at infinite distances,
do not contribute significantly.

In Exercise 12.2, this method is used to obtain the displacement field of a long
straight edge dislocation corresponding to Fig. 12.2a in an isotropic system.

By use of Mura equation

The Mura equation yields the distortions produced by a dislocation loop in terms
of a line integral along the loop and is obtained by applying Stokes’ theorem to the
Volterra equation. First, the Volterra equation is differentiated so that

6u,-(x) 62Gj,~(x — X/) N ’
= Coujtby || ———7—= . 12.72
Oxy Comit J J 0x7,0x) A, dS (12.72)

b
An additional expression is now needed that can be used in conjunction with

Eq. (12.72) to obtain an equation amenable to Stokes’ theorem. This is obtained
by first substituting Eq. (3.15), i.e.,

MJ(X/) = GJ‘,‘(X — X,)F,‘ (1273)
into Eq. (3.154) in the absence of transformation strains, i.e.,
Ou;(x')
Gmn(xl) = Cmnjl éixg (1274)
to obtain
0G;;(x — X' )F;
Omn (X/) = Chuji % . (1275)
X

However, the stress g,,,(x’) must obey the equilibrium condition, Eq. (2.65), and,
since x’ is in a region free of body force, substitution of Eq. (12.75) into Eq. (2.65),
with f; = 0, yields
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Figure 1210 Geometry for performing line integral around dislocation loop C.

06 (x') 0%Gji(x — X)F;

= Couj
1l / /
Ox! x;

=0. (12.76)

Then, to satisfy Eq. (12.76) for arbitrary F;, the condition

62Gji(x — X/)

mnji =0 12.77
Coit o 8 (12.77)

must be valid. The desired expression is then obtained by using Eq. (12.77) to write

asz,'(X - X/)

boitx = 0, 12.78
0x! 0x) "k ( )

Cmnjl
which must also be valid. Then, by adding Egs. (12.78) and (12.72),

dui(x) b Co ” oG (x —x) B 0%Gji(x — X)
= OmC mnj
s

awdy T oxox

Ox k

ﬁ;] ds’. (12.79)

Next, Eq. (12.79) is converted to a line integral around the dislocation loop, C,
illustrated in Fig. 12.10 by employing Stokes’ theorem in the form of Eq. (B.4).
The final result is the Mura equation, expressed as

Ou; (x)
axk

0Gi(x — X'
= bmcmnjlenkp %% dx;, = bmcmnjlenkp #

c c

0Gji(x —x')
ox;

i,ds', (12.80)

where use has been made of dx' =ds' = tdys'.
Substitution of Eq. (4.40) into Eq. (12.80) yields the further expression

aui(x)_hmcnmjlenk[z 1 ~ / ~ =1 Dorii=lr/7iA g riy—1
= ey dol i R ) (6, 0, 60 s
c I

(12.81)

which involves a line integral along s around the unit circle, r (see text following
Eq. (4.40)), and another along s’ around the loop, C, as illustrated in Fig. 12.10.
Having this result, corresponding strains and stresses are readily determined. Note
that Eqgs. (12.80) and (12.81) are completely free of quantities associated with the cut
surface in contrast to the form of the Volterra equation. This confirms the fact that
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the choice of the surface employed in the cut and displacement method for produ-
cing a given loop is arbitrary, as is also demonstrated explicitly in Exercise 12.3.

As shown in Exercise 12.14, the Mura equation given by Eq. (12.80) can be
reformulated to yield the stress field produced by the loop C. Also, the Mura
equation, in combination with Eq. (4.40) for derivatives of the Green’s function,
can be used to find the elastic field of infinitely long straight dislocations in
a manner similar to the method used in Section 2.5.1.1, which employed the
Volterra equation to obtain Eq. (12.71). This method is used in Exercise 12.4 to
find the distortions of an infinitely long edge dislocation, corresponding to
Fig. 12.2a in an isotropic system.

By use of modified Burgers equation

The Burgers equation for the displacement field produced by a loop in an isotropic
body is derived in Section 12.6.1.1 (see Eq. (12.152)). More recently, Leibfried
(1953), Indenbom and Orlov (1968) and Lothe (1992b) have obtained a compar-
able expression for the displacement field in a general anisotropic body, which can
be found by assuming a solution of a form that is similar in many respects to the
isotropic solution. Using Eqs. (12.151) and (12.152), the isotropic solution can be
written as

b; 1 2e;i Cimk 62|x —X/|
—Q+—¢ |- T b;dx,. 12.82
4n +8n+[ x—x| (1—-v) axox, | 7% ( )
c
To obtain a corresponding solution for an anisotropic system, a solution is
assumed (Lothe, 1992b) of the form

b; 1 , ,
Ll,‘(X) =——0+4+— Ui/k(x_x)bfdxk’ (1283)

47 87
C

where U(x — X') is expressed in the Fourier form, see Eq. (F.4), as
Uip(x = x') = J J JU,,-k(k)eik“*X’) dky dky dk;. (12.84)
—00

The stresses are then found by substituting Eq. (12.83) into Eq. (3.1) to obtain

b; 0Q 1 0
O',:,‘(X) = — ﬁciﬂdbka—x, + %Ciﬂda—xl}UkPm(x — X,)bp dxiw (1285)
C

The quantity 0Q2/0x; is given by Eq. (12.159), which, with the help of the standard
Fourier expression,
—L

I 1 I iy
miz—nzj Jk—zel (x x)dkl dkz dk} (1286)
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can be written as

00 i I
A %ﬂ;%elms dx',ﬂJ J J'kf‘zelk'(xix)dkl dky dks. (12.87)
1
C

—00

Then, substituting Eq. (12.87) into Eq. (12.85),
i i k i} o
O',‘j(X) = g%dx;nj J J {—nz—;czc,‘jk/e/msbk + C,:,'klbpk/Ukpm (k) elk (x )dk1 dkz dk3.

(12.88)

Since no force density is present in the elastic field of the dislocation, and equilib-
rium must be maintained, Eq. (2.65) in the form

60,-]- o
F 0 (12.89)

must be satisfied. Substituting Eq. (12.88) into Eq. (12.89) then yields

doy(x) 1 T ke _ ey
i) __ gidx;n J J J {f o Conemsbi+CipabykikyUign (k)} e X)dk dkadks = 0,
]
C

(12.90)
which is satisfied for all %; if
kskj _
— Wciﬂ(zezm&bk + Cijk/b,,kzk,'Ukpm(k) =0. (12.91)

Furthermore, Eq. (12.91) must be valid for all b;, and, putting it into the form

ksk; _
|:_ néikéclj/plelms + Cijklklijkpm(k):| bp = 0, (1292)

it is evident that the relationship

kgk; _
- TLgkIZ Cijplelms + Czjklklijkpm(k) = O (1293)
must be valid as well. Equation (12.93) can now be used to solve for Uy, (k). It is

readily confirmed that
kse/ms - (ém X k)]» (1294)

where the €; are the usual coordinate base vectors, and substituting this equality
into Eq. (12.93), and using the usual contracted Christoffel tensor notation,

(k, &, x k)ip

o (12.95)

(kk)ikUkPm(k) =
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Therefore, Uy, (k) is given by’

Uipm(K) = =35 (kk) ' (k, & X K),. (12.96)

1
22
Next, substituting Eq. (12.96) into Eq. (12.84),

LT[l
Ue(x — X) :?J J sz (K5 (k& % ) 0¥ dky dhs dks, (12.97)

—00

and substituting this result into Eq. (12.83),

b 1 Tl ()
M,'(X) = —EQ +%§fdxf{J J Jk_Z(kk)Hl(k’ e X k) b e dky dky dks.
C —

(12.98)

But, dx’' = &/dx, = ds’ = tds’, and Eq. (12.98) can therefore be written as

ui(x) = — 4%9 - %%dfj J J klz (kk);," (k, tx K) by & O7) diky dky dks, (12.99)
C —00

where the line integral involving ds’ is illustrated in Fig. 12.10. The amplitude,

A(k) of the Fourier integral embedded in Eq (12.9.9) is a homogeneous function

of degree —2 in the variable &, and, as pointed out by Lothe (1992b), in such a case

it can be reduced to a line integral around a unit circle with its plane normal to the

unit vector w = (x — x)/|x — x'| by following the rule

2n

J J JA(k)e““*ﬂ‘”dk1 dkydks = ] J A(m)do, (12.100)

where the unit vector, m, lies in the plane normal to w, as illustrated in
Fig. (12.11).
Using this rule, Eq. (12.99) finally reduces to the double integral

2n

o 1., 1 T
u;(x) = 4nQ—|— 87Tz%ds ] J (), (m, t x m) b;d0 (12.101)
c

for the displacement field of the loop, C

7 For clarity, for this particular analysis a comma has been inserted in the usual Christoffel notation
so that (k, &, x k), = (k&, x k), .
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Figure 12.11 Geometry for line integration of Eq. (12.101) around unit circle with its plane
normal to w.

By use of Brown’s formula
Planar loop
Brown’s formula yields the stress field of a planar dislocation loop in the plane of
the loop. It has the notable feature that it is expressed in terms of parameters that
are characteristic of infinitely long straight dislocations and therefore can be
determined using the methods described in Section 12.3. Even though the formula
provides only the in-plane stress, it can also be used to obtain the solutions of a wide
range of problems involving three-dimensional dislocation configurations, as dem-
onstrated later, for example, in Section 12.7.1.3. Following Lothe (1992a,b), all
dislocation configurations that can be analyzed by application of Brown’s formula,
and additional related formulae that will be derived, can be produced by combining
basic dislocation “hairpins” having the configuration illustrated in Fig. 12.12a.
The first task, therefore, is to find the stress field of such a “hairpin” at a field
point P, asindicated in Fig. 12.12a. For this purpose, the hairpin may be regarded as
an array of abutting infinitesimal loops as is done, for example, in Fig. 12.19 to find
the stress due to a finite dislocation loop. According to Eq. (12.169), the stress field
of an infinitesimal loop, dg;(x), falls off as x73, possesses a complicated angular
dependence, and is an even function of x.* It is therefore assumed that in the planar
r, 8 coordinate system of Fig. 12.12b the stress follows the general form

day(r, 0) = %a,-j(@)dS, (12.102)

where dS is its area, and the function o;(6) obeys
OC,:,‘(H + ) = O(,‘j(@). (12103)

By integrating over the stresses contributed by the array of infinitesimal loops that
comprise the hairpin, the stress at P at a distance R from the base of the hairpin in
Fig. 12.12a is

do;;(P) = do J iOtij(H)rdr = a;;(0)d0 J 1= 2040 _ %(6)dw
R R

3 - ;. e (12.104)

~

8 This can be readily shown by taking derivatives of Eq. (12.169) to obtain distortions and then
employing Hooke’s law.
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(a) b (b) P(r.6) (c)
R// r
dw// ,
t/ 6 ref 0 ref - 0 o ref
A - t//7 ds
—o0 oo Hairpin

Figure 12.12 (a) Dislocation “hairpin” configuration extending to 4oc; 6 is measured from
reference line. (b) Infinitesimal dislocation loop (small square); field point P at coordinates
(r, 0). (c) Hairpin, same as in (a), but with base at oblique angle « measured from reference
line. All elements are in the plane of paper.

(a) (b) P

Dislocation A\,
7

,'l\\\
N{I""n\\ -
A//I [ B
- t7/ R

Figure 12.13 Construction of long straight dislocation by using hairpin dislocations.

(a) Dashed line along t is intended position of dislocation, with segment ds, due to one
hairpin, in place. (b) The dislocation is built up by adding further hairpins. All elements
are in the plane of the paper.

after using dS = rd0dr and dw = Rd0. If the base of the hairpin is oblique at the
angle o, as illustrated in Fig. 12.12¢c, dg;(P) remains unchanged to first order, and
dw becomes dw = sin (6 — a)ds. Therefore, Eq. (12.104) takes the form

doy(P) = “Uéf ) sin(0 — 0)ds. (12.105)
Next, consider Fig. 12.13, which shows how an infinitely long straight dislocation
located at a distance p from the field point P can be constructed by employing an
array of abutting hairpins. The dashed line along t in Fig. 12.13a represents the
desired position of the dislocation, and a segment of the dislocation, ds, due to the
presence of a single hairpin is shown in place. In Fig. 12.13b, the dislocation is
built up by adding further hairpins. All abutting hairpin elements cancel, and only
the ds base segments are left on the dislocation line, along with two semi-infinite
outer segments. However, for an infinite dislocation length these latter segments
can be neglected when considering the stress at P. The stress there is then just the
sum of the stresses contributed by all hairpins, and using Eq. (12.105),

o;(P) = Jdal;,»(P) - J “UR(f ) sin(0 — 0)ds. (12.106)

—00

The function «;(0) can now be expressed in terms of parameters associated with
long straight dislocations by noting that, since the stress field at P is the field of a
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long straight dislocation, it must fall off as p~' (at constant o) and also be
dependent on a. It can therefore be written in the general form

Then, equating Egs. (12.106) and (12.107),

%z,-j(a) - J“"fR(f) sin(0 — o)ds. (12.108)

—00

But, from the geometry of Fig. 12.13,

. ds R
Also, since p is constant, the relationship
o+
ij(o) = J“ii(()) sin(6 — o)do (12.110)

is obtained, which establishes a link between the quantities Z;(a) and o;;(0).
Differentiating Eq. (12.110), while invoking Leibniz’s rule (since the
limits of integration are functions of o) and making use of the form of
Eq. (12.103),

oa+n
dfa = | %;;(0) cos(0 — o)d0
42%(a) et
il .
e = | (O)sin(0 = @)d0 + o+ 7) + (o) (12.111)
win
= — | o;(0) sin(0 — a)d0 + 20(at).

o

Then, using Egs. (12.110) and (12.111),

1 d?%;(a)
(%) = 5 | Zy(@) +—g 5| (12.112)
Finally, substituting Eq. (12.112) into Eq. (12.105),
1. d’x;(0)
do;(P) = ﬁsm(G — o) [ X;(0) + dgjz 1ds (12.113)

is obtained for the stress increment at P due to the hairpin in Fig. 12.12c¢.



12.5 Smoothly curved dislocation loops 255

(a)

o—I1 ds \

A ref
N\ C

i ! (x=x)
.»":\ VAR

(c)

Infinitely long dislocation

6

/ ref

Figure 12.14 (a) Construction of closed planar loop C using hairpins. (b) Geometry for
finding stress due to dislocation loop at field point P by integrating around the loop.

(c) Diagram for finding X,(0) for segment ds in (b) (see text). All elements are in the plane
of the paper. If the Z surface for the loop is taken to be in the plane of the paper, the

n vector for this surface is normal to the paper and directed towards the reader.

Having this result, an expression for the stress produced by a closed planar loop
at a field point P coplanar with the loop can be determined by integrating
Eq. (12.113) around the loop. Figure 12.14a shows the construction of such a
loop by using hairpins in the same manner as in Fig. 12.13b. All dislocation
segments except those remaining on the loop cancel in this case, and by integrating
Eq. (12.113) with the help of Fig. 12.14b, we obtain Brown’s formula,

1 [sin(0 — o d*x;(0
o0 = 3§ [z”(@” i
C

ds, (12.114)

where R = |x — x/|.
The second derivative in Eq. (12.114) can be eliminated by first substituting
Eq. 12.109 so that

2 .
o(x) = %jglle [ij(e) +4 fgz@ do (12.115)

C

and then integrating the second derivative term by parts to obtain

1d%%5(0) 1d%;(0) 1dy; 1d%;
— 2R d) = | ——YdR = — p———Lcot(0 — x)df, (12.116
TFR a6’ ’R do ’*j&@ do +R qp coUl —2)dd,  (12.116)
C C C

after using the relation

dR = —Rcot(6 — o)df (12.117)
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Figure 12.15 Contributions of three hairpins to the construction of a three-dimensional
non-planar loop. Upon completion of the loop, all hairpin segments will have mutually
annihilated except for the ds segments remaining on the periphery of the loop. The stress
at P will then be the sum of the contributions of all the hairpins.

obtained from the geometry in Fig. 12.14. Then, substituting Eq. (12.116) into
Eq. (12.115),

o;(x) = %%% {sin(@ —o)X;(0) — cos(0 — ) (12(;,9(9)} ds. (12.118)
c

It is often useful to know the in-plane traction in the direction of b due to the stress
field of the loop. With the use of Eq. (12.115), this is given by

T-b_ Tb  oy(P)ijh; lffsin(G —a) 0’
Ty=—— = ="t = 7 F(9)—|—662F(9) ds, (12.119)
C

where

F(0) = %Z,j(())biﬁj. (12.120)
When employing these expressions it must be emphasized that the quantity X,(0)/p,
by virtue of Eq. (12.107), is the in-plane stress at a point P at a distance p from an
infinitely long straight dislocation lying at the angle 6 with respect to the reference
line as illustrated in Fig. 12.14c. The distance p is in the direction i X (x — x')
relative to the dislocation line (Bacon, Barnett, and Scattergood, 1979b). Also, of
course, the straight dislocation must have the same Burgers vector as the loop, and
the reference line in (b) and (c) must have the same orientation in the crystal
coordinate system.

The required values of X;(0), and its derivatives, can be obtained from calcula-
tions of the stress fields of straight dislocations using the methods of Section 12.3
and then stored in a useful data bank. Bacon, Barnett, and Scattergood (1979b)
give detailed descriptions of optimum methods for obtaining the necessary data,
and the reader is referred to their work for details.

Non-planar loop
As is evident from the geometry of Fig. 12.15, Brown’s formula can also be used
to determine the three-dimensional stress field of a closed non-planar loop
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ds

Figure 12.16 Rational differential segment, (ds, b). Arrows indicate positive direction along
dislocations.

(see caption). Since the stress at P is the sum of the stresses contributed by all
segments, it will be given by an equation of the type of Eq. (12.118), which was
derived previously for two-dimensional loops. However, in the present case the
line integral is three-dimensional, and its evaluation is more tedious, since the
stress increment for each differential segment, ds, must be calculated using
parameters that refer to the plane containing P and ds.

By use of rational differential segments

The elastic field of a smoothly curved loop can also be found by the use of rational
differential segments (Eshelby and Laub, 1967; Indenbom and Dubnova, 1967;
Lothe, 1992b), one of which is illustrated in Fig. 12.16. Such a segment consists of
a differential length of dislocation, ds = tds, with the Burgers vector, b, lying
between an initial node, where it is joined to a very large number (N — oo) of half-
infinite straight dislocations that converge radially on the node, and a terminating
node, where it is joined to a similar distribution of N emanating dislocations. The
incoming and outgoing dislocations are each of infinitesimal Burgers vector
strength and are uniformly distributed in all radial directions. Also, the sum of
the Burgers vectors of all dislocations entering the initial node and leaving the
terminating node must be equal. A rational differential segment is therefore
completely characterized by its Burgers vector and tangent vector.

Such a segment has the unique property that, when it is joined end-to-end to
another rational segment with the same Burgers vector and positive sense, the
overlapping semi-infinite radial dislocations at the junction exactly cancel, regard-
less of the angle between the two segments, since they have opposite Burgers
vectors and are uniformly distributed in all directions. A dislocation loop of any
shape can therefore be produced by joining rational segments together end-to-end
in the form of a closed chain, and the resulting elastic field will simply be the sum
of the fields contributed by the individual segments. Then, if the elastic field of an
individual segment is known, the field of the loop can be determined by means of a
line integral around the loop. We therefore proceed to find the elastic field of a
single rational segment following the derivation of Lothe (1992b), which employs
the transformation strain formalism of Section 3.6.

The transformation strain required to produce a rational segment is obtained by
imagining that it is constructed by introducing N — oo semi-infinite dipole loops
with infinitesimal Burgers vectors, which converge radially so that their short
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(a) (b) (c)
Dipole loop

ds \,

ds ds

Figure 12.17 (a) Construction of rational segment, ds, by cuts and displacements
corresponding to dipole loops with their end segments superimposed on ds. (b) Dipole loop
lying in solid angle dQ centered on vector r. Area dS is perpendicular to r. A trace is
produced on dS where the dipole loop passes through it. (¢c) Upper diagram: oblique view of
the traces of some of the dipole loops emanating from ds and lying nearly parallel to r and x
(not shown in the figure) passing through an extension of the plane of dS. Lower diagram:
traces of the sheets of displacement that would be obtained by consolidating all of the
dipoles shown in the upper diagram into the sheets.

transverse end segments superimpose to form the segment ds having a finite
Burgers vector, b, as illustrated in Fig. 12.17a, where only a few of the N — oo
dipoles are shown. Note that the incoming and outgoing dislocations contributed
by the dipoles are in the desired radial configuration at each end of the segment.
Since the directions of the incoming dipoles are uniformly distributed over all
radial directions, the various cuts and displacements required to create the dipole
loops produce a plastic (transformation) displacement field, u! (x), throughout the
surrounding crystal.

To determine this field, consider the plastic displacement produced at the vector
position x relative to the displacement at the nearby vector position r by the radial
distribution of dipole loops lying in the region between x and r in Fig. 12.17b. One
of these loops is shown in Fig. 12.17b, where it produces a trace where it passes
through the area dS. The upper diagram in Fig. 12.17c is an oblique view of the
traces produced by some of the radial dipole loops lying between x and r passing
through an extension of the plane of dS. The length of each trace is equal to the
width of the dipole loop, which is given by

» . d
Wi — |ds x = 195> F] (12.121)
r

and the total number of dipole loops that pass through the plane, per unit area, is

given, to a good approximation (since X is in close proximity to r), by
- 1 d@ 1 dS N

dib— _N——=_N—=—.. 12.122

ds N 4n  dS N4TU‘2 4nr? ( )

Now, by means of small insignificant shifts of the inclinations of these loops they
can be aligned (for purposes of calculation) so that the individual loop planes
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merge and form continuous and uniformly spaced sheets of displacement in the
vicinity of x and r, which produce the traces seen in the lower frame of Fig. 12.17c.
The spacing between sheets is then

_ 1 _ 4nr3
~ wdippdie  |ds x r|N’

(12.123)

and there will be a displacement across each sheet corresponding to the dipole
Burgers vector given by
- b
pdP = —. (12.124)
N
Having all these quantities, the plastic displacement at x relative to the displace-
ment at r due to the presence of the intervening sheets is

dip1 | 1 » [(x—r)-(ds xr)]b
T Ty d dip) _
du’ (x) —du’(r) = [(x —r) - n“?) {d] [bP] = gy , (12.125)
where nd"P is the unit normal vector to the plane of each dipole given by
» dsxr
Rt = 12.126
|ds x r| ( )

The first quantity in square brackets in Eq. (12.125) is the distance between x and r
projected along the unit normal to the sheets, the second quantity is the number of
sheets per unit distance normal to the sheets, and the third quantity is the
displacement across each sheet.

Having the displacements given by Eq. (12.125), the transformation distortion
Ouf /x; is given by

oul b 0O bi(ds X 1), bidsureim

Ox;  4nr3 dx; (x-ds xr) 4nr3 4urd

(12.127)

with the help of Eq. (E.5). A similar expression is obtained for GujT /0x;, and using
Eq. (2.5), the transformation strain is then

(biejmn + bjeimn)dsmrn _ biejmndsmrn

T
day (r) = 83 473

ij

(12.128)

The vector r in Eq. (12.128) can now be replaced by x (which is now designated the
field vector). Then, by use of the equality,

o /1 Xy

Eq. (12.128) can be written as

del (x) = —

y

i€jmn j€imn m 1

8 Ox,, x

X
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Finally, by substituting Eq. (12.86) into the above expression, the transformation
strain associated with the rational segment is obtained in the form

i(bie; bj€imn)d Tl

deT(x) = — b ;L6 -f”“) s’"J J Jknk Lk Xk, dkydks. (12.131)
I

Having Eq. (12.131), an expression for the stress due to a smooth dislocation loop

can now be obtained. A comparison of Eq. (12.131) with Eq. (F.4), shows that the

Fourier transform of dsg(x), is

i(be: . ) =2
dEZ(k) _ 71(b1€jmn + bjelmn)dsm knk—l _ il;ng [ (dS « k) + b (dS % k) ]

1673
(12.132)

and, having this, the transform of the stress due to the segment can be obtained by
employing the Hooke’s law-type expression between transforms given by Eq.
(3.164), i.e.,

_ PN k2 k2 R
doj(k) = Cijkl(k)dgg/(k) =l Cyk[( )bi(ds x k), = =) Ctjkl( )b (dt x k), ds.

(12.133)

Then, by inverting Eq. (12.133) and using Eq. (F.4), the increment of stress at x
contributed by a rational differential segment at x’ is

oo

1 o0 o0 .
dO'U(X - X - W J J CUU bk dt x k) ek (x—x )lkizdkl dk, dks ds’.
7T
—00 —00 —00

(12.134)

Finally, by use of Eq. (12.134), the stress due to a loop, C, at a field point x is
obtained by performing a line integral around the loop, as in Fig. 12.10, i.e.,

| o0 00 0 X ) ‘ N
a,;,-(x)z—@jgds’J J Jc;;kl(k)bk(dtxk),elk'<X*X>1k*2d/<1 dky dks.  (12.135)

C —00

By use of infinitesimal loops
The final method for obtaining the stress field of a loop that we shall consider, i.e.,
the method of using infinitesimal loops, is now described. The concept of an
infinitesimal dislocation loop (Kroupa 1962; 1966; Hirth and Lothe, 1982) is
introduced, and its use in the anisotropic elasticity theory of finite loops is
described.

A general infinitesimal dislocation loop of area, dS, shown in Fig. 12.18a, is
characterized by its Burgers vector and its positive unit normal vector, n,
as defined by the X cut and displacement rule given on p. 232. The displacement
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(c)

Figure 12.18 (a) Infinitesimal dislocation loop of area dS. (b) Region "V containing
transformation strain that produces the loop in (a). (c) Enlarged view of the region "V in the
vicinity of its center located at x'. Viewing direction parallel to the two broad faces of V.

field produced by the loop can be readily obtained by the method employed in
Section 12.4.1.1 and Exercise 12.5, where the loop is created by a cut and displace-
ment on the surface X, which is mimicked by a concentrated transformation strain
in the form of a delta function. The displacement field is then obtained by
determining the corresponding transformation stress using Hooke’s law and
substituting the stress into Eq. (3.168). The transformation strain is initially taken
to be a homogeneous strain distributed throughout the region V in Fig. 12.18b, in
which the upper surface is displaced relative to the lower surface by —b in
accordance with the X cut and displacement rule given on p. 232. If the thickness
of 'V is h, and the center of V is at x' as in Fig. 12.18¢, the transformation
displacement at y is

ul(y) = —bM or ul(y)= _ bl = )i (12.136)

and the corresponding strain is

1 |oul Ou' 1
T k J - -
T~ + ——(bpii; + bifiy.). 12.137
gk.l 2 [ayj aﬂ Zh( kn.] jnk) ( )
Having this, the transformation strain can be localized in the plane of the cut by
writing it in the delta function form®

Lo
= =5 (bt + bin) 3 (8), (12.138)

where §(¢) is a one-dimensional delta function and & measures the distance from
the surface dS along n. Then, substituting Eq. (12.138) into Eq. (3.168), and using
Hooke’s law, and the symmetry properties of the Cj,, tensor, the differential
displacement at x due to an infinitesimal loop of area dS located at X/, is

o0

dui(x) = _Cjkmnbm J

oGy (x —x)
ox;

7

AL S5(E)dEdS, (12.139)

% See, as an example, Fig. 12.7.
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(a) (b)

Figure 12.19 Equivalence between a finite dislocation loop in (b) and an array of abutting
infinitesimal loops in (a). In (b) all adjacent interior segments present in (a) have mutually
annihilated one another.

or

0GR (x —x')

dui (X) = _Cjkmnbm ox.
J

A ds’. (12.140)

Then, substituting Eq. (4.40) for the Green’s function derivatives,
Citmnbmh! 1 A NPT oA 1A
! 87'[2 - |X B X/|2 %{Wj(kk)tkl - k.f(kk)isl [(kw)sl + (Wk).Yr](kk>l'kl}ds dS,

du;(x) = —

(12.141)

According to St.-Venant’s principle, the displacement field of a dislocation loop
should be independent of the detailed shape of the loop at distances from the
loop larger than about its largest dimension. The differential displacement, du;,
given by Eq. (12.141) is seen to be proportional to the differential area of the
loop, dS. Therefore, Eq. (12.141) is expected to give the finite displacement
field, u;(x), of a finite loop of area S (obtained by increasing dS to §) at
distances that are large compared with the loop dimensions. Also, as shown
in Fig. 12.19, a finite loop is equivalent to an array of abutting infinitesimal
loops, and, therefore, the field of a finite loop at all distances from the loop
outside of its core can be obtained (Kroupa, 1966), by summing the contribu-
tions made at the field point by the infinitesimal loops comprising the array
according to

wi(x) = ﬂ dus(x), (12.142)

b))

where X is any surface region bounded by the loop. Therefore, substituting Eq.
(12.140) into Eq. (12.142),
0GY(x —x
u,‘(X) = _Cjkmnbm Jj%ﬁ; dS, (12143)

5 7

Equation (12.143) is seen to be identical to the Volterra equation, i.e., Eq. (12.67),
as might have been anticipated. The development leading to Eq. (12.143) is
therefore, in essence, an alternative derivation of this basic equation.
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Figure 12.20 Superposed dislocation loops C'" and C®, which are duplicates of one another.

Strain energies

The strain energy of a dislocation loop can be readily obtained from the inter-
action energy between two dislocation loops as expressed by Eq. (16.22) in Section
16.3.1.2. To demonstrate this, consider a general dislocation loop, labeled C.
Now imagine superposing on this loop a second loop, C?, that is an exact
duplicate, to produce the arrangement shown in Fig. 12.20, which is elastically
equivalent to a dislocation with twice the Burgers vector of either loop. The elastic
strain energy of any loop must vary as b, since both its stress field and strain field
are proportional to b. Therefore, the strain energy of the superposed loops,
wC+C? will be four times as large as the strain energy of loop, C, i.e., WC".
This establishes the strain energy relationship,

M) @
W —aw e —w e o w e (12.144)
M) /0@
where Wi(fn /€7 is the interaction energy between the two superposed loops, and
w<" = W< Thus,
cv 1 ctco
wH = EWim , (12.145)

proving that the loop strain energy is just half of the interaction energy between the

loop and its duplicate. This latter quantity is given by Eq. (16.22), with C’ = C,

C® = C, " = b® = b, and therefore, the strain energy of a loop C is given by
2

I LT
C—__ = | M % ) b (ds?@ x m).
w 6 fﬁ fi; X —x0] JCljk,(m)bk(ds x m);b;(ds'” x m),do.
cW=c c@=c 0
(12.146)

The energy given by Eq. (12.146) will diverge in an unrealistic manner when
segments ds'"” and ds® become close together during the double line integration,
and 1 /|x(1) — x(2)| — oo. This singularity can be avoided by assuming that the
segments do not interact when they are closer than a cut-off distance, denoted by p.
Note that this is just another example of dealing with the breakdown of linear
elasticity at the dislocation core. This cut-off stratagem is also used in Section
12.6.2, where isotropic systems are considered, and an example of its application
appears in Exercise 12.11.
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12.6.1.1

Dislocations in infinite homogeneous regions

Smoothly curved dislocation loops in isotropic system

Elastic fields

The elastic field of a loop in an isotropic system can be obtained using the
Volterra and Mura equations, but it is often more convenient to employ a
modified Volterra equation in the form of either the Burgers equation or the
Peach—Koehler equation, which are derived in the following two sections. Both
involve line integrals around the loop, but the Burgers equation yields the
displacement field, while the Peach—Koehler equation yields the stress field.
However, as pointed out by Khraishi, Hirth, and Zbib (2000), the task of
obtaining analytical closed-form solutions of these equations is non-trivial. The
integrations, when possible, are generally complicated and tedious and will not
be pursued here in any detail. Examples of successful integrations include the
integration of the Peach—Koehler equation to obtain the stress field of a circular
loop with a general Burgers vector by Khraishi, Hirth, and Zbib (2000), and the
integration of the Burgers equation to obtain its displacement field by Khraishi,
Hirth, Zbib, and Khaleel (2000).

By use of Burgers equation

The Burgers equation (Burgers 1939a; b; Hirth and Lothe, 1982) for the dis-
placement field due to a loop in an isotropic system is derived from the Volterra
equation by converting the elastic constants to isotropic constants, introducing
the isotropic Green’s function, and then recasting the equation as a line integral
with the help of Stokes’ theorem. Substitution of Eq. (2.120) into Eq. (12.67)
gives

o

by

) GG,-j(x - Xl) 6G,-m(x — X,)

b, —
/ mtim /
ox; o/,

0G(x — x')
K ox

Al
bpii, — ,
m

bmﬁ’n] ds’,
(12.147)

where the geometry for the surface integration is shown in Fig. 12.1. Next,
Eq. (4.110) for the Green’s function is substituted to obtain

L[], O 1 ., O 1 s ., 0 1
ui(x) = — 47‘5JJ [b'n" ox!, (|X — X’|) + bnfy ox!, <|x — x’|) * ,ubmn’” oxi \|x — x/|
)

1, ¥x—x] 1 L Ox =X .,
TA0 - waadader, T 21— ) " axonan, | %
( V),Lt X xj xj ( V) X 0X, 0Xp,

(12.148)

Equation (12.148) is next put into a form suitable for the application of Stokes’
theorem by substituting the equality
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ibmﬁ’i 1 1 ;meA, o¥x — x|
wmmad \|x—x'|) 41 —v)u maxa;aax

1 L, Ox — /| ., O 1
T2 )" ooy, e \x— ]

J Jb, i ds’
o, u—r
3
1 ., 0 1 )
JJP““ax ( wO“”ﬂmaﬁ(h-—vO}ds (12.150)
3
1

Ox-x| . ok—x]
T 8n(l —v) JJ [bmn" 0x0x], 0x!, = Dy, ax;ax;ax; ds’.
b

(12.149)

so that

Applying Stokes’ theorem, given by Eq. (B.4), the second and third surface
integrals in Eq. 12.150 are converted into line integrals so that

o Lo/ 1 o o
)=~ | [ (x - x'l)dS g e g0
b C

0%|x — X/|

1
—— beyuby—— 1
8n(l —v) i;e " 0x;0x;

(12.151)
dx;.

The geometry for the line integration is illustrated in Fig. 12.10. Alternatively,
Eq. (12.151) may be converted to a vector form by expressing its three terms as

b 1 [bxds 1 b x (x — x)] - ds’
=——0—— — 12.152
u(x) 4z 47r§>|xfx’| 8n(1fv)v+ Ix — x'| ’ (12.152)
c
where

J— / . n
o [[x=x)04¢ (12.153)

x = x|’

The quantity €2, is the solid angle subtended by the cut surface, X, when viewed
from x and is positive when viewed from the positive side of X. Also, the magni-
tude of the first term in Eq. (12.152) undergoes a discontinuity of 47 when x passes
through . This term therefore produces a discontinuity in u equal to Au = b (see
Exercise 12.9), which is consistent with the cut and displacement procedure for
producing the dislocation.

12.6.1.2 By use of Peach—Koehler equation
The Peach—Koehler equation for the stress field due to a loop in an isotropic
system (Peach and Koehler, 1950) is obtained by taking derivatives of the
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N Before displacement, —6x
—8)( »“/
After displacement, —6x

Figure 1221 Geometry for the determination of 0Q/0x;.

displacements given by the Burgers equation. First, following deWit (1960) and
Hirth and Lothe (1982), Egs. (3.1) and (2.120) are used to write the stress in the
form

Oupy (X
O'“/g(X) = Méaﬂéml + ,u(5a15'[gm + 50,_,,[5/{[)] %1) (12.154)
The displacement in Eq. (12.154), is now replaced by the first term from

Eq. (12.152) and the second and third terms from Eq. (12.151) so that

b 0Q
Gaﬁ(x) = - E [/I(Sozﬁélm + ,u(éozléﬁm + 5xm5ﬁl)] a_X[

1 0 1
3 0 0+ S0 et o (Y
C
O,

1
— ————[A8up0im + 10O pm + BumOp1)] ffeszbim i

8n(1—v) J

(12.155)

after changing some of the dummy indices. An expression for 0Q2/0x; in the first
term can be obtained in the form of a line integral by considering Fig. 12.21. The
quantity ©Q has been identified in Section 12.6.1.1 as the solid angle subtended by
the surface, X, when viewed on its positive side from the point x. If the point at x is
shifted by 8x, then the surface will appear from the viewing point to have shifted
by —dx. The resulting change in Q, 622, can then be determined from the geometry
of Fig. 12.21. The incremental change in area is 8% = 8x’ X (—8x) = 8x,,(&,, x dx'),
and, therefore,

6Q:_{)(x—x’)-[E‘)xm(é,,,><8X’)] (12.156)

x —x*
C

and

89__3@(x—X’)-(éfx5X’)_ (12.157)

Sy x— x|’
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Since
00 fi;(x —x)- (& x Ox') fi;(X3 —x%)8xh, — (2 — x5)0x;
81 Ix —x/|? x — x|}
‘ (12.158)
= 1;3» g ! dx]
N o \x—x]) %
C
Eq. (12.157) can be written as
50 2o/ 1 ,
5 # o <|X X/)dxk. (12.159)
C

Therefore, substituting Eq. (12.159) into Eq. (12.155), and changing some of the
dummy indices, using the properties of the alternator (Appendix E), and
employing the relationship 0/0x; = —0/0x/,,

o/ 1 ,
Tup :% [(dxléﬁm + 5o:m5/31)eilk + (5011‘5/)’1 + 50:15[51')617111(} bm +§ <|X—X/|> dxk
¢ i

3 /

u o'x—x|,, wy J} 0 1 ,

b dx, S e

a1 —v) O Y e, P 21— vy PP P \ =)
C C

(12.160)

Equation (12.160) can then put into a more symmetrical form by employing the
identity ejwepm = 0idjm — Oimd; from Eq. (E.4) to obtain the Peach-Koehler
equation in the form'

M 0 1 r M + 0 1 /

= — 5 _€im bm — | |dx; — im bm dx

Oaf 4716 “ Fﬁ@xﬁ <|x—x’> B 4g 47 CmP |x — x/| *
C C

3 /
H ox—x| H % 0 1 /
— 3 /1 Cim bm dx 50{ im’bm A dx,
47z(1—v)e * i@x@x&@x}; "+2n(1—v) peim C@x§ x—x|) *
(12.161)
or, alternatively, with the use of 0/0x; = —0/0x/, R = |x — X/|, and VR = V'’R = 2JR,

d f
Tup(X) = % Cimybm jga (VZR)dx’ e,m,;bm fj;& (V?R)dx,
C C

3
M OR 0 2 /
— im bm - 51 R)|d ?
+ 4r(1 —v) Cimk iaxiaxaax/; 4 %fﬁxi (VER) | doe
C C

where the geometry for the line integration is shown in Fig. 12.10. This equation
can be written in a more concise vector form by employing the tensor product of

(12.162)

10 The procedure, described in detail by Hirth and Lothe (1982), is tedious, but straightforward.
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two vectors (see Appendix C). Consider, for example, the first term, denoted by
o,4(1), which may be written as

0 0 0
oy8(1) = —%ﬂ;{elzabza ; +€13ab36 , + exab1 = o
2

C

(12.163)

d d 211 .,
+exabs 77 7 +e31ub1 = o, +€3szzax,3}Rdsﬁ,

or in matrix form as

0 ) ) o\, , 0 )
(rag—rrag)t (bagtrag)es (bagtuag

I S N I Oy Ve (2 O gy
[O’(l)}—E%[—e <b3ax/l 1a /3>dsl <b3ax/l bl@xg d52 b3ax/l b] axg dS3.
C
1

0 d d d d d
— ds) (by=——br—)ds) (bj— —br—
("‘axg b2 q) %1 (16x’2 zaxq> 2 (lax’z 2 ox

A comparison of Eq. (12.164) with Egs. (C.1) and (C.2) shows that the tensor (1)
can be written as the tensor product of the two vectors (b x V') % and ds', i.e.,

a(l) = 4n+(be) ®ds. (12.165)
C

The remaining terms in Eq. (12.162) can be rewritten using the same method to
produce the relatively concise result

o(x) = 47I%(b V) ®@ds' +-— %ds@(bxvl)

¢ ¢ (12.166)

U / /
_%(l_v)i;[v (b xds)][VeV - IVIR.

By use of infinitesimal dislocation loops
The use of infinitesimal dislocation loops for finding the elastic fields of finite loops
has been described in Section 12.5.1.6. Equation (12.140) of that section can be
converted to apply to the present case of an isotropic system by using Eq. (2.120)
to obtain the differential displacement at x due to a differential dislocation loop
located at x’ in the form

du;(x) = —[Abiit)dy + ,u(bkﬁj" + b)) %ds’ (12.167)

or, equivalently,
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6G$(X—X')+6G?,{°(x—x’) 2v 5 G2 (x —x')

dui(x) = —ub; 0x;, GX;. + -2y k ox

] Alds’.

(12.168)

!
m

Then, substituting the Green’s function given by Eq. (4.110), the expression

du;(x) = —

1 (1 — 2\)) (fz,-bkxk + biﬁkxk - bkfzkx,«) + 3bkﬁ1xl»xkxl
)

8n(l —v 3 }dS

X X3

(12.169)

is obtained for the infinitesimal displacement at x produced by an infinitesimal
loop characterized by its Burgers vector, b, positive unit normal, n, and area, dS,
and located at the origin (x’ = 0).

In Exercise 12.12, Eq. (12.169) is employed to formulate an integral
expression for the displacement field produced by a finite prismatic disloca-
tion loop.

As demonstrated by Groves and Bacon (1969) and Bacon and Groves
(1970), the displacement fields of a number of infinitesimal loops are elastic-
ally equivalent to the fields produced by classical nuclei of strain, i.e., small
clusters of applied point forces (Love, 1944). For example, for an infinitesi-
mal prismatic edge-type loop with b = (0,0,b) and n = (0,0,1), Eq. (12.168)
reduces to

B 0Gx (x — ) v 0GR (x—X) ,
du;(x) = 2,ub< o + . o ds’. (12.170)

By comparing Eq. (12.170) with Egs. (10.15) and (10.17), it may be seen that the
first term of Eq. (12.170) produces a displacement field of the same functional
form as that produced by a double force without moment in the force dipole
moment approximation of Section 10.3.5, while the second term produces a field
attributable to a center of dilatation. For a shear loop with b = (b,0,0) and
n = (0,0,1), Eq. (12.168) yields the displacements

B 0GY(x—x') 0Gx¥(x—x') ,
du;(x) = ,ub( o + o ds’, (12.171)

corresponding to the displacements produced by the pair of double forces with
equal, but opposite, moments shown in Fig. 12.22, since use of Egs. (10.5) and
(10.10) shows that

_ G (x) | 963 (%)
u,(x)-ZaF( o + o ) (12.172)

Nuclei of strain such as these are useful, since their displacement fields can be used
to construct solutions for a variety of elasticity problems.
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-

Figure 12.22 Pair of double forces with equal, but opposite, moments around the x, axis. All
moment arms of length a.

Strain energies

The strain self-energy of a dislocation loop is found in Section 12.5.2 to be just half
the interaction energy between two superimposed loops that are duplicates of one
another. The interaction energy between two loops in an isotropic system is given
by Eq. (16.34), and, therefore, after setting b’ = b® = b, and C" = C® = C,
and dividing by 2, the strain self-energy of a single loop, C, in an isotropic system
is (Hirth and Lothe, 1982)

- ds)(b - ds®
Wczéjg jL(b = ie(b = )+8n(1ﬂ—v) jL 3LbXdS<l))'I'(bde(2>)'

c=c c¥=c ch=c cP=c

(12.173)

As in the case of Eq. (12.146), singularities are avoided in the double integration
by assuming that the segments do not interact when they are closer than a cut-off
distance, p.

In Exercise 12.11, Eq. (12.173) is used to find the strain energy of a circular
planar loop with b lying in the loop plane.

Segmented dislocation structures

Many common dislocation structures consist of segments of straight dislocations
joined together in various configurations. Examples include polygonal dislocation
loops and dislocation networks of various types including small-angle grain bound-
aries (Fig. 14.11). Furthermore, smoothly curved dislocation lines or loops can be
well approximated by short contiguous straight segments linked together in chains.
Many three-dimensional dislocation models composed of ensembles of relatively
short interconnected segments have been constructed, which approximate the
complex dislocation structures produced by plastic deformation (Zbib, Rhee, and
Hirth, 1998; Devincre, Kubin, Lemarchand, and Madec, 2001; Devincre, Kubin,
and Hoc, 2006).

By invoking linear superposition, the total elastic fields produced by such seg-
mented configurations can be found by simply summing the stresses contributed by
the individual segments. Expressions are now found for the elastic fields contributed
by single straight finite dislocation segments that are suitable for this purpose.
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A
i/

Figure 12.23 Geometry for integrating Eq. (12.113) along the dislocation segment AB. All
elements of the diagram are in the plane of the paper.

The stress fields due to relatively simple multi-segment planar structures correspond-
ing to dislocation nodes, angular dislocations, and polygonal loops are then formu-
lated. Finally, three-dimensional segmented structures are considered. References
include Asaro and Barnett (1976); Bacon, Barnett, and Scattergood (1979a); Bacon,
Barnett and Scattergood (1979b); Hirth and Lothe (1982); and Lothe (1992b).

Elastic fields

Straight segment

By use of Brown’s formula

Figure 12.23 shows a finite straight segment AB that is part of a larger infinitely
extended configuration of the type illustrated in Fig. 12.13b, and which, following
Bacon, Barnett, and Scattergood (1979b), is termed a bi-angular dislocation. The
in-plane stress produced by the entire bi-angular dislocation at the field point P
can be obtained by simply integrating Eq. (12.113), which holds for a single
hairpin, along the AB segment. As demonstrated later, complex structures con-
sisting of joined straight finite segments can be produced by joining bi-angular
dislocations in such a manner that their semi-infinitely long end segments mutu-
ally annihilate. The resulting total stress field is then simply the sum of the stresses
obtained by integrating over the surviving finite segments.

The stress, o-j?B(P), at the field point P of Fig. 12.23 due to the bi-angular
dislocation is now obtained by integrating Eq. (12.113) along AB. After changing
variables by use of Eq. (12.109), and expressing the integral in terms of the angular
limits 0* and 6%, Eq. (12.113) takes the form

O

appy = L [ Gino—o)|s,
g, (P) = % (J sin(0 — a) [EU(@) +

d>%;(0)

|40 (12.174)
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and, upon integrating by parts twice,

dz,(0)"

30 | (12.175)

GS‘B(P) = % —cos(0 — a)3;;(0) + sin(0 — )
Examination of Eq. (12.175) shows that the stress depends only upon p, o, the two
terminating angles 6” and 6%, and the data for infinitely long straight dislocations
which determines X;(0). It is essential to recognize that any attempt in this
formalism to isolate the contribution of the straight segment AB to the stress
field of the overall bi-angular dislocation, will be fruitless since this contribution
has no meaning by itself if considered in isolation. Note that when the segment
length becomes infinite, 0® — « + 7, and 0* — «, and Eq. (12.175) takes the
form o;;°*(P) = ¥;(«)/p, which corresponds to the situation in Fig. 12.14c with
0 = o, and is characteristic of an infinitely long straight dislocation according to
Eq. (12.107).

It is noted that the ends of the bi-angular dislocation in Fig. 12.23 can be
connected at an infinite distance from the finite AB segment to form a closed loop
without sensibly affecting the stress contributed by the segment at finite distances
from the segment. The stress increment given by Eq. (12.175) can therefore also be
regarded as the contribution of the bi-angular dislocation when it is taken to be
part of a closed loop. It is also noted that when hairpins are used to obtain the
stress field of a closed loop as by use of Eq. (12.114) the required integrand is not
unique. Since the stress field of the loop is determined by a line integral around the
loop, any function that is a perfect differential can be added without altering the
result. Finally, even though the above results were restricted to a single plane, it is
demonstrated in Section 12.7.1.3 that they can be used to obtain three-dimensional
stress fields produced by three-dimensional structures composed of straight segments.

By integration of Mura equation
As shown by Willis (1970), Steeds and Willis (1979), and Lothe (1992b), the elastic
field contributed by a straight segment can be determined by employing further
methods to integrate along the segment. In the following, attention is focused on the
determination by Lothe (1992b) of the distortion field of a straight segment, such as
segment AB in Fig. 12.23, by the integration of the Mura equation in a form that is
conveniently expressed in terms of the integral formalism of Section 3.5.2.

The distortion contributed by the segment AB in Fig. (12.23), can be expressed
by the Mura equation, Eq. (12.80), in the form"'

B
x'

= biCijue;jsn J

X/A

Oty (X)
Ox;

0Gim(x — X')

& d,. (12.176)

"' This is valid, since, as just remarked in the discussion of Eq. (12.175), the segment AB can be
regarded as part of a closed loop. Therefore, the Mura equation applies.
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Figure 12.24 Dislocation segment AB showing dislocation-based (&, n,t) coordinate system
used to obtain the elastic field contributed by the segment at P. The unit base vector n (not
visible) is given by i = t x & and so points into paper. Also, shown are the unit vectors

w = (x —X')/|x — x/| and m. Note that n is given alternatively by n = w x m.

After substituting for the derivative of the Green’s function by use of Eq. (4.40),
Eq. (12.176) takes the form

B
X'

Oum(x) _ biCijaejsn J |deﬁ, %{w,(lélé),;; _ Igl(]g/g);pl[(,gw)pj n (W‘A)pj} (lglg)j;;}ds’

O, 8n2 —x J
L

(12.177)

where it is recalled (Fig. 4.2) that the line integral along s goes around the unit
circle, £, traversed by the unit vector k as it rotates in the plane perpendicular to
w. However, Lothe (1992b) has shown that Eq. (12.176) can be integrated along
AB using the geometry shown in Fig. 12.24. Here, a dislocation-based (&, 1, t)
coordinate system is employed, so that the vector x — x’ can be expressed by

X' —x = he +wn + It. (12.178)

As a consequence, Gy, (x — xX') — Gy,,(h,w,l) where the coordinates in the crystal
(é1,8,,8;3) system and (&, n,t) system are related by

(.Xll — )C1) é] ﬁ] f] h h é] éz é3 (Xll — X1>
()C/z — Xz) =1|é fz w w| = | Ay i3 (x/2 - )Cz)
(3 — x3) e3 iy ] L1 [ ho b 6] L(W-x)
(12.179)
The operator 0/0x; in Eq. (12.176) is therefore given by
0 0 0 0
— + 0y — +l1 (12180)
ax} ah ow ol

and by employing Eq. (12.180) in Eq. (12.176), and using the relation dx/, = 7,ds,
B B B

0 m ~ ~ 0 cm N 0 m ~ 0 m
" :befjklejsnl,, e;Jids+nlJids+nJids . (12181)

o, oh ow al

IS I I
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(a)

Figure 12.25 (a) Construction of three-fold node at A by assembling three bi-angular
dislocations containing finite straight segments, AB, AC, and AD, respectively. (b) Final
node after extending B, C, and D to infinity. All elements are in the plane of the paper.

Lothe (1992b) has evaluated the three integrals by an unusually lengthy proced-
ure, and therefore only the result is presented, expressed in terms of the integral
formalism in the form

Ou,, 1

R R . FNE R e B
Ox = mbicijklejsntn{_lemk + ny |:(l’ll’l)mi (nm)rprk + (nn)mll;Spki| }A’ (12182)

where the vector m is shown in Fig. 12.24, and the vector n corresponds to
n =w x m. The vector w is given by w = (x —x')/|x — x/|, and the matrices Q,;
and S;; are given by Eqs. (3.133) and (3.134), where m and n in the integrals in
these equations rotate by the angle w in the plane perpendicular to w.

Two-dimensional multi-segment structures

Dislocation node

A three-fold planar dislocation node can be constructed as shown in Fig. 12.25a,
where three bi-angular dislocations consisting of straight segments of the type
shown in Fig.12.23 are assembled to form the node at A. The three semi-infinite
end segments lying between A and —oo mutually annihilate, and, if each
remaining end segment is extended out to infinity, the three-fold node consisting
of the three semi-infinite segments shown in Fig. 12.25b is produced. Since all
three segments emanate from the node, the Burgers vector nodal condition

bAB 4 bAC + bAP =0 (12.183)

applies.

The in-plane stress at P contributed by the segment AB in Fig. 12.25a can then
be obtained by employing Eq. (12.175). In this case, p = R sin (0 — ), and when
B is extended to infinity, as in Fig. 12.25b, 0® — 7 + «. Therefore, upon setting
0* = 0, Eq. (12.175) takes the form

d 3;(0)
do |’

a2B(P) = L csc(0 — o) Ejj(a) + cot(0 — o) Ey(0) — (12.184)

i " 2R
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Figure 12.26 Angular dislocation.

Similar expressions are obtained for the remaining segments AC and AD. If
additional segments are added so that N segments are present, the total stress at
P can be expressed as the sum

(m)
do ’
(12.185)

1 & m n
a;(P ﬁz ese(f — o™ Z< (“)—Fcot(@—oc(’"))EEj)(H)—

m=1

where the segments are now labeled in the order 1,2,. . ..N. However, the relationship

L dg ()

; —g =0 (12.186)
is valid, since d E ( )/d 0 for segment m in this sum is linear and homogeneous
with respect to 1ts Burgers vector, b"”. Therefore, applying the nodal condition
given by Eq. (12.183), the sum corresponding to Eq. (12.186) vanishes, and
Eq. (12.185) reduces to (Asaro and Barnett, 1976)

;i(P) = —XN: [csc(e — oY Si (@) + cot (0 — a<m>)z<f“>(9)} . (12.187)

)

Angular dislocation

Consider the angular dislocation in Fig. 12.26 composed of two joined non-
collinear semi-infinite segments. Comparison with Fig. 12.25b shows that this
angular dislocation is nothing more than a two-fold node, with the Burgers vector
of one segment reversed. Therefore, using Eq. (12.187) with N = 2, and reversing
the Burgers vector of segment 1, the in-plane stress at P is given by

1 2
6;(P) = [csc(e a<m>)z§;”)(a<m))+cot(0—a<"’>)2(f”>(9)} L (12188)

2R Y

Polygonal loop

As shown in Fig. 12.27, a triangular loop can be produced by assembling three bi-
angular dislocations consisting of straight segments. The in-plane stress produced
at P could be determined by using Eq. (12.175) to sum the stress contributions of
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Figure 12.27 Construction of planar triangular loop by assembling three bi-angular
dislocations of the type shown in Fig. 12.23. The anti-parallel semi-infinite end segments
emanating from the corners mutually annihilate.

the three segment sides. However, when each segment is part of a closed loop, as in
the present case, a simpler formulation can be found based on Eq. (12.118), which
is valid for a closed loop. The contribution of segment AB, obtained by integrating
Eq. (12.118) along AB, is

HB
aP(P) = % J [sin(@ — )%;(0) — cos(0 — «) d%"@(@) do (12.189)
0A

after applying Eq. (12.109). The second term can be integrated by parts to obtain

0° 0°
J cos(0 — a) d%jg(e)dQ = J sin(0 — ) X;(0)d0 + [cos(0 — o) X;(0)] Zi, (12.190)
o o

and, after substituting Eq. (12.190) into Eq. (12.189),

(_)B

a2B(P) = L [—cos(0 — o) Xy(0) ] o

A 2 (12.191)

Equation (12.191) is simpler than Eq. (12.175) and has the advantage that it does
not require knowledge of the derivative of X;(0), which can be troublesome to
determine accurately, as discussed by Bacon, Barnett, and Scattergood (1979b). It
is therefore the preferred expression for segments of closed loops.

Therefore, using Eq. (12.191) and the parameters illustrated in Fig. 12.28, the
stress at P due to the three segments of the triangular loop in Fig. 12.28 is obtained
in the form

1 1 1
i (P) =57z [ = cos(0” = o) (0) + cos(0") — o) x(0)

1

el cos(0) — o) 53(0%)) + cos(0?) — o) x;(0?)]  (12.192)

+

1 3 .
+ 5w [ cos(0") = a0 + cos(0) - o)z (0]
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(b)

ref

Figure 12.28 (a) Triangular dislocation loop. Three vertices indicated by (1,2,3). oc(l) is the
angle with respect to reference line of segment leaving junction (i); «') is the corresponding
angle of the segment entering junction (7). (b) Same loop as in (a), but the lines from the field
point P to the vertices and the angles between these lines and the reference direction now
shown.

Then, the two terms containing the common factor 2,3,(9(')) can be combined in the
form

cos(01) — oa"x;(01)  cos(0) — ')z, (0M)

200 2000 (12.193)
- sin(ar!) — o) esc(0) — o) ese(0) — aD)5;(0M)
2R(M)
after using the following relationships derived from Fig. 12.28,
o =a p12 = ROsin(0) — o) pBY = RO sin(9D) — D).
(12.194)

Similarly, two additional terms of the same general form can be obtained by
combining the remaining two pairs of terms. Furthermore, additional sides can
be added to the original triangle to form an N-sided planar polygonal loop. As a
result, each side will contribute a term of the form of Eq. (12.193), leading to the
total stress at P, due to an N-sided planar polygonal loop,

1 I sin(o™ — o om _ o m 0™ — o m)yy, (9
oy (P) — Ezzsm(ogr al™) ese( oy ) esc( a2 ( )
m=1

R(m)

(12.195)

Three-dimensional multi-segment structures

As demonstrated in Section 12.5.1.4 (Fig. 12.15), the Brown’s formula method can
be used to find the stress produced by a smoothly curved non-planar loop in
three dimensions. The method can also be applied to three-dimensional multi-
segmented structures, and several examples are shown in Fig. 12.29. Figure 12.29a
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(a) (b)

Figure 12.29 (a) Non-planar polygonal loop ABCDE. (b) Non-planar three-fold node with
segments AB, AC, and AD. (c) Non-planar segmented line.

shows a non-planar polygonal loop composed of bi-angular dislocations, where
the semi-infinite end segments mutually annihilate, and the five planes containing
the field point P and the segments, i.e., PAB, PBC, PCD, PDE, and PEA, are non-
coplanar.'? Figure 12.29b shows a non-planar three-fold node, where the three
semi-infinite end segments emanating from A mutually annihilate, the segment
ends at B, C, and D can be extended out to infinity, and the planes containing
P and the various segments are non-coplanar. Figure 12.29¢ shows a segmented
line where the semi-infinite segments emanating from the junctions mutually
annihilate, the semi-infinite segment ends at A, and F can be extended out to
infinity, and the five planes containing P and the various segments are non-
coplanar. In all cases, the stress at P contributed by each segment can be deter-
mined by use of the previous methods with the quantities involved for each
segment referred to the local plane containing P and the segment.

Strain energies

Straight segment

Just as the stress field contributed by a straight segment that is part of a closed
dislocation loop can be obtained by integrating the equation for the stress field of
the loop along the length of the segment, the strain energy contributed by the
segment can be obtained by integrating the equation for the loop strain energy
along the length of the segment. Employing Eq. (12.146), the strain energy
contribution of an AB segment is therefore

'2 Note that Fig. 12.29a is just a coarsely polygonized version of Fig. 12.15.
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2n
1 1
AB __ . (1) o =N 7 2 -
W — @ J J |X(1)_X(2)|J Cl/kl(m)bk(ds X m)lb,(d S< ) X m)/d 0,
LW=AB £P=AB 0

(12.196)

where the line integrals, £ and £, involving ds'” and ds®, are each taken
along the AB segment.

Multi-segment structure
Hirth and Lothe (1982) have shown that the strain energy associated with a
segmented structure can be determined with acceptable accuracy as the sum of
the strain energies contributed by all segments comprising the structure plus the
interaction energies between all distinguishable pairs of segments in the structure
as obtained by the use of our present models. The energy contributed by each
segment is then obtained by employing Eq. (12.196), and the interaction energy
contributed by each pair of segments by employing Eq. (16.23).

The demonstration given by Hirth and Lothe (1982) employs an isotropic
system where analytical results for simple tractable cases can be readily derived,
and the reader is therefore referred to Section 12.8.2.2 for a detailed account.

Segmented dislocation structures in isotropic system

Elastic fields

Straight segment
To find the stress at P, contributed by a straight finite segment that is part of a
bi-angular dislocation or closed loop in an isotropic system, we follow deWit
(1967) and Devincre (1995) and integrate the Peach—Koehler equation along the
segment using the geometry in Fig. 12.30.

The origin of the coordinate system can be positioned arbitrarily, the vectors
R = x — X’ and p run from the segment to P, L is the projection of R on t, and

dx’

=g dy = fids'. (12.197)
S

(a) (b)

Figure 12.30 (a) Geometry used to find stress at field point P due to straight dislocation
segment AB. (b) Detail of geometry for line integral along segment.
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The following relationships then hold for the quantities in Fig. 12.30:

- dar’
dR L oL . OR R,
iy R w " R (12.198)
(p?) op; o
2p, L= 5 — b
ox; Pi o; ij i

Following Devincre (1995), and, using 0/0x’,, = —0/0x,,,, and the relation

o (1 o [1_, 1 o'R
=—|zVR|=c——1— 12.199
X (R) X <2 v > 2 0x,,0x,0x,, ( )

the Peach—Koehler equation, i.e., Eq. (12.162), is rewritten in the form

b, R , , 2 o°R R .
ij = imnd i 'mnd i ‘mnk - 51" d .
9i(X) 8 i; [me@xpaxp (e Nte %)+ 1—v Cmnk 0x,, Ox;0x; J 0x,,0x,0x,, Mk

C

(12.200)

For present purposes, this can then be put into a more usable form by introducing
the variable, ¢, defined by the indefinite integral
1 1
= ?1;Rdx§ _ fi;Rds - —ii;[pz FWPIL = ~3 [ IR + L)+ LR] +£(p),

C C C
(12.201)

where use has been made of Eqgs. (12.197) and (12.198), and f(p) is the constant of
integration. Then, substituting Eq. (12.201) into Eq. (12.200), with the constant of
integration assigned the value f(p) = p?/4,"

b, o R , 2 g 0%q .
(x) = 99 (e b+ et — 9y ikl | -
73j(X) 87 | 0x,,0x, 0, (€imnly + ejnnls) + 1— v\, 0x;0x; ;0,0 it

(12.202)

Useful expressions for the derivatives of ¢ in Eq. (12.202) are now required.
Introducing the vector

derivatives of ¢ of the forms

13 This requirement on f(p) is obtained by demanding that the final formalism developed with the use
of f(p) = p*/4, ie., Egs. (12.202) and (12.211), yields the known correct stresses produced by
infinitely long straight dislocations. The use of this formalism in determining such stresses is
illustrated in Exercise 12.7.
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Jq 1 1 p*l;
—=——142p;|In(R+L") — = Y; 12.204
o 2{ p'[n( L) 2]+(R+L’)+ Js (12:204)
0%q 1 .. 2pY; + Y;(R+ L')i; + Rpjti + (L' — R)1Y;
= ——2(5: — ) In(R + L’ ! J J
axiaxj 2 |: ((SU tlt.l) n( + )+ R(R +L/) :l

pil; + pjti + L'tif; &vn+um}

= - {(5,,» — &) In(R +L') + ®iD) RE L)

i it + pjfi + L'ity 0,
== {(5;; @i IR + L) + P h i (pip)) }

R RR+L)]

(12.205)

and
0q i - ;. ...\1 [(0p op; Op; 1
— == L t; + titit, — Y, ! T
SO0, <ax,,, i+ 50, i ) R (ax, L el P ) RRLL)
’ R Rm Ym
+(p1t]+pjtl+tlth) +ppj R3(R+L/)+R2(R+L,)2
(12.206)

are obtained. However, when Eq. (12.206) is substituted into Eq. (12.202), factors
of the form

ekmnfkfm =0 (12207)

appear. Since they vanish, Eq. (12.206) can be simplified by removing the terms
leading to such factors with the result

a3q _ 5iij + 5]mYl
Ox,0x0x;  R(R+L)
op, 1 ]
— oy { ——— — (pifi + pifi + L) —
a.x] (R +Ll) / I I R3 (12208)
1 n 1
PERRTL) T RER LY [

In addition, the following derivatives are obtained:

azq /
= 2In(R+L) -1 (12.209)
Ox,0x,4
and
3
Cq 2w (12.210)

0x,,0x40x, R(R+L)
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2 — X

Figure 12.31 Angular dislocation consisting of semi-infinite straight segments 1 and 2.

Finally, the stress at x contributed by the segment AB is obtained by evaluating
Eq. (12.202) at the limits x' = x® and x' = x4, ie.,

/_x/B
a3 (x) = |oy(x)[}_ (12.211)

Y x'=x'A"

Results for a wide range of segmented configurations can be determined using the
above method by integrating along each segment referred to a common origin. In
addition, stresses for smoothly curved loops can be obtained by approximating the
loops as N-sided polygons. For example, Khraishi, Hirth, and Zbib (2000) have
used this approximation to obtain the stresses due to circular dislocation loops
and have shown that results closely approaching the exact analytical solution can
be obtained by employing manageable values of N.

This method is employed in the next section to obtain the stress field due to the
angular dislocation shown in Fig. 12.31. In Exercise 12.7, Eq. (12.202) is used to
obtain the ¢;; stress due to an infinitely long straight edge dislocation of the type
illustrated in Fig. 12.2a.

Angular dislocation

The stress field of the angular dislocation in Fig. 12.31 in an isotropic system can
be found by summing the stress fields due to the two segments obtained by use of
Eq. (12.202). The results are cumbersome, and, therefore, only the g3 stress is
considered for the case when b = (0,5,0). For segment 1, using the geometry in
Fig. 12.31, t") = (—sin 0,0, — cos 0), and Eq. (12.202) then reduces to

3 3
(1) _ ,ub 0 q . _ 0 q
o, (P) = yPrE— (6}(36xz6x3 sin 0 oo cosf |. (12.212)

Using Eq. (12.208), with m=3, i=2, and j=3 and then with m=1, i=2, and j=3 to
evaluate the first and second terms, respectively,

(pl cosf — P3 Sin9) —Im

X

jtb { [Pz cosO  pyp3(L' +2R)

. X=0
(1) R, sin 0
P) = .
PTG B Rw R }

—00

(12.213)

Then, after evaluating the limits,
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—sin0 0 2 sin0 1¢3sin0
agg)(P) _ ubxs sin & cc;s i sin . &iéssin 1, (12.214)
) 4n(l—v)x |(x = &) x x(x—&)" F(x—-&)
with
£ =x1cosf — x3sin 0 &3 =x1sinf + x3cos 0. (12.215)
For segment 2, with t*) = (0,0, 1), Eq. (12.202) reduces to
3
) (py — 1 q 12.216
%2 ( ) 47I(1 — V) 6x16x26x3 ' ( ' )
Then, using Eq. (12.208), with m=1, i=2, and j=3,
Qpy M0 |papp T pb xid 12217
7% (P) An(l —v) | R? Ixao Ar(l —v) 3 ° (12.217)

The total stress is then

o2 (P) = o3y (P) + o33 (P)
_ ubx —sinf x  &cos®  Esing Esin0
dn(l—vx |(x = &) *? x? x(x—&)? B —&)|

(12.218)

in agreement with results obtained by Yoffe (1960; 1961), who first determined the
field by integrating the Burgers equation, and Hirth and Lothe (1982), who
summed the stresses of the segments after finding each in its local coordinate
system.

Three-dimensional multi-segment structures using triangular loops

The stress fields due to more complex three-dimensional multi-segment structures
in isotropic systems can obviously be found by employing the previous solutions
for finite straight segments, and the methods described. As pointed out by Barnett
(1985), the displacement field of a triangular dislocation loop can often be used as
a basic element for the efficient determination of the displacement fields produced
by a wide range of segmented structures. For example, as shown in Fig. 12.32, a
non-planar dislocation loop and a segmented dislocation line, respectively, can be
constructed by assembling abutting triangular loops. If the displacement field of
each triangular loop is known at the field point P in a common coordinate system,
the total field can be determined by simple summation.

We therefore follow Barnett (1985) and obtain the displacement field of a single
triangular loop by integrating the general Burgers displacement equation, i.e.,
Eq. (12.152), around the loop. The result is obtained in a coordinate-free vectorial
form, so that the field due to any ensemble of abutting loops is expressed directly
in a common coordinate system. The geometry is shown in Fig. 12.33, and
Eq. (12.152 therefore takes the form
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(a) P

Figure 12.32 (a) Non-planar segmented dislocation loop constructed by assembling abutting
triangular loops, such as ABC and ACD. Planes of the triangles, such as ABC and ACD,
are not necessarily coplanar. Abutting segments, such as along AC, mutually annihilate,
leaving only the peripheral loop. (b) Non-planar segmented dislocation BCDEGF
constructed, as in (a), by assembling abutting triangular loops, such as ABC and ACD. If
the points A, B, and G are moved out to infinity, the result will be an infinite line containing
the two offsets CD and EF.

(a)

Figure 12.33 (a) Triangular dislocation loop ABC with vectors R*, R®, and R emanating from
field point P. (b) Geometry for integrating Burgers equation along the loop segment AB.

u(P) = —439+FAB+FBC+FCA, (12.219)
/[

where Q is the total solid angle subtended by the loop, and the contribution of
segment AB is of the form

sB sB

: (bxiAB)JE—vJ—(bXEAB)'R

FAB — _ 1
47 R

(12.220)

sA

after using dx’ = t*Bds. F®< and F* are obtained by the cyclic interchange of A,
B, and C.

The FA® term is evaluated first using the geometry of Fig. 12.33b. For the first
integral,

T g RP + R . ¢

. « A -t

(bxtAB)J—s:(bxtAB)Jism:(bxtAB)ln U .
W K ) [+ 07 RA +RM -

(12.221)
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For the second integral,

: ~AB K
bxt ) -R . X = x;
-V J%ds = —eubiir BV J(’ix)ds. (12.222)
R R
sA A
However, since
x—x\ &  (x—x)R
V( R ) = —E+7R3 , (12.223)
5B B B
(x —x;) ds [(b x tAB) . R]R
— et ®V J 7 Zds = (b x t'B) JF - JTds. (12.224)
sA sA $A

To evaluate the latter integral, R is needed as a function of s. Using the unit vector,
m, in Fig. 12.33b, R = pm + st*B, and

(b x t*B) . R = (b x t*B) - (pm + st*B) = (b x t*B) . pm. (12.225)

Then substituting Eq. (12.225) into Eq. (12.224), and integrating,

s ~AB 5B ~ ~AB
.RIR R
_[bxt) R] ds= —(b x t*B) . prn (pm+st )
R3 (p? —|—s2)3/2
A sA ) (12.226)
N e
=—(bx t"B) . m|—— 2
(P +52)'" |
However,
. -AB
R t R - .
2= ('OZHH——Z)W =mecosa + t*Bsina, (12.227)
p°+s
and, therefore,
. ~AB
— R
smopt 4 <_) (12.228)
(p? +52) / doa \R

This result identifies the quantity (st — ptAB)/(p? + s2)"/? as a unit vector that
can be written as

~ ~AB ~AB
sm — pt R xn
P+ R (12:229)
where nB is the unit vector
. R” x RB
AB_ % X (12.230)

IRA x RE|’
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Then, substituting Eq. (12.229) into Eq. (12.226), and using t*B x m = —n"B,

B B
N ~AB, |* ~AB|*
_(bXEAB).ﬁ]M :_(bXEAB).ﬁ]inn
@+ ol (12.231)
A (RERY
= (b-nAB) <R—B—R—A> XnAB.

Finally, after gathering all terms required for FAB, as given by Eq. (12.220),

JAB
pap_ (=29 e RE+R® -t
=—c (b x t"*) In ———— 3
8n(1 —v) RA + RA -1

(12.232)

1 ap (R®RY ~AB
(b - = .
+8n(1—v)( " )<RB RA) <M

Using Eq. (12.219), the displacement field can then be conveniently expressed as
bQ (1 —2v)

P) = — > L7 2V) 1pAB | ¢BC | gCA AB BC CA
u(P) 4n 8n(1—v)[ + + H_87r(1—v)[g g +e
(12.233)
where, for example, for the AB segment,
~B AB
£ — (b %) | R LEA )
- RA ~A ~AB
(I+N -t )
(12.234)

g _ b A AN AT
(1 +2% 1Y ’

and XA, XB, and A€ are unit vectors parallel to R*, R®, and R, respectively.

It now remains to find an expression for the solid angle, 2, which, as shown by
Barnett (1985), can be obtained by means of spherical trigonometry. If one
imagines a unit sphere centered on the field point at P, as in Fig. 12.34a, the solid

Figure 12.34 (a) Spherical triangle (shaded) delineated on surface of unit sphere by solid
angle subtended by the triangular loop ABC when viewed from the field point, P,
located at sphere center; n is the positive unit vector normal to the ABC plane.

(b) Enlarged view of spherical triangle in (a).
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angle subtended by the triangular loop ABC when viewed from the field point
defines a spherical triangle on the surface of the unit sphere (shaded area). As seen

. . . - . CA - <C
in the enlarged view of the triangle in Fig. 12.34b, the unit vectors A | )\B, and A
connect the field point to the three corners of the triangle, and the three sides of
the triangle (expressed in radians) are therefore given by

a= cos’l(XB . XC), b= cos*'()A\A : XC), c= cos*'()A\A : XB) . (12.235)

From spherical trigonometry (Reitz, Reilly, and Woods 1936), the area of the
triangle, ST, is then given by

tan’ <§) = tan (%) tan (%) tan (%) tan (S ; C), (12.236)

where s = (¢ + b + ¢)/2. Since the area of the triangle is equal to the solid angle
that it defines on the unit sphere,

Q= —sgn(A" - n)sT, (12.237)
after taking our sign conventions into account.
In Exercise 12.9, Eq. (12.237) is used to demonstrate formally that u undergoes
a discontinuous change, Au = b, when the field point just penetrates the ABC
plane of the loop from its positive side. Barnett and Balluffi (2007) have shown
that Eq. (12.232) reduces to an expression for the displacement given by Hirth and
Lothe (1982) for the more restrictive case where a Cartesian (e, €,, €3) coordinate
system is employed and the AB segment lies along the €; axis, and the field point is
located in the x, = 0 plane. In Exercise 12.10, Eq. (12.233) is employed to derive
the displacement field of an infinitely long straight screw dislocation in an iso-
tropic system.

Strain energies

Straight segment

As discussed in Section 12.7.2.1, the strain energy contributed by a straight
segment can be obtained by regarding the segment as part of a closed loop and
integrating the equation for the strain energy of the loop along the length of the
segment. Using Eq. (12.173), the strain energy contributed by a segment AB in an
isotropic system is then

i J J (b-dsM)(b - ds?)

w=2
8 R

LMW=AB L@ =AB

(12.238)

_ Kk My.T. @
+8TC(1—V) J J (b xds'/)-T-(bxds“),
LW-AB LO=AB
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where the line integrals, £ and £®, involving ds'"” and ds®, are each taken
along the AB segment, and

R — [(x(ll) _ X§2))2 + (x(zl) _ X;Z))Z + ()Cgl) _XEZ))Z]I/Z
OR 1 (xﬂl) (»2))()((1) 7x(2)) (12.239)

ek _51“ . i i
axf“ax_g” RO

T; =

The x3 axis of the coordinate system can be taken along the segment without

loss of generality so that ds!) = fdxgl), ds® = fdxgz)7 Ty, = T, = 1/R, T35 = 0,
Ti#j)=0, and R=x{" —x7.

Eq. (12.238), and writing dx{"” = ds(") and dx{?) = ds®),

_H 2 [bxtf 1 o
W_@[(b.t) Ty s ds (12.240)

LW=AB LP=AB

Then, substituting these quantities into

However, for a segment of length L, with the use of the cut-off parameter, p,
introduced in Section 12.5.2, the double integral in Eq. (12.240) has the value

L s—p L
1 ds®@ ds®
U g = [g0 ] [ 9T _ 45
@ s _st J S0 — @ T J s — 5@
rO_AB L@ =AB 0 0 s 4p
L
=2LIn—
pe
(12.241)

and, therefore, the strain energy contributed by a straight segment of length L is
(Hirth and Lothe, 1982)

22

W:%[(b-f)z—k“;)(tv' ]Lln£. (12.242)
Multi-segment structure

As stated in Section 12.7.2.2, the total strain energy associated with a multi-
segment structure is given, with acceptable accuracy, by the sum of the strain
energies contributed by the various segments comprising the structure and the
interaction energies between all distinguishable pairs of segments in the structure
as obtained using our present models. Following Hirth and Lothe (1982), the
validity of this conclusion is now demonstrated by means of detailed calculations
for two simple cases in an isotropic system.

The energy contributed by each segment is given by Eq. (12.242), while the
interaction energy contributed by each pair of segments is obtained by regarding
each segment as belonging to its own closed loop and then integrating the
equation for the interaction energy between the two loops along the lengths of
the two segments. The interaction energy between two loops is given by
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Eq. (16.34), and, therefore, using this equation, the interaction energy between
two segments, AB and CD, is of the form

AB/CD _ u J J (bAB ~ bCD) . (dsAB % dsCD)
Wmt .
2n R
[AB fCD
u J J (bAB . dSAB)(bCD X dSCD)

+a R (12.243)

.EAB £CD
H AB AB CD CD
— b™" x d -T- (b~ xd
tay | ] et o cas)
£AB .ECD
where the line integrals, £ and £, involving ds™® and ds©P, are taken along
AB and CD, respectively.

Consider now the simple case of a straight segment AC with a point B lying
between the end points A and C. Such a structure may be regarded as either a
single segment of length (L*® + LBS) or a multi-segment structure consisting of
two individual collinear segments of lengths L% and LBC, respectively. For
simplicity, the segments are assumed to be of pure screw orientation. According
to the two-segment interpretation, the total strain energy should then be

W = WAB 4 W€D 4 yAB/BC (12.244)

nt

where, W*B and WP are each given by Eq. (12.242), and WIAB/BC by Eq. (12.243)
in the form

LAB LBC
WAB/BC _ M J J (AR - ds*®)(bPC - ds®C) b’ J dsPB J ds¢
int T 4n R T 4x sAB | ¢BC
[AB CD 0
b2 LAB LBC LAB LBC
_pb [LAB In <+) L IECIy (*)} .
an LAB LBC

(12.245)

Then, substituting Eqgs. (12.242) and (12.245) into (Eq. 12.244), the total strain
energy is

LAB LBC
L) . (12.246)

b?
w = H (LAB+LBC)1n(
pe

4n
On the other hand, if the structure is regarded as a single segment of length L*® 4 LB,
the total strain energy, according to Eq. (12.242), is

LAB +LBC
pe )

2 2
M in L'ub(LABJrLBC)ln<

W=
47 pe 4rm

(12.247)
which is seen to be identical to the result given by Eq. (12.246).

A further demonstration is provided by the structure shown in Fig. 12.35, which
consists of two long straight parallel dislocation segments, AB and CD, of screw
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(b)
R
C ds? / D
Al Tq ds”® B
(0] s— L

Figure 12.35 (a) End view of segments AB and CD in cylinder of radius a. AB lies along
cylinder axis. (b) View along x; of parallel segments AB and CD separated by distance ¢.

character with »*® = —p“P and length L. The segment AB lies along the axis of a

cylinder of radius a, and segment CD is off-axis by the distance ¢, where ¢ < L. In
this case, Eq. (12.244) takes the form

L
W= WAB L ed L yasse _ (5) “sz CDJ dst .
int o pe ) I+ ( SAB 4CD) }1/2
(12.248)
Performing the first integration in Eq. (12.248),
i [ (D 2
dsAB L — +4/(L - sP)? + g2
J Y In
) + (58 — 5P oD 4\ [P
_ (12.249)
(L—sP)(1+/1+¢
=In
sCP(y/1+6 — 1)
where
e -5 (12.250)

To perform the second integration, it is recognized that ¢ < 1 and &3 < 1 over
essentially the entire range of the integral, and therefore, expanding the integrand
to first order,

L L

(L —5sP)Y(1+4/1+¢) _ D\ CD
Jln ! ds€P Jln{u}d —2L1n 2_L
0 0

3 .
sCO(y/1 4+ —1) q 4
(12.251)
Finally,
2
_ wAB cD AB/BC _ Mb 11 L\ L1 2L _pb L
w w W +W1n1 I Lln pe 27‘[ eq o 2p

(12.252)
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This result may be compared with the total strain energy calculated by carrying out
a calculation (Hirth and Lothe, 1982) in which the AB segment is first introduced
into the cylinder and then the CD segment is introduced by the cut and displace-
ment method. The final strain energy is then the sum of the strain energy of the
initial segment AB, plus the work required to displace the two sides of the cut during
the introduction of the CD segment. The AB segment is assumed to be a screw
dislocation of the type in Fig. 12.2¢, with the cut surface taken on the x, = 0 plane.
The increment of work required to displace an area Ld x; on this cut surface is

b
dWP = - Jdb’ogg(xl,O)del, (12.253)
0
where ¢,3(x1,0) is the stress acting at the cut surface given by

pl 1
C2nxp 2n(xi—q) 27 (v —R?/q)

(12.254)

The first term is the stress due to the presence of the AB segment (see Eq. (12.55)),
the second is the stress that would be generated by the introduction of the CD
segment if the cylinder were infinite, and the third is the image stress that causes
the surface of the cylinder to be traction-free.'* Substituting Eq. (12.254) into
Eq. (12.253) and integrating over the cut surface, the final total strain energy is

W = wAB 4 WP

Rb q (12.255)
U X1 /11
——L b'db
2n JJ(XI - R?/q)
q 0
pb g pb g
a 27rLlnrO 27'CL1 b’

after dropping a second order term in ¢/R and using Eq. (12.61). Comparing this
result with that given by Eq. (12.252), it is seen that they are identical if p = b/(2x).
This is close to what should be expected since « is of order unity. Furthermore, the
strain energy is relatively insensitive to the exact value of these factors since they
appear in the argument of the logarithm. It is therefore again found that the
formalism proposed initially for determining the total strain energy of a seg-
mented structure is of acceptable accuracy.'”

14" As shown in Exercise 13.4, the image stress in this case is the stress generated by a screw dislocation
of opposite Burgers vector at the position x; = R*/q.

13 Hirth and Lothe (1982) perform a similar exercise for a pair of edge dislocation segments and reach
the same conclusion.
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Exercises
12.1 Verify that if Eq. (12.23) is applied to a Burgers circuit around the disloca-
tion, the resulting closure failure, Au;, is equal to the Burgers vector.

Solution Using Eq. (12.23), and choosing a Burgers circuit of sense similar
to the one in Fig. 12.5, but circular and of constant |x|,

2n
0 0

2n 2n
Au; = b [4713,“ J (i), dw+S,s J (i), (ﬁm)k,,dw} . (12.256)
Then, substituting Eqs. (3.133) and (3.134),
Au; = —b5(47IBkSle‘ =+ S,ASSI‘,A), (12257)
and finally, applying Eq. (3.140),
Au; = —b5(47'CBkSQk,‘ + 8:58ir) = bsdsi = b;. (12258)

12.2 Obtain the displacement field of a straight edge dislocation of the type in
Fig. 12.2a in an isotropic body by employing the Volterra equation in the
form of Eq. (12.70).

Solution Here, b = (b,0,0), t =(0,0,1) and n=(0,1,0) so that Eq. (12.70) for
u;(x) becomes

T 1 0G;(x — X’ ,
u1(X) = —bJ dxll J C12j1 [%} dx3
X, =0

SR P
0 -0 2
L (12.259)
Y Y
_ —,LLdeXII J |:aG11(X/ X)+6G12(Xl X):| dxg
0x) ox) =0

Then, using Eq. (4.110) for Gi7, and setting x3=0 (allowable, since u; is
constant along x3),

b 1 T 1 —2v)x  3xa(x) — X 2
ul(xl’_xZ) :_m\]\dx/1 J ( ) l)
0

/
BT RS ]dx3’

—00
(12.260)
with R = [(x; — ¥})* + 23 + (xg)z]l/z, and, by integrating over dx} and dx{,
() = 2 |tant (22) 41w (12.261)
I P xi)  2(1=v)(x34+x3)] '

Also, by applying the same procedure to find uy(x1, x3),

b
8n(l —v)

2, o X%
MQ(X],XQ) = — |:(1 — 2\)) 11’1()61 +X2) +X2 i 2:| . (12262)

1 TX3
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12.3 The Mura equation, i.e., Eq. (12.80), which involves only a line integral
around a dislocation loop, indicates that a dislocation produced by the cut
and displacement method must be independent of the surface, X, chosen for
the cut. Demonstrate this explicitly in an isotropic system by using the
Volterra equation to show that the displacement field of the straight edge
dislocation produced in Fig. 12.36 by making the cut on the x; = 0 surface is
identical to the one found in Exercise 12.2 by making the cut on the x, = 0
surface.

X, |__|b

AV,

WA

]

X4

X3

Figure 12.36 Straight edge dislocation produced by a cut on the x; = 0 surface.

Solution Using the Volterra equation, i.e., Eq. (12.67), the displacement for
the dislocation in Fig. 12.36 with b = (b,0,0), t=(0,0,1), and n = (—1,0,0), is

given by
=o)L
up(Xx) = X it | ==~
J 2 J J ax§ 40 3
wb [, [ 3Gx (3G 0G ,
= 1 — = .
2 o [T (TR Sd)], e
0 - "
(12.263)
Then, using Eq. (4.110) for G;7, and setting x3 = 0 (since u; is constant along
)C3),
b i i (1 —=2v)x;  3x;
=———|d¥ | |—"—+1|dY] 12.264
 (x1,%2) 8n(l1 —V)J 2 J [ R3 * RS| ¥ ( )
0 —00
with R = [ + (xy — x5)” + (xg)z}]/z. After integrating over d x4 and d x,
(e1,0) = 2 frant (2) 41 x| (12.265)
uplxy,x = — | L& — a .
PR o xi)  2(1=v) (x} +x3) b

where a; = constant. Dropping the constant, which simply represents a rigid
body translation, Eq. (12.265) is seen to agree with Eq. (12.261) for the
dislocation in Fig. 12.2a. A similar result is obtained for us.
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12.4 Use the Mura equation, i.e., Eq. (12.80), to find the strains produced by a

long straight edge dislocation of the type shown in Fig. 12.2a in an isotropic
system.

Solution Employ the same general approach as that used in Section 12.5.1.1
to obtain the elastic field of a long straight dislocation by use of the Volterra
equation. Assume the square edge dislocation loop with sides of length 2L in
the coordinate system of Fig. 12.37 and focus on the dislocation segment
AB. When L is increased without limit, the strains in the vicinity of the
origin can be attributed to the segment AB, and it is therefore only necessary
to evaluate the line integral along AB in the limit L — co. For &, the Mura
equation, with b = (5,0,0), takes the form
Ouy oG

= bC T 4 =501y § 20T 4y — by 00
@Tcl_ Injlenlp P~ 4X, =0C 131 Tx; Xy — 121 aix? 3
C

e =
0x;
C

C
0G® 3G 0G® dG% ’
“o (G e (R 5o
C

(12.266)

with the help of Eq. (2.120), and after substituting the Green’s function
given by Eq. (4.110),

b 1=20) (3 —x5)  3(x — X)) (x3 — X ,
W_V)Hl( oy =) | 3o =)o a]%

¢ (12.267)
) lu e - ) 3 - 1) —x’z)]dxg}_

&1l =

R3 R3

Then, for integration along the €; axis in the interval —L < x3 < L,
Eq. (12.267) is expressed as

[[1 — 2] +3x11 ax, (12.268)

L
&1 = — b X J
U 81— R} R’
—L

Figure 12.37 Square edge dislocation loop. The loop plane, X cut surface, and x’ are in
the x; = 0 plane.
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with R=|x—x| =[x — t}| = (J + 23 +x2)"? after setting x5 = 0.
Finally, performing the integration, and taking the limit as L — oo,

b (1—=2v)x3+ (3 - 2v)x1x2
4n(l —v) (2 erz)

&1l = — (12269)

It is readily confirmed that this result agrees with the ¢;; strain obtained by
using Eq. (12.261) and ¢;; = Ou;/0x;. Similar results are obtained for the
remaining strains.

The displacement field for an edge dislocation of the type in Fig. 12.2a in an
isotropic system was obtained in Section 12.4.1.1 by use of the transform-
ation strain formalism. Use this method to find the displacement field of a
screw dislocation of the type in Fig. 12.2c.

Solution In this case, the transformation strain is written as
T b
&y (X1, X2) = — Eé(xz)H(xl), (12.270)

and the transformation stress is then

033 (x1,x2) = 2uers (x1,X2) = —ubd(x2)H(x1). (12.271)

Substituting Eq. (12.271) into Eq. (3.168), and realizing that the only
displacements are in the x5 direction,

i <% 0G3S( ’ 0G2(x — X
uz(x) = —ub J H(x})dx) J J ox [ Gilx—x) + G33(X/ <) dxydo].
0x} 0x)

(12.272)

Then, substituting Eq. (4.110) for the Green’s function, setting the field
point in the x; = 0 plane (since the solution is invariant along x3), and
integrating over dx,

uz(xp,x0) = ———— J H(x’l)dx’l J [( ")x2+ x2(x3) dx’3,

8n(l —v) R3 R’

—00

(12.273)

where R = [(x; — x’1)2 +x3 + (xg)z}l/z. Integration of Eq. (12.273) over dx}
and dxj to obtain usz then yields the displacement field

ur(xr,x2) = ur(x1,x2) =0

SRS SR ST P
bR 2750(x1—x'1)2+x§_27f x; 2
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It is readily confirmed that this displacement field is consistent with previous
results for a screw dislocation. For example, using Eq. (12.274),

Ouy au3> ub  x

—t— )=, 12.275
Ox3  Ox; 27 (23 +x3) ( )

013 = 2uers #(

in agreement with Eq. (12.55).

12.6 Show that in an isotropic system the stress field of an edge dislocation of the
type in Fig. 12.2a given by Eq. (12.45) can be obtained by employing the
Airy stress function method described in Section 3.7, since it is a case of
plane strain. Hint: try the first stress function listed in Table I.1.

Solution The displacements are obtained first by integrating the strains. For
plane strain Eq. (2.122), with 033 = v (611 + 02,), yields the strains

6u1 1
11 _a_m_ﬂ[all_v(all+022)]
(12.276)
3 _ G 1 [o v(o1 + 02)]
22_6x2_2,u 22 11 22)]

Selecting the first stress function in Table 1.1, and writing it in the form
Y = Axlnxsinf, where A = constant, and substituting the corresponding
stresses given in Table 1.1 into Eq. (12.276),

Oup _ Axy 303 + x5 — 2vxd — 2vx3
o 2u (af +3)°
(12.277)
Quy _ Axy | =x7 +5 — 2w — 2w
oo 2 (03 +3)°
Then, integrating Eq. (12.277),
A(l —V) _1X2 X1X2
= —— |t - - s
" { R T T +x§>]
., (12.278)
A (x7 — x3)
= — (1 = 2v) In(x? + x2 +¥:|.
a0 -2+ (1

The constant, A, can be determined by making a Burgers circuit around the
dislocation and equating the resulting closure failure and discontinuity in u;
to the Burgers vector. Therefore, using Eq. (12.278), with Atan™ ' (x,/x;) = 2,
A(l —
Ay = A=Yy (12.279)
u

so that A = —ub/[27(1 — v)]. Substitution of this value of A into Eq. (12.278)
then produces agreement with the expressions for u#; and u, given by
Egs. (12.261) and (12.262).
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12.7 Show that in an isotropic system the ¢y, stress for an infinitely long straight
edge dislocation of the type in Fig. 12.2a given by Eq. (12.45) can be
obtained by employing Eq. (12.202) for the stress field of a dislocation
segment.

Solution Since b = (1,0,0) and t = (0,0,1), Eq. (12.202) reduces for the case
of the o, stress to

pb d'q o'q
- ~ . 12.2
O’]](X) 47'[(1 _ V) <ax2axlaxl 6X2axpa.Xp ( 80)

Next, using Eqgs. (12.208), with m = 2 and i = j = 1, and Eq. (12.210) to
evaluate the derivatives,

__
O-ll(x)_47'5(17\1)
P> a2 1 1 _2p
X{R(L/+R) PR+ R) R AR RU+R) |
(12.281)

The stress due to an infinitely long segment can now be obtained by taking
the origin on the segment as in Fig. 12.38 and evaluating Eq. (12.281) at the
limits L' — 4oo. Since p = (x1,x,,0), and L’ is negative when x3 > 0, use of
Eq. (12.211) shows that the stress due to an infinite length is

. ubxr
= Lim———"2
o1 (x) ‘UHE 4n(1 —v)R

1 5 1 1
: { [[—IL’I TR (RZ(—L’I BRI +R)2>

Since R = (L')* + p* = (L')* + x3 + 23, and R — |L/| at large |L'|, R is given
to first order by

. Lo
(IL[+R) " T\R(L[+R) " R(L'| +R)?
(12.282)

x% —|—x§
2|L|

R=|L|+ (12.283)

t— ,L L’ L’ J

\/ A

Figure 12.38 Geometry for determining stress due to infinitely long straight dislocation
along x3.
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12.8

12.9

12.10

Then, substituting Eq. (12.283) into Eq. (12.282) and taking the limit,

pb  xa(3x] +3)
271 =) (3 +)"

o1 = — (12.284)

in agreement with Eq. (12.45).

Equation (12.61) gives the strain energy produced by a straight edge
dislocation in a coaxial cylindrical shell of outer radius, R, and inner radius,
r. = b/a, in an isotropic system (see Fig. 12.6). The dislocation is of the type
in Fig. 12.2a and possesses a stress field given by Eq. (12.47). Obtain the
same expression for the strain energy by simply integrating the strain
energy density throughout the volume of the shell.

Solution The strain energy density in the shell given by Eq. (2.136),
expressed in cylindrical coordinates, assumes the form

1
L

Substituting Eq. (12.47) and integrating over the volume of the shell, the
strain energy per unit shell length is then

w 1 +v) (02 + a3y + 62 + 207 + 262 +207) —vO?].  (12.285)

2n R

1 1
w= 2u J J [0’2‘ 0t 2(1+v) (07, + 059 — 2vo000 — 02.) | rdrd0
o (12.286)
ub? R

TS

Assume that the cut surface, X, used to produce a triangular dislocation
loop corresponds to the plane of the loop. Now, use Eq. (12.237) to
demonstrate formally that the displacement, u, due to the loop undergoes
a discontinuous change, Au = b, when the field point just penetrates the
plane of the loop from its positive side.

Solution When the field point is on the positive side of the plane of the loop
and is just about to penetrate it, A* -0 <0. Therefore, according to
Eq. (12.237), @ = S'. The spherical triangle is a unit circle with a + b +
¢ = 2=, and so, according to Eq. (12.236), @ = S' = 2z Just after
penetration, A* - i > 0, and Q changes sign so that Q = —2x. The change
in Q due to the penetration is therefore, AQ = —2n — 2n = — 4n, and the
change in u, according to Eq. (12.152) is Au = b. Note that this result is
consistent with the X cut and displacement rule given on p. 232.

Use Eq. (12.233), for the displacement field of a triangular dislocation
loop, to obtain the displacement field of a long straight screw dislocation
in an isotropic system.
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Figure 12.39 Coordinate system with triangular equilateral dislocation loop ABC.

Solution Adopt the coordinate system in Fig. 12.39, where the AB segment
is a segment of screw dislocation of length 2L, and the field point, P, is
located at x = (x1,x,0). Then, determine u(x;, x») under conditions where
L is very large compared with x; and x, so that u(xj, x,) is not significantly
affected by the presence of the distant segments BC and CA. Using the
vectors

R” (—Xl, —X7, —L) EAB = (07 0, 1)
R = (—x|, x>, L) °C = (v3/2,0,-1/2) (12.287)
RE = (V3L —x),=x2,0)  § _(_y3/2,0,-1/2)

and b = (0, 0, b), and Eq. (12.234), it is found that f*® = g*® = 0 and
B¢ + 4 = 0 and g®“ + g = 0. Therefore, Eq. (12.233) simplifies to
b

u(P) = —,-Q. (12.288)

In this case, Q may be calculated by making the triangle sufficiently large
relative to x; and x, that the angle subtended by the triangle when viewed
from P is adequately approximated by the angle subtended by the entire
half plane x, = 0, x; > 0. Then, using Eq. (12.153) with n=(0,1,0) and

(X/ - X) = ((‘xi - xl)’ X2, -Xg)a

T / T dx,} -1X2
Q=x, | dx} =2n —2tan” —. (12.289)
/ 2, 2 0P x|
0 ol — X))+ + 7]
Finally, employing Eq. (12.288),
up) = Lo P2 P (12.290)

in agreement with Eq. (12.274), since the term, b/2, in Eq. (12.290) is
simply a rigid body translation that may be dropped.

Determine the strain energy of a circular planar dislocation loop with its
Burgers vector lying in the loop plane in an isotropic system.
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X, ds?
: b,
0 ds'?
¢
Xq
/

Figure 12.40 Circular dislocation loop of radius a. The loop plane is in the x3 = 0
plane.

Solution Employ Eq. (12.173) with b parallel to x; as in Fig. 12.40. The
various quantities in Eq. (12.173) are then given by

b -ds!") = —bsin pds

b-ds® = —bsin Ods')

b x ds!!) = &b cos pds'

b x ds® = é;bcos 0ds?

(b x dsV) - T (b x ds®) = b? cos ¢ cos OTs3dsVds?

2
O°R 1 (xgl) - x<32>) 1
T = |0 m = |p0n oy ==.
6x3 ax3 x(l :)CZ):O R R R

(12.291)

Substituting these results into Eq. (12.173), while assuming a cut-off dis-
tance, p, within which the segments do not interact,

2na—p 2na—p

W 1) J sin 0ds? ub? jL W J cos 0ds?
W = o +51n ¢ds R + 8(1 =) cos ¢ds —r
C P C P
(12.292)
Next, substituting
. 0—¢
dsV) =adp ds® =add R =2asin 5 (12.293)
into Eq. (12.292) and integrating, the strain energy is
pb*a (2 —v) p p
=— In{tan—) + 2 —1. 12.294
W 4 (1= n(tan ) +2¢os(3)] (12.294)

However, for the linear elastic model to remain valid, a > p. Therefore, using
the expansions tan[p/(4a)] ~ p /(4a) and cos [p/(2a)] = 1, Eq. (12.294) assumes
the form
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N X

t —b
z

X3

Figure 12.41 Circular prismatic dislocation loop. The loop plane, X cut surface,
and x’ are in the x; = 0 plane.

W= %23‘ g - 3 {m <%a) - 2] . (12.295)

12.12 Derive an integral expression for the displacement field of the circular
prismatic dislocation loop in Fig. 12.41 in an isotropic system.

Solution One method is to consider the loop as an array of infinitesimal
loops, as in Fig. 12.19, and integrate their displacements over the array.
Using Eq. (12.169), the displacement at x produced by an infinitesimal loop
with b = ($,0,0) and n =(—1,0,0), and area dS located at the origin, is

b (1—2v)x;  3x3
dul(x)gn(l_v){ 3 +x51}ds‘ (12.296)

The displacement at x in Fig. 12.41, obtained as the sum of the displace-
ments contributed by the infinitesimal loops distributed over the loop area,
X, at source points X/, is then

b 1-2 30
ul(x):ﬁﬁdulzgn( ){H( R3v)xl+%]dx’2dx’3, (12.297)
P P

1—v
where R = [ + (xa — x})* + (x3 — x4)1]"/2.
This result, of course, can be obtained more directly by simply starting with
the Volterra equation, i.e., Eq. (12.67), and employing the Green’s function
given by Eq. (4.110).
12.13 Show that the in-plane stress at a field point P lying within a smoothly
curved planar loop, C, such as in Fig. 12.14, is given by

a;i(P) = %ffle;,(e)cs&(e —a)d o, (12.298)
C

where k is the local loop curvature (Asaro and Barnett, 1976). Hint: use
Egs. (12.115) and (12.116).

Solution Substituting Eq. (12.116) into Eq. (12.115),

0;(P) = %ﬂ% {Z,;,-(H) — d ii/g@) cot(0 —o)|d o (12.299)
C
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12.14

An expression for the second term in Eq. (12.299) can be obtained by
introducing the derivative
d Lle ¥4i(0) cot(0 — oc)} =— ]%Z,-J-(B)cscz(ﬁ —a)(d0—da)

dx;(0) $,(0)dR] 1
do R dO|R
(12.300)

Then, taking the line integral of the above derivative around the loop,

+ cot(0 — a) [

i)d Ll? %;(0) cot(0 — oc)] =0

{1y 200 _ _ _[dE4(0)  Ey(0)dR] 1
_jERz,,(e)csc (0—2)(d0 - do) +cot(0 - 2) |~ P 5o,
C

(12.301)

which can be rearranged with the use of Eq. (12.117) to produce the equality

fi;ld Z;(0) cot(0 —a)d 0

R do
¢ | (12.302)
_ jllﬁz,;,(e){[cscz(e ) — cot’(0 — 0)]d 0 — esc>(0 — a)d o).
C
Next, Eq. (12.302) is substituted into Eq. (12.299) with the result
oy (P) = %{% 53,(0)eseX(0 — o)d o (12.303)
C

The curvature is defined by k = da/ds, and, therefore, with the use of
Eq. (12.109),

KR

=——  do. 12.304
do sin(@—cx)de (12.304)
Finally, substituting Eq. (12.304) into Eq. (12.303),
1
0;(P) = Eﬁﬁxz,,(@)csc-‘(@ —a)d 0. (12.305)
C

Show that the Mura equation, i.e., Eq. (12.80), can be reformulated to yield
the stress field produced by a general dislocation loop in an infinite body
expressed in the form

s 00 oo
(X)) = fibkc%,;_,-sckpime,,,,sfjﬁe*ik'ﬂdx;_ J J J (kk);;' ™ kyd Ky d kad K.
C —00 —00 —00

(12.306)
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Solution Using Eqgs. (2.75) and (2.5), Eq. (12.80) takes the form

6G,;,-(x — X/

Top(X) = fbkCap,-kammemsf{S )dxj.. (12.307)

C

Next, using Egs. (F.4) and (3.23), the Green’s function is given by

0xy

oo

Gyi(K)e™ X d kyd kad k3

= (12.308)
J (kk); ek Y) gk d kyd ks

and the derivative required in Eq. (12.307) is

6 l (o) o0 o0
Gf(ax =i J J J M Xk dkid kod k3. (12.309)

Substitution of this result into Eq. (12.307) then yields Eq. (12.306).
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13.1

13.2

Dislocations and stress — image
effects in finite regions

Introduction

We now take up interactions between dislocations and various types of stress
fields. Forces between dislocations and imposed internal or applied fields are
considered first, and are shown to be described by the Peach—Koehler force
equation. Following this, the interaction between a dislocation and its image stress
is analyzed in situations where the dislocation lies in a finite, or semi-infinite,
homogenous region in the proximity of an interface.

With these results in hand, a number of dislocation image stress problems are
treated that involve long straight dislocations lying parallel to several types of
interfaces, straight dislocations impinging on planar interfaces at various angles,
and dislocation loops lying near planar interfaces.

Extensive treatments and reviews of a wide variety of dislocation image prob-
lems have been published by Eshelby (1979), Belov (1992), and Lothe (1992c).

The following notation is employed for this chapter:

gi=¢; T .g,!JM strain produced by dislocation in finite homogeneous region,

& strain produced by dislocation in infinite homogeneous
region,

g}jM image strain of dislocation in finite homogeneous body,

a,-? imposed internal or applied strain.

Interaction of dislocation with imposed internal or applied stress:
the Peach—Koehler force equation

Consider a dislocation loop in either a finite or an infinite body, in the presence of
an imposed stress field, Q, which can be either internal or applied. The interaction
energy between the loop and Q can then be written as
DIS .
EPIS/Q _ @ (ogul — odu;)is ds, (13.1)
S
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(a) (b)
ﬁS

Figure 13.1 (a) Cross section of dislocation loop created by cut and displacement on the
surface . The loop is enclosed by surface S with unit normal vector, nS. (b) View after
shrinking & down around the dislocation loop and the X surface. The S surface now
consists of two tubes of radius r., coaxial with the loop, and two surfaces, S* (with unit
normal ﬁ5+) and S~ (with unit normal i ), which closely approach the X surface.

where ﬂjs is the normal unit vector to the surface S, regardless of whether the
dislocation is in a finite or infinite body.' Assume now that the loop was created by
the cut and displacement method and that a cross section of the loop and the
surface of the cut, X, appears as illustrated in Fig. 13.1a. Now, shrink the surface,
S, down so that it takes the form in Fig. 13.1b (see caption). Then, collapse S
further so that S* — £*, S — X, r, — 0, a¥ — n, and n° — —n. Equation
(13.1) can then be written as the sum of two integrals over the X surface, given by?
DIS A .
E, R _ fﬁ; (a,-ju,Q - agu;)nj ds — Eﬁ (a,-ju,Q - a,(-j?ui)nj ds, (13.2)
ot -

with boundary conditions at these surfaces expressed by

O','J‘(E+)ﬁj = a,j(E‘)ﬁj

u,-(Z_) — ui(2+) = b,‘
o (5 )iy = 0 (57)y
u2(SF) = uR(27).

i

(13.3)

Substitution of these conditions into Eq. (13.2) then yields the interaction energy
in the form

int

Emm:hﬁﬁmw. (13.4)
b))

Having the interaction energy, the corresponding force per unit length experienced
by the loop at any point along its length can be found by virtually displacing the

! In the notation of this chapter, the stress due to the dislocation in Eq. (13.1) can be written as either
o or a;~, since, as shown by Eqs. (5.10) and (5.11), and also Egs. (5.18) and (5.19), the interaction
energy between the image stress of a dislocation and an imposed stress vanishes. As shown by the
Peach—Koehler force equation (Eq. (13.9)), the force between a dislocation and an imposed stress
depends only upon the imposed stress and the Burgers vector and tangent vector of the dislocation.

2 See Eshelby (1956) and Bacon, Barnett, and Scattergood (1979b) for further aspects regarding this
procedure.
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loop everywhere along its perimeter by the vector 6§(x). Each segment of loop
length, ds, then sweeps out a differential area, 8%, of the cut surface, X, in
Eq. (13.4), thus changing its area by

8 = 3 x tds = e,;0¢/1,¢; ds. (13.5)

The corresponding change in the interaction energy between the loop and the
imposed stress, SEL>/, is then obtained by use of Eqgs. (13.4) and (13.5) in
the form

nt

OE DIS/Q _ b;d O'Sflj ds = e[s,‘bl‘ }08551& ds, (136)
[ C

where component j of the incremental surface area vector, dS = dSn, correspond-
ing to dS#; in Eq. (13.4) has been replaced by e;,;8,7,ds, obtained from Eq. (13.5),
and the surface integration over 86X has been replaced by line integration along
C. Then, if f,DIS/ Q is the local force (per unit length) exerted on the loop by the
stress Q at any point along its length, the total work performed during the loop
displacement is

SW = fi;f})]s/QBf, ds, (13.7)
C

which decreases the interaction energy between the loop and the imposed stress
according to

SEPISIQ — _5W. (13.8)

nt

Substitution of Egs. (13.6) and (13.7) into Eq. (13.8) then yields the force per unit
length,

DIS ~ ~
! /Q = —€/Sj0'3b,'ts = ej'S[O'[(-j?b,'ZS. (139)

Equation (13.9) is known as the Peach—Koehler force equation (Peach and Koehler,
1950) and is often written in the equivalent vector form

fPR=dxt fPIS/Q = ejydjty, (13.10)
where d is given by

[d = [B][o°] & = bio}. (13.11)
The Peach—Koehler force equation is an essential general relationship that yields
the force per unit length exerted by an imposed stress field on a dislocation lying in
either a finite or infinite homogeneous region. Note that the equation predicts that
the force is always perpendicular to the dislocation line, i.e., perpendicular to t, as
expected, since, as shown by Eq. (13.5), the only component of the displacement
vector 0§ that makes a non-vanishing contribution to the area swept out by
motion of the dislocation is perpendicular to t.
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13.3 Interaction of dislocation with image stress 307

Applications of the Peach—Koehler equation are carried out in Exercises 13.1
and 13.3. It is demonstrated in Exercise 13.2 that the equation can be obtained by
an alternative calculation involving the direct determination of the extra work
required to displace a dislocation when an imposed stress field is present.

Interaction of dislocation with its image stress

General formulation

Consider the case where a dislocation loop is in a finite body with a traction-free
surface, S°, and is therefore subjected to a force due to the image stress associated
with the surface. The interaction energy between the loop and its image stress is
then given by Eq. (5.34) written in the form

int 2 i i g Y
S

s 1
EPIS /oIs™ _ —# (o'oouIM — UIMMQC)ﬁf ds, (13.12)

where ﬁls is the normal unit vector to the S surface, as in Fig. 13.1a. Now, shrink S
down on the loop as done previously to obtain Eq. (13.4). Equation (13.12) then
assumes the form
pis=</pis™ 1 00 00\ 4 1 00 00\ 7
Einy / = Eﬁ; (o5 ™ — U,EM“[ )n;dS — zﬁ (o5 ™ — GzI'JMui )Ads,  (13.13)
R 5~
which may be compared with Eq. (13.2). The boundary conditions at the ¥ and
X" surfaces are
o (57 = 0 ()i

y

(13.14)

which may be compared to Eq. (13.3), and substituting them into Eq. (13.13),

Eiisx/DlslM _ %b,- Eﬂ; o)y dS. (13.15)
by
Having the interaction energy, the force per unit length exerted on the loop at any
point along its perimeter can be determined, as in the previous section, by virtually
displacing the loop along its perimeter by 6§(x). Previously, the displacement was
carried out in the presence of a constant imposed stress, and the only result was a
change in the area of the cut surface, £. However, in the present case an added
complication is present, since the image stress changes as the loop is displaced.
Therefore, starting with Eq. (13.15) and using Eq. (13.5) to account for the change
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in the area of X, as previously, and including the effect of the change in image
stress, the interaction energy can be written as

EDIS”/DIS™ = Seub, jﬁa deiyds +3b; #saan, ds. (13.16)

int

C b))

It is now shown, following Gavazza and Barnett (1975), that the line and surface
integrals in Eq. (13.16) are equal. First, introduce the quantities

i~ M I i M

ojj =0 + ?M o =05 + 611'1]\/1
Jp— OC /. alo0 /

&j =& T & g =g T g (13.17)
wi = u® + uM uh = u> + u™,

where the prime indicates a quantity after the loop displacement. Then, since the
primed and unprimed fields are corresponding fields obeying Eq. (2.106),

fﬁﬂ; (05 + o) (e + ™) = (0 + o™ (e + ] dv =0, (13.18)
V-V
where "V is the region enclosed by Sin Eq. (13.12). Next, by converting Eq. (13.18)

to a surface integral using the divergence theorem, and, since (0 + aDIS ) and
(o + JFSIM) both vanish on S°, the equation

ﬁ; |:(O';O + o) @ + u™) — (67 + M) (u® + u™) |27 dS
S
= @ [(GZ-OM;OC —ou) + (O’Z-OM;IM - a;fou}M) + (oleMuf - G:JIMM,-) A2 dS =0
S

(13.19)

is obtained. Now, Eq. (13.19) must remain valid if the S° surface is expanded to
infinite size, in which case the image field on S vanishes. Therefore, it must be
concluded that

@ FU — o)A dS =0 (13.20)
S
and, consequently
SEﬁ (o5 u™ — ol uM)i? ds+ @ (oMu} — oMu;)i? dS = 0. (13.21)
S S

Now shrink the surface S in Eq. (13.21) down around the unprimed and primed
loops, using the same procedure employed previously to obtain Egs. (13.4) and
(13.15). The first term in Eq. (13.21) vanishes because the image displacement field is
continuous across the ¥ and X’ surfaces. Since the dislocation displacement field
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has a discontinuity equal to the Burgers vector on the X and 2’ surfaces, the
remainder can be expressed as

b; 3@@ o i; dS = b; 3@@ ajiMh; dS. (13.22)
5 b
However, writing 30, = o™ — oM, and substituting this into Eq. (13.22), and
using Eq. (13.5),
% -ﬁ@aamn, ds —% ; fﬁ M dS = 26151 iia 8¢t ds, (13.23)
> A8 C

which proves the equality of the two integrals in Eq. (13.16). Substitution of Eq.
(13.23) into Eq. (13.16) then yields

SELS/PSY = eb, f{w 8¢y ds. (13.24)
C

The force experienced by the loop as a consequence of this interaction energy is
then obtained by following the same procedure used to derive Eq. (13.9), i.c., the
Peach—Koehler force equation, from Eq. (13.6). This yields

oo M
PIS /DIS elva My, f = eNO' Mp,is, (13.25)
which is seen to be of the same form as Eq. (13.9) with the imposed stress, 0,5?, and
image stress, a},M, playing equivalent roles. The force exerted on a dislocation by
its image stress in a body with a free surface can therefore be obtained by
employing the image stress in the Peach—Koehler force equation.

Straight dislocations parallel to free surfaces

General dislocation in half-space with planar surface
Elastic field
Consider a long straight general dislocation with t = 7 lying parallel to a planar
traction-free surface of a half-space at a distance ¢ in the (m,n,%) coordinate
system illustrated in Fig. 13.2. A solution for its stress field can be obtained
(Barnett and Lothe, 1974) by assuming a displacement field of the form
3 [o¢]
M,ZM?O—FM ?O+ZAIVJ 1kmx+p7(nx q)]dk

=1

(13.26)
3
+) A J D} (ke Kimxctp; (dx=q)l qf
=1
0

The first term is the displacement field that the dislocation would have in an
infinite body, while the remaining terms constitute the image field. Equation
(12.12) can then be used for the u;°(x) displacement in the form
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Free Half-space
X
surface

F N

Figure 13.2 End view of straight dislocation lying parallel to planar free surface of
half-space at distance ¢ in (m, n, ¥) coordinate system, where ¥ = m x f.

=5 Z +ALgbsIn(m - x + p,(0-x —q), (13.27)

since the dislocation is displaced from the origin by x - i = ¢. Then, substituting
Eq. (13.27) into Eq. (13.26) and employing Eq. (3.1),

_ IM
Omn = Opy + O-mn

Z s AlocLssc(mp +pocnp) _ Aufoa (mp +p:ﬁp)
mmp 2

i [mo X+ p,(a-x—q) mox+py(a-x—q)
J 1k [f-x+-p, (A-x— q)](mp +p,{ﬂp)1k dk (]3.28)
0
JD —lk[m X-+p% (Ax— ‘l)](mp + pip )ik dk}
0

The unknown coefficients D,(k) and D} (k) can be found by invoking the boundary
condition of vanishing tractions on the surface at x - n = 0 expressed by

Tn = (Umn Ny )xAﬁ:O

3 bs[ LyyLyy LL, }
3
2mi -X —

p (m-x—p,q) (M-x—piq)

N - (13.29)
—L,, J D, (k)e*Xmx=pDik dk + L, J D} (k)e kmx=ra)i kdk
0 0
=0.
Then, by substituting the two equalities
(X —p,q) ' =i J e Ikmx=pa) 4
0 (13.30)

[o.¢]
(m-x—pig)”" = —i J e~ Kmx=pa) qf
0
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into Eq. (13.29), and collecting the resulting coefficients of ¢*™*) and e~ *(MX) and
setting the collected coefficients in each case equal to zero to satisfy Eq. (13.29),
the two expressions

( Lo LDy 'kp“q—&—lkD L* ikpq ) =0

(13.31)

';
3 * Tk
Z (Lnostzx s ﬂkp 4 4 ikD,L,,e” 1kPx‘1> =0

are obtained. Then, multiplying the first Eq. (13.31) through by M /;*,,, which has the
inverse properties with respect to L,, indicated by Eq. (3.118), to solve for D,
and multiplying the second Eq. (13.31) by Mg,, with the inverse properties given
by Eq. (3.117), to solve for D,.>
3
D/; = _%eikpﬁq ZL:aLtsz eﬂk‘” 4
= (13.32)

M . 3 .
« _ " pn _—ikptq kpyq
D[} = —Znike b 9?:1 Ly Lgybye™P1.

The image stress is then determined by substituting Eq. (13.32) into Eq. (13.28) to
obtain

Omn =

mmp i i A M“JL]ﬁLs[fb (mP +p°‘nl7) A M LI/}LSﬂb (ml’ +pocnl7)
omi 2524\ T ox +pa(ax) —ppl [ xtpy(a- %) — pyd]
(13.33)

Image force
The force exerted on the dislocation by the above image stress can now be
determined by substituting Eq. (13.33) (with m-x=0 and n-x = ¢g) into the
Peach—Koehler force equation, i.e., Eq. (13.25). Symmetry requires that the force
be normal to the surface, and, after arranging quantities so that a positive result
indicates a force towards the surface, the force assumes the form

fOIT/DY _ Iy G — oMb, (13.34)

mn

Making the substitution and applying Eq. (3.38), and interchanging « and f in the
second term of the result,

3 3 *
f DIS*/DISM _ bubs Z Z PaLnM aJL//fLsﬁ tr ﬁLnﬂM BJLJ“L (13.35)
27qu a=1 p=1 p/} P '

and then, by interchanging » and s in the first term,

3 As indicated in Section 3.5.1.2, the [M] matrices are inverse with respect to corresponding [L] matrices,
i.e., [M][L] = [I]. Note the similarity of this procedure to that used to solve Eq. (4.54) for Ey,.
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Image dislocation Dislocation

Figure 13.3 End view of a long straight dislocation and its image lying parallel to x; at x; = gand

x1 = —q, respectively. Dislocation in a half-space with a free surface in the x; = 0 plane.
fDIS”‘/DISIM _ Z Z Lsoan[; (P[}Mﬁ] ‘jou + pocMoch;/i) (13 36)
27'(1q a=1 p=1 p/{ Pa

Next, by substituting Eq. (3.123) into Eq. (13.36) and using Eq. (13.137),

DIS*/DIs™ b by o biby < bibB;
TS 2qu L/aLmZL sMp = — 5= o,UZL,-yLm = —2;i;ZLﬂLm =2 ; s
a=1 a=1
(13.37)

However, according to Eq. (12.41), the quantity bbB;, is equal to the energy
factor, W, = b;bsBjs, for the same dislocation in an infinite body, and therefore
Eq. (13.37) assumes the relatively simple form

prsTmst e (13.38)
q
Since the strain energy is always positive, the image force is directed towards the
surface and varies inversely with the distance g. Also, since W, depends only upon
the t and b vectors of the dislocation and the Cjjw tensor of the crystal, Eq. (13.38)
establishes the noteworthy result that all free surfaces parallel to a dislocation of
fixed t and b, and at a distance ¢, exert the same image force, despite the fact that
the various crystal planes that are parallel to the dislocation are not crystal-
lographically equivalent.

Some results for isotropic system

Screw dislocation in half-space with planar surface

A particularly simple situation is a straight screw dislocation (with b = (0,0,6) and
t=(0,0,1)) lying parallel to a nearby planar free surface of a half-space, as
illustrated in Fig. 13.3. As now shown, the image stress required to produce a
traction-free surface is just the stress field produced by the image screw dislocation
shown in Fig. 13.3 possessing a Burgers vector opposed to that of the actual
dislocation. Using Eq. (12.274), the displacement field at P produced by the two
dislocations, with their Burgers vectors related by b = —b™, is

X1 —4q X1 +4q

u3(x1,x2):23n(9—0‘M):%<tan1 Y2 fan! 2 ) (13.39)
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and the corresponding stresses are

Ous ubxy | 1 1 wb fxi—q xi+gq
013()(1,)(2):2/1813:/16—)61:—7 P—W ) 623()(17162):% A2 _W )
(13.40)
where
A= (0 =g +3, (M) = (0 )+ (13.41)

The only stress that must be canceled on the surface is the o5 stress, and this is
seen to vanish as required.
The image stresses, obtained from Eq. (13.40), are then
M oMb M I )

013 :‘713_013:E(A1M)2’ 023 =023~ 033 b (A‘M)2

(13.42)
and the force they impose on the dislocation is readily found by inserting them
into the Peach—Koehler force equation, i.e., Eq. (13.10), with b = (0,0,b) and

t = (0,0, 1). Therefore,

00 M ~ ~ ~ ~
SOOI — g5 § = bol (g, 008 — bol¥ (g, 0)&; = _iz_qe" (13.43)
The image stress therefore tends to pull the dislocation out of the body with a
force that varies inversely with its distance from the surface.

Screw dislocation along axis of cylindrical body

Consider a straight screw dislocation with b = (0,0,b) and t = (0,0,1) in an
isotropic system lying along the z axis of a long cylinder of radius R with end
faces at z=+L, where L>>R. According to Eq. (12.57), the stress field in cylin-
drical coordinates of the same dislocation in an infinite body is given by
ojo(r) = ub/(2mr). Therefore, to obtain a traction-free surface on the cylinder,
this stress must be canceled on the end faces by an equal and opposite image stress.
Note that no cancelation is required on the cylindrical surface. Using Eq. (12.57),
the integrated effect of imposing this distribution of image stress on the end faces
is equivalent to that produced by applying a torque around the z axis given by

R
bR?
™ — —2nJa§j;‘2d r= —'UT. (13.44)
0

Such a torque will induce a twist angle per unit length along the z axis, 6, and a
corresponding shear strain &M =0r/2 and shear stress opM = u0r. Since the
image torque is given by

TuR* 0
2 )

R
™ = 2EJG(51;Arzdl‘ = (13.45)
0
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0 must be of magnitude 6 = —b / (n R?). Even though application of this torque
and associated image stress eliminates the net torque experienced by the cylinder,
it does not produce detailed cancelation of the ¢j(r) = ub/(2nr) stress distribu-
tion on the end faces. However, according to St.-Venant’s principle, this failure to
achieve detailed cancelation will be significant only in relatively small regions of
the cylinder at distances from the cylinder ends less than about 2R. Neglecting
these regions, a suitable image stress is then

oM = 0r = —:—;r. (13.46)

The final total stress in essentially the entire traction-free cylinder is then

M _ Mbpb b r\?2
. = r=—-~17_1-2(= 13.47
90: = 04 + 9, " 2 nR2 ~Jar { (R) ( )

and the contribution of the image stress is therefore negligible in regions where r is
small relative to R.

The corresponding strain energy per unit length due to the screw dislocation is
readily found by substituting Eq. (13.47) into Eq. (2.136) to obtain

| 21 R | 2n R b 5 2 b

W r _ K R
=— =— — 1 =2(= — [In——1
v [rerao=g  [{s 2@ T} oS-

0 ro 0 re
(13.48)
Then, accounting for the core energy by employing the o parameter (see Eq. (12.42)),
AR
W= i [ln p l}, (13.49)

which may be compared with Eq. (12.61). As expected, the strain energy is
therefore reduced when the image stress is added to the system.

Edge dislocation in half-space with planar surface
The problem of finding the image stress for a straight edge dislocation in an
isotropic system lying parallel to a nearby planar surface of a half-space is more
complicated than for the above screw dislocation, since a traction-free surface is not
obtained by simply introducing a negative image dislocation. Consider an edge
dislocation (with b = (b,0,0)and t = (0,0,1)) lying parallel to x3at x; = g along with
a negative image dislocation lying along x; = —g¢ as in Fig. 13.3. Equation (12.45)
shows that, while the resulting total o, stress vanishes at x; = 0, the total ¢, stress
does not. Additional image stresses must therefore be added.

Following Dundurs (1969), a solution can be found in the form of a stress
function that is a combination of Airy stress functions taken from Table 1.1, i.c.,

M
w:_uib Aln Asin 0 — A™ In A™ sin ™ + 4 sin 20™ + 2sm0 , (13.50)
v
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where the quantities 4, A™ 9, and O™ are shown in Fig. 13.3. As seen from
Exercise 12.6, the first two terms are the stress functions of the real dislocation and
its negative image, respectively, while the two additional functions are added to
produce a traction-free surface. Using Eq. (3.171), the stresses associated with the
stress function x" In x" sin 6V are, for example,
2

’ 2
X —q) —x
/14

3(x; — ) + A2
14)(27()61 q) + 2, 022 :A)CQ(

) _ =9 — 9’ — 5]
A

/14

g1 = — y 012

(13.51)

where A = ub /[2n(1 — v)]. Using Eq. (3.171) to determine the stresses contributed
by the remaining terms in Eq. (13.50), a traction-free surface at x; = 0 is obtained
when a; = ¢ and a» = —2¢°. The final total stress field is then

3(x1 — a)> 2 3 2 2 3 2 2
011 = —Ax (e 54) o (X1(+1611\2)4+x2_4qx1 <XI(+161{/2)6 22
A A
5o — A | 1 -9’ -8 (m+q)’ -2
2 2 1 (AIM)4
2(x1 +9)° = 3 (v +9)° +2(x1 + ¢)3 + 1123
+dg i (13.52)
=l =9 =3 (1 + )l +9)° =]
O_lzzAlqlq 2l W g)lvrrq) — X
At (a™y?
i (x1 —|—q)4 — 2x(xy 4—(1)3 + 6x1(x) + q)x% —x‘z‘
! (4™’ |

The force exerted on the dislocation by its image stress is determined in Exercise 13.6.

Edge dislocation along axis of cylindrical body

Consider a straight edge dislocation with b = (,0,0) and t = (0,0,1) in an isotropic
system lying along the axis of a long traction-free cylinder of radius R with flat end
faces at x3 = + L, where L > R. According to Eq. (12.47), the same dislocation in an
infinite body would generate stress components oy and 6% that produce tractions on
cylindrical surfaces and a ¢° component that produces tractions on constant z
surfaces. However, integrals of the latter tractions taken over the end faces of the
cylinder vanish. Assuming a solution that is the sum of an infinite body solution and
an image stress, there is then no need to introduce an image stress to produce detailed
cancelation of these tractions, since, according to St.-Venant’s principle, their effects
essentially vanish at insignificant distances (approximately 2R) from each end.

Turning to the cylindrical surface, the Airy stress function

Y™ = Ar¥sind = A(x? +:3)x; (A = constant ) (13.53)

listed in Table 1.1 provides stresses that can be used to cancel the infinite body
tractions on this surface. Using Eq. (3.171) and the equations of elasticity in
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cylindrical coordinates given in Appendix G, the required stresses provided by this
stress function are

oM =24rsin0 and o'} = —24rcos0. (13.54)

rr

The conditions for a traction-free cylindrical surface are then

bsin 0
(R.0) = 6®(R,0) + ed™(R.0) = — L2 L oARsing =0
0 ( I’ ) O—” ( ’ ) + O_lr ( ? ) 27[(1 _ v)R + Sln
, (13.55)
00(R, 0) = (R, 0) + e (R, 0) = —PS 5 4Rcos6 = 0
e roR o 2n(1 — v)R
after use of Eq. (12.47). Then, solving for A,
ub
A=—1~—"— 13.56
47(1 — v)R? ( )
and the stress field in the finite cylinder with a traction-free surface is
e ™M ubsin 0 (1 . M ubsin 0 A ("
I = O F 0 = 2n(l —v)r {1 <R> } o0 = %00+ 000 = 2n(l —v)r ! 3<R)
b cos 0 2
0, =0 +cM=0 0o = a0 + ot = 0.
(13.57)

Comparing these stresses with the infinite body stresses given by Eq. (12.47), it is
seen that the image stress can be neglected in the vicinity of the dislocation where r
is small relative to R.

Following Hirth and Lothe (1982), the strain energy in the traction-free
cylinder can be determined by calculating the change in strain energy due to
the introduction of the image stresses and adding this to the strain energy before
the introduction of the image stresses, which is given by Eq. (12.61). Assume
that the cylinder containing the dislocation is first cut out of the infinite matrix
while tractions are simultaneously applied to the R = constant surface so that
no stress relaxation occurs. Then, introduce the Airy stresses to cancel these
tractions. This causes the displacements, '™ and u/M, thereby requiring that
work be done against the existing tractions. Since the existing tractions decrease
linearly as these displacements increase, the change in strain energy per unit
cylinder length is

2n

W= % J (o7 (R, 0)1™ (R, 0) + 075 (R, 0)u" (R, 0) R d0. (13.58)
0

The displacements, ™ and u!M, required in Eq. (13.58), are obtained by integrat-
ing the image strains according to
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Half-space 2 Half-space 1
(2) (1
Cijki X Cii
— X2
o] n '\
Interface — |— g Dislocation
m
X1

Figure 13.4 End view of straight dislocation lying in half-space 1 parallel to planar interface
between dissimilar half-spaces 1 and 2 at distance ¢ in (m, n, ¥) coordinate system, where
T=mxn.

M
u™ = Jau" dr = Je}.}vldr

or (13.59)

auIM
WM = J a0 = Jm;gd — uM)do,

The strains required in Eq. (13.59), obtained from the image stress function, Eq.
(13.53), by use of Eq. (3.171) and the standard relationships in Appendix G, are

M = M, sin 6
(13.60)
A(3-4
ey = AB -4 rsin 0.
u

Then, substituting these strains into Eq. (13.59) and performing the integrations,

and substituting the resulting displacements into Eq. (13.58) and performing the

integration,

B ub*(3 — 4v)
16m(1 —v2)’

after using Eq. (13.56). Then, finally adding this result to the strain energy given
by Eq. (12.61), the expression

W= (13.61)

w

b’ [ aR (3 - 4V)] (13.62)

Tan(l—w | b a1+

is obtained for the strain energy (per unit length) of an edge dislocation along the
axis of a finite traction-free cylinder. As in the case of Eq. (13.49) for the screw
dislocation in a traction-free cylinder, the relaxation due to the addition of the
image stress produces a relatively small decrease of the strain energy.

Straight dislocation parallel to planar interface between dissimilar half-spaces

General dislocation

Elastic field

Consider the general straight dislocation in half-space 1 near the planar interface
between half-spaces 1 and 2 illustrated in Fig. 13.4. Barnett and Lothe (1974) have
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(a) (b) (c)
2 1 2 1 2
._-i__-_ e
(27 ™ ¢ \ > Interface \
Dislocation Dislocation

Figure 135 (a) Half-spaces 1 and 2 with traction-free surfaces S and S initially facing
each other. (b) Dislocation (end view) introduced into half-space 1 via X cut surface.
(c) Half-spaces 1 and 2 joined together to create interface.

(b)
1 RoXp _ 2-7zz---o---o- 1
o t i Sl
\ X1 CoooIoIfITIooIiIs \
\
Dislocation Dislocation

Figure 13.6 (a) End view of introduction of infinite number of parallel infinitesimal
dislocations into half-space 2 of joined half-spaces 1 and 2 shown previously in Fig. 13.5c.
(b) Final positions of dislocations in interface.

determined its elastic field in both half-spaces by imagining that the arrangement
shown in Fig. 13.4 is reached in the two-step procedure illustrated in Fig. 13.5. In
Fig. 13.5a, the two half-spaces are not yet joined, and possess traction-free planar
surfaces facing each other. In step 1, the dislocation is introduced into half-space 1
by a cut and displacement along the Z surface illustrated in Fig. 13.5b. In step 2, the
half-spaces are forcibly bonded so that points that were opposite one another across
the gap in Fig. 13.5a are rejoined, as illustrgted in Fig. 13.5¢c. The stress field in Fig.
13.5b due to the dislocation, denoted a” , is already known from the results of
Section 13 3 .2.1. The stresses induced in half-spaces 1 and 2 by step 2, denoted

(1> and a , respectively, can be found by imagining that an infinite number of
1nﬁn1t651mal stralght parallel dislocations is passed through half-space 2 and
deposited in the interface, in the manner illustrated in Fig. 13.6. If the distribution
of the Burgers vector strength of these dislocations, as a function of distance along
x1, is chosen so that the plastic displacements at the interface produced by the
passage of the dislocations are equal and opposite to the known elastic displace-

ments at the interface in half-space 1 at the end of step 1, the stress field in half-space
(

2 will vanish, and the stress field in half-space 1 will return to ¢;;" . Therefore,
0’81)” _ _6515(1)
" (13.63)
2" _  DIS(Q)
o =-—0; ",
where a?ls(l) and a?ls(z) are the stress fields in half-spaces 1 and 2 due to the

dislocations in the interface. The final stresses in the half-spaces are then
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(n _ ( ) " _ DIS(1)
o =0y Foy =0y — 0y
, (13.64)
2 _ (2) _ _ .DISQ2)
o; =0, =—0; .
Expressions for the stresses O'DIS( ) and aDlS(z) are now required to complete the

problem. The displacement condition at the interface that must be satisfied is,

u}:)ls(2)(xl) _ —ufl)l(xl,o), (13.65)

where u 152 )(xl) is the plastlc displacement along the interface due to the passage
of the dislocations, and u (xl, 0) is the elastic displacement at the interface due to
the dislocation at (0,g). If the Burgers vector strength of the infinitesimal disloca-
tions lying in the interface between x; and x; + dx; is B;(x;) dx;, the plastic
displacement they produce in half-space 2 is related to B;(x;) by

d uDIS( )

dX]

The required distribution B,(x;) is therefore obtained by substituting Eq. (13.65)
into Eq. (13.66), so that

Bi(x1) = (13.66)

1y
Bi(x1) = lW} . (13.67)
n-x=0

Then, substituting Eqs. (13.26), (13.27), and (13.32) for u'" (x,, x,), and using s to
measure distance along the interface in the direction of m,

#(1) 7 %(1) 3 3 (M)
b +A )Lﬁl D S Lig Ly~ Ls/f (1 LigLyg

o= g (A Y YAty )
a=1 8 — B= 1S—Pﬁ a=1 p=185—Pp 4

(13.68)

Next, the stresses, a?ls( ) and o}?ls(z), due to the distribution of Burgers vector

strength in the interface, B,(s), are obtained by employing Eq. (14.76). For a single
dislocation in an interface the quantities Eél) and E&z) in Eq. (14.76) are expected to
be proportional to its Burgers vector and therefore expressible in the forms

EV =x10p  EP =212  (a=1,2,...,6), (13.69)

where the J, s(’) are constants. For example, for the special case where the two half-spaces
are identical, a comparison of Egs. (14.76) and (12.12) shows that E, = Lgb,. For the
present dislocation distribution, the quantities E&U and Eéz) are again expected to be

proportional to the Burgers vector strength and therefore, expressible in the forms
EV =x1WB(s) EP =+JPB(s) (a=12,....6), (13.70)

where the J§Q are the same constants as in Eq. (13.69) and are to be determined.
Then, by using Egs. (14.76) and (13.70) for half-space 1, and integrating over the
distribution of Burgers vector strength along the interface,
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(1 6 e
DIS(1 Ou 1 L . .
i ( )(X) - C”’""p a/\}p = % 2 C£;112i]7A1(31)(:tJ£;))(n117 +p0tn[7) J
o

B(s)ds
P (13.71)

m-x—s+p;

The only remaining unknown quantity is now J. f;) in Eq. (13.71), and this can be
obtained (Barnett and Lothe, 1974) by the following rather lengthy but straight-
forward process. Consider a single dislocation in the interface and begin by
multiplying Eq. (14.80) by L ) and Eq. (14.88) by AI/; , adding the results, and
substituting Eq. (3.71) to obtaln

6 6
1 2
Z (Al(y) 1(/;> +A1/; m a Z l/z Li, +Aza> 1(/;>)E(2> = ZéaﬂE? = E;; )-

a=1 a=1 a=1

Similarly, by using LS;;) and Af? as multipliers,

(ALLY) +AYLY)E

io ip if Hin a

M-

ALY +AJLED . (13.73)

l o

HMG\

o=1

Then, after setting

Kys = (ALY + ALY, (13.74)

Eqgs. (13.72) and (13.73)) reduce to

6
V= S K ES z Kp S . (13.75)

=1 a=1

Furthermore, it can be confirmed, by direct substitution and the use of the
completeness relationships, Egs. (3.76)—(3.78), and also Eq. (3.71), that

6
> KupKo = gy (13.76)
oa=1
and
6
> Kyl =13 Y Kpll) =LY, (13.77)
p=1 p=1
6 m) _ 40 6 (1)
[fZ:I K“ﬁAs/f = A Z: 5[5 = Ay . (1378)

Another relationship is obtained by substituting Eq. (13.75) into Eqgs. (14.89) and
(14.81), multiplying the results by Af;) and Lfé), respectively, and adding the results
so that

i{[ +(iA )L } >+[(iL§§>)A§§> L0 ]ZK“/‘Eu }2L 2

o=1

(13.79)
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Then, substituting Eqs. (13.74) and (3.71) into Eq. (13.79),

6 6 6
Z :I:Kﬁfx El + ZZ iéuﬂ K;mE = 2L (1380)

oa=1 a=1 #:1

When f = 1,2,3, and when f§ = 4,5,6, Eq. (13.80) reduces, respectively, to

3 M _ @)

S KpEY =13 (=123), (13.81)
=1

6 (1) 2)

S KpE = -LPb  (B=456). (13.82)
a=4

The solution for ES (« = 1,2,3) can now be obtained. First, multiply Eq. (13.81)
through by the matrix, M;é), which is the inverse of Lﬁ? as indicated by Eq. (3.117),
sum over B = 1,2,3, and use Eq. (13.74) to obtain

3 3 3 3 3
@y@p k. g D@12 L 4@ (0,2 p(1)
STLIMI b =b, =3 M KyE, ,;le(A LMY + ADLY MD)ED.

=1

(13.83)

Then, by using Eq. (3.117), ZZAMc ig M/{ji} ZZAS/; o M/{jll}, and
p=1a=1

Eq. (13.83) can be expressed in the form

3
ST FGLYED = b, (13.84)
=1
where
: 1)y 2)4,)
ZAV,; W+ APMY)). (13.85)

Using matrix notation, the solution of Eq. (13.84) for E (oc— 1,2,3) is
[FILV]EY] = [b)
ILONED] = [F]7'[p) (13.86)
EV] = [L“)]*I[F]*l[b] = MUMIF) B

Now, from Eq. (13.70), E}") = J%'b, (2=1,2,3). Also, from Eq. (13.86), [E], in
component form, is given by E& ) = M(ik)st bs (o = 1,2,3). Therefore, finally,

JW=MVET (a=123). (13.87)
As shown later, the matrix Fy; has the properties
Fiy=—Fy or [F]=—[F]", (13.88)

Fol=—F7' or [F]7 :—[[ *rlr. (13.89)
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Equation (13.88) can be derived by substituting Eq. (3.129) into Eq. (13.85) so that
3

*(1 2
Fio ==Y ("M + A7 M), (13.90)
f=1
3 *(1 *(1 *(2 *(2
However, Fj, = (Ak;f )Mﬁs ) —&-AS',S >Mﬁ,({ >), and, upon comparing this with F,
p=1

expressed by Eq. (13.90), Eq. (13.88) is obtained. Equation (13.89) can be obtained
by the operations

F] = —[F]"
FIF)™ = —[F ] F) " =11]
7[[F]*1} (F[F! 77[[F]71}T7 1F = [F (13.91)

— *1— T
P ==
The quantity JS) (x = 4,5,6) can be obtained in a similar manner starting with
Eq. (13.82) with the result
JO =5 =MF (a=123). (13.92)

sat3 = Jsa

These equations therefore suffice to determine 0515(1) (x). The corresponding field in
half-space 2 can be obtained by minor extensions of the analysis (Barnett and Lothe,
1974), and the final stresses in the two half-spaces are then given by Eq. (13.64).

Image force

The image force on the dislocation can be obtained by substituting the final stress
field given by Eq. (13.64) into the Peach-Koehler force equation. The force due to
the ol(jl) stress is already known, since, by use of Eq. (13.38), it takes the form
fDISX/ pIS™ _ w! /q, where W' is the strain energy factor for the same dislocation
inan infinite body, which is given by Eq. (12.41). Barnett and Lothe (1974) show, by an
extension of the results i Section 13.3.3.1, that the force due to the 0'(1) stress is of the
similar formeIS%/ pIS™ _ W /q, where W is the strain energy factor for the same

dislocation in the interface which is given by Eq. (14.97). The total image force is then

fDIS’C/DISIM :fDIS“/DISIM’ +fIDIS°“/DISIM” — (W, —W")/q. (13.93)

. . . DIS*/DIS™
Note that when the two half-spaces are identical elastlcally,f =0, as

must be the case. In Section 13.3.2.1 it is shown that all free surfaces that are
parallel to a dislocation lying in a half-space with a fixed t :and b, and at a distance ¢
from the surface, exert the same image force fDISx/ pIs™ , on the dislocation (see
Eq. (13.38)). Furthermore, the results of Barnett and Lothe (1974) show that W/ isa
function only of t and b of the dislocation, as described in each half-space, and
the C; ,3, tensors of the half-spaces. Therefore, all interfaces between dissimilar half-
spaces that are parallel to a dislocation lying in one half-space with t and b fixed
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Interface P(x1,X5)
Half-space 2 Half-space 1
u? X umn
oM i
O X1
q q
Image dislocation Dislocation

Figure 13.7 Dissimilar half-spaces 1 and 2 joined along planar interface in x; = 0 plane.
Long straight dislocation in half-space 1 lying parallel to x; at x; = ¢. Parallel image
dislocation at x; =—q.

in each half-space, and at a distance ¢ from the interface, exert the same image force,
DIS* /DIS™M . .4
f , on the dislocation.

Some results for isotropic system

Screw dislocation

Consider the image field associated with a straight screw dislocation with b = (0,0,b)
and t = (0,0,1) in an isotropic system lying in the half-space region 1 parallel to the
nearby planar interface illustrated in Fig. 13.7. This image problem can be treated by
employing a somewhat more complicated image dislocation arrangement than used
previously for the free surface case. With the real dislocation located at ¢, place
an image dislocation at x; =—q with the modified Burgers vector (0,0,—a;b), and
calculate the elastic field in region 1 assuming that u = u‘" everywhere. To obtain
the field in half-space region 2 place a single screw dislocation at x; = ¢ with the
modified Burgers vector (0,0,a,), and assume that u = u® everywhere. The quan-
tities a; and a, are mismatch parameters, introduced to account for the difference in
elastic constants across the interface, and will be determined by the boundary
conditions at the interface. Therefore, with the use of Eq. 12.274,

b
—aitan”! 2 ) u(32)()617xz):%<aztan’l e )

X1 —4q x1+gq X1 —4q
(13.94)

b
ugl)(xl,xg) =5 (tan’1

The boundary condition ugl>(0,x2) = ugz)(O,xz) is then satisfied when
ar +1=a. (13.95)

The corresponding a3 stresses are then

1
M _ Gug ) _ wb —X2 ta X2
=) +83 (mte)’+3

(13.96)

@ HIb| (ay+1)x
(x1 — ﬁ])z +x3

4 This result may be compared to the similar result obtained at the end of section 13.3.2.1 for a
dislocation lying parallel to the free surface of a half-space.
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and the boundary condition ogg)(O,xz) = 0%)(0,)(2) is satisfied when
2)

o (13.97)

a) =
The assumed arrangement of image dislocations therefore provides a solution
that satisfies all conditions. By introducing the distances 4™ and A, defined by
Eq. (13.41) (also Fig. 13.7), the corresponding o3 stresses are readily obtained in
the forms

Wp |x— e Y-
(1) _ up [,A_ﬂ _ aéfﬁlh:;?)} @) _ @ {(1+al/)l(zx1 q)} ) (13.98)

The final image stresses, from the above results, are therefore

mam _ 1Vbay  x S2IM _ 7,11(2)[7611 X2
B vy’ B 2 42
oy o ) (13.99)
GhaM _ K ba (x1 +q) SO _H bay (x, 6]).
23 2n (AIM)2 23 21 A?

Note that when uV=p®, and a;=¢=0, the above solution reduces to

Eq. (12.55) for the dislocation in an infinite homogeneous body. When u® = 0,
and a; = 1, it reduces for region 1 to Eq. (13.40).

The corresponding force exerted on the dislocation is found by inserting the
image stress into the Peach—Koehler force equation with the result

£SO = d = ol Mg, 008 — bl ™ (0,008
I R P R AVl (13.100)
"2+ 9)l,n, WD+ u®@) dng

When P > 4, and half-space 1 is stiffer than half-space 2, a is positive. The
dislocation is then urged along —é&, i.e., towards the softer region as expected.

Edge dislocation

Consider next the image field associated with a straight edge dislocation, with
b = (,0,0) and t = (0,0,1) in an isotropic system lying in the half-space region 1
parallel to a nearby planar interface, as illustrated in Fig. 13.7. This problem
cannot be solved by simply introducing image dislocations, as in the case of the
above screw dislocation. However, Dundurs (1969) has constructed a solution for
the image field using a stress function approach employing several of the stress
functions listed in Table I.1. The results are lengthy and tedious and have been
written out in full for a variety of situations by Asaro and Lubarda (2006), and,
therefore, will not be reproduced here. As in the case of the screw dislocation, the
edge dislocation is generally repelled by the stiffer half-space and attracted to the
softer one.
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(a) (b)

> .

1
X2
X3 X2

Impinged dislocation Dislocation

Figure 13.8 (a) Long straight dislocation impinged on free surface of half-space at angle 0.
(b) Corresponding infinitely long straight dislocation in infinite body piercing x; = 0 plane
at angle 6. Also present is a dislocation fan lying in the x3 = 0 plane and centered on

the point of its intersection with the long straight dislocation.

Straight dislocation impinging on planar free surface of half-space

Elastic field of general dislocation

Consider the long straight general dislocation impinging on the free surface of the
half-space in Fig. 13.8a. As shown by Lothe, Indenbom, and Chamrov (1982) and
Lothe (1992¢), its elastic field in the half-space can be obtained as the sum of two
fields, i.e., the elastic field of a corresponding dislocation of infinite length in an
infinite body (running parallel to the semi-infinite impinged dislocation) and the
field of a dislocation fan in an infinite body lying in the x3 = 0 plane and centered on
the point at which the dislocation pierces the plane, as shown in Fig. 13.8b. The fan
consists of a planar array of an infinite number of infinitely long straight disloca-
tions of infinitesimal Burgers vector strength intersecting at a point in a fan-like
radial configuration (Lothe, 1992b). The Burgers vector strength of the dislocations
comprising the fan has an angular distribution, b(y), where db = b(y)dy is the
total Burgers vector strength of the dislocations lying in the fan at angles between
and  + dy. The distribution, b(¥/), is a variable of the model, that, when properly
formulated, causes the tractions on the x3 = 0 plane due to the elastic field of the fan
to cancel the tractions due to the dislocation, thus producing a traction-free surface.
The elastic field in the half-space in Fig. 13.8a can therefore be expressed as

oij =0 + i, (13.101)

where 3° is the stress in the infinite body due to the dislocation, and ¢};AN is the stress

in the infinite body due to the fan serving as an image stress. We proceed by first
determining the traction on the x; = 0 plane due to the dislocation and then the
traction due to the fan, in order to find the condition on b(}) for vanishing net
traction. Having this, ¢;;*N and o}° are determined for substitution into Eq. (13.101).

Traction on x5 = 0 plane at P due to dislocation

The coordinate systems and geometry in Fig. 13.9 are employed. Here, the field
point P lies in the plane O’APB, which is perpendicular to the dislocation, and is
located at the polar coordinates (p, @) with the origin taken at O’. Alternatively,
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P(r,y)or P(p,w)

X1

Dislocation
X3 t

Figure 13.9 Coordinate systems and geometry for analyzing the traction at field point
P(p,w) on the x3; = 0 plane due to an infinitely long straight dislocation intersecting it at
the angle 0, and a dislocation fan, of the type illustrated in Fig. 13.8b, lying on the x; = 0
plane and centered at O. Entire system is embedded in an infinite homogeneous body.

P lies in the x3 = 0 plane, located at the polar coordinates (r, y) with the origin
taken at O.

To obtain the traction acting on the x3 = 0 plane at P(p,w) due to the elastic
field of the dislocation, the corresponding distortion is first determined by
integrating the Mura equation, Eq. (12.80), using the method employed in
Exercise 12.4. Here, the elastic field of an infinitely long straight dislocation is
obtained by starting with a loop initially containing a straight segment of the
desired dislocation type and then extending it to the limit of infinite length in the
subsequent line integration. Using Eq. (12.80), the distortion can therefore be
written as

oo ~
ou® (x) 0GX(x — ts')
éxs = —bka,,,-meq,,X J ML B ox,, ty ClS/, (13102)
—00

where s measures distance along the dislocation, and x’ = s't. The required
derivative of the Green’s function can be obtained by use of Eq. (4.31) which
can be put into a useful form by employing the delta function relationship

I . o I . —_— /
k%) _ 1y yp @k =) (13.103)
d(k - w) dk - (x —x')]
which can be established using Eqgs. (¢) and (d) in Table D.1. Insertion of

Eq. (13.103) into Eq. (4.31) then yields

G (x — X)) —iﬁ(%;ﬂl ;wds, (13.104)

ox; T 8nm2
s
where the surface integral is over the unit sphere S (k=1). Insertion of
Eq. (13.104) into Eq. (13.102) then yields

oo

ou (x) 1 PR dé[l}- (x — ts')].
J 1 /
a.XS 87‘[2 bkckplmeqps ﬁ (kk)l] km J d[k ] (X _ ts/)] fq ds' dS ( 3 05)

S
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(b)
Dislocation Plry)

el
P(p,w) dy’

Fan dislocations

|
(0] A X1

X2

Figure 13.10 (a) Coordinate systems used for ﬁndlng the distortions at the field point P(p w) of
Fig. 13.9 due to the dislocation lying along t = # = 1 x f. All vectors except # = t lie in
the O'BPA plane, which is perpendicular to ¥ = t. (b) Coordinate system for finding the
traction at P(r,) on the x3 = 0 plane of Fig. 13.9 due to a dislocation fan lying in the x3 = 0
plane. Only elements of the fan in the angular range between ¥/’ and Yy’ + dy/’ are shown:
the positive directions of the fan dislocations are taken to be outwards from the origin.

However, according to Eq. (h) in Table D.1,

T dofk- (x ~ i) |, ~20(k-1)

~ = =— , (13.106)
dk - (x — ts')] (k - x)
and, substituting this into Eq. (13.105),
X (x) 1 (kk); ke
'6xx = 4—n2bka1,,-meqm @ﬁé(k t)lqu (13107)

S

However, the delta function 5( t) in Eq. (13.107) reduces the surface integral
over the unit sphere S (k =1) to a line integral in which the unit vector, k,
traverses the unit circle .E(k = 1) lying in the plane k-t =0. Using Eq. (13.107),
the distortion at x due to the dislocation can therefore be expressed in the
alternative line integral form

/Ek
(k- x)

ox 4 =) bkckplmeqps fi; tqd¢, (13 108)
r

where the integral is around a unit circle in a plane perpendicular to t (i.e., the
dislocation), and ¢ measures the rotation of k around the unit circle.

At this point the coordinates shown in Fig. 13.10a are introduced: these include
the usual (m, i, %) coordinates of the integral formalism and the base vectors of a
second (m',n’, %) system obtained by rotating the (m, i, 7) system around its * = t
axis by the relative angle (o' — ). The dislocation lies along % =t, and all
remaining vectors lie in the O'BPA plane of Fig. 13.9. After putting the field
point at x = pm,’ replacing the vector k with the vector n/, and using
k-x -0 -x=ph -m=—psin(e —w)and ¢ = &’ + 7/2, Eq. (13.108) becomes

5 See Eq. (12.16).
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= (p, o [ AR
F0@) _ biCum, J( i M i o (13.109)

dx,  2m%p sin(' — )
0

X

Also, since m’ x i’ = t, Capsty = M7, — msnp, and putting this into Eq. (13.109),

~

AV A
AL

aujoo (p’ (1)) _ bkckpim m
sin(w' — w) ’

ox,  2mp

(i, —

(13.110)

O —

which, upon introducing Christoffel stiffness matrices, takes the simpler form

o (p, (AL G(RR) = ity
(o) _ bkﬁ* W)y~ 0 gy (13.111)

o,  2n¥p sin(w’ — w)

The traction on the x3 = 0 plane at P(p,w) due to the dislocation is then

. oo ouX
Ty ) = 07 = Cips 5 A
_ bk jlz OCUrqn rfz’l’l )kp (ﬁ,n/)[nl (ﬁ?CUrSm,S)ékr] da)'
= 27‘[2p sm(w —CO) (13112)
0
(

do’,

(A ) — (A°R), (W), (W) )
2n2 J :

sin(o' — w)

where the relation (n'#t’),; = (#'n’'),;, has been used.

Traction on x5 = 0 plane at P due to fan

The traction at P(r, Y) on the x3 = 0 plane due to the dislocation fan can be
determined with the help of the coordinate system in Fig. 13.10b. The perpendicular
distance from each source of Burgers vector strength in the fan is x| = r sin
(Y — '), and, therefore, using Eq. (12.27), the traction at the field point P(r, ),
obtained by integrating the contributions of all dislocations in the fan, is

2B
TN ) _;JW v/, (13.113)
0

where bYAN(y') is the angular distribution of Burgers vector strength in the fan.
The condition for a traction-free surface at P in Fig. 13.9 is then

TFAN(r, ) = —T% (p, )

_ZIB,-k(w’)bEAW) by Iuﬁw (), ), )

sin(y — ) dy’ = 272p sin(w — ') do’.

=
0

(13.114)
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Both integrals in Eq. (13.114) are principal value type integrals because of the
singularities that occur as @’ — w and Y’ — . However, the integral equation can
be solved for hFAN(y/)without evaluating either integral. Recognizing that the
angle 0 in Fig. 13.9 is constant, the following relationships hold between the
angles, 0 and o, w, and , and their primed counterparts:

sina = p/r sina/ = p' /1!
sinw = siny/sina sinw’ = siny/’/sin o/ (13.115)
cosw = sinfcosyy/ sina cosw’ = sinfcosy’/ sino/ ‘
cotw = sin 0 cot Y cotw’ = sinfcoty/.
Then, by employing these expressions, the two further relationships,
. sinf |
sm(w—w’):msm(lp—w’) e
sin 0 '
do' = dy/
sin’o/ v
are obtained, and upon substituting them into Eq. (3.114), we obtain
[ By (W )BEAN b (L), — (R, (i), (it
J jk(.lp) k glp)dlp/kj[( )]k . ( )J( )lp( )pk}dl/j/' (13117)
sin(yy — ') 47?2 sino/ sin(y — )
Equation (13.117) is therefore satisfied if
by o n o a st Al s n
Bjk(lﬁ/)bEAN(‘///) = m[(” m/)jk — (i n/)jr(n/n/)rpl (n,m,)pk]' (13.118)

The angular distribution for the fan, bfAN(})'), required to produce a traction-free

surface, is then

B (Wb

DN = iy P ) = R (W) () ). (13.119)

Stress field in half-space containing impinged dislocation

Having the above results, the stress field in the half-space containing the impinged
dislocation is obtained by use of Eq. (13.101). To determine the dislocation contri-
bution, ¢;7, we introduce the coordinate system and geometry in Fig. 13.11a, where
the dislocation lies along OO’, and the field point, P, is at the spherical coordinates
(r = R, y. ¢) at a perpendicular distance from the dislocation, p. Using Eq. (12.24),
the stress at P(R, Y, ¢) due to the dislocation is then

ous® _ bscmnip

SR, 8) = Conip 5 - =5 {—m,,s,»s + iy () 7 [4nBys + (i), Srs] }
P

(13.120)

where p, m, and n are given next by Eq. (13.122). To obtain these quantities it is
noted from Fig. 13.11a that the vectors from O to P and from O to O’ are given by
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(a) 00l (b) B c
Xq=
3=0 plane >
—X2 / t
A
Xq X1
P (R, y,¢)
Nt
Dislocation Xg Fan dislocation

Figure 13.11 (a) Coordinate system and geometry for determining stress at field point
P(R,{,¢) due to dislocation lying along OO’ in infinite body. Planes OAP and OBO'are
perpendicular to x; = 0 plane. (b) Geometry for determining stress at P due to dislocation
fan on x3 = 0 plane in infinite body. Only one dislocation of the fan is shown along OE.
Plane PDE is perpendicular to OE. Plane POD is perpendicular to x3 = 0 plane.

Points A, B, C, D, and E lie in x3 = 0 plane.

OP = R(sin ¢ cos yé; — sin ¢ sin yré, + sin ¢ cos ¢é€3)

o N . A 13.121
00’ = (OP - t)t = R(sin ¢ cos Y} — sin ¢ sin i, + sin ¢ cos i3 )t. ( )

Then, since O'P = OP — (OP - t)t, and p = |O'P|, and m = O'P/p,
. .12 . . ~12 . 212
p = R{[sin ¢ cos = £(,¥)01]” + [sin ¢ siny — £, W)io)” + [sin d cos ¢ — (¢, )]’ |

[sing cosyy —f(¢,Y)t1]ér + [sin g sinyy — f(§, y)i2]é + [sin ¢ cos ¢ — f(, ¥)i3]é3
{ sin g costy — (9. Y)AT* + fingsing (6,0l + sngeoss — 9}
£

B>

(13.122)

where f(¢, ) = (sin ¢ cos | — sin ¢ sin i, + sin ¢ cos ¢13).
The stress at P contributed by the fan, determined by use of the coordinate
system and geometry of Fig. 13.11b and Eq. (12.24), is

oFAN duj AN
mn (R lﬁ ¢) mm’pW

LIbfAN(W)Cmnip {

275 p/ - A;S:S + ﬁ/l)( d A,)tk [4an (A, ,)kr )s] }dlﬁ 9
0

(13.123)

where HFAN(Y') is obtained from Eq. (3.119), and p’, m’, and i’ are given by
Eq. (13.125). To obtain these quantities, refer to Fig. 13.11b, where

{DP:Rcos¢é3 (13.124)

ED = —Rsin ¢ sin(yy — y/')[siny/'e; + cosiy'e].
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X3 Free surface
0] X5
X [ Dislocation

Figure 13.12 Dislocation impinging at normal incidence on planar free surface of half-space.
Then, using p’ = (DE + DP),

p' = R[cos® ¢ + sin” ¢ sin>(y — )]/
m' = & [—sindsin(y — /) sin /& — sin$sin(y — §') cos ', + cos pés]
A=t xm.

(13.125)

Finally, the stress in the half-space is obtained by substituting Eqs. (13.120) and
(13.123) into Eq. (13.101).

Some results for isotropic systems

A great many solutions have been found for the image stress fields associated with
dislocations impinging upon free surfaces in isotropic systems using a variety of
methods including applications of potential theory (see reviews by Eshelby, 1979;
Lothe, 1992¢).®

Screw dislocation at normal incidence
A relatively simple case is that of a screw dislocation with b = (0,0,b) normal to a
planar free surface, as in Fig. 13.12 (Eshelby and Stroh, 1951; Yoffe, 1961).
According to Eq. 12.55, if the dislocation were of infinite length in an infinite
body, it would produce the tractions

bx: bx
lean:—m Tzzagzm (13.126)
on the x3 = 0 plane. An image field is therefore sought to cancel these tractions.
As shown previously by Eq. (13.44), these stresses produce a twisting torque
around the x3 axis on the x3 = 0 plane. As discussed by Eshelby (1979), this
suggests an image displacement field of the form

0 0
UIM =V x [0,0,(11(/)()(1,)62,)(3)] = alf(pé] —a) d)

—e 13.12
oxy axlez’ (13.127)

© Eshelby (1979) states that, “By ransacking textbooks of electrostatics and hydrodynamics we could
write down the solutions for an indefinite number of special cases.”
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where ¢(x, x», x3) is @ harmonic function and a; is a constant. Such a field corres-

ponds to rotation around the x; axis, which presumably could cancel the torque

produced by the infinite dislocation. Also, since ¢ is harmonic, it satisfies the Navier

equation, as may be verified by direct substitution into Eq. (3.3), and so would be an

acceptable solution. The image stresses due to this displacement field are
¢ o’

0'13 = 2,[1?13 = nai aX3a 0'23 = 2#? = —ua (13.128)

6x36x1

In a first try at finding the unknown ¢, the harmonic function ¢ = a,/x corres-
ponding to the potential for a point electrical charge, as given by Eq. (3.10), is
attempted. However, this produces the stresses

3ay pxox; M

3
~ oW (x1, 02, 33) = — TR (13.129)

O-lllg/l(xlaxbx:*) = .X5 )
which fall off with distance from the dislocation as x> and vanish on the x; = 0
plane and thus are unsuitable. In a second try, a candidate potential of the form
¢ = a; In (x3 + x) is obtained by uniformly spacing point charges along the
dislocation (i.e., along x3), and integrating their contributions (i.e., the a;/x quan-
tities) along x3. However, use of this potential results in image stresses on the
x3 = 0 plane of the form
M aipxy IM aipxy
o (1, x2,0) = —————5 033 (x,0,0) =———— 13.130
)" ERTRA
which are finite but fall off as x 2 and are therefore also unsuitable. However, in a
third try, use of the potential ¢ = a)[x; In (x3 + x) — x], obtained by integrating the
above result a second time along x3, produces the image stresses

appx
x(x+x3)°

apuxp

M
_— oy (x xX3) = —
X(X+X3) 23 ( 15X2, 3)

oY (x1,x2,x3) = (13.131)
which satisfactorily fall off as x ' and cancel the surface tractions of the infinite
dislocation when x3 = 0 and a; = b/(2n). Using these image stresses, the final stress

field for the impinging screw dislocation is then

pbx; pbx;
2n(x} 4 x3)  2mx(x + x3)

_ M _
o13(x1,%2,x3) = 095 + o3 = —

(13.132)
pbxi ubxi

2n(x? + x3)  2mx(x +x3)

M
023(x1,X2,%3) = 055 + 033 =

Edge dislocation at normal incidence

When the dislocation in Fig. 13.12 is an edge dislocation with b = (»,0,0), in an
isotropic system, use of Eq. (12.45) shows that the only surface traction requiring
cancelation is the normal traction

ubv X
n(l=v) (o +x3)

033 = — (13133)
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(a) (b)
Free surface

N/

(0] X9

Impinged

X1 dislocation

Figure 13.13 (a) Dislocation impinged on free surface of half-space at angle «. (b) Angular
dislocation present with segment 1 the same as the impinged dislocation in (a) and
segment 2 in the image position. (c¢) Angular dislocations 1-2 and 3—4 present, with
segment 1 the same as the impinged dislocation in (a) and segment 3 in the image position.

Yoffe (1961) and Eshelby (1979) have shown that a harmonic function can be
found in this case which can be used to construct a suitable image stress.

Inclined dislocations
As demonstrated by Yoffe (1961), solutions for the image fields of inclined disloca-
tions impinged on free surfaces in isotropic systems, such as illustrated in Fig. 13.13,
can be constructed with the help of angular dislocations, whose stress fields have been
analyzed in Section 12.8.1.2. The three cases of interest occur when the Burgers vector
is parallel to x, xp, and x3, respectively. In the first case, when b = (b,0,0), corres-
ponding to an edge dislocation, Yoffe (1961) finds that if the impinged dislocation in
Fig. 13.13a is replaced by an angular dislocation, as in Fig. 13.13b, with segment 1
identical to the impinged dislocation and segment 2 in the image position shown, all
tractions on the surface vanish, except a normal ¢33 traction. A harmonic stress
function can then be found, which yields an image stress that cancels the g3 traction.

A similar result is found when b = (0,,0). However, when b = (0,0,b), the angular
dislocation produces shear tractions on the surface. The situation can be partially reme-
died by aligning segment 2 with x; and adding a second angular dislocation, with acute
segments 3 and 4, in the configuration shown in Fig. 13.13c. This arrangement results in
shear stresses that are the same as the shear stresses produced by a screw dislocation
normal to the surface plus a normal o33 traction. The final total stress field resulting in a
traction-free surface then consists of the fields due to the two angular dislocations (known
from the results of Section 12.8.1.2), the image field for the normal screw dislocation,
known from Eq. (13.132), and an image field that cancels the g3 traction.

Further aspects of the above problems are considered by Shaibani and Hazzledine
(1981), who also point out several minor misprints in Yoffe (1961).

Dislocation loop near planar free surface of half-space

Image field
To find the image displacement field for a general dislocation loop near a planar
free surface of a half-space, the geometrical arrangement in Fig. 13.14 is adopted,
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Free surface

.

X1

[ O

Figure 13.14 General dislocation loop in half-space near planar free surface. The loop is
threaded by the x5 axis, and the X surface is arbitrary. The field point is at x, and the source
vector, x’, goes to source points on the X surface.

and the Volterra equation, i.e., Eq. (12.67), is employed. This will yield the image
displacement field of the above loop if the derivative of the Green’s function
required by the Volterra equation simply corresponds to the derivative of the
image Green’s function for a point force in a half-space given by the second term
in Eq. (8.15), i.e.,

0GR (x,x) _ 1 i AL M, LipAip (K + ppi;)
S :WREJZZ al : L~ d¢. (13.134)
0

Therefore, after substituting this expression into Eq. (12.67), the image displace-
ment field due to the loop in Fig. 13.14 is given by

C' mnbm 3 3 A M*LI A lg + Vi
u}M(y) _ _ jfmz RQHJZZ . io " oprrfp kﬁ( J P/:W./) . doi,dSs'.
20

(13.135)

Some results for isotropic systems

The image displacement field for a finite loop near a planar free surface of an
isotropic half-space can be found, as in the previous section, by employing the
Volterra equation, i.c., Eq. (12.67), with the required Green’s function, given in this
case by the image Green’s function for isotropic half-spaces given by Eq. (4.116).
Even though Eq. (4.116) is relatively simple compared with its anisotropic counter-
part, the results are lengthy and therefore will not be written out here.

Using the same approach, the image displacement field, du!™(x) of an infini-
tesimal loop located at x’ in a half-space can be obtained by employing the
Volterra equation in the form of Eq. (12.168) after modifying it so that its Green’s
function is the image Green’s function for a half-space, so that it assumes the form

oGM(x,x')  9GM(x,x/) 2v 0GM(x, x

!
M ~ im )
= —ub; o 13.1
du™ (x) = —ubjhy x o, 17, % ox ds, (13.136)
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with G,II-M(X, x') given by Eq. (4.116). Again, writing out the final results for
du;™(x) will be lengthy, but, fortunately, only differentiation is required.

Bacon and Groves (1970) have obtained solutions for a variety of different types
of infinitesimal loops located at X' = (0,0,4) by a somewhat different, but essen-
tially equivalent, route that again requires only differentiation. Here, an image
dislocation loop is introduced at (0,0,—¢), and the solution is expressed as the sum
of the displacement fields that the actual loop and its image would produce in an
infinite body, plus an additional term that is needed to produce a traction-free
surface. The additional term is found by using Mindlin’s (1936) solution for the
displacements due to a point force in a half-space, which serves as the basis for the
Green'’s function given by Eq. (4.116), and which is called for in Eq. (13.136).

Dislocation loop near planar interface between dissimilar half-spaces

Image field
The image displacement field for a finite loop in half-space 1 near a planar interface
between joined dissimilar half-spaces 1 and 2 can be obtained by the same approach
used above for a loop in a half-space with a free surface. For this problem, the
Volterra equation, Eq. (12.67), can again be used but with its Green’s function now
given by the Green’s functions for joined dissimilar half-spaces given by Eq. (4.79)
for anisotropic systems and by Egs. (4.105) and (4.106) for isotropic systems.

For the anisotropic case, the derivative of the image Green’s function for half-
space 1 required for the Volterra equation, obtained with the use of Eq. (4.79), is

(1)

QoM 3.3 ;“)WM,U,,A%) ki + psw;
S (X, ReJE:E: v irUriis (ki + ps ) 5 do.
aX/j — / Mo w — Vs L

=1 y=1 K- (X—X)+p, 'X-W—p,'x' - W]

(13.137)

Substituting this into the Volterra equation, the image displacement field in half-
space 1 (containing the dislocation loop) is then

2n
3 OW,,U,,AD (k; + pi
J ky( p J) 2d¢>ﬁ;dS'

I

a=1 y=1 | (x —x/) +p., w —pé 5% - W]

(13.138)

The corresponding displacement field induced in the adjoining half-space 2 can be
obtained by similar means using the Green’s function for half-space 2 given by Eq. (4.79).

Exercises

13.1 Find the forces exerted on long straight edge and screw dislocations of the

types illustrated in Fig. 12.2 by a general stress tensor, a,—?.
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13.2

Solution For the edge dislocation in Fig. 12.2a, b = (b,0,0) and t = (0,0,1),
and Eq. (13.11) yields

Q Q Q
011 912 033

[d=[lle?=1[b 0 0]|62 6 2| =062 o o2]. (13.139)

Q Q Q
013 033 033

Then, using Eq. (13.10),
e €& &
£ (edge) = bdet| 6 6% Q| =b(026 —0Qe).  (13.140)
0 0 1

For the screw dislocation in Fig. 12.2c, b = (0,0,b) and t = (0,0,1). Then, by
similar calculations,
[d] = [Bllo%) = Blofy of o%]
DIS/o (13.141)
7 (screw) = b(c%é) — o es).

Having these results, the force on any long straight dislocation is easily
determined.

Note that the ¢ and ¢ stress components are not involved as might
have been expected, since neither dislocation can move in a direction that
allows these imposed stresses to perform work.

Instead of starting with Eq. (13.1), as in the text, derive the Peach—Koehler
in the form of Eq. (13.10) by displacing the dislocation a differential
distance in the presence of an imposed stress field and determining directly
the extra work required due to the presence of the stress field.

Solution When a dislocation segment of length ds is displaced by 8§ as in
Fig. 13.15 in the presence of a stress system Q, the force on the dislocation
due to the stress does the work 8 W = (f DIS/Q . §&)ds. This must be equal to
the work done by the stress when the two sides of the cut associated with the
dislocation are displaced with respect to each other by the Burgers vector
during the displacement. Taking the X cut and displacement rule on p. 232
into account, this latter work is given by 8 W = —b - T |0§|ds, where T is

Dislocation

Figure 13.15 Segment of dislocation line, ds, displaced by &&.
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the traction on the side of the cut having the normal vector —n. Then,
equating these expressions, and using Eq. (E.5),

F8E, = bioQa|SE| = bio(E x 8E), = eunbioinds,.  (13.142)
Finally, since 8, can be varied independently,
FOSR = bia i, (13.143)
in agreement with Eq. (13.10).

Show that the net force on a dislocation loop lying in a uniform imposed
stress field, Q, vanishes.

Solution Using Eq. (13.10), the total force is given by the line integral

FlLoop/Q _ f{)szOOP/QdS _ Ejklo'gbi ?f)gkds, (13.144)
C C
since a,;,Q and b; are constant around the loop. Then, substituting
fk ds = ka,
F;‘OOP/Q = ejklagbl‘ {)fkds :ejklﬂgbi {)dxk =0. (13.145)

Cc C

Suppose a long cylindrical isotropic body of radius R co-axial with the
X3 axis contains a straight screw dislocation lying parallel to x3 at x; = gq.
The cylindrical surface of the body can be made traction-free by adding
the elastic field of a parallel image screw dislocation of opposite Burgers
vector lying along x; = h. Find the required distance, A, in terms of ¢
and R.

Solution Using Eq. (12.55), the stress produced by the real dislocation and
its image in an infinite body is

O,oo — ,Ll_b —X2 + X2
B —q) +3 (- )+ 3 (13.146
s Bb|  (x1—5) (x1 —h)

g — 1o _ .
Y (x; — q)2 +x5  (x— h)2 + X3

Using Eq. (2.59), this field produces a traction component at the point
P(x;,x,) on the cylindrical surface of radius R given by

X2
R
Combining Eqgs. (3.146), (13.147), and x7 + x3 = R?, the condition for the
cylindrical surface to be traction-free is

Ty = 05 + 05 (13.147)
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_ X2X1 + X2X1
R[R? — 2gx1 + ¢*| = R[R? — 2hx| + h?]
(X1 — q)x2 (x1 = h)xa

R[R2 — 2gx1 + 612] R[R2 — 2hx) + hZ]

(13.148)

Then, solving Eq. (13.148) for h, h = R?/q.

13.5 Figure 13.16 shows a positive straight screw dislocation, +D, parallel to the
S and S free surfaces of a large flat isotropic plate of thickness d. If +D
is at the distance q from surface, SM find an expression for the image stress
at the dislocation.

N N N

+D -D +D -D +DY -D +D -D +D
4 l l 4 l Iy Iy Iy 4
[ [ 1 N [ |
-4d 2(-2d+q) -2d 2(-d+q) oN 2¢g 2d 2(d+q) 4d
X1

Figure 13.16 End view of positive straight screw dislocation, +D, lying parallel to
X3 at x; = X, = 0 at a distance q from the surface, SW, of an infinite thin plate.
The remaining +Ds represent image dislocations.

Solution Following Hirth and Lothe (1982), first put a negative screw disloca-
tion (i.e., —D) atx; = 2g to cancel ;3 0on S due to +D at x; = 0. Puta +D
atx; =—2d to cancel o,5 on S® due to —D at x; = 2q. Puta —D atx; =
2(d + g)to cancel 613 0n S due to +D atx; =—2d. Puta +D atx; =—4d to
cancel o;30n S@ dueto —Datx; = 2(d + g),etc. Puta —Datx; = 2(—d + q)
to cancel 613 0n S @ due to +D atx; = 0. Puta +D atx; = 2d to cancel g5 on
SWdueto —Datx; = 2(—d + ¢). Puta —D atx; = 2(—2d + ¢) to cancel o5
on S@dueto+Datx, = 2d. Puta+Datx; = 4d to cancel a,3 on S due to
—D at x; = 2(—2d + g), etc. An infinite number of image dislocations is
therefore required, and the final image stresses at the dislocation are found by
summing their contributions at x; = 0. Using Eq. 12.55, all ¢{}! contributions
vanish, while the g13" contributions can be written as the infinite series

v _ M 1
oy _%n;wz(nd+q), (13.149)
which, in turn, corresponds to the function (Morse and Feshbach, 1953)
b
ag’lzg—dcot%. (13.150)

13.6 Determine the image force exerted on a long straight edge dislocation
parallel to a nearby flat surface (Fig. 13.3), whose total stress field is given
by Eq. (13.52).
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Solution The image force can be found by substituting the image stress at
the dislocation obtained from Eq. (13.52) into the Peach—Koehler force
equation, as given by Eqgs. (13.10) and (13.11). Then, since b = (b,0,0)
and t = (0,0, 1),

oft oy 0
d=[b 0 0| o o | =pe™ o o],  (13.151)
0 0 oM
so that
& & &
FOSPEY _ gt = det|boM botY 0 | = boM(g, 008, — bo'¥(q,0)é.
0 0 I

(13.152)

The image stresses according to Eq. (13.52) are o1} (¢,0) = —A/(2¢) and
oM = 0, and substituting them into Eq. (13.152), the image force is

DIS>/DIS™ ub? .
= 13.153
f 4r(1 — v)qel’ ( )

which is towards the surface, as expected.
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14.1

Interfaces

Introduction

A variety of distinguishable types of internal interfaces exists in crystalline materials.
Many consist entirely of arrays of discrete dislocations, or else contain arrays of
discrete dislocations and therefore possess stress fields that extend significant dis-
tances into the two adjoining crystals. In this chapter, we will consider some of the
major types of such interfaces and focus on their structures, elastic fields, and strain
energies.

To treat these interfaces, it is convenient to divide them into two major classes:
interfaces where the elastic properties of the two crystals adjoining the interface
can be assumed to be effectively the same (i.e., iso-elastic interfaces), and those
where they differ significantly (i.e., hetero-elastic interfaces)."

The chapter begins with a description of several essential geometrical features of
interfaces in crystalline bodies and then goes on to analyze the elastic fields of a
number of iso-elastic and hetero-elastic interfaces possessing structures containing
arrays of discrete dislocations. The elastic fields of single dislocations in hetero-
elastic interfaces are also determined as part of the overall treatment.

The following notation is employed for this chapter:

&y strain field due to single dislocation in either infinite homogeneous
body or iso-elastic interface in infinite body,

& strain field in half-space 1 due to single dislocation in hetero-elastic
interface between half-spaces 1 and 2,

‘?jrray* strain field due to dislocation array in iso-elastic interface in infinite
body,

,f;rmym strain field in half-space 1 due to dislocation array in hetero-phase
interface,

FEF ” strain field due to single line force in infinite homogeneous body,

LFarray™

i strain field due to line force array in infinite homogeneous body.

! Note, for example, that in the case of a large-angle grain boundary, the two crystals adjoining the
boundary are of the same phase and so have identical elastic constants. However, since they have
significantly different crystal orientations, their elastic constants will, in general, effectively differ
across the boundary. Such an interface is therefore classified as hetero-elastic.
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Geometrical features of interfaces — degrees of freedom

Interfaces are most easily studied in the form of planar configurations in bicrystals
(Sutton and Balluffi, 2006). An infinite number of distinguishable structures can
be produced by varying the crystal misorientation of the two crystals adjoining the
interface and the inclination of the interface plane with respect to the crystal axes
of the adjoining crystals. There are then five macroscopic degrees of freedom that
can be independently varied to produce the full range of possible homophase and
heterophase interfaces.” These can be chosen in several ways. Consider homophase
interfaces first. A useful set for present purposes is obtained by constructing a
planar interface in a bicrystal as follows:

(1) Start with a single crystal labeled as crystal 1 and establish the desired
interface plane by specifying its unit normal vector, n, in the coordinate
system of crystal 1. Since n is a unit vector, this involves two degrees of
freedom, i.e., two direction cosines.

(2) Rotate the crystal region on the side of the interface towards which n is
pointing around an axis, a, lying in the interface plane, thus converting this
region to crystal 2. The a axis lies at an angle o with respect to a reference line
inscribed in the interface plane, and the angle of rotation around a is 0. This
introduces the two additional degrees of freedom, o and 6.

(3) Finally, rotate crystal 2 around n by the angle ¢, which is then the fifth degree
of freedom.

For heterophase interfaces we need only add a step in which crystal 2 is trans-
formed into the required new phase. However, this does not involve a continuous
variable and does not contribute a further degree of freedom.

Iso-elastic interfaces

An important type of iso-elastic interface is the small-angle homophase interface
where the crystals adjoining the interface are only slightly misoriented. For such
interfaces, the effect of the relatively small difference in crystal orientation across
the interface on the elastic constants can be neglected, and the elastic fields of
dislocations in the interface can be determined to a good approximation as if they
were embedded in a single crystal. As discussed next, certain large-angle homo-
phase interfaces also support discrete dislocations. Interfaces of this type are iso-
elastic in isotropic systems but not in anisotropic systems, since the difference in
the effective elastic constants caused by the relatively large misorientation across
the interface is then significant and must be taken into account.

2 For a homophase interface, the two crystals adjoining the interface are of the same phase: for a
heterophase interface, the phases of the two crystals differ.
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(a) (b) (c)

0/2

- 0/2

Figure 14.1 Construction of small-angle tilt interface. The crystal structure is simple cubic
with lattice parameter a. (a) Single crystal is elastically bent around axis normal to plane of
paper to produce a tilt angle 6 between left and right surfaces. (b) Distribution of edge
dislocations is introduced to accommodate the bending and eliminate imposed long-range
bending stress in (a). (c) Dislocations introduced in (b) are now gathered in planar array to
decrease the elastic strain energy further and form the small-angle tilt interface.

Geometrical features

Small-angle tilt, twist, and mixed homophase interfaces

A small-angle tilt homophase interface, consisting of an array of discrete, straight,
parallel, edge dislocations, is shown in Fig. 14.1c. The bicrystal containing this
interface can be constructed by the following steps:

(1) Start with a single crystal and bend it elastically until its outer extremes are
tilted with respect to each other by the desired angle, 0, as in Fig. 14.1a. Long-
range applied bending stress is therefore present throughout the crystal.

(2) Introduce edge dislocations throughout the crystal to accommodate the
bending and eliminate the long-range bending stress, as shown in Fig. 14.1b.
Note that local stress due to the individual dislocations is present, but the
long-range bending stress has been eliminated.

(3) Gather the dislocations into a planar interface consisting of an array of
uniformly spaced dislocations, as in Fig. 14.1c. In this arrangement, the strain
fields of the individual dislocations tend to cancel partially, their total elastic
strain energy is thereby reduced, and the two crystalline regions adjoining the
interface are tilted with respect to each other by the angle 6 and are free of
long-range stress.

A small-angle twist interface consisting of a square array of discrete screw dislocations
can be produced by essentially the same method. In Fig. 14.2a, the initial single crystal
is first twisted elastically around the intended interface normal by the angle ¢.
A distribution of screw dislocations is then introduced (not shown) to eliminate the
long-range stress that was required to twist the crystal initially. Then, these disloca-
tions are arranged in a square planar grid of screw dislocations to produce the
interface shown in Fig. 14.2b. Figure 14.2c shows a section of the grid in more detail.
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(a)

) (c)
n = (0,0,10)

Figure 14.2 Construction of small-angle twist interface. The crystal structure is simple
cubic. (a) Single crystal initially twisted elastically around n by angle ¢. (b) Final
interface consisting of square grid of screw dislocations, which accommodates the twist
misorientation between the upper and lower regions of the crystal in (a) in the absence
of long-range torsional stress. (¢) Detailed view along n of dislocation grid showing the
first lattice planes of the upper and lower crystals adjoining the interface.

More complex small-angle interfaces can be constructed by combining tilt and
twist rotations (i.e., 6 and ¢ rotations) to produce small-angle mixed interfaces. In
such cases, arrays of several types of dislocations must be introduced to accom-
modate the crystal misorientation.

In Exercise 14.3, this procedure, in conjunction with Eq. 14.11, is employed to
find the dislocation structures (including the dislocation types and spacings) of the
interfaces in Figs. 14.1 and 14.2. In Exercise 14.1, the dislocation structure of the
interface in Fig. 14.2 is found by the alternative method of applying the Frank—
Bilby equation (derived later in the form of Eq. (14.24)).

Large-angle homophase vicinal interfaces

The dislocation spacings in the small-angle homophase interfaces described previ-
ously decrease as the crystal misorientation increases, since larger numbers of
dislocations are required to accommodate the increased misorientation. For
example, for the tilt interface in Fig. 14.1c, each vertical plane that terminates in
the interface injects an edge dislocation into the interface, and it is readily seen that
the dislocation spacing in the interface plane, d, is therefore given by

a

4= 3 5in(0)2)

1%

5 (14.1)

At angles exceeding about 15 degrees, or so, the dislocation spacing becomes
sufficiently small to cause the dislocation cores to overlap, and the interfaces
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ot otple, ¢

?

Figure 14.3 (a) Large-angle singular interface. (b) Large-angle interface with slightly
larger tilt angle than the singular interface in (a) and therefore vicinal to it. The
interface consists of array of edge dislocations embedded in the interface structure of
the singular interface. (c) Detailed view of core structure of dislocations indicated by
arrows in (b).

therefore no longer consist of arrays of discretely separated dislocations possess-
ing Burgers vectors that are vectors of the crystal lattice. Such interfaces are
classified as large-angle homophase interfaces.

Although such interfaces do not contain arrays of discrete crystal disloca-
tions,’ many contain arrays of discrete dislocations possessing Burgers vectors
that are not crystal lattice vectors. This may be understood by considering
singular and vicinal large-angle interfaces. A singular interface is defined as
one possessing a free energy that is at a minimum with respect to at least one
degree of freedom, while a vicinal interface is one that is near a singular interface
with respect to its degrees of freedom. It is therefore energetically favorable for a
vicinal interface to adopt a structure consisting of the structure of the nearby
singular interface plus a superimposed array of discrete line defects (which may
be dislocations, dislocations with step character, or steps) whose function is to
accommodate the difference between the degrees of freedom of the two inter-
faces (Sutton and Balluffi, 2006). An example where the line defects are disloca-
tions is illustrated in Fig. 14.3a, which shows a singular large-angle symmetrical
tilt interface possessing a structure of short periodicity and relatively low energy.
Then Fig. 14.3b shows an interface with a tilt angle that is only slightly larger
than that of the singular interface and is therefore vicinal with respect to it. The
vicinal interface possesses a structure corresponding to that of the nearby
singular interface plus a superimposed array of discrete edge dislocations (at
arrows) that accommodates the difference between the tilt angles of the two

3 A crystal dislocation is a dislocation having a Burgers vector that is a translation vector of the crystal
lattice.
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interfaces. Furthermore, the Burgers vector of these dislocations is not a crystal
lattice vector, as seen in Fig. 14.3¢c, which presents an enlarged view of their core
structure.* The vicinal interface in Fig. 14.3b can be produced by the same
general method employed previously to produce the small-angle tilt interface
of Fig. 14.1c, by starting with a bicrystal containing the singular interface instead
of a single crystal. The bicrystal is then elastically bent to produce the added tilt
angle, and the accommodation dislocations are introduced to eliminate the
resulting long-range bending stress.

The Frank-Bilby equation

The pure tilt and twist interfaces possessed relatively simple structures, and the
dislocation structures required to accommodate their tilts and twists in the
absence of long-range stress were readily found. A general method for accom-
plishing this for any interface whose five degrees of freedom are specified is
now developed based on the Frank—Bilby equation. First, I introduce two
essential tensors, i.e., the «; tensor, which specifies the dislocation content of
a dislocated crystal, and the «;; tensor, which describes the lattice rotation that
is present locally within a crystal when it is bent or twisted (or both). Next, a
formalism linking these tensors under the condition of vanishing long-range
stress is developed. Then, having these results, the Frank—Bilby equation is
formulated.

The “‘state of dislocation” tensor, o;;

To specify the dislocation content of a dislocated crystal, we follow Nye (1953)
and introduce the “state-of-dislocation” tensor, o, by starting with a body con-
taining a distribution of discrete crystal dislocations. The dislocations are first
smeared out into an infinite number of dislocations having infinitesimal Burgers
vectors so that the dislocation content is smoothly distributed on a local scale at a
density that varies continuously with the field vector, x. A small tetrahedron is
then constructed in the crystal, and Burgers circuits are performed around each
face, as illustrated in Fig. 14.4. Since the circuit ABC on the front face is equiva-
lent to the sum of the three circuits around the back faces,

BABC — BOBC | BOCA | BOAB (14.2)

where, for example, B°B€ is the sum of the Burgers vectors of all dislocations

threading the area OBC, which is perpendicular to ;. The “state-of-dislocation”
tensor, &, is now defined as the tensor whose component, a;;, is equal to the sum of
the i components of the Burgers vectors of all dislocations that thread a unit area

4 Further description of vicinal large-angle interfaces, along with methods for determining the Burgers
vectors of the accommodating dislocations, is given by Sutton and Balluffi (2006).
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Figure 14.4 Small tetrahedron embedded in dislocated crystal, where 1 is the unit normal
vector to the ABC face. Clockwise Burgers circuits around each face are indicated.

in the body perpendicular to the j axis. The quantities in Eq. (14.2) can then be
expressed in the form

BOBC — ( AOBC

ap1€y + i€y + o31€3)
1261 + Oszéz =+ OC32é3)AOCA (]43)

OAB . . ~ | OAB
BY*° = (01381 + 023€; + a33€3)A7 7,

BOCA _ (

where, for example, A°B€ is the area of face OBC. Next, setting B equal to the sum
of the Burgers vectors of all dislocations threading unit area perpendicular to [,

B _ BABC BOBC + BOCA + BOAB

AABC — AABC (14.4)

Then, substituting Eq. (14.3) into Eq. (14.4),
Bl‘ = OCl'ij. (145)

The second rank tensor a;; therefore couples the vectors B and I. (Note that B; and
%;; both have the dimensions m ™).

If the dislocations throughout the body can be effectively grouped into families
of parallel dislocations, where family & consists of n® dislocations per unit area
perpendicular to t® with Burgers vector b
o,; tensor can be formulated, since

, an expression for the corresponding

N N
B =" a0 1) =3 a®pENL (14.6)
k=1 k=1
and, therefore,
N
2y =" n®pMi 0, (14.7)

where the diagonal and off-diagonal components of o;; correspond to screw and
edge dislocations, respectively.
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Figure 14.5 (a) Crystal bent around ¢é; axis. (b) Rotation, 8¢;, around é; axis produced by
traversing bent crystal by distance, dx;, along €; axis. The view is along the €; axis.
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Figure 14.6 Unit square Burgers circuit in dislocated crystal with its plane normal to
the x; axis.

The curvature tensor, i;;

If a crystal is filled with a uniform distribution of dislocations as specified by the
tensor w;;, the dislocations will generally induce lattice rotations, which cause the
crystal to be macroscopically bent or twisted without the generation of long-range
stress as, for example, in Fig. 14.1b. In the case where the crystal is bent around
the i axis, as in Fig. 14.5a, the crystal lattice rotates by the angle 6¢; around the
i axis when an advance is made in the crystal along the j axis of the distance dx;.
For small advances, 6x; = Rd¢;, as in Fig. 14.5b, and the crystal curvature
associated with the bending can be expressed as

5, _ 1 _ 0¢;

Kij = Lim

== . 14.8
3xj—0 SXj R axj- ( )

The quantity «;; therefore serves as a general curvature tensor, which couples the
crystal rotation that occurs when an advance is made in a bent or twisted crystal.
Its diagonal components represent pure twists, while its off-diagonal components
represent pure bends.

Relationship between the a;; and r;; tensors

The relationship that must exist between the o;; and x;; tensors for a bent or twisted
dislocated crystal under the condition of vanishing long-range stress is now
obtained by examining the closure failures of unit square Burgers circuits embed-
ded in the crystal with their planes normal to the coordinate axes as illustrated, for
example, in Fig. 14.6.
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First, the closure failure of the circuit in Fig. 14.6 is obtained in terms of the
curvature tensor by the following procedure:

(1) Take point C as a fixed reference point and determine the displacement of the
starting point at A relative to C due to crystal rotation as the unit segments CB
and BA are traversed.

(2) Next, determine the displacement of the finish point at E relative to C as the
segments CD and DE are traversed.

(3) Then, take the difference between the two displacements.

Using diagrams such as Fig. 14.6, the vector displacements at E due to traversing
CD and DE are d°P = ((k2» — k32/2),—K12.k12/2) and dPF = (k23/2,—K15/2,0),
respectively. Similarly, the displacements at A due to traversing CB and BA are
d® = ((kp3/2—K33),—K13/2.k13) and dB* = (—k32/2,0,K1,/2), respectively. The
closure failure of the circuit, measured from start to finish (i.e., from A to E), is
then d°° + d°F — d® — d®*

Now, according to the SF/RH rule (p. 231), if no long-range stress is present,
this closure failure must be equal to the sum of the Burgers vectors of all disloca-
tions threading the circuit, which, in turn, is equal to the vector B. Therefore,

dCD =+ dDE — dCB — dBA = (K22 + K33), —K12, —K|3 = B, (149)
and, with the help of Eq. (14.5),
By = o1 = (k22 + K33) By = = —Kp2 By =03 =—kKi3. (14.10)

By combining these results with results obtained for similar circuits normal to
axes 2 and 3, the relationship’

OC,'j = 51'ijk — Kﬁ (1411)

is finally obtained connecting the state of the dislocations in a dislocated crystal to
the corresponding curvature of the crystal when it is free of long-range stress.

Dislocation content of an interface — the Frank-Bilby equation

The relationship that must exist between the dislocation content of an interface
and its five degrees of freedom in the absence of long-range stress, i.e., the
Frank—Bilby equation, is now found by producing the interface by the method
illustrated in Fig. 14.1. For simplicity, the crystals adjoining the interface are
assumed to possess the simple cubic structure present in Figs. 14.1-14.3.%
Starting with a dislocated crystal that is generally bent or twisted (or both) and
free of long-range stress, as illustrated, for example, for simple bending in

5 The sign of Eq. (14.11) is opposite to that given originally by Nye (1953) because of a difference in
dislocation sign conventions.

© The analysis can be readily generalized to include general crystal structures (Sutton and Balluffi,
2006).
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Fig. 14.1b, construct a small local Burgers circuit in the crystal by employing the
FS/RH method illustrated in Fig. 12.4. Now, let

dv = d¢&al(x) (14.12)

be a small vector in the dislocated crystal where the a®(x) are the base vectors of
the crystal (which are functions of position because of the continuously varying
rotations in the crystal), and the &; are dimensionless coefficients. Also, express the
base vectors of the crystal as a linear combination of the base vectors of the
reference lattice so that

al.C — Dija_,Ra aIR — D;lalc (1413)

The Burgers circuit (which is closed in the dislocated crystal because of the use of
the FS/RH method) is then represented by the line integral,

fi;dv = jﬂda_f,-a?(x) =0. (14.14)

C C

Then map this circuit onto the reference lattice by the procedure illustrated
in Fig. 12.4. In the mapping process, each vector displacement increment,
dv =d&al = dé,»D,:,«ajR, in the crystal circuit is transformed into a corresponding
increment d v/ = d&aR in the reference circuit. The mapped circuit fails to close,
and using the FS/RH rule (p. 231), the sum of the Burgers vectors of all
dislocations threading the circuit in the dislocated crystal, b'®, is given by

—b“":jgdv’—dVZdéi[a?—Diiaf]- (14.15)
C

Upon transforming the circuit to a Cartesian coordinate by means of the coordin-
ate transformation alR = aé;, and writing coordinate displacements in the Carte-
sian system as dx; = ad &, b'°" assumes the form

~ b = fdgfal - Djall = (d ~ Dy dx)e, (14.16)
C C
or, equivalently,
— b;m = %(dx,‘ — Djl‘ dxj) = }((5,‘1‘ — Dji)dxj. (1417)
C C

Equation (14.16) can now be converted to a surface integral by using Stokes’

theorem, as given by Eq. (B.3); i.e.,
A~ aDm’ A A
— bwt = +(dx,- — Dj,-dxj)ei = €jkn JJ—e,n,-dS
ka
(14.18)
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Figure 14.7 Thin slab of thickness ¢ containing dislocations, which cause misorientation
of dislocation-free crystals 1 and 2.

where S is any surface terminating on C. Now, using Eq. (14.5), the sum of the b,

of all dislocations threading the surface @ n;d S can also be expressed by
S

bt — H iy S, (14.19)
S

Therefore, upon comparing Eqs. (14.18) and (14.19),

aD/i
o = —ejknwkf. (14.20)

Next, to produce the interface, as, for example, in Fig. 14.1c, the distribution of
dislocations in the dislocated crystal is gathered into a thin slab of thickness ¢ as
illustrated in Fig. 14.7. The two regions adjoining the slab then become crystals
1 and 2, which are misoriented with respect to one another. Also, since «;; has
vanished in both crystals outside the slab, the deformation tensor, D,,;, according
to Eq. (14.20), is constant in each crystal and changes discontinuously upon
crossing the interface slab.

The slab thickness, ¢, can now be made arbitrarily small, while o;; is correspon-
dingly increased to maintain the dislocation content in the slab constant. A closed
Burgers circuit enclosing a representative sample of the dislocations in the slab can
then be constructed following the path C = p® — p'¥, where p® and p" lie in
crystals 2 and 1 infinitesimally outside the slab, as shown in Fig. 14.7. To apply
Eq. (14.18) to this circuit, the derivative in the integrand is written as

— n- ek — ni ni
Oxy q

ik, (14.21)

where n is the interface normal. Then, substituting Eq. (14.21) into Eq. (14.18),

@) _ p

D,/ — D,

— b = ey O =Dii) ” A7 ds, (14.22)
' q
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Figure 14.8 Arrangement of crystal 1, crystal 2, the reference lattice, and the Cartesian
axes for determining the dislocation content of the small-angle symmetric tilt interface

in Fig. 14.1¢c |a}| = ‘a?(l)’ = ‘al.c(z)‘ =a.

i

where ﬁf is the normal to the circuit in Fig. 14.7. But, with the use of Eq. (E.5),

S

and substituting this into Eq. (14.22), and using Eq. (E.4), we obtain the Frank—
Bilby equation in the form
bt = eueinr (DY) = DY Vidops = (D) = Di)py =p? = pV. (14.24)

ni ni

Here, information about the five degrees of interface freedom is embedded in the
D;; tensors, which, in turn, are coupled to the Burgers vector content of the
interface represented by b*".’

As an example of its use, consider the small-angle symmetrical tilt interface in
Fig. 14.1c and assume that its degrees of freedom are specified but that its
dislocation content is unknown and to be determined. Crystal 1, crystal 2, the
reference lattice, and the Cartesian axes are then as shown in Fig. 14.8. Crystals
2 and 1 are symmetrically tilted around the é; axis (corresponding to the a3C
crystal axis) by the angles 6/2 and —6/2, respectively, and, therefore, according
to Eq. (14.13),

cos(0/2) —sin(6/2) 1 cos(0/2) sin(0/2) 1
DY = |sin(0/2) cos(0/2) 1 DY) = | —sin(0/2) cos(0/2) 1]
0 0 1 0 0 1

7 The Frank-Bilby equation, which is based purely on geometrical considerations, also applies to
interfaces where the adjoining crystals possess different lattice structures as can be shown (Sutton and
Balluffi, 2006) by an easy generalization of the Dj; tensors.
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The interface plane corresponds to (001)®, and if the vector p, which must lie
in the interface, is chosen to be p = (0,0,p), and therefore parallel to the tilt axis,
Eq. (14.24) yields

plet 0 —2sin(6/2) 07 [0 0
bt | = | 25sin(6/2) 0 ol{o|=10]. (14.26)
bt 0 0 ol lp 0

On the other hand, if p = (0,—p,0), and is therefore normal to the tilt axis,

bt 0 —2sin(0/2) 0 0 2psin(0/2)
bt | = | 2sin(0/2) 0 0| |-p| = 0 . (14.27)
byt 0 0 0 0 0

Equation (14.26) rules out all families of straight parallel dislocations except
those parallel to the tilt axis, while Eq. (14.27) shows that a family running
parallel to the tilt axis, with Burgers vectors whose sum satisfies the condition
bt = (2p sin (0/2),0,0) constitutes a satisfactory dislocation structure. The
vector b'°" is shown in Fig. 14.8a, and the sum condition is therefore satisfied
if N = (2p/a) sin (0/2) dislocations with Burgers vectors b = a® intersect p. The
necessary dislocation spacing is then d = p/N = a/[2 sin (0/2)], in agreement with
Eq. (14.1).

It is evident from this exercise that the vector p can be used as a general probe to
find interface dislocation structures that are composed of families of straight
parallel dislocations that are consistent with the Frank—Bilby equation. Obvi-
ously, an infinite number of different arrays satisfying the equation can be con-
structed for any given interface. The physically preferred array is the one of
minimum energy, and this can be identified only by means of energy calculations
(see Section 14.3.6). Arrays of the present type have been termed impotent arrays
(Mura, 1987) or surface dislocations (Sutton and Balluffi, 2006). When such an
array moves normal to itself without changing its structure, it produces a macro-
scopic shape change of the bicrystal consistent with the dislocation content of the
array and the corresponding change in crystal orientation across it, as discussed in
Section 15.3.

In Exercise 14.1, Eq. (14.24) is employed to find the screw dislocation structure
of the twist interface in Fig. 14.2. Further applications of the Frank—Bilby equa-
tion to more complex mixed interfaces possessing both tilt and twist components
are described by Hirth and Lothe (1982) and Sutton and Balluffi (2006).

Even though interfaces consistent with the Frank-Bilby equation are free of
long-range stress, a near-stress field exists, which extends into each adjoining
crystal a distance approximately equal to the dislocation spacing in the interface.
Such near fields, which are due to incomplete cancelation of the stress fields of the
dislocations at such relatively short distances, are now treated in the following
sections.
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Figure 14.9 End view of array of straight parallel dislocations at the spacing d. (a) In
iso-elastic interface. (b) In hetero-elastic interface.

Elastic fields of arrays of parallel dislocations

Consider the elastic fields produced by arrays of straight parallel dislocations in
iso-elastic interfaces using the coordinate system and geometry in Fig. 14.9a,
where the elastic constants are assumed to be effectively the same in each half-
space. The contribution of each dislocation in the array to the total displacement
field of the array then corresponds to the field produced by a single straight
dislocation in a single crystal given by Eq. (12.12). Using this, the total displace-
ment field of the array takes the form of the sum

1 00 6

" (x) = %N;w 3 + Ajy Liy by In(i - X — Nd + p,i - ), (14.28)

where the N are integers.

If the system containing the array is consistent with the Frank—Bilby equation,
Eq. (14.28) should yield a displacement field corresponding to a near field possess-
ing significant strains and a far field that is stress-free but causes the regions on
opposite sides of the array to be rotated with respect to each other. This can be
verified for the case of the symmetric tilt boundary in Fig. 14.1c by considering
the distortions associated with the displacement field which, with the use of
Eq. (14.28), are given by

ox; ~ 2ni

™ (x) 1 i 6 (my + pany)

+ Ay Ly by — — . 14.29
< P m - x — Nd + pyn - x) ( )

N=—00 o=

Equation (14.29) can be developed further by employing the following procedure
(Hirth, Barnett, and Lothe, 1979), in which the sum over N in Eq. (14.29) can be
expressed (Morse and Feshbach, 1953) as

- 1

Y T, . ~
X Nd )~ ™ A (1430)
N=—00 *
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For the far-field region where i - x > d, Eq. (14.30) is then reduced by first setting
(n/d)(m - X + pyn - X) = z, so that

mi (e + e7%)

T, .
By substituting Eq. (12.6) for p,, it is seen that when n - x > d
gcotg (- X + pyhi - X) = —%sgn(baﬁ x) = —%l[j:sgn(ﬁ X)), (14.32)

where b, is the imaginary part of p,, and the usual + sign convention has been
introduced for summing over the o index. Then, substituting Eq. (14.32) into
Eq. (14.29), the far-field distortions are

o™ (far-field) 1

o = _ﬂsgn n- X ZAjochoc bk(ml +Paﬂ1) (1433)

and, upon substituting Eq. (3.78) into Eq. (14.33),

out" (fa.r field) 1
: ox, = —pgsen(n-x) bml+zA/aLkakaotnl (14.34)

o=1

The sum in Eq. (14.34) can be evaluated by substituting Eq. (3.113) to obtain

6 6
ZA/&( Lk:x bk pxﬂ[ = bkﬁ[ ZA_,@ Lkoc Po = (nn)jrl (ﬁl’h),k bk ﬂ[. (1435)
o=1 o=1

For the present edge dislocations b = (0,0,0) so that 7i;b = b;, and the quantity
(Am),, by in Eq. (14.35) takes the form
() br = AiCirgjriibr = iiCingjfeh = iCinggixmib (14.36)
= nCipjxijiub = 1Cijiijtigb = (An), Aycb. '
Then, substituting Eqs. (14.35) and (14.36) into Eq. (14.34), the far-field distortion
tensor due to the array is given by (Hirth, Barnett, and Lothe, 1979)

o™ (far-field) 1 P D Ob ’ g
o = —ﬁsgn(n x)( iy — by —ﬂsgn(n-x) —0 00 )

For the far-field region where n - x > 0, substitution of Eq. (14.37) into Eq. (2.14)
shows that the only non-vanishing rotation is

b
" 2d
corresponding to a rigid body rotation of this region around the x; axis given by
80 = —b/2d. For the opposite far-field region where i - x <0, 80 = b/2d, and, it is

array ' (far—field) = (14.38)
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Figure 14.10 End views of arrays of straight parallel dislocations with Burgers vectors
b = (b,0,0), b = (0,b,0) and b = (0,0,b).

therefore concluded, as anticipated for the present array, that the two regions indeed
rotate with respect to one another according to the Frank—Bilby equation. Also, as
indicated by Eqgs. (14.37) and (2.5), the two far fields are free of elastic strain.

However, for arrays that do not satisfy the Frank-Bilby equation (see
Exercise 14.2), non-vanishing far-field distortions that produce elastic strains
will be present. This is demonstrated in the following section for the arrays in
Figs. 14.10b and 14.10c in isotropic systems.

Elastic fields of arrays of parallel dislocations in isotropic systems

It is helpful to have the elastic fields for the three arrays in Fig. 14.10 with the
three Burgers vectors shown, since, with their use, the field for an array with any
Burgers vector can be obtained by simple superposition. To demonstrate the
procedure for finding these fields in isotropic systems (see Hirth and Lothe,
1982), the o, field due to the array of edge dislocations in Fig. 14.10a is deter-
mined. The a1, field due to a single dislocation in this array is given by Eq. (12.45),
and, therefore, summing over the array,

o0 2 _ 2
L ni = (v Nd)z]. (14.39)
2n(1 =) e [ + (x2 — Nd)?)

The sum in Eq. (14.39) can be evaluated by starting with the identity (Morse and
Feshbach, 1953)

=N
> = 7 cot ma. (14.40)
N 1+a

Then, by substituting the complex numbers ¢ = p + ig and p = a — ig into
Eq. (14.40), adding the results, and using the standard relationships
sin(x + iy) = sin(x) cosh(y) + i[cos(x) sinh(y)]

cos(x 4 iy) = cos(x) cosh(y) — i[sin(x) sinh(y)], (14.41)

the further identity

- N+p T . . nsin(2mp)
P Trlcot tn(p —ig)] =
N;oo P+ (N+p)P 2 [cotn(p +iq) + cotn(p —iq) cosh(2ng) — cos(2np)

(14.42)
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is obtained. (It is noted here that, if the results obtained with Eq. (14.40) above are
subtracted instead of added, the equality

- 1

>

o2+ (N +p)? ~ gcosh(2ng) — cos(2mp)

T sinh(27q)

(14.43)

is obtained, which will be of use in Section 14.4.2.2.) Differentiation of Eq. (14.42)
with respect to p then produces
0 2 2 _
¢* — (N +p) e cosh(2ng) cos(2np) 12 (14.44)
— > 2 h(2ng) — cos(2np)]
Nho[q? + (N +p)7] [cosh(2mg p

Having this result, the sum in Eq. (14.39) can be evaluated, and ¢y is finally

obtained in the form

ST ubmxy[cosh(2mx; /d) cos(2mx, /d) — 1]

2 @(1 - v)[eosh(2mx, /d) — cos(2mxy /d)> (14.45)

The fields for the remaining stresses and also the other two families in Fig. 14.10
are obtained in a similar manner and are presented and discussed by Hirth and
Lothe (1982) and Sutton and Balluffi (2006).
When x, is greater than about d, the oy stress given by Eq. (14.45) is well
represented by
array™ ub2mx, (_ %) c 2mx;

01y :mex d OST (1446)

and is seen to be relatively small, as expected, and essentially to vanish at distances
that are a few multipoles of d.® The absence of a long-range stress field for this
family is as expected, since it corresponds to the simple symmetric tilt interface in
Fig. 14.1c, which obeys the Frank—Bilby equation.

In contrast to the results for the family in Fig. 14.10a, the families in Figs. 14.10b
and 14.10c possess non-vanishing long-range elastic fields. As demonstrated in
Exercise 14.2, this is consistent with the fact that the Frank—Bilby equation cannot
be satisfied for these two arrays.

When more than one family of dislocations is present in an interface and
intersect, they may be able to reduce the total strain energy by interacting to form
a cellular network consisting of straight segments, as illustrated, for example, in
Fig. 14.11. Here, a new network (dashed) is formed as a result of local dislocation
interactions at the intersections of the two original arrays, where lengths of

8 Relative to, for example, the o, stress at the same distance from a single edge dislocation as given by
Eq. (12.45).
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Figure 14.11 Two arrays of intersecting straight parallel dislocations (solid lines) interacting
to form cellular dislocation network (dashed lines).

. :_--"FI'--_-. __________ -
JE A g oo - X2

«— gl
e L ""T'_L; _______ T -
T I - -

— X1
b __: A o ____ -

:-r- =5 -

Y . --

Figure 14.12 Creation of two small-angle symmetric tilt interfaces with opposite tilt angles.

dislocations with Burgers vectors b; and b,, respectively, form segments of dis-
locations with Burgers vector bs, according to the reaction

b, + by = bs. (14.47)

The total Burgers vector strength of the interface is conserved, as far as the Frank—
Bilby equation is concerned, and the degrees of freedom of the interface remain
unchanged. However, the determination of the elastic field becomes more compli-
cated, requiring summations of the elastic fields contributed by the individual
segments, as described in Section 12.7.

Interfacial strain energies in isotropic systems

The energies of small-angle interfaces can be determined by a conceptually simple
method (Hirth and Lothe, 1982) in which two interfaces of the desired type, but
with opposite misorientations, are generated along the intended interface plane
and then moved apart against the attractive force that tends to pull them back
together. The process is illustrated in Fig. 14.12 for the simple case of a symmet-
rical tilt interface. Here, two interfaces with opposite tilt angles are created by
generating an array consisting of pairs of long straight edge dislocations having
opposite Burgers vectors and then moving them infinitely far apart on their slip
planes. The energy of each interface is then half of the total work done in
separating the two arrays against the attractive force between them. This force
in an isotropic system can be determined by noting that the ¢'5™" stress on each
slip plane can be obtained from Eq. (14.45) in the form

array> _ ubmx
12 2d2(1 — v)sinh?(mx, /d)

(14.48)
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Then, using the Peach—Koehler force equation, Eq. (13.10), the restrai-
ning force per unit length experienced by each dislocation is f = ba(y™ |
and, therefore, the corresponding work (per unit area) to create the two

interfaces is

d - 2d%(1 —v) | sinh®(nx, /d)’
b, b/o

1T s pPr [ xde
W= b an = [ (14.49)
/o
where Eq. (12.42) has been used for the core cut-off radius. Then, performing the
integration,

2
Wf:%{z_zcothc—[;)—1n{2sinh(z—z>]}, (14.50)

since b/d = 0, and 0 < 1, nb/ad = nO/o. < 1. Equation (14.50) can then be
expanded to first order to obtain the energy of a single interface (per unit area) in
the form

W ub? ade
T T an(l = v n<2nb) (14.51)

This expression for the energy may be compared with a simple approximate
determination of the interface energy based on the above results. The previous
solution for the elastic near field indicates that the field within a cylinder of
radius & d/2 around each dislocation is dominated by the field due to that
dislocation. Therefore, using Eq. (12.61) for the energy associated with the edge
dislocation in each cylinder, the interface energy is

ub? od
pa M (2 14.52
PR (=W n<2b>’ (14.52)

which is essentially identical to Eq. (14.51). By substituting b/d = 6, the interface
energy given by Eq. (14.51) can be expressed, as first shown by Read and Shockley
(1950), in the relatively simple functional form

7 =7.0(A —1n0), (14.53)

where y, = ub/[4n(l — v)] and A = In (c0e/27).

The energies of other types of small-angle interfaces can be determined
by this method. In most cases, the two interfaces created will not be
glissile, and dislocation climb will be required to move them apart while
not altering their structure, as discussed in Section 15.3. However, this does
not affect the energy calculation. Arguments given by Read (1953), and
extended by Hirth and Lothe (1982), indicate that the general functional
form of Eq. (14.53) is quite general and should be valid for all small-angle
interfaces.
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Hetero-elastic interfaces

Geometrical features

As is the case of the previous iso-elastic interfaces, a variety of distinguishable types
of hetero-elastic interfaces containing arrays of discrete dislocations exists (Sutton
and Balluffi, 2006). A common type is the epitaxial interface, which occurs when two
dissimilar phases possess atomic planes that are almost commensurate. A stable
interface can then be produced, where these planes are parallel to the interface, and
the small mismatch between them is accommodated by a dislocation array. A simple
example is the interface in Fig. 14.13, where it is assumed that phases 1 and 2 are
exactly commensurate in the x3 direction and nearly commensurate along x;.

The dislocation spacing in this interface, consistent with a vanishing elastic far
field, is readily found by means of the Frank—Bilby equation. Choosing the phase 1
lattice as the reference lattice, and expressing the base vectors of the various lattices as

=(+eoaf  a =af
2 = (@) fa a2y = af (14.54)
a; |t )=t
the D;; tensors of Eq. (14.13) are
l+e¢ 0 0
DY =1 0 a7/ o DY) =o;. (14.55)
0 0 1

Then, by first taking p parallel to axis 3, and then parallel to axis 1, Eq. (14.24)
yields, respectively,

] e 0 07707 [o
petl =10 [@7/a)1—1 o] |o] =0
byt 0 0 0 0
- iot: - - LPd - (14.56)
by € 0 Ol {p &p
bt =10 [@7/a]—1 of|o|=]0
| b5 1 0 0 0f[0] | 0
I I I | |
[ 1] [ 1 | Interface
L] || 1,/
e = -~
X9 :
1] 1.
T T 2
| 110
T 1 LI B B |
X1 . n

d

Figure 14.13 Cross section of edge dislocation array in epitaxial hetero-elastic interface
between dissimilar phases occupying half-spaces 1 and 2.
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Interface
Half-space 2 Half-space 1
#(2,)V(2) R F #(1),‘/(1)
x’ X
o~ X5
Edge dislocation
Xq

Figure 14.14 Geometry for determining displacement field of single edge dislocation in
hetero-elastic interface in isotropic system.

The first relationship is satisfied by a family of dislocations running parallel to
axis 3. The second, which requires that b{°' = ¢p, can be satisfied by assigning the
dislocations a Burgers vector b = (a(ll),0,0) and a spacing

d=="1 (14.57)

since, if it is assumed that when p is parallel to axis 1 it intersects N dislocations
at the spacing d, when the requirement becomes b\** = ep = eNd = Nagl) in agree-
ment with Eq. (14.57).

Further more complex dislocation arrays in hetero-elastic interfaces are treated

by Hirth and Lothe (1982) and Sutton and Balluffi (2006).

Elastic fields

The treatment of the elastic fields of dislocation arrays in hetero-elastic inter-
faces is considerably complicated by the difference in the effective elastic con-
stants that exists across the interface. It is therefore helpful first to consider this
problem in the case of an isotropic system before taking up the more difficult
anisotropic case.

Single dislocation in planar interface in isotropic system

Let us first find the elastic field of a single straight dislocation lying in a planar
hetero-elastic interface in an isotropic system following the analysis of Nakahara,
Wu, and Li (1972). This treatment makes use of Eq. (12.65), which expresses the
relationship between the displacement u,(x) at a field point x due to a dislocation
loop and the stress ¢/, (x —X') at a point X' on the cut surface X used to create
the loop caused by a point force F; applied at x (see Fig. 12.1). The results are
lengthy and cumbersome, and the analysis will therefore be restricted to the case
of the edge dislocation with Burgers vector b=(0,b,0) and t = (0,0,1) in the
interface shown in Fig. 14.14. This will lay the groundwork for going on to
the analysis of a simple tilt boundary consisting of an array of parallel edge
dislocations.
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Start with a planar dislocation loop lying in the interface of Fig. 14.14 with
b = (0,b,0) produced by a cut along a planar X surface in the x, = 0 plane
with positive unit normal vector n = (0,—1,0). For such a loop, Eq. (12.65)
reduces to

Fiui(x) = b @ oh(x —x')dx|dxy = b ﬁ["/{zl (x —x)
] ] (14.58)

+ 0y (x = x) + 05y (x = x)]dx] d,

where ag" (x — x') is the stress produced at a source point X’ in the plane of the

loop by component i of the force, F, applied at the field point x. The 0'22'
stresses in half-space 1 can be obtained by substituting the Papkovitch func-
tions given by Eqgs. (4.101) and (4.102) into Eq. (4.86) to obtain the displace-
ments and then using Eq. (2.5) and Hooke’s law. This yields (Nakahara, Wu,
and Li, 1972)

2
o = Fp ™Y (3 53— Aw +2v(‘>)

RO\ (RO 2
2 1+A
0'/21;2 =F,D = 3 (3 . 7+ +2 2 2V(1)> (14.59)
(RM) (RM)
o/ 2 3_A
RIS ) R i W R 212y,
(RO (RD)" 2
where
Ay — K p + (3 — 4y
T UOK T u® 1 (3 - 4@)u
B pPKs
= 2mu (14.60)
) M
Ky = a K> .

1+ (3 = 4y V)]

RY = [(x) — X)) + 2% + (x5 — x4 V2

Having this, the displacements in half-space 1 in Fig. 14.14 due to the long straight
edge dislocation with Burgers vector b = (0,b,0) and t = (0,0,1) lying in the
interface along x3 can be obtained by substituting each of the stresses given by
Eq. (14.59) into Eq. (14.58) and integrating according to the method leading to
Egs. (12.70) and (12.71), where the loop is expanded so that the integral is carried
out over a X surface corresponding to an entire half-plane bounded on one side by
the straight dislocation.” This yields

° Also, see Exercise 12.2.
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C K — 2) 22
m b1 —Kn—Kyn), 5 5 pIKyb(xy —x3)
' =———LIn(x; + x5) —
! 4n b 2auD) (3 + x3)
W b(l+Kp—Ku), (v uwPKub xix (14.61)
Uy =———"T~tan  |(— | — SR
2n X1 o) (x4 x3)

ugl) =0.

Then, applying Eq. (2.5) and Hooke’s law, the corresponding stresses are

2 2
m__ bx (1) Q. X=X m__ bx m,0
o) = 2 (0K, + @K, 2L 22 o) = 14y K
1 n(x%-l—x%)( poRR R X3+ x5 B3+ x3) e
2 2
(1 __ bn Wk + gDy LT % (1 _ X2 ()
2 T 0+ ) (H 12+ WK 212 T2 = o

(14.62)

Corresponding results for half-space 2 can be obtained by simply interchanging
indices.

Planar array of parallel dislocations in isotropic system

Consider now a simple dislocation array in an isotropic system consisting of
uniformly spaced parallel edge dislocations of the type analyzed previously in
the interface of Fig. 14.14. This array corresponds to a small-angle tilt interface,
whose elastic field is expected to produce far-field rotations in the adjoining
crystals that conform to the Frank—Bilby equation and far-field stresses that
vanish in each half-space. We now determine the elastic field and verify this
expectation. However, the analysis will prove to be more complicated than for
the previous case of the iso-elastic interface in Section 14.3.5 (Eq. (14.29)), since
the anticipated result will not obtained by simply summing the fields of the
individual dislocations.

The procedure is initially similar to that employed previously in Section 14.3.3
for an iso-elastic interface. The only relevant distortions in half-space 1 due to
a single dislocation in the array are auﬁ” /0x, and 6u§]) /0x;, which, by use of
Eq. (14.61), are given by

au§“ b X3

=— l1-Kp—-K
oxy 27 (x +x3) [( 2= Ka) +

4uPKy a3 ]

w3 4 x3)
X b (14.63)
61421 b 3
S (1 +Kn» -k
o 2m(x +x3) (14K )+

2uPKy; (6} —3)

p (o +a9)]
Next, by substituting these results into Eq. (2.14), and summing over all the
dislocations, the only non-vanishing rotation in half-space 1 due to the array is

Swarray(l) _ 72 [1 + Ky ('u(2) _ 1)]162 i % (14 64)
3 2n u N (x1 + Nd)* +

=—00
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Then, using Eq. (14.43), the rotation of the far-field region of half-space 1, where
Xy > d, is

50 (far field) = — 2~ |1 + K w o 14.65

- 2d[ 21(#“ )} (1469
This corresponds to a left-handed rotat10n of the far-field region of half-space 1
around the x3 axis equal to 30" = 8w d"dy '(far field). The rotation of half-space 2
can be obtained by a similar procedure, and by combining the results, the far-field
rotation of half-space 1 relative to that of half-space 2 is

b b [(uPKy 1K,
1 2

This result is seen to be inconsistent with the Frank—Bilby equation, since then
the equation would predict 80 = —b/d. Note, however, that if gV = u®, as it
would be if the interface were iso-elastic, Eq. (14.66) reduces to 60 = —b/d, and the
Frank—Bilby result is obtained.

Consider next the stress field of the array in half-space 1, a‘i‘;rdyu(xl,xz),
obtained by summing the contributions of the individual dislocations. Using
Eq. (14.62), and taking the origin at one of the dislocations,

Arrav(l) bx x 1
et o) <22 37 b (i

3(x; + Nd)* — 23
T (x +Nd)* +x3 .

(x1 + Nd)* + 3
(14.67)

To obtain the far-field at large x», x; can be set equal to zero, and the sums in the
above expression replaced by integrals, after smearing out the array of discrete
dislocations along x; into a uniform distribution of an infinite number of disloca-
tions with infinitesimal Burgers vectors with a Burgers vector line density b/d.
The expression obtained can then be integrated to obtain the far-field stress

T a2 2
_ds Lok, JMds
x3 (

b oo
array '(far field) = —uVKy, J
nd J @D | (1a68)

b
= (1 VK — P Koy).

Similar calculations show that the other far-field stress components vanish. Never-
theless, Eq. (14.68) establishes the existence of a non-vanishing far-field stress,
which is not surprising, since the far-field rotation field does not conform to the
Frank-Bilby result. The cra"ay stress given by Eq. 14.68 has the notable feature
that it is independent of x,, thereby producing the same shearing traction on all
surfaces parallel to the interface. Also, it vanishes for an iso-elastic interface where
M = 4

For a bicrystal with surfaces parallel to the interface, the far-field o} stress
given by Eq. (14.68) can now be eliminated in half-space 1 by applying a canceling

drrdy(



364

Interfaces

(a)

Interface

X1

Figure 14.15 Rotation, 80, of half-space caused by ¢, shear strain.

. . M array() . .
uniform image stress, o}y = = —a(5*¥", thus producing a uniform shear stress

and strain
b
oy (far field) = p (VK1 — 1PKyy)

oM (far field) b o Ky
2 T2\

(14.69)
MY (far field) =

without producing any incompatibility at the interface as may be seen in the two-
step process illustrated in Fig. 14.15. In the first step, (a) — (b), a uniform ¢;, shear
strain is applied, causing a shape change described by the two-dimensional dis-
placement field u(x) = ¢;2(x,€; + x1€;), which, according to Egs. (2.13) and (2.14),
does not produce any rigid body rotation. In the second step, (b) — (c), compati-
bility is restored by means of the rigid body rotation 60 = —eg;, around the x5 axis.
Using Eq. (14.69), and the results of a similar analysis of the effect of applying
a corresponding image stress to half-space 2, the final change in tilt angle
between half-spaces 1 and 2 produced by the application of the image stresses to
the two half-spaces is

m @ m o b [(uPKy 1K,

(14.70)

The rotation given by Eq. (14.70) is seen to cancel exactly the portion of the
rotation in Eq. (14.66) that deviates from the prediction of the Frank-Bilby
equation. The final result is therefore a bicrystal free of far-field stress and in
conformity with the Frank—Bilby equation, as originally expected.

Insight into the source of the far-field 75" Ustress produced by the array of
edge dislocations is gained by first realizing that the elastic field in half-space 1 due
to each edge dislocation in the interface (Fig. 14.16), given by Eq. (14.61), is equal
to the sum of the fields produced in an infinite body, with the same elastic
properties as half-space 1, by a fictitious edge dislocation with a Burgers vector,
pic” and a fictitious line force of strength,f{1Ct l , given by

b = b1+ Ki2 — Ka1) ?Ctm = =2b(u Koy — uVK12) (14.71)
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Half-space 2
ﬂ(Z)

Half-space 1 oo Space
y(‘l) ’u(1)
P — / L‘\\w

fict™
1

line force,f

Dislocation with b=b
Dislocation with b=bfict"

Figure 14.16 Equivalence between the elastic field in the left diagram produced at field point
P in half-space | by an interfacial dislocation with Burgers vector » and the field produced
in the right diagram at the same field point P in an infinite space, with the same elastic
properties as half-space 1, by a dislocation with Burgers vector b and a line force of
strength ff‘c‘m acting together.

where b is the Burgers vector of the real dislocations in the interface (Dundurs and
Sendeckyj, 1965; Sutton and Balluffi, 2006). This result also holds for half-space 2,
when the Burgers vector and line force strength of the ﬁctiti(z)us disloce}tion and
line force are, respectively, plict” — b(1 + K> — K12) andflﬁcw = — ?Cl( . In this
arrangement, the directions of the two line forces are therefore opposed, and the
net line force acting on the system vanishes, as must be the case.

This equivalence can be validated by first expressing it in terms of the condition

1 ot 00
Mz< ) — ulﬁct + ulLF ,

(14.72)

where uiﬁCtoc and u-f * are the displacements, respectively, due to a single fictitious

dislocation and a line force in the infinite body. According to Egs. (14.61), (12.54),
and (14.125), and use of Eq. (14.71), these displacements are given by

m_ b [(1 —Ki» —Ka) 1PKy (o — x%)}

] SO P
Ul = % [(1 — 2y In(x? +x3) - %}
(14.73)
ul) = % [(1 +K» — Ky )tan™! (j:) - 2M,<j<>1[){21 (X;KZX%J

ufiet™ — b(1 +Ki» — K1) tan—' (%) 1 X142

2 27 x) 2000 (o + )
UL — b(uPKy — u VK1) [ xix .
T T ) ()

Substitution of Eq. (14.73) into Eq. (14.72) then shows, with help from
Eq. (14.60), that the condition is indeed satisfied.

It is now shown that the far-field stress in half-space 1 obtained by summing
the fields of the dislocations in the actual array (Eq. (14.68)), is equal to the
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far-field stress due to a corresponding array of the fictitious line forces in
an infinite body with v=v". Using Eqs. (14.125), (2.5), Hooke’s law, and
Eq. 14.71 for the fictitious line force strength, the stress due to a single line force
in the infinite body is

b(uPKa — uVK,2)
2n(1 —v)

(1 — 2v)x2 + 2)(2)(%

(14.74)
HHG ()

o3 (x1,%) =

Then, assembling the array and smearing out the line forces into a uniform
distribution of an infinite number of infinitesimal lines forces along x;, the far-
field stress due to the array is obtained by integration (see Eq. (14.68)) in the form

(1 —2v)x, 2x,
2, 2 78" |ds
SSHa ()

b(uPKy — uVK ) J

Il_2Farray (far f1eld) = 27'[d(1 - V)

b
= _E(M(I)KIZ — 19Kyy),

(14.75)

which agrees with Eq. (14.68).

These results show that, in the fictitious dislocation—line force representation,
the array of line forces is the source of the non-vanishing far-field stress obtained
(Eq. (14.68)) when an effort is made to obtain the stress field of the real disloca-
tion array by summing the stress fields of the individual dislocations. The final
stress field, with vanishing far-field stresses in each half-space, can therefore be
regarded as the sum of three fields, i.e., (1) the field of the fictitious array of
dislocations, (2) the field of the fictitious array of line forces, and (3) the image
stress whose role is to cancel the far-field tractions produced by the array of line
forces.

Single dislocation in planar interface

Displacement field

With the results for hetero-clastic interfaces in isotropic systems in hand, we now
turn to hetero-elastic interfaces in general anisotropic systems. The first step is to
determine the elastic field of a single dislocation in such an interface. This problem
has been treated by Barnett and Lothe (1974) and Nakahara and Willis (1973),
and we shall follow Barnett and Lothe by considering the arrangement in
Fig. 14.17, where an infinitely long straight dislocation lies in a planar interface
between two dissimilar half-spaces. Using the integral formalism, a solution for
the displacement field in the half-spaces 1 and 2 is assumed of the form

( (1) Y .
u; 27115 AED In(im - x + pUa - x) (x-n > 0)
: (14.76)
( @4 . .
, ng Am D n(m - x + pPh - x) (x-n <0)
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X \Interface

Figure 14.17 End view of infinitely long straight dislocation lying along t = # = x h in
planar interface between dissimilar half-spaces 1 and 2.

where the 12 unknown quantities E ) and E are to be determined by the
boundary conditions at the interface. A branch cut is introduced along m - x <0
in the interface plane to make the complex logarithm in Eq. (14.76) single-valued
(see Section 12.3.1 and Fig. 12.5). It is assumed that the surface for the cut and
displacement that created the dislocation is the same surface used for the branch
cut, and a discontinuity in the displacement across this plane equal to the Burgers
vector is therefore required. Using the same procedure as in the previous develop-
ment of Eq. (12.8), it is found that when m - x <0,

=

) (14.77)

In(m - x+p§g1
In(m - x+p§,

x) — In|m - x| +in asn-x — 0~
X) —Injm-x|Fir  ash-x— 0" [’

=>

where the upper and lower signs in the + notation correspond to our usual
convention for the summation index «. According to the convention given by
the Z cut and displacement rule on p. 232, the negative side of the cut is the 0 side
in this formulation, and, therefore, the displacement across the cut is related to the
Burgers vector by

3

1 () . .
Au":ﬁ 2 E )(In | - x| + i) —i—;AmEa (In|m - x| — in)

3 6 14.78
*ZAW E@(In | - x| — ZA E2 (In|m - x| + in) ( )
=1 o=4

= bi7
or,
1 1
DY ADED — ADEDY In |m - x| + 52 (+ADED + APED) = b, (14.79)

=1 a=1

Since In |m - x| is arbitrary, Eq. (14.79) is satisfied when

o)

6
ADED — AP ED)) = 0 (14.80)

x:l
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and

6
ST (#ALED £ AT ED) = 2b;. (14.81)

a=1

No net tractions can exist along the interface, and the solution must therefore also
satisfy the boundary condition

oAy = o\i,  (rn =0). (14.82)

Therefore, by employing Eqgs. (3.1), (14.76) and (3.37), Eq. (14.82) takes the
successive forms

6 6
Z n’l Eli;zlp (mp +pi i ) Z 2>E n" }('li’)lfp (”h[’ +p§‘2)ﬁ[7)
. 0P @a
6 (m-x+p;'n x)6 (m-x+p; 0-Xx) (14.83)
Z L(I)E(l) Z L,(?Eéz)
o=1

=1

m-x+pa-x)  (m-x+pPh-x)

However, since pél) and péz) are complex, the terms in the denominators of

Eq. (14.83) take the limiting forms

(m - x+p. i - X) —m-x+i0” asn-x— 0 (14.84)
(- x+pPa-x) - m-xFi0* asn-x — 0T, -

when x is at the negative and positive sides of the branch cut. Then, substituting
this result into Eq. (14.83),

Mo«

10
=1

m-x+i0-

6

LYEY Z

==l 14.85

m-x Fi0+t’ ( )

However, Eq. (14.85) can be put into another form by employing the identity
(Gel’fand and Shilov, 1964),

1 1

ﬁl-X:‘:iO_ﬁl-Xilné(m'X). (14.86)

Therefore, by substituting Eq. (14.86) into Eq. (14.85), and rearranging,

" O
Z m O( - i“E((X))Ii]'

=1 X =1

(=)

WED + LPE®)ins(m - x) = 0. (14.87)

The condition given by Eq. (14.87) is then satisfied if

wYED —LPEX) =0 (14.88)

Mo

*
Il
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SR w(1)
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Half-space 1 ‘s Half-space 1
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SR (2 Dislocation

Figure 14.18 End view of dislocation lying along t = ¥ = m x i in planar interface between
dissimilar half-spaces 1 and 2. Dislocation is same as in Fig. 14.17 and is produced by
cut and displacement along X surface.

and

6
ST (LY ED £ LYEY) = 0. (14.89)

i o
o=1

Equations (14.80), (14.81), (14.88), and (14.89) constitute a set of 12 equations
that suffice to determine the 12 E&l) and E&z) quantities appearing in Eq. (14.76),
and the solution is therefore complete.

Strain energy

To obtain the strain energy of the interfacial dislocation shown in Fig. 14.18,
we continue to follow the treatment of Barnett and Lothe (1974), which employs
essentially the same method used previously to obtain the strain energy associated
with a crystal dislocation (see Section 12.3.2 and Fig. 12.6). As in Eq. (12.33), the
strain energy in the cylindrical shell of radii R and r, centered on the dislocation is
given by

1 1
W= 5 ﬁ 0jj&jj dv = E@ O',:,‘Lijfl,‘ dS, (1490)
v S

where the surface S is now the total surface corresponding to S = sk
SR 4 gD 4 ¢ L (1) 4 22 The displacement given by Eq. (14.76) is of
the same general logarithmic form as the displacement for the crystal dislo-
cation given by Eq. (12.12). As in the case of the crystal dislocation (and as
shown next) the contributions of the cylindrical surfaces in Fig. 14.18 to the
surface integral in Eq. (14.90) vanish. The strain energy (per unit dislocation
length) is then just the work done in displacing the two sides of the cut by the
Burgers vector during the introduction of the dislocation and, as in Eq. (12.40),
is given by

I )
w:ijaijbjﬂid\ﬂ (f-x=0). (14.91)

To
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To show that the contributions of the cylindrical surfaces vanish, x is
written as x = |x|(cos 0m + sin0n), so that Eq. (14.76) for half-space 1 takes
the form

1 .
! (00 = ;AQEQ) [m x| + In(cos 0 + p! sin 0)} : (14.92)
which is of the same general form as Eq. (12.36) for a cylindrical surface when
|x| is equal to RY or #{. The corresponding stress is

(D)~

) — M au c' E(D _ My +pahy (14.93)
O mn mnip ax 27'[1|X| Z mmp 10' cos 0 +p§1) sin 0

so that, for an element of area, dS, on any cylindrical surface,

o\l ds = ¢l |x|d0 = £V (0)do, (14.94)

ﬂl}’[

which is of the same general form as Eq. (12.38). Similar results are obtained for
half-space 2. The argument in Section 12.3.2 that the integrals over the cylindrical
surfaces do not contribute to the dislocation strain energy is therefore valid in this
case, and the strain energy is given by Eq. (14.91).

To evaluate Eq. (14.91), Eq. (14.93) is employed with cos 6 = —1 and sin § = 0,
along with Egs. (3.37) and (13.69), to obtain

A -1 ¢
O'ﬁrlr?”m = : ZAI(;)E(U[(nm)m +p£ >(nnm)]
! (14.95)

+JWp )
2TC1|X| Z ﬂl 2 1|X| Z JSO( no

Then, substitution of Eq. (14.95) into Eq. (14.91) yields

R
o PO LN~ 0y, 4 o
W= J 0, bifid|x| = — ﬁ; +J4)L;, bib, JW = Woln, (14.96)
where, W,, the interfacial dislocation strain energy factor, is given by (Barnett and
Lothe (1974))

1 6
Wo = ——.Z :tJ<1)L(l>b]bs (1497)

Planar array of parallel dislocations

Having the above results for a single interfacial dislocation, the elastic field of
the array of edge dislocations illustrated in Fig. 14.9b is now determined
following the work of Barnett and Lothe (1974) and Hirth, Barnett, and
Lothe (1979).
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Using Eq. (14.76), the displacement fields in the half-spaces 1 and 2, obtained
by summing the contributions of the dislocations in the array, are given by

6
array(!) _ 1 o (1
u; (x) =50 E E A}, EWIn(m - x — Nd + p{Vn - x) (x2 > 0)

array® 1 &<
) == 30 Y APED (- x - Nd+pPix) (e < 0)

2mi e~ i
(14.98)
and the distortions are then
ou drrdy(') X 6 (1)
(x) Z 3 A0 E(l) m; + ps n<11>A (6> > 0)
0x; 27”Nfooal - x — Nd +p, i - x)
M o . (14.99)
ou: X ] & m;+ps'n
] o (2) (2 | T Po N
o T AR B — oo (e <0)

N=—00 a=1 (m'X—Nd-i-pa ll'X)

Next, using Eqgs. (14.30) and (14.31) to evaluate the sums over N, and introducing
the usual + convention for summing over ¢, the far-field distortion tensors are

du ‘””y (far field)
6x1

2de:A(l)E (mi +pVny) (x> 0)

e (f eld) (14.100)
ar 11
. ox; ZdZ iA/% a ml +p§2>n1) (2 < 0)

Now, subtracting the second equation from the first and substituting the condition
given by Eq. (14.81),

0™ (far field) — ™ (far ficld)]

6)6]

(14.101)
bm, () (2),(2
_ 2d§ ( iAM Wpth £ A ER pPn

Then, applying the deformation tensor given by Eq. (14.101) to a vector in the far
field corresponding to the vector m (Fig. 14.17),

O™ (far field) — ™" (far field b,
om; = i )ax ( o= o (14.102)
1

which, for an array of edge dislocations with b = (0,5,0) and t = (0,0,1) of the type
illustrated in Fig. 14.14, yields

Srity = i3 =0 iy = —b/d = 0. (14.103)
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This result indicates a far-field rotation of half-space 1 relative to half-space 2
around the x3 axis consistent with the Frank-Bilby equation (see discussion
following Eq. (14.66) for this same interface in an isotropic system).

Despite this result that the Frank—Bilby equation is obeyed, the far-field distor-
tions given by Eq. (14.100) are non-vanishing and predict far-field stresses, which
Barnett and Lothe (1974) have shown produce tractions on all surfaces parallel to
the interface in a manner analogous to the tractions caused by the stress given by
Eq. (14.68) for the same array in an isotropic system.'® However, as in the
isotropic case, and now shown, these tractions can be eliminated by adding image
fields that are uniform and also obey the expression

) M>®
om— (2099, o (14.104)
J 6x1 a)C] ’

so that the compliance with the Frank—Bilby equation found above is preserved.
Following Hirth, Barnett, and Lothe (1979), candidate image displacements for
the above purpose are

6
™M (x) = ZAIM YEMY (i x4+ pM i - x) (x2 > 0)
= . (14.105)
@ S @
UM (x) = ZAIM EM? (- x+ p™M7h - x) (x2 <0)

=1

To preserve coherence at the interface it is necessary that uIM<)(n~x: 0) =
}M( '(n-x = 0), and this is satisfied when

6 6
ST AMUEMT = N 4IME pIME (14.106)

=1 =1

Using Eqgs. (14.105), (3.1), and (3.37), the traction produced by u}Mm(x) on a
surface parallel to the interface is then

M _ M<l MY LMD (1) M0 MO M
T, n, = E A E, (1,C o +p1 n,C mnjknk E L E

m n mnj mo

(14.107)

which is independent of the position of the interface, as must be the case. Since the
tractions must match across the interface, TIM(]) = TIM =TM and, therefore,
the relationship

ZLIM MY ZL Y g (14.108)

19 The determination of these tractions is lengthy and is not presented here; for details see Barnett and
Lothe (1974).
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must be satisfied. Using Eqs. (3.76) and (3.78), the conditions given by
Eqgs. (14.106) and (14.108) are satisfied when
MY AIMY M EIM® _ 4IMC T,lnM. (14.109)

mo

Then, substituting Eq. (14.109) into Eq. (14.105),

ZAIM A TIM(m X—|—p§M()n X) (xr2 > 0)

mo

5 . (14.110)
P = AN AN TN G x ) (< 0)

mo
=1

which finally takes the form

-1
MUx) = =)}, TMRx (x> 0) (14.111)

—1 *
M (x) = =) TMAx (< 0)

upon use of Egs. (3.76) and (3.110). The corresponding image distortions
are then

ou™M” (x) -1

e = (), M (0 > 0)

m;) (14.112)
allj (X) (2)71

T —(an);, Ty (v < 0)
and are seen to satisfy Eq. (14.104), as required.

By adding these image fields to the infinite-body solution obtained previously, a
solution for the array is obtained that is free of long-range stress and also
consistent with the Frank—Bilby equation, in a manner analogous to the solution
for the isotropic case obtained in Section 14.4.2.2

Exercises

14.1 Use the Frank-Bilby equation, Eq. (14.24), to find the screw dislocation
structure of the twist interface in Fig. 14.2.

Solution All lattices and coordinate systems are the same as in Fig. 14.8 but
with the tilt angle 0 replaced with the twist angle ¢. The matrices D( ) and
D,( are therefore again given by Eq. (14.25). Insertion of p = (0,—p, 0) into
Eq. (14.24) yields b™" = (2p sin (¢/2),0,0). This condition is satisfied by a
family of screw dislocations with Burgers vector af running parallel to af at
the spacing d = a/[2 sin(¢/2)] = a/¢. Next, insertion of p = (p,0,0) into
Eq. (14.24) yields b*" = (0,2p sin (¢/2), 0) which is satisfied by a family with

Burgers vector af running parallel to af at the spacing d = a/¢.
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14.2

14.3

Show that the long-range stress fields produced by the dislocation families
in Figs. 14.10b and 14.10c are consistent with the fact that the Frank—Bilby
equation cannot be satisfied for either family.

Solution The Frank—Bilby equation, Eq. (14.24), for a planar array of lattice
dislocations can be written in the alternative form

btlm 0 —@3 (00)) P1
) =[w]lp] or |B¥| =] @3 0 —oi||p|, (14113
by —wy W) 0 P3

where  is the rotation tensor appearing in Eq. (2.7), whose components
correspond to the components of the rotation vector given by Eq. (2.11). For
example, for the case of the family in Fig. 14.10a, Eq. (14.113) applies with
w1 = w, = 0 corresponding to a rotation around the €3 axis. Here, the long-
range strain field of the dislocation array is canceled by a rigid body rotation
(corresponding to the w tensor) of the two regions adjoining the array. For
the family in Fig. 14.10b with b'°* = (0, »'°', 0), Eq. (14.113), with p = (0,p,0),
cannot be satisfied by any choice of the three m; components, i.e.

0 —w3 W 0 —pw3 0
w3 0 —o | |p]| = 0 £ | bt |, (14.114)
—w; W 0 0 pw 0

There is therefore no rigid body rotation possible that will alleviate the long-
range stress produced by the family. A similar result is obtained for the
family in Fig. 14.10c.

In Figs. 14.1 and 14.2, the construction of a small-angle symmetrical tilt
interface and a twist interface, respectively, has been accomplished by a
process in which:

(1) A dislocation-free single crystal is first elastically bent or twisted.

(2) A suitable distribution of dislocations is introduced to eliminate the
long- range stresses generated in step 1.

(3) The distributed dislocations are gathered into a planar array to form the
desired interface.

Use this process, and, with the help of Eq. (14.11), find the dislocation
structures of the tilt and twist interfaces, including specification of the
required types of dislocations and their spacings.

Solution (a) To produce the tilt interface, start with a single crystal corres-
ponding to a unit cube with {100} faces, and elastically bend it around
[001] as in Fig. (14.1). The required dislocation distribution to eliminate
the resulting stresses is then obtained by use of Eq. (14.11), which takes the
form
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ol G1p o3 0 00
01 0O 023 | = | —K12 0 0 s (14115)
031 O3 033 0 00

since K, is the only non-vanishing component of k. The solution of
Eq. (14.115) is then
0,
=—Kp=——— 14.116
1= K= g ( )
with all other x; equal to zero. If we insert N edge dislocations with b = (0,4,0)
and t = (1,0,0),

21 =aN (14117)

and the long-range stress will be eliminated. Finally, put all N dislocations

into a planar array as in Fig. 14.1c. Since the crystal is bent downwards

(Fig.14.1a), the quantity O¢,/0x, is negative, and therefore, upon traversing

the crystal the unit distance along x,, —0¢;/0x, = 0. Then, putting this result

and Eq. (14.117) into Eq. (14.116), the dislocation spacing in the interface is
1 a a a

d=— =" —

N (@b fom) 0 (14.118)

in agreement with Eq. (14.1). (b) For the twist interface, the single crystal is
first twisted elastically around n = [001] as in Fig. 14.2a. Equation (14.11) is
then given by

o o2 o3 k33 0 0
ar o o3| = | 0 k3 0], (14.119)
031 032 033 0 0 0

0

with a solution

993

: 14.12
s (14.120)

O] = 02 = K33 =

In this case, to eliminate the long range stress, N screw dislocations with
b = (4,0,0) and £V = (1,0,0), are inserted along with N orthogonal screw
dislocations with b® = (0,4,0) and t = (0,1,0), so that
o1 :O(szaN. (14121)
Then, following the same procedure as in (a), 0¢3/0x3 = ¢, where ¢ is the
twist angle for the interface shown in Fig. 14.2, and
dV =a/¢

©— alh (14.122)

is obtained for the spacings of the two families of screw dislocations, in
agreement with the results in Exercise 14.1.
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14.4 Determine the displacement field due to component 1 of an infinitely long

straight line of force in an infinite isotropic body. Assume that it lies along
the x3 axis of the coordinate system in Fig. 14.14.

Solution Start with Eq. (12.32), which reduces immediately for the present
case by use of Eq. (3.147) to

47 =L ot ou [t + i G i [ 1) o)

b =L [ [ ), + )t o — 15 [ 30 o]

2n
u;LFDC =0.
(14.123)
Then, by use of Eq. (3.141), with 7i; = — sinw, /i, = cos w, M = cos w, and
My = sinw,
~  fi 3—4y 12 1 .
W = o [— mln (3 +x3) "~ mjsmw cos wdw}
- i .
utt = mj (1 — 2sin*w)do,
(14.124)
and, then, upon integration,
23
LF> fl 2 2 adl 2
=———=—[(3—-4v)l S S
Il GG CRR R -7
(14.125)
LE® _ fl X1X2

= 8mu(l —v) (x} +x3)
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15.1

Interactions between interfaces
and stress

Introduction

An interface can experience a number of different types of force, including
chemical forces (e.g., due to compositional differences across the interface), curva-
ture forces (due to interface curvature) and mechanical forces (Sutton and Balluffi,
2006, Asaro and Lubarda, 2006). In view of the focus of this book, I consider only
mechanical forces.

In general, an interface experiences a mechanical force when it lies between
two adjoining regions containing different elastic fields and therefore different
strain energy densities and elastic displacement fields. In such cases movement of
the interface, in which one region grows at the expense of the other, can produce
a decrease in the overall energy of the body and thereby give rise to a force on the
interface, expressed by Eq. (5.38). Such a force can occur under a variety of
circumstances. For example, during the recrystallization of a plastically
deformed crystalline body, relatively strain-free crystals form and then grow
into the surrounding plastically deformed and dislocated matrix. Here, the
reduction in energy that occurs as the strain-free crystals grow at the expense
of the dislocated matrix produces outward forces on the interfaces bounding
the strain-free crystals. In other situations, elastic fields that differ across
interfaces, and therefore generate a mechanical interface force, often occur in
polycrystalline materials in the form of compatibility stresses, arising as a result
of elastic anisotropy, anisotropic thermal expansion, and differing modes of
plastic deformation in the crystals adjoining the interfaces (e.g., Sutton and
Balluffi, 2006).

An interface can also experience a mechanical force when it is present in a
body subjected to applied forces, and is of a type whose displacement in the
body produces a shape change of the body. This allows the applied forces to
perform work, thereby altering the potential energy of the system, and giving
rise to an effective force on the interface, again expressed by Eq. (5.38). As will
be shown, interfaces of this type are generally able to support discrete localized
interfacial dislocations and move via the movement of these dislocations.
In such cases, the transfer of atoms across the interface, which is necessary
for the interface motion, occurs in a highly ordered and correlated “military
fashion,” resulting in a body shape change (Christian, 1975; Sutton and
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Balluffi, 2006)." Eshelby (1956) distinguished between these two types of force
and appropriately termed the latter force the dislocation force.

Both forces are treated in this chapter. In Section 15.2, the force arising from
elastic field differences across the interface is formulated in terms of the energy—
momentum tensor introduced in Section 5.3.2.1 (see Eqgs. (5.51) and (5.52)). We
therefore term it the energy—momentum tensor force.

In Section 15.3, the geometrical features of interfaces whose motion causes body
shape changes are described in terms of their interfacial dislocation content. Then,
expressions are formulated for the forces imposed on such interfaces when forces
are applied to the body. Following Eshelby, let us term this force the interfacial
dislocation force.

The energy—-momentum tensor force

To find the energy—-momentum tensor force on an interface separating two regions
with different elastic fields, consider the displacement of the interface, S, separat-
ing regions VW and V? shown in Fig. 15.1. The two regions possess different
elastic fields, and we wish to determine the resulting local force acting on the
interface by use of Eq. (5.38), which requires the determination of the change in
total elastic energy of the system as the interface is displaced by the vector, &¢.
Assume that as the interface advances into region 1 the medium in the overrun
region 1 is converted into the medium of region 2 possessing the same elastic field
that exists in the adjoining region 2. Following Asaro and Lubarda (2006), this
can be accomplished in each local region (such as the hatched region in Fig. 15.1)
by the following steps:

(1) Remove the intervening medium between the before and after boundary
positions while applying tractions, T, to the newly created surfaces to prevent
elastic relaxation.

(2) Transform the intervening medium into medium 2 possessing the same elastic
field as the adjoining region 2.

(3) Insert the intervening medium back into the gap from which it was removed
while maintaining its elastic field, and bond the surfaces together to produce a
system containing the displaced interface.

No energy change occurs in step 1. In step 2, the elastic strain energies corres-
ponding to the fields in region 1 and 2 are exchanged, and the change in strain
energy is therefore

W = (w? —w)gy = (w?® —w)(3& - n)dS = (W? —w)3&ads.  (15.1)
! Many interfaces are unable to support arrays of discrete localized dislocations and so move by the

chaotic uncorrelated transfer of atoms across the interface in “civilian fashion.” Hence, their motion
does not produce a body shape change, and they do not experience an interfacial dislocation force.
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Vi

S(after)
S(before)

Figure 15.1 Vector displacement, 6§, of interface S lying between regions VY and V@,
Dashed and solid lines are, respectively, the traces of the interface before and after
displacement of interface towards region 1.

However, in step 3, the intervening medium will generally not fit back into the gap,
owing to a mismatch that has accumulated along the vector 8§ due to the
difference in the elastic displacement fields of regions 1 and 2. This mismatch is
given by

@ _ M
5(u(z) _ u(l)) _ V(ufz) _ M,('z)) 3k = a(”ia—”l)(sgl (15.2)
X1

and the work that must be performed in rebonding the surfaces in step 3 is then?

SW =Tio(ul" — u®)ds = a0 (ul") — u)ds. (15.3)

1

Employing the previous equations, the change in total energy is therefore

o oul
SE =W + 3 W = |(w? —w Wiy — ayi; a0 B ) |56dS
li i

w® ol (15.4)
= | =)oy — oy | - — =L | | ;88,dS
1

Ox 1

Using Eq. (5.38), the local force per unit area is then (Asaro and Lubarda, 2006),

aufl) au,@ R 1 214
(W“)é]j IS ox; B W(2>5U — i ox; = [P[S) - Pgi)]”ﬁ

(15.5)

OF

Fi="ds58~

where use has been made of Eq. (5.52). The force per unit area therefore depends
simply upon the difference between the energy-momentum tensor, P;;, for medium
1 and medium 2 at the interface. The vector force on the interface, ‘F, is then

F=Fer=w —wi -1V —u) - ia, (15.6)

1 1

after making use of Eq. (15.5) and the equality

2 Note that in the case of a heterophase interface this analysis, which is restricted to the mechanical
force, treats only the effect of the difference in elastic fields and ignores a possible additional effect
due to a difference of the atomic volumes in the two media.
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(V") —u?) i) = = (15.7)

Equation (15.6) shows that the force is normal to the interface, as expected,® and
its magnitude is therefore given by

F=F a=w"—wh-a-Tvu" —u?) a=wh-w?)-T

d(u) —u®)
aXﬁ

)

— (W(l) _ W(Z)) —_T-
(15.8)

where x; represents distance along n. The first term arises from the change in
strain energy density that occurs when the interface is displaced, while the second
term arises from the corresponding work performed by the traction acting on the
interface.

The interfacial dislocation force

Many interfaces move in a body as a result of the movement of discrete interfacial
dislocations (Sutton and Balluffi, 2006) thus changing the shape of the body. This
can be seen most clearly by considering simple cases where such interfaces are
present in bicrystals with simple shapes.

Small-angle symmetric tilt interfaces

The simplest cases involve small-angle interfaces composed of arrays of crystal
dislocations, as described in Section 14.2.2.1. Consider first a small-angle symmet-
ric tilt interface in a bicrystal with the shape shown in Fig. 15.2. The interface is of
the type illustrated in Fig. 14.1, and if it is displaced normal to itself by the vector
0§ by the simultancous glide of its edge dislocations so that its structure remains
unchanged, the bicrystal undergoes the shape change illustrated in Fig. 15.2b.*
The displacement of the interface by the distance 6¢ causes a shear displacement of
the surface of crystal 1 parallel to the interface given by

8s = 2tan(6/2)5¢ == 5&0. (15.9)

3 This result may be compared to the result in Chapter 13 that the mechanical force on a dislocation
given by the Peach—Koehler equation, Eq. (13.10), is always perpendicular to the dislocation, since
the only motion that sweeps out any area of the X surface is motion normal to the dislocation. In the
case of an interface, the only motion that sweeps adjacent volume is motion normal to the interface.

* This is readily verified by simply constructing the same tilt interface in crystal 2 at different distances
from a fixed reference point located in crystal 2.



15.3.2

15.3 The interfacial dislocation force 381

(a) 0 (b) (c) T —
|_—--|—. —
+ I
R * |5t f
-+ 2 1 T x
+ '
“—T X1

Figure 15.2 (a, b) Change in bicrystal shape due to displacement, 8§, of small-angle
symmetric tilt interface. (b) Surface on right side is displaced by &s. (c) Shape change
of bicrystal under shear tractions, 7, due to the displacement of the tilt interface, 6&.

If the bicrystal is subjected to an applied traction, as in Fig. 15.2¢c, the change in
potential energy of the system resulting from the interface displacement (per unit
area of interface) is then

5b = —Tds = 0TS¢ (15.10)

and, by using Eq. (5.38), the force per unit area on the interface is

fINT/T:—I;ng—g:—I;CiI?BB—?:GT. (15.11)
Since the movement of the dislocations comprising the interface is responsible for
the bicrystal shape change, the above force should be equal to the total force per
unit area exerted on the individual dislocations by the applied tractions. The edge
dislocations are characterized by b = (5,0,0) and t = (0,0, 1), and the tractions
impose the shear stress, o1,. Therefore, applying the Peach—Koehler force equa-
tion in the form of Eq. (13.10), the force per unit length on each dislocation is

f =dxt=bopé. (15.12)

Since the dislocation spacing is given by d = b/0, the total force on all dislocations
per unit interface area is then

fzgzb";ﬁ:@glzzer, (15.13)

in agreement with Eq. (15.11).

Small-angle asymmetric tilt interfaces

Consider next the small-angle asymmetric tilt interface shown in Fig. 15.3d. The
first task is to determine its dislocation structure by use of the Frank—Bilby
equation, with the reference lattice, crystals 1 and 2, and the Cartesian coordinate
system all arranged in Fig. 15.3 in the same manner as in the case of the symmetric
tilt interface treated in Chapter 14 (see Fig. 14.8 and Eqgs. (14.25)-(14.27)).
However, the interface is now inclined asymmetrically between the two crystals
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(a) (b)

Reference lattice Crystal2 6/2
A

(d)

X2

ptot” -

Figure 15.3 Lattices used for analysis of small-angle asymmetric tilt interface.

and lies at the angle o with respect to the (010) plane of the reference lattice rather
than at the previous symmetrical (100) inclination. Equation (14.24), with p

chosen as p = — p(cos «, sin «,0), then yields
byt 0 —2sin(0/2) 07 [—pcosa 2psinasin(6/2)
bt | = | 2sin(60/2) 0 0| | —psina | = | —2pcosasin(0/2) |,
byt 0 0 0 0 0

(15.14)

which may be compared with Eq. (14.27) for the symmetrical case. Equation (15.14)
is satisfied by two families of straight edge dislocations lying in the interface parallel
to the x; axis of Fig. 15.3 with Burgers vectors b* = (,0,0) and b* = (0,—a,0) at the
spacings

B a a

~ 2sinasin(0/2) ~ Osina

5 a a
2cosasin(f0/2)  Ocosa

o

IR

(15.15)

IR

The total Burgers vector strength of the dislocations in the boundary per unit
distance normal to the tilt axis is therefore

1 1
b“——i—b/”ﬁ: (sino€; — cosaé;)d, (15.16)

which is normal to the interface and of magnitude 6. This is seen to be equal to the
corresponding Burgers vector strength of the dislocations in the symmetrical tilt
interface of Fig. 15.2 when the two interfaces have the same tilt angle.” The
asymmetric interface can move without changing its structure, by the simultan-
eous glide-and-climb motion of these dislocations, causing a shape change of the
bicrystal identical to the shape change caused by the motion of the symmetric

3 Tt is readily shown that the total Burgers vector strength in any tilt interface must be normal to the
interface to avoid long-range stress.
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. h
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| 7T
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Figure 15.4 Large-angle symmetric tilt interface containing an interfacial dislocation
with Burgers vector, b, associated with a step in the interface of height, 4.

(a) (b)
0 /

X1

Figure 15,5 Change in body shape of large-angle symmetric tilt interface by lateral motion
of interfacial dislocation possessing step character. (a) Bicrystal with initial interface.

(b) Bicrystal after partial passage of dislocation possessing step height, 4. (c) Bicrystal
after complete passage.

interface. The force exerted on the asymmetric interface by the applied tractions
shown in Fig. 15.3d must therefore be of the same form as the force on the
symmetric boundary, i.e., the force given by Eq. (15.13). This result is verified in
Exercise 15.1 by a calculation of the total force exerted on the individual inter-
facial dislocations.

Large-angle homophase interfaces

Many large-angle homophase interfaces, which are either singular or vicinal and
support localized interfacial dislocations, can move by the lateral motion of
interfacial dislocations, which are associated with steps in the interface plane
and therefore possess step character (Sutton and Balluffi, 2006; Pond, Ma, Chai,
and Hirth, 2007). An example is shown in Fig. 15.4, consisting of a large-angle
symmetrical tilt interface possessing an interfacial edge dislocation with Burgers
vector, b, which is associated with a step in the interface of height 4.® The change
in body shape that occurs when such a dislocation moves across a bicrystal is
illustrated in Fig. 15.5. As indicated by Fig. 15.5c¢, this consists of the displacement
of crystal 2 with respect to crystal 1 by the Burgers vector and the simultaneous

® These types of interfacial line defect have been given many different names in the literature, including
transformation dislocations, dislocations with step character (Sutton and Balluffi 2006), and disconnec-
tions (Pond, Ma, Chai, and Hirth, 2007).
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(a)

Parent phase

Figure 15.6 Change of body shape due to martensitic phase transformation. (a) Before
transformation. (b) Upper region transformed to martensite. The habit plane between the
phases is invariant.

displacement of the interface by the step height. If the surface of the bicrystal
parallel to the interface is subjected to a shear traction T, = o1,, the change in
potential energy due to the interface displacement is

8@5:—6121? (1517)
and the force on the interface per unit area is then

6E_ 8@_0’12[)

F=—%="%= (15.18)

Heterophase interfaces

A variety of heterophase interfaces, which are either singular or vicinal and can
support localized interfacial dislocations, can also move by the lateral motion of
interfacial dislocations possessing step character (Sutton and Balluffi, 2006; Pond,
Ma, Chai, and Hirth, 2007). In such cases, the Burgers vectors of these disloca-
tions generally possess components that are both normal and parallel to the
interface, since the interplanar spacings of the relevant planes in the adjoining
crystals (which are of different phase) do not match exactly. The lateral movement
of such dislocations across the interface therefore causes a dilatation normal to the
interface as well as a shear displacement.

In martensitic phase transformations, the dislocation structure of the inter-
face between the growing martensite phase and shrinking parent phase is
relatively complex and frequently contains two arrays of interfacial disloca-
tions, where the first array possesses step character and the second acts to
cancel the long-range stresses produced by the first (Pond, Ma, Chai, and
Hirth, 2007). The forward motion of the interface is coupled to the lateral
motion of the dislocations with step character and transforms the parent phase
into the martensite phase. On a macroscopic scale, the interface (habit plane of
the transformation) is an invariant plane of the transformation, meaning that it
is neither strained nor rotated. The shape change due to the transformation,
illustrated in Fig. 15.6, therefore involves a shear displacement parallel to the
interface, s, and a dilatational displacement normal to the interface, ¢, owing to
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the difference in atomic density that generally exists between the martensitic
and parent phases (Balluffi, Allen, and Carter, 2005).

Since s and ¢ increase linearly with the displacement of the interface, a simple
expression can be written for the force per unit interfacial area, ‘F, exerted on
the interface by applied tractions in the coordinate system of Fig. 15.6.
Expressing the increments ds and 8¢, that result from an interface displacement
o0&, as

Os = ko0&

(15.19)
Bq = kqséy

where k; and k, depend upon the detailed dislocation structure of the interface, the
force, per unit interfacial area, can be written in the simple form
0P _ 0220q + 01208

fz—a—é—TZO'ﬂkq‘f'O'nks- (15-20)

Exercise

15.1 Determine the force per unit area exerted on the asymmetric tilt interface of
Fig. 15.3d by the tractions indicated in the figure, by summing the forces on
the individual dislocations.

Solution Using the primed coordinate system in Fig. 15.3d, the Burgers
vectors of the two sets of dislocations are
b* = (asina,acosa,0)
) (15.21)
b# = (acosa, —asina, 0).
Next, by applying the Peach—-Koehler equation, the forces exerted on the
dislocations per unit length by the stress, o>, associated with traction, T, are

o . ~f ~/
f = aoy(sinae’; — cosae’s) (15.22)
P = aoip(cos @', + sin od's). '

Then, summing all the forces on the dislocations in unit interface area, and
employing Eqs. (15.22) and (15.15), the total force per unit interfacial area is

a1 s 1 .
f:f d_“+f ﬁzealze&, (1523)

which is normal to the interface and in agreement with Eq. (15.13), as
anticipated.
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Interactions between defects

Introduction

The fundamentals necessary to analyze the interaction energies and forces that can
occur between the various defects treated in this book are now in place. The elastic
fields produced by the defects, and the interactions between the defects and
various elastic fields, have been formulated in previous chapters.

The general procedure for determining the interaction between two defects is to
obtain the elastic field due to one defect at the location of the other and then to
determine the interaction of the latter defect with this field. Since the number of
possible defect—defect interactions is far too large to consider comprehensively,
this final chapter is restricted to a limited number of representative interactions,
which serve to demonstrate basic methods.

Point defect—point defect interactions

First, a general formulation is given of the interaction energy between two point
defects that are represented by force multipoles, as in Chapters 10 and 11.
Following this, the interaction between two point defects, each possessing cubic
defect symmetry, is analyzed for the case of an isotropic system.

General formulation

The interaction energy between a single point defect and a general elastic field has
been formulated in Chapter 11 (see Egs. (11.1)~(11.4)), and the displacement field
due to a force multipole is given by Eq. (10.10). The interaction energy between
two point defects, i.e., D1 and D2, can therefore be obtained by imagining that D2
is created at the origin in the presence of D1 at the position, x, and using the above
results for the interaction energy and required elastic field.

By replacing the general displacement field Q by the displacement field of D2 in
Eq. (11.1), the interaction energy assumes the form
Ept/PA(x) = = > uP(x + s @)1 (16.1)

int
q
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where uP?(x 4 sP1@)) is the displdcement at the field point x + s°'@ due to the
creation of D2 at the origin, and F 1@ is the force at x + sP'@ associated with
D1, whose center is at x. Then, by expanding uP?(x + sP9) around x,

D1/D2 a”m 1 0w
- _ D2 —J PUe) 4 — T Dlg)DI(q)
Ep' " (x) = Eq: U= (x) + 6xm T 2an0n,
(16.2)
1 63 D2 Dl(g)
D1(q) {D1(q) DL(q) 4 .. | pPlla

s A ;
3' Oxp, ax,, ox, ™ " ! ;o

which can be expressed more compactly in the series form

o0 s, D2
Dl/D2 l D1 a ui (X) ]6 3
mt Z | riry.rgi axrl ax’.z . 6‘er. ( . )
Next, using Eq. (10.10) to write the displacement field of defect D2 in the series
form

00 k k

D2 (=1 0°Gy(x) D2

: = E P . 16.4
;= (x) k! Oxg0xy, ... 0xg, q2--4i)’ (164)

and substituting Eq. (16.4) into Eq. (16.3), the interaction energy between the two
defects, separated by the vector, x, is given by

00 1 00 —1 k akJrs .
EDI/Dz(X):—Z—PDI Z( ) Gij(x) pD2

int riry..rgi q192---Gij
— sl y= k! Oxg 0x4, ... 0x,0x, Ox,p, ... Ox, N9
(16.5)

where the subscripts ¢; and r; assume the usual values ¢; = (1,2,3) and ry = (1,2,3).

Interaction energies can then be determined by using Eq. (4.42) for the required
Green’s function derivatives and expressions for the force multipoles determined
by the methods of Chapter 10.

Between two point defects in isotropic system

As an example of the application of Eq. (16.5), consider the case of two identical
multipoles with cubic defect symmetry of the type illustrated in Fig. 10.4 in an
isotropic system. Retaining only force dipole and octopole terms (quadrupole
terms vanish because of the defect inversion symmetry), Eq. (16.5) takes the form

2
D1/D2 0°G 1/( )
E. P, lP
int ( ) 1t qij aquax’]
| 3'Gy(x) 0*Gi(x)
_ Pr iP A S P 'Pr rar i+
+ 6 11192435 aquaxqzaxqzax]‘] + Lgjilr rrs axrl axrzaxr}aqu
— p)p(n) 0Gy(x) 1 <1>P<3>M
ox;ox; 3 ox;0x}

(16.6)
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where P and P®® are the magnitudes of the force dipoles and octopoles, respect-
ively. However, the leading dipole—dipole term vanishes since use of Eq. (4.110)
shows that

aGii - (1 — 2V) Xi azG,:,'

= — = =0. 16.7
Ox; 8ru(l —v)x3 Ox; Ox; (16.7)

To evaluate the remaining dipole—octopole term, Eq. (16.7) is used to determine that

64(;1.].(;3(): 21(1 —2v) _3+5(x‘1‘+x§+x§ . (168)
ox;0x;  8mu(l — ) x*
Then, substituting this result into Eq. (16.6), and setting /; = x;/x,
D1/D2 o (1) 3) 35(1 — 2\)) _E 4 4 4
E. =pPpY — L+05+1 16.9
int (X) 87‘5/1(1—\1))(5 5+ 1+ 2+ 3] ( )

where the angular factor is seen to be the same cubically symmetric factor that
appeared previously in Eq. (10.18). This result shows that the first-order dipole—
dipole interaction energy vanishes for two cubically symmetric point defects in an
isotropic material, but that a relatively short-range cubically symmetric inter-
action energy remains, due to the dipole—octopole interaction. According to
Egs. (10.18) and (10.19) for the displacement fields of the present multipoles, each
defect contributes a displacement field that is cubically symmetric, and divergence-
less with e = 0 in the region around the multipole (see Eq. (8.5) and Exercise 10.2).
As pointed out by Eshelby (1977), each defect looks for a hydrostatic pressure that
its colleague does not provide. However, while this behavior is characteristic of
isotropic systems, it is not for anisotropic systems where the dipole—dipole term in
Eq. (16.6) remains finite and falls off as x~>.

Dislocation—dislocation interactions

Interaction energies

Between two rational differential segments

The total interaction energy between two dislocations can be regarded as the sum
of all the interaction energies between the differential segments comprising one
dislocation and the differential segments of the other. Consider, therefore, the two
loops in Fig. 16.1. If the interaction energy between segment ds" on dislocation
C® and segment ds® on dislocation C?, aws"/ dsm, is known, then the total

nt
interaction energy between the loops, Wi(;[)/ (2), is given simply by the double line
integral over both loops,

w/@ + fde.‘“(”/dS(”. (16.10)

int int

c@ c
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Figure 16.1 Geometry for finding the interaction energy between dislocation loops
Cc" and C?.

A tractable formalism for obtaining the differential interaction energy, dWﬁlSl“)/ds@)

has been obtained by Lothe (1992b), by treating the segments as rational differen-
tial segments possessing the properties describﬁd in Section 12.5.1.5. Following
Lothe (1992b), the interaction energy, dWSlst(])/ ds(_), between two such segments, ds"
and ds®, arranged as in Fig. 16.1, can be obtained by imagining that segment ds® is
created in the presence of the stress field due to segment ds'" and finding the work,
dW, done by this stress field during the creation of segment ds‘® by the cuts and
displacements required to produce the dipoles that create segment ds® as described
in Section 12.5.1.5 (Fig. 12.17). Using the results in Section 12.5.1.5, the work
performed (per unit volume) in a differential disk-shaped volume of area dS and

thickness dr (see Fig. 12.17b), can be expressed as
JW - doy iP5 (]ds xr] AV AP da A%y, 2)|ds) x F|
B N r 47r? dsdr 4mr3 ’
(16.11)

where the first bracketed wquantity is the work performed per unit area of dipole
created, the second bracketed quantity, obtained with the use of Eq. (12.121), is the
area within the volume d V = dS dr per dipole created, and the third, obtained with the
use of Eq. (12.122), is the number of dipoles threading the area dS. Equation (16.11)
can be further developed by using the relationship corresponding to Eq. (12.126),
ndP|ds® x r| = ds? xr

)

so that

~di

; Plds? x r| = (ds® x r), = ds 7, eimn (16.12)
after using Eq. (E.5). Then, substituting Eq. (16.12) into Eq. (16.11),

do\Vb;@e.ndsr
dW/ _ ij Vi jmn n
43

Equation (16.13) can now be expressed very simply by substituting Eq. (12.128)
(which represents the transformation strain produced by all the dipoles) into it to
obtain

(16.13)
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dW' = dol/de;?). (16.14)

However, the interaction energy between segments per unit volume of the elastic
field must be given by —d W, and, therefore,

wdl(l)/d](") - _dwl _ —dO'l(J])dSZ(z) (1615)

nt

By employing the coordinates of Fig. 16.1, the total interaction energy is obtained
by integrating over the entire volume, so that

dWlnl VIas® _ J J J da x—x )dag(z)(x—x(z))dxldxzdxg. (16.16)

However, if two functions such as fix — xV) and g(x — x®) exist, having the
respective inverse transforms,

flix—xM) = J J J F(k)e®*dk dk,dks
e (16.17)
g(X—X(Z)) = J J J g(k)eik'xdkldkzdk}
Parseval’s theorem (Sneddon, 1951) states that
J J J 7 x—x< ) g(x —x(z))dxldxzdxz
T o o (16.18)

:<2”)3J J Jf(k>g(—k)e‘"“"“)““)>dk1dk2dk3.

Then, by employing this theorem, Eq. (16.16) can be written as

oo 00

dw s/ —(27{)3J J sz;,(j‘)(k)dg?@k_k)eﬂk ) iy dkydks. (16.19)

The transforms, d&,(»j (k) and ds ( k), appearing in Eq. (16.19) can be obtained
from Eqgs. (12.133) and (12. 132) respectively, and substituting these quantities
into Eq. (16.19), and applying the symmetry properties of the Cy, tensor,

; . 1 00 00 00
dw /"‘“L—J J J Fa (Kb (ds™M) x k) b1 (ds) xk) e O dy diadks.

int 87'[3

(16.20)

The amplitude of the Fourier expression given by Eq. (16.20), with Cj;, given by
Eq. (3.163), is a homogeneous function of degree —2 in the variable k, and the
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theorem given by Eq. (12.100) can therefore be employed to obtain the interaction
energy between two differential segments in the form

dsth) /ds® b b i s o idel) o B @ « g
dawi = S22 — x| J Ciu(m)(ds'” x m),(ds'” x m),do, (16.21)
0
where m lies in the plane perpendicular to the vector w = (x() — x(?)) /|x(1) — x(?)],

and the integration with respect to 6 is around a unit circle in that plane, as
illustrated in Fig. 12.11.

Between two loops

Having obtained an expression for the interaction energy between differential
segments ds'" and ds'” on the dislocation loops C'" and C'® in Fig. 16.1, the
total interaction energy between the two loops can now be readily obtained by
means of the double line integration expressed by Eq. (16.10). Therefore, substi-
tuting Eq. (16.21) into Eq. (16.10),

w1/ _ TF f{;dW'dS(l)/dS(Z)

nt nt

c) c@
pVp? T
=~ 15 +mJCfikl(m)(ds<>><m),(ds()><m)jd9.
c c® 0

(16.22)

Between two straight segments

The interaction energy between two straight dislocation segments can be
obtained in a similar manner by imagining that segments 1 and 2 are parts of
loops C" and C®, respectively, and then integrating Eq. (16.21) along the two
segments so that

w/e _bbY I P M« i) (ds@ x g
W = o J J X — x| J Cia(m)(ds'” x m),(ds'” x m),do. (16.23)
£m £@)

Parallel segments
When the segments are parallel, the coordinate system shown in Fig. 16.2 is
convenient. Then,

ds =tda)  ds® =tdd®  x) —xO] =R = [p? + () — )2
(16.24)



392

Interactions between defects

Figure 16.2 Coordinate system for determining interaction energy between straight
parallel segments 1 and 2.

Figure 16.3 Oblique coordinate system for determining interaction energy between
non-parallel segments 1 and 2: €3 is normal to the paper, pointing towards the reader.

and Eq. (16.23) takes the form

(1),.2) (1) 4.2 o
/(2 b bi dx dx « A A ~ "
Wil =P || s [ @ ) i< o
£ o [p? + (xg ) x; )

(16.25)

Non-parallel segments

When the segments are non-parallel, Hirth and Lothe (1982) have shown that it is
convenient to adopt the oblique coordinate system with base vectors (t(1),t(), &)
illustrated in Fig. 16.3. Here, ;3 lies along the line of closest approach of the two
lines collinear with the two segments (shown dashed) and is given by
é; = (t) x t?))/|t1) x t?)|. Distances measured along the three axes are repre-
sented by (s",5?,z), and therefore,

ds) = ids ds@ = Dds@ [xV) = x@| =R = [(sV)*+(s@)?— 25Ds@ cos 0 + 7'/,

(16.26)
and Eq. (16.23) assumes the form
wse _ BB [ ds(Dds®
M 82 2 2 1/2
£0) 2@ [(sM) + (s@)7 — 25(D5 cos O 4 22]
(16.27)

2n
x J ()@ ), (i x ) do
0
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(X“)—X(z)) ds'?

b'" b2

>

Figure 16.4 Geometry for finding the interaction energy between dislocation loops C” and C2.

Interaction energies in isotropic systems

Between two loops
Instead of following the procedure employed in Section 16.3.1.2 to determine the
interaction energy between loops C" and C®, another approach, used by Blin
(1955) and Hirth and Lothe (1982), can be employed. Here, the extra work, W,
performed by the stress field of loop C® when loop C" is created in its presence
by the cut and displacement method is determined. The result is then transformed
by use of Stokes’ theorem into a double line integral involving the differential
segments comprising both loops.

The two loops are shown in Fig. 16.4, where the traction on the surface of the
cut, 2V, due to the stress field of loop C? is o;,%,)ﬁéw. The interaction energy
between the loops is then

/@) _ _ 2) A(1) (1
W, =W = ﬂ alAlbNdS. (16.28)
»(h)

For an isotropic system, the stress, 0,(3,), can be obtained from the Peach—Koehler

equation, i.e., Eq. (12.162), which consists of four terms. Starting with the first
term, and substituting it into Eq. (16.28),

0 R
w2 () = = W) = - = 2 eimpbl: b“ﬂw(sz)ng”dsfiﬁdx;z). (16.29)
Xi

) c®
Note that here the source vector has been changed according to x' — x® and the
field vector by x — x'". Also, R = [xV — x?|, and a/axﬁ” = —6/ax§2). The surface
integral in Eq. (16.29) can now be converted to a line integral over C'V by applying
Stokes’ theorem in the form given by Eq. (B.7), so that

1

0 0
H S(V2R)AldS = JJ —5 (V2R dS + e f# V2Rdx". (16.30)
0} ox," ) Oy ch

Then, substituting this into Eq. (16.29),

nt q

WD) = — L, h2h0e, fﬁ (V2R)dxV j£ x| (16.31)
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since

0 ol @ _ (1) 0 i o2p g2
n() c® 5 co

S JJ alds 1; d(VR) =0.

50 c®

(16.32)

Then, by using Egs. (E.3) and (E.5) and the equality V>R = 2/R, Eq. (16.31) can
be put into the relatively simple vector form

(1 @)y . (ds) ©)

/2 u (b X b ) (dS x ds )

wa/ (1) = by } ﬂﬁ 2 : (16.33)
c c®

The remaining three terms from the Peach—Koehler equation can be substituted
and treated in a similar manner as shown in detail by Hirth and Lothe (1982).
These results can then be consolidated into the final expression for the interaction
energy between loops C'V and C?®,

e _ B % + (b1 x b2) . (ds) dem)+ i % % (b . ds)(b® . ds?)

int E E R
ch) c® ch c?
_r (n) My.T. (b 2
+4n(1—v)§ %(b x ds') - T - (b x ds'?),
cth) c@
(16.34)
where T is the tensor with components
'R o’R
T; = (16.35)

6x§l)6xj(»l> B 6x§2)6x}2) '

Between two straight segments

Having Eq. (16.34), the interaction energy between two straight dislocation seg-
ments in an isotropic system can be obtained by imagining that segments 1 and 2
are parts of loops C" and C?, respectively, and then integrating Eq. (16.34) along
the two segments so that

/@ _ N J J(b(l) % b<2)) . (ds“) % ds<2)) +ﬁ J J (b<1) ,ds(l))(b(2) -ds(2>)
int - R 4n R
£ £ £ @
+ﬁ J J (b1 x dsV) - T - (b? x ds?),
£ £

(16.36)

where the line integrals, £ and £, involving ds" and ds® are taken along
segments 1 and 2, respectively.
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[}
——5/0s—
Vi

Figure 16.5 Vector diagram, projected along —eé;, showing components V; and V, of the
V operator in the oblique (t(!), t?) &;) coordinate system.

Parallel segments

When the segments are parallel, it is again convenient to employ the coordinate
system in Fig. 16.2. In Exercise 16.1, this coordinate system is used to integrate
Eq. (16.36) to obtain the interaction energy (per unit length) between two infinitely
long parallel segments in the form

Wi K M5 (m? . M) o 3. (b ¢
n _ — — . . .
T 2n{{(b t)(b t>+l—v(b xt)- (b xt)}
M % 1) oll(b® x §) .
IS (LR p][z(b x t) p]}. 16.37)
po 1—v p

Hirth and Lothe (1982) have evaluated many of the integrals that arise in applying
Eq. (16.36) to parallel coplanar segments lying in the x, = 0 plane and have shown
that they can be obtained as elementary functions.

Non-parallel segments

When the segments are non-parallel, it is again convenient to employ the oblique
coordinate system in Fig. 16.3 with distances along the three axes measured by
sV, 5%, 2), along with Eq. (16.26). To evaluate Eq. (16.36), an expression for the

tensor, Ty, in the oblique system is needed. Writing the del operator as
V = Vit 4 Vot? + Ve, (16.38)
T;; can be expressed as
T; = Vi:V,R. (16.39)

The V; and V, components can then be obtained using the vector diagram in
Fig. 16.5.

Since R(s"",5?.z) lies between the points (s'”,0,z) and (0,5?,0), the
V operator describes the effect of moving the end points of r along the coordinate
axes. Since the effect of moving the (s",0,z) end along t is equivalent to moving
the (0, s¥, 0) end the same distance in the opposite direction along —t®, the
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operator must have projections along the three coordinate axes corresponding to
0/0sV, —9/03s®, and 9 / 3z, as shown (in projection) in Fig. 16.5. The components
of V must then have the forms

0 0 )

30 —Vscos0 Vi = —Vicosl Vi=—. (16.40)

Vi= T u® oz

Solving these three equations for the V, quantities, and substituting the results
into Eq. (16.38),

1 0 0 1 0 0 0
- R P'LC) T
~ sin®0 (@v o8 06 2 ) sin®6) (COSHGS(U + 6.9(2>>t T
(16.41)

The components of T can now be determined by use of Eq. (16.39). For example,

2 2 2
Ti» =V VR =— _140 <cos€ aR2+(1+C0829)aR+COSQaR>
sin s

o(sM) 05135 o(s)?
1 O°R o°R O°R
Try — R=— 20— — 4+ 2cosf .
2= VAV R =G (COS a0y 2 aas@ T 550y

(16.42)

Hirth and Lothe (1982) have evaluated many of the integrals that arise in applying
the above formalism to non-parallel segments in the present oblique coordinate
system. As for the previous case of parallel segments, the results can be expressed
as elementary functions.

Interaction forces

When the interaction energy between dislocations is known, the corresponding force
between them may always be determined by differentiating the interaction energy with
respect to changes in their relative coordinates. However, it is often more efficient to
determine the forces directly by use of the Peach—Koehler force equation. This
approach is therefore pursued in this section, and the force between differential seg-
ments that are parts of two different loops is obtained. Having this, the forces between
closed loops and straight finite segments are derived by means of line integrations.

Between two rational differential segments

Consider the two differential rational segments ds'” and ds® on loops C"
and C?, respectively, in Fig. 16.6. Using the Peach-Koehler force equation,
Eq. (13.10), segment ds® exerts a force on segment ds’ given by

dF = (d x tV)dsV) = bV da’) (& x dsV), (16.43)
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ds(1) ds(Z)
(x(M—x(2) /

pM b2

Figure 16.6 Geometry for determining force exerted on segment ds(" by segment ds®.

where dal(jz) is the stress imposed on the segment ds'” at the position x" by the

segment ds® at x®. According to Eq. (12.134), this quantity is given by

1 o o0 o0 X l
o () —x®) = — 5 J J J ()b (ds® 5 k), X Dik2dky dk, dis

(16.44)

and substituting Eq. (16.44) into Eq. (16.43), the differential force is therefore

1 o0 o0 o0
dF=—pb§”b§f)J J JCUH )& x ds)(ds® x k)" ik 2dk, dk, dis.
Y

(16.45)

16.3.3.2 Between two loops
The total force between two loops, such as in Fig. 16.6, is obtained by performing
a line integration of Eq. (16.45) around each loop, i.e.,

| - A oo 0o 00 o
F= *gbf’ b % (& x ds'V) j£ J J ch:fkl(k)
s (16.46)

C(l) C(Z) - —00

x (ds® x k)™ " XNig2dk, dk,dks.

16.3.3.3 Between two straight segments
The total force between two straight segments, such as in Fig. 16.2, or 16.3,
is obtained by performing a line integration of Eq. (16.45) along each
segment, i.e.,

) £?) —00 —00 —00

1 oo o0 X
1), (2 ~
F:f@bf)bf{) J (& x ds) J J J JC”U
e o b (16.47)

x (ds® x k)™ " Xig 24k, dk,dk;.
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Interaction forces in isotropic systems

Between two differential segments

The force between two differential segments, such as illustrated in Fig. 16.6, is
again given by Eq. (16.43), where da is the stress imposed on segment 1 by
segment 2. In the present isotropic case do can be obtained from the Peach—
Koehler equation, Eq. (12.162), in the modlﬁed form

2 u o (1 2) M 0 1
do?) (x!V) :Eei"’“bs”z)a - (R) R <VR a5
X

i axl(
iR S s | (16.48)
Y A C)| _ Oap 2)
+4n(1 - einkb,, lax,(l)ax&”@x;,l) oxl! (V )} ds;
with R = [xP — x®| and o/ax!" = —8/0x!”. Substituting Eq. (16.48) into

Eq. (16.43), a result is obtained, after considerable algebra, that can be expressed
in the vector form

dF = — gﬂn (6@ x bM) . V(V2R)][ds) x ds?)]

g (b X V(VR)) as}{p) - ds@ |

16.49)
__ P i ). (n (O (
4n(1_v)[(b x ds®) - v][ds") x (b))
_H @ xds?). 2R)ds) % bD)
+4n(1—v)[(b x ds'?) - V(V°R)][ds'" x '],
where V = (6/6x§1>)éf, T is the tensor
o’R
T = S (16.50)

and bUT corresponds to the vector bj(l)Tj,-é,-.

Between two loops and between two straight segments
The force between two loops in an isotropic system can be obtained by
integrating Eq. (16.49) around the two loops using the same approach
employed to formulate Eq. (14.46). Similarly, the force between two straight
segments can be found by integrating Eq. (16.49) along the two segments using
the same approach employed to formulate Eq. (16.47). Hirth and Lothe (1982)
treat the problem of the force between two straight segments in detail and show
that the line integrals involved can be obtained as elementary functions. How-
ever, the analysis is lengthy, and the reader is referred to their work for detailed
results.

In Exercise 16.3, Eq. (16.49) is employed to find the force exerted by a straight
screw dislocation segment on an orthogonal differential screw segment.



16.4

16.4.1

16.4 Inclusion—inclusion interactions 399

Inclusion—inclusion interactions

Between two homogeneous inclusions

The interaction energy between homogeneous inclusions 1 and 2 in a body, V°,
with a free surface, S°, is now determined. The first task is to formulate the total
energy of the system, which, since transformation strains are present (Section 3.6),
is written as

1
E=W= Eﬁﬁ (O’Sjl) + 0,(:,-2))(8[(71) + sgiz))dV
| v (16.51)
1 2 1 T(1 ot(2 T(2
- Ef{# (o + o e =) + @ = e lav,
A

where the sources of the stresses and strains are indicated by the superscripts.
Then, using Egs. (3.153) and (2.65),

LEEE O (1), @)y tot(1) ,  tol(2) 1 1) @)y, T, ,TQ)
Wziﬁa_xj[(a’j + 0y ) (; + u; )]dv_iﬁj;(%' + 0y )(EU T8 )dv

Ve Ve
(16.52)
and converting the first integral to a surface integral,
1 1 2 1 2\ - 1 1 2)\, T(1) | T
W= 5@ (o3 + )™ + D )iyds — 3 3&[}@ (0l + ) (e + el P)av.
s Ve
(16.53)
However, since agjl)ﬁj = agjz)ﬂj =0on S°,
1 1 2\ T(1) |, TR
W= ﬁﬁ (0l + ) + F)av
Ve
| (16.54)
1 2)\.T(1 1 2)\.T(2
=-3 Hﬁ; (al(-j) + afj))slf Jav + iﬁ; (agj> + GEJ->)8U( )dV}
A o)
Using Eq. (6.57), the inclusion self-energies are
1 1
1) _ (1) T(1) 2) _ ), T
W<>_—§§#o,j g dV W()——zf{ﬁai] & V| (16.55)

and the interaction energy between inclusions is therefore
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1

ENCIINCG) _ gy () _ ) — -3 [ﬁ?ﬁ ol el Vv + ﬂ} aelPav).
’V(U V(2)

(16.56)

The two integrals, fﬁﬁ alf]?)ag(l)dv and ﬁﬁ U(»il)f‘g(z)dv, in Eq. (16.56) can now be

NG )
shown to be equal. Begin by writing the first integral as

@), T() @.101) o xa ou™ ou
{ﬁ;% & dv = #ﬁaﬁ & dv = ﬁ}gii & — éxj + éxj dv.

L v ¥
(16.57)
However,
of 8™\ o 1) e ).
oi e~ ) =0 G e ) = 0 (16.58)
]

and, with the use of Eq. (2.65), the divergence theorem, and the condition,
al(jz)ﬁj =0on $°,

tot(1) a(J@uFOt(l))
(2) Ou; _ i U _ oo e o
ﬂj; 0 o dv = fﬁﬁ a—x, dv = ﬁ o, hdS =0. (16.59)
v Ve v
Therefore, substituting Egs. (16.58) and (16.59) into Eq. (16.57)
@@ o e Vv = — #ﬁ e dv. (16.60)
'v(l) Ve
A similar exercise shows that
jfﬁ oelPdv = — ﬁﬁ aedv. (16.61)
V@ Ve

Now, using the symmetry properties of the C;;, tensor,

O'Ejl)s(-z) = C,‘jk18]<{;>8(2)

ij i Cklij'sgjl)‘g](j) = Cijklglgjl)sl(j) = O-z(jz>8(1) (16.62)

i

Then, substituting Eq. (16.62) into Eq. (16.61), and comparing the result with
Eq. (16.60), it is seen that the equality
ﬁ? agjl)s;(z)dv = ﬁﬂ; al(jz)sg(])dv (16.63)
e 0

is valid. Finally, substituting Eq. (16.63) into Eq. (16.56), the interaction energy is
given by either of the two forms,
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meomee M otvay = - fohidtar. aoe
gy ooy : )

int oy

vy v

E

The two forms of this result can be readily understood by imagining first that
inclusion 1 is added to the system in the presence of inclusion 2. The increase in the
energy of the system is then the self-energy of inclusion 1 plus the interaction
energy between the two inclusions, which should be equal to the interaction energy
between inclusion 1 and the stress field of inclusion 2, as given by Eq. (7.1),
ie., — ﬁ}g i dV, as is seen to be the case. On the other hand, if inclusion 2 is
V(')

added in the presence of inclusion 1, the interaction energy should correspond to
the interaction energy between inclusion 2 and the stress field of inclusion 1, as
given by Eq. (7.1), which, again, is the case.

The interaction energy is then obtained by placing one inclusion at the origin
and determining its stress field by the methods of Chapter 6 and then employing
Eq. (16.64) to integrate the product of this stress with the transformation strain of

the second inclusion over the volume of the second inclusion.

Between two inhomogeneous inclusions

The determination of the interaction energy between two inhomogeneous inclu-
sions is considerably more difficult than for the previous homogeneous inclusions
because the inhomogeneity associated with each inclusion perturbs the elastic
field generated by the other, as discussed in Section 7.2.2. The strain fields within
each inclusion are therefore non-uniform, and the problem generally possesses
low symmetry and cannot be solved in simple closed form using standard func-
tions. Such problems, including the closely related problem of two inhomo-
geneities under an applied stress, have therefore been treated in the literature
as boundary-value problems or by the equivalent inclusion method, where solu-
tions are obtained by the use of polynomial expansions, series expansions,
and series representations. Some examples may be found in Mura (1987), Meisner
and Kouris (1995) and Chalon and Montheillet (2003) and the references given
there. In many cases, solutions have been constructed by employing Papkovitch
(1932) (Section 4.3.1.1), Boussinesq (1885), or Neuber (1944) displacement func-
tions. The results are generally lengthy and require numerical methods for evalu-
ation. I will therefore not pursue this approach further.

Point defect—dislocation interactions

General formulation

The interaction between a point defect, D, and a dislocation can be formulated
by modeling the point defect as a force multipole lying with its center at the
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(a) (b) T[zul/, X
1
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x; 'S
1
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Fﬂ O
Dislocation
_T_ Ep pd ’,:
a X3 ,I
l xy /! X
F* / x
Xy Point defect

Figure 16.7 Interstitial point defect with tetragonal symmetry in BCC structure and
interacting screw dislocation. (a) Detailed view of defect and assumed forces acting on
near-neighbor host atoms. (b) Straight screw dislocation with b = (0, 0, b) and

t = [111]/+/3 passing through origin. Point defect, shown in (a), now located

at vector position x. Coordinate systems (xy, x, x3) and (x}, x5, x}) indicated.

position x in the elastic field of the dislocation located at the origin. The
interaction energy is then given by Eq. (16.1) or (16.3) after writing them in
the respective forms

ED/PIS(x) = _ Z WS (x + SD(q))FJD(‘i) (16.65)
q
and
D/DIS 1 Oup(x)
R 3f PR P
int g1 s ax],] ax,.z .. axry

s=1

Solutions for various cases can then be obtained by using expressions for force
multipoles from Chapter 10 and dislocation elastic fields from Chapter 6. In the
following, a solution is obtained for the relatively simple case of a point defect
with tetragonal symmetry in the field of an infinitely long straight screw disloca-
tion in an isotropic system.

Between point defect and screw dislocation in isotropic system

The classic approach of Cochardt, Schoeck, and Wiedersich (1955) is followed to
determine the interaction energy between an interstitial tetragonal point defect in
the BCC structure, with its tetragonal axis along [100], as shown in Fig. 16.7a, and
an infinitely long straight screw dislocation with b = (0,0,6) and t = [111]//3.
However, the point defect is modeled here as a force multipole rather than a small
misfitting region corresponding to a transformation strain, as in the Cochardt,
Schoeck, and Wiedersich treatment.
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To determine the interaction energy when the point defect is in different regions
of the elastic field of the dislocation, use is made of the (xy, x», x3) and (x],x5,x5)
coordinate systems shown in Fig. 16.7b, originally introduced by Cochardt,
Schoeck, and Wiedersich (1955). The geometry of this figure has the following
features:

(1) The (xy, x5, x3) system is aligned with the crystal axes.

(2) The (x},x5,x3) system is coupled to the dislocation; x} is parallel to the disloca-
tion; x| lies in the (111) plane at the angle, ¢, with respect to the reference
direction [211]/4/6 corresponding to the projection of x; on the (111) plane;
x} lies in the (111) plane and is therefore perpendicular to the dislocation.

(3) The defect lies at the field position, x, which lies along x5. The position of the
defect relative to the dislocation can then be varied by varying x, its perpen-
dicular distance from the dislocation, and ¢, causing it to rotate around the
dislocation.

Using Eq. (16.66), and adopting the force dipole moment approximation (Section
10.3.5), the interaction energy, expressed in the (x|, x5, x}) system, takes the form
oupP's’ ek 1

D/DIS p Y% D' DIS’ D /
E. =pb_J _pb b pDf 7 5.4 g 16.67
int i axi ij 81] ij (2'[1(32 + 2/1) i + 2,u O'U>, ( )
after making use of Eqgs. (10.9) and (2.123). It is readily verified, by use of
Eq. (12.55), that the only non-vanishing component of the dislocation stress
tensor at the defect is

/ /,lb
0_11)318 = —% (1668)

and substituting this into Eq. (16.67),
p/pis b
ED/PS — 5P (16.69)

The force dipole P% can now be obtained by first finding it in the (x, x», x3) system
and then transforming it to the (x},x5,x3) system by employing the standard
tensor transformation law given by Eq. (2.24), so that

PY = linliuPy,. (16.70)
From Fig. 16.7a,
F* 0 0
P> =al 0 V2FF 0 |, (16.71)

0 0 V2FF

and, substituting this into Eq. (16.70),

PP = a[l 151 F* + (Lol + Li3lss)V2FP]. (16.72)
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From Fig. 16.7b the matrix of direction cosines is deduced to be

2cos /6 —cosd/V6+sing/vV2 —cos¢/v6—sing/V2
lij = —2sin¢/\/6 sin¢/\/_—1/\/§ sinq’)/\/g—i—l/ﬁ ,

1/V/3 1/V/3 1/V3
(16.73)
and, therefore, substituting Eq. (16.73) into (16.72),
! 2
PP = V2acos§ (F“ - \/EFﬁ). (16.74)
3

Finally, upon substituting Eq. (16.74) into Eq. (16.69),

EP/PIS (¢ ) = 4 (F“ fFﬂ) cos¢. (16.75)
nt ’ 3\/_7[ x :

The interaction energy is seen to depend upon the degree of tetragonality of the
point defect, as measured by the magnitude of the quantity (F* — v/2FF). Note
from Fig. 16.7a that for the special condition, F* = v/2FF, the defect is represented
by three equal and orthogonal double forces, and both the tetragonality and
interaction energy vanish.

Point defect—inclusion interactions

General formulation

The interaction between a point defect, D, and an inclusion can be formulated by
modeling the point defect as a force dipole lying with its center at the position x in
the elastic field of the inclusion located at the origin. The interaction energy is then
given by Egs. (16.1) and (16.3) in the forms

EY/™(x) ZuINC x + sP@) P (16.76)
and
as INC( )
EP/™C(x) S B 16.77
int Z s! 1]/7 "6x,16x,2 aer ( )

Solutions for various cases can then be obtained by using force multipoles from
Chapter 10 and inclusion displacement fields from Chapter 6. In the following, a
solution is obtained for the simple case of a point defect with tetragonal symmetry
in the field of a spherical inhomogeneous inclusion with e = ¢13; in an isotropic
system.
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Between point defect and spherical inhomogeneous inclusion with pg =1y
in isotropic system

Assuming the tetragonal point defect in Fig. 10.3, with the non-vanishing multi-
pole tensor components P33 = aF and P33z = aBF/4 given by Eq. (10.11),
Eq. (16.77) takes the form

oulNC 1 03, INC QuINC 2 53, INC
ED{INC (x) = —( P R Eon _u3z = —aF (=2 o
m > 0x3 6 0x3 ox3 24 6)@

(16.78)

The displacement field in the matrix due to the inclusion is given for an isotropic
system by Eqgs. (6.127) and (6.128), so that the inclusion distortion field is

auI-NC (3,‘]‘ 3xix/
——=c|l=- = . 16.79
Ox; C(x3 X ) (1679)

Then, substituting Eq. (16.79) into Eq. (16.78), the interaction energy is

1 3d 1
ED/™C(x) = —aFc[(l ~3) 5~ %(1 — 1013 + 151§)F], (16.80)

where ¢ is given by Eq. (6.128).

Dislocation—inclusion interactions

General formulation

The force imposed on a dislocation by an inclusion can be formulated by use of
the Peach—Koehler force equation and an expression for the elastic field of the
inclusion from Chapter 6. Taking the inclusion at the origin as in Fig. 16.8, the
force exerted by the inclusion on segment ds of the dislocation is obtained from
Egs. (13.10) and (13.11) in the form

dFPIS/ING — PISING g pDISGINC (g, )ds, (16.81)
where G}JNC is the stress at the dislocation due to the inclusion, which, for a variety
of different types of inclusion, can be obtained from the results in Chapter 6. In
the following, an expression is obtained for this force for the tractable case of a

Dislocation loop

Figure 16.8 Dislocation in vicinity of inclusion located at the origin.
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spherical inhomogeneous inclusion with the transformation strain ¢} = ¢'d;; and a

=
general dislocation in an isotropic system.

Between dislocation and spherical inhomogeneous inclusion with 85 = sT(S,-j
in isotropic system

For this case the distortion field in the matrix is given, as above, by Eq. (16.79), so
that the corresponding stress field is

2 n
oINC — % (8 — 3xi;) (16.82)

after use of Eq. (2.123). Then, substituting this stress into Eq. (16.81), the force is

R - (0 3xix;
dF]DIS/INC = ejs]O'l!jNCbPlstst = 2,uC€jS]bPlsts (J - Xxj) dS, (1683)

X3 X3

where ¢ is given by Eq. (6.128).

Exercises

16.1 Starting with Eq. (16.36), derive Eq. (16.37) for the interaction energy between
the two infinitely long parallel dislocations in Fig. 16.2 in an isotropic system.

Solution From the geometry of Fig. 16.2,

2 1/2 . R .
R=1[p"+ () =] dst) = tdx
1 2 1 2
_ "R :@_(x,()—x,(-))(xj(.)_x;)):@_l?ipj (i=12)
o) R R R R o
(16.84)

Substituting these relationships into Eq. (16.36), the interaction energy per
unit dislocation length is reduced to

w2 u |
Wik — 20 1. 5@ 1)+ —— b x 1) - b x i
o [(b DO B+ 0V x D) (b xt)].
L2 L2
0
L e dxy
L Yol oy
-L/2 e+ (g7 —x57)
| lL/2 L/2 W
~ ~ 2 X
B i | [ [
-L/2 —ip PP+ g7 —x57)

(16.85)
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where the limits of integration, +L/2, will be increased without limit. The
first double line integral (with p < L) corresponds to the integral in
Eq. (12.248), and the bracketed term containing this integral is therefore
given by [—2In p + 2In(2L/e)] [see Eq. (12.251)]. However, the L-dependent
part of this result may be dropped since it must be associated with end
effects.” The bracketed term containing the second double line integral
is readily integrated and is given by 2/p>. Putting these results
into Eq. (16.85), and adding a constant term proportional to —In p_, then
produces Eq. (16.37).2

16.2 Show that the interaction energy between the two coaxial circular disloca-
tions in Fig. 16.9 in an isotropic system is given by

2n
2.2 2 2 2 )
1)/ _ #Hb~a 1 a*(1—cosg) a*(1 — cos ¢)sin’¢
Wit ™ = 2(1—v) J { R g |oset 2 de.
0
(16.86)
x| 1D
+ (1)
tCas S
—
R
¢ c2
X
1 Ls(z) &

Figure 16.9 Two circular coaxial dislocation loops with the same b and the same
t sense.

Solution Start with Eq. (16.34), which, for this problem, reduces to

wl/@) - #_v) J J (b x dsV) - T (b x ds®). (16.87)
c c®

If Eq. (16.87) is integrated first around C®, the contribution of this integration

to every ds'" element in the second integration around C" is the same because

of the circular symmetry. Therefore, holding ds” in the first integration

conveniently at ds(!) = é,ds(!), and with ds® = (—é; sin ¢ + &, cos ¢)ds'?,

b = (0,0,b), and

! Ignoring end effects, the interaction energy for two parallel infinitely long dislocations should be
independent of L and a function of ¢ only.

2 Adding this term is permissible, since it merely shifts the reference energy of the interaction energy by
an arbitrary constant.
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16.3

(1) (2,1 2
azR 51 -Xl' - 'xi X — X
ry - 0K 07D (esy)
6x5 )ax,(- )R R
where
x(ll) =a xél) =0 xgw =p
AP =acos¢ Y =asin g =0 (16.89)
R = [4a’sin®(¢/2) + p?]'”.
Eq. (16.87) takes the form
w2 __ J ds™ J (T1y cos ¢ + Ty sin ¢)ds?
T (1)
c c?
ub*a* TN a*(1 — cos ¢)* a2(1 — cos ¢)sin’¢
_ 1_a(1—-cos¢) do.
Z(I—V)J R 8 cos ¢ + 8 ¢
0

(16.90)

Hirth and Lothe (1982) show that the integrals in Eq. (16.90) are elliptic
integrals that take relatively simple asymptotic forms when p < a or
p > a.

Use Eq. (16.49) to determine the total force exerted on a straight screw
dislocation segment, AB, by an orthogonal straight screw segment, CD, as
in Fig. 16.10, in an isotropic system.

Find the force when CD — oo, and then verify the result directly by using
the Peach—Koehler force equation and the known stress field of an infinitely
long screw dislocation.

Figure 16.10 Geometry for determining force exerted on segment AB by segment CD.

Solution Using the Cartesian coordinate system shown in Fig.16.10 b8 =
(b™B,0,0), t*® = (1,0,0), b® = (0,0,6P) and t° = (0,0, 1). The last three
terms in Eq. (16.49) therefore vanish, and with R = [(x2B) + p2+ (x§P)?])"/2,
ds?B = tABdxi'B and dsP = t“Pdx§P, the first term yields
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. bABbCDJ { 6. V( )] xABdXCDA

|
Sl

B
bABbCD d ABd CD .
P e (1691)
Y +p2+ (:$Py
A
I
ABpCD), o CD =
,ub b .
= J 1/2 dx‘i\Bez.
P +P +( )] s

3

When x3C — —o00, and x} — oo, the force given by Eq. (16.91) becomes
I
,LtbABbCDp J dxlAB
2
27 P>+ (X¢B)

X

F=-— é. (16.92)

Next, the force is obtained by the alternative method of using the Peach—
Koehler force equation and the known stress field of an infinitely long screw
dislocation. By employing Eq. (13.10), and the components of the CD screw
dislocation stress field given by Eq. (12.55),

B I I
R R bABbCD dxAB )
P [ @x)an® =0 [ oPaxe, = PP [ S,
o T Apz + (%)
l

X

A

X

(16.93)
in agreement with Eq. (16.92).

Consider two infinitely long straight parallel edge dislocations in an
isotropic system and determine the force per unit length that one exerts on
the other by direct use of Eq. (16.49). Then show that this force can be
determined equally well by differentiating the interaction energy between
them with respect to their relative coordinates.

Solution Start with finite segments of length L, with segment 1 along the line

(p,O xé”) and segment 2 along the line (0 0 x@) in an (él,éz,é3) coordin-

ate system With b(l) =b? = (b,0,0), t! = (0,0, 1), ds) dx
and ds® 2)dx , the first two terms of Eq (16.49) vanish, and after
integrating over the segments, the force is given by
L2 L2
F = —ﬁ J J {[(b(2) x ds@) - v][ds!") x b))
(1 —
inip (16.94)

4w@xd§%-vmem§Uxmw}
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where
oty .. oTqy .
(b x ds®) - V][ds™) x bVT] = pdVdd? | —8 - —p e
) 0y (16.95)
bzpdxgl)dxgz) R
- R
and

. 2. )
[(b? x ds?) . V(V2R)] = (bdxg2>e2) : {ﬁ[ per + () — x(f))eﬂ} = 0.

(16.96)
Substituting these relationships, Eq. (16.94) then takes the form
L2 L2
bZ dx(l) R
F—_r J dxl? J 3 é. (16.97)
477:(1 — V) 5 (1 @) 2.3/2
-L/2 L2 p?+ (g7 = x37) |
After integrating with respect to xgl) and letting L — oo in the first
integration,
, L2
1b (2) o
F=—»—— dx;’e;. 16.98
i v | e (16.98)
-L)2

According to Eq. (16.98), the force per unit length is therefore constant at
the value

F ub?
S A 16.
f L 2z=(1 —v)pel (16.99)

Alternatively, according to Eq. (16.37), the interaction energy between the
two dislocations per unit length is
/(2
W|(nt)/( ) - ,LLbz p

S Int
L 2n(1 —v) npo’

(16.100)

since p = (p,0,0). The force per unit length between the dislocations is then

PR (W o w e, w
L L b op\ 2n(1—v) po 17271(1—\/)p b

(16.101)

in agreement with Eq. (16.99).
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Appendix A: Relationships involving the
V operator

This is a summary of a number of relationships involving the del operator, V, in
the cylindrical and spherical orthogonal curvilinear coordinate systems shown
in Fig. A.1.

(b) x

Figure A.1 (a) Cylindrical (r, 0 ,z) coordinates. (b) Spherical (r, 0, ¢) coordinates.

Cylindrical orthogonal curvilinear coordinates

Iff = f(r, 0 ,2), and f = &,f, + egfy + €.f,, where the unit base vectors (€,,€y,€,) are
given in terms of the Cartesian base vectors by Eq. (G.2),

L O 1of . of
Vf = e,a +e9r60+ 235" (A.1)
_1 0 af, 1aﬁ, af
10 [/ of 1% of
2 - ) 4 =)
Vs ror < 6r> +r2602+622' (A3)

Spherical orthogonal curvilinear coordinates

Iff = fir, 0, $), and f = &,f, + eqfy + €,f, where the unit base vectors (€, €y, €,)
are given in terms of the Cartesian base vectors by Eq. (G.9),

PO L/

V=t s T o0 (A4)



412 Relationships involving the ¥ operator

1 9 ) 1 o
(fo sin ) Jrrsinqﬁ@’

r2or (1‘2f,4) + rsin ¢ 0¢

2
sz:ii (rza—f>+ ! o (sindba—f)—i— ! af.

r2sin ¢ d¢p r2sin’¢ 007

0¢
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Appendix B: Integral relationships

Divergence (Gauss’) theorem

If A(x) is a vector field, and "V is a region of volume enclosed by the surface S, and
n is the positive unit vector normal to S (and therefore in the outward direction),
as in Fig. B.1, the divergence theorem states that

ﬁj;V~AdV:@A-ﬁdS, (B.1)
% S
or, alternatively,

aAl aAz 6A3 R ) .
= (P (A + Asiz + A : B.2
{;ﬁ; <6x1 T 0y + ax3)dv #( 1h1 + Azt + Azit3)dS (B.2)
v S

Stokes’ theorem

If M(x) is a vector field, Stokes’ theorem is usually expressed as
jEM Sdx = ”(v x M) -1ndS = ey ﬂaa “4; ds, (B.3)
X;
) N

where the line integral is over the closed curve, C, in Fig. B.2 on which the surface,
S, terminates. The surface integral is over S, and n is the positive unit vector
normal to S, which is defined for this unclosed surface by the requirement that if
C were shrunk down on S until it just traversed a circuit around n in the direction
of the tangent vector, t, the circuit would be clockwise when sighting along n.
Substitution of the vector M(x) = ¢(x)é; into Eq. (B.3) yields the further form

[ [ Seafas = foan m
S
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B.3

Integral relationships

n S [0)

Figure B.2 Geometry for Stokes’ theorem.

On the other hand, if G(x) is a tensor field,

where (Hetnarski and Ignaczak, 2004)

(curlG); = = g5,

Another form of Stokes’ theorem

If g; = gi(x) is a scalar function of x in a body,

og; 0g
JJ (ai 5j[ ax > dS }elijg,- de, (B7)
N C

as can be verified by applying Eq. (B.5) to the case where G has the form G, =
€1ij8i- Then

gy . ogx .
(curlG),jnj = ej,,qe,kqa iy = eyjpeqik =— i 7ij, (B.8)
Xp

and substitution of these quantities into Eq. (B.5), with the use of
CijkCimn = 5jm5kn - 5jn5kma (B9)

yields Eq. (B.7). However, if S is a closed surface so that C is shunk down to a
point, we have



B.3 Another form of Stokes’ theorem 415

0 is 0gi 0gj .
ﬁ(ai i — > s = ﬁ(a—in,a—im)dso. (B.10)
S S

Substitution of g; = 5wy, or, alternatively, g; = o) u, into Eq. (B.10) then yields
the further relationship

uf . . aUX
ﬁga,?,ia—)% ,,njdszﬁ< i3 fa ) .ds = 0. (B.11)

S S




Appendix C: The tensor product
of two vectors

The tensor product of two vectors can be used to represent tensors as products
of vectors. In many cases, equations involving tensors can then be written in more
compact vector forms.

The tensor product, P, of two vectors a and b, is written as

P=a®b (C.1)
and possesses components given by
P = a;b;. (C2)
Therefore,
Pu=(a®@b)u=(b-u)a, (C.3)

or, in matrix form,

a\by aiby a\b; 7 aj
[P][Lt] = [a (9 b] [Lt] = | aaby axby axbs u | = [b1u1 + bouy —l—b3u3] a | .

asby azby asbs | | u3 as
(C4)
Since
1 00 0 00 0 00
[1®é =10 0 0 [2®é]=10 1 0 [3®eé)l=1(0 0 0],
0 00 0 00 0 0 1
(C.5)
the unitary tensor can be written in the matrix form
1 0 0
[[]:[é1®é1}+[é2®é2]+[é3®é3]= 0O 1 0]. (C())
0 0 1



Appendix D: Properties of the delta function

The one-dimensional delta function, d(x — x.), vanishes everywhere except at x — x.,
and has the property, e.g., Hassani (2000), that

b
Jf(x)é(x—xo)dx:f(xo) (a<x,<b). (D.1)

Then, in three dimensions with vector arguments, the delta function appears as
0(x) = 5(x1)0(x2)0(x3) (D.2)

and

iﬁf(x)é(x —X,)dV = f(x,) (x, inside V). (D.3)
v

If x. lies outside "V, the integral vanishes.
The Nth derivative of the delta function with respect to its argument, indicated
here by the superscript (N), obeys the rule

b
Jé(’”(x — ) f)dx = (1) [5@ M@ = (DY M () (a<xo <b).

(D.4)

Further properties, as given by Bacon, Barnett, and Scattergood (1979b), are
listed in Table D.1.

Still further useful relationships can be obtained from potential theory. The
electrostatic potential, v(x), due to a distribution of electrical charge density, p(x),
must satisfy Poisson’s equation

V(x) = —4nAp(x). (D.5)

Therefore, inserting Egs. (3.14) and p(x) = ¢go(x — x.) into Eq. (D.5),

1, 1

dx—xo) == VIS

(D.6)
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Properties of the delta function

Table D.1. Further properties of the delta function, (x).

S _ s do(x) _ —ddé(—x)
(2) 8(x — a) = d(a — x) (b) o) = =458
JE 5™ (x
(d) d(ax) = (© 0% (ax) = {752
dH (x < ddé(a—cx o(c
(2) 6(x) = [ZL(\-> (h)_J;O do((a—c:\')) dv =~ 2015 )

(©) x %0 — _5(x)

® ofoé(cl—)c)dx:l

Also, since V2|x — x.

=2/Ix — x|,

1
(X —Xo) = — — V>V2x — x|

8



Appendix E: The alternator operator

The alternator operator, e;, can be evaluated using the relation
Cijk = él' . (éj X ék) (El)

where, as usual, the €; are the base unit vectors of a Cartesian, right-handed,
orthogonal coordinate system. Therefore, for example,

e =exn; =e3p =1,
e =e3 =exn| = —1, (E.2)
e13 =epn; = ez =en = 0.

Each time the operator is permutated by an exchange of nearest-neighbor indices,
its sign is reversed. Hence,

eijk = —€iij = €xij = —ejii. (E.3)
It also follows that

eijk€imn = OjmOkn — OjnOkm- (E.4)
The operator is especially useful in expressing the vector product, since

axb= aib_,-e,;,-kék. (ES)



Appendix F: Fourier transforms

The Fourier transform of a function, g(x), is often given (Sneddon, 1951) as

The inverse transform is then

n)’

J J g(x)eik"‘ dx; dx; dxs.

J J Jg(k)e*ik"‘ dky dk; dks.

Alternatively, the transform may be written in the form

_ 1
)=

|

|

o0

1

and in that case the inverse transform is

é%X

L] L

8%8

h(x)e ™% dx; dx; dx;,

e** dk, dk, dks.

(F.4)
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Appendix G: Equations from the theory
of isotropic elasticity

Listed below are selected equations from the theory of isotropic elasticity expressed
in cylindrical and spherical coordinate systems (Sokolnikoff, 1946).

(a)

X1

Figure G.1 Differential volume elements and components of the stress tensor in:
(a) cylindrical, (b) spherical coordinate systems.

Cylindrical orthogonal curvilinear coordinates

A differential volume element and the components of the stress tensor are shown
in Fig. G.1a. The displacement vector is written as

u = e.u, + eyuy + €,u,, (G.1)
where the unit base vectors (€,, €y, €.) are given in terms of Cartesian base vectors
by

€, = cos fe; + sin 0¢,

€y = —sin 0e; + cos 0¢, (G2)

ez:é3

The strains are related to the displacements by
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_ o g = 20 O
o =520 ", =0z

1 16u,~+6u9 Up . 1 6uz+6u,. . 71 %Jrl@uz
“=3\ro0 "or ) T\ ") " T2\%: a0 )

The relationships between stresses and strains, with e = €, + ¢gg9 + &.., are

81’)'

(G.3)

G, = Ae +2ue,  opp = Ae +2uegy 0., = Ae + 2ue,,

(G.4)
09 = 2/Jf‘:rﬁ Oz = 2,“‘91’: 0g; = 2:“‘992
and the equations of equilibrium are
aol'/‘ 1 60',49 aO-rz Orr — 000 o
or Tro0 ez =0
aO'rg 1 60'99 60'92 2

Z 220 Zo. = G.5
or Jrr 00 + 0z +ra'0+f0 0 (G:5)

ao—l‘z l 6602 aaz:
or r o0 0z

The strains expressed in cylindrical coordinates are related to the strains expressed
in Cartesian coordinates by the relations

2
+;O-r92+fz :0

& = £11€0820 + £208in°0 + &5 sin 20 €11 = £,C0820 + ggpsin>0 — &, sin 26
o0 = €115I020 + 2000820 — 15 sin 20 €20 = &,,810°0 + £ppc0s20 + &, sin 20
&z = €33 833 = &z

&0 = (e —&11)sin0cos 0 + g13c0820 &2 = (&, —&go)sin O cos O+¢,9 cos 20

&. = &13€08 0 + &38in 0 &13 = &, €080 — gy, sin 0
gp. = —&138in 0 + &3 cos 0 €3 = & Sin 0 + gy, cos 0.
(G.6)
Similarly, for the stresses,
Gy = 0110820 + G228in%0 + 012 sin 20 011 = 6,c0820 + Gypsin’ — 6, sin 20
oo9 = 0118in%0 4 0250820 — 1 sin 20 G2 = 0,,810%0 + 699c0s>0 + 6,9 sin 20

O;; = 033 033 = 0z
a0 = (0220 — 011)sinfcos B + 0120820 012 = (0, — o) sin 6 cos B + g, cos 26
0,, = 01308 0 + g3 sin 0 013 = 0,, €080 — gy, sin 0

09, = —013 81N 0 + g3 cos O 023 = 0, SIn 0 + gy, cos 0.
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G.2 Spherical orthogonal curvilinear coordinates

A differential volume element and the components of the stress tensor are shown
in Fig. G.1b. The displacement vector is written as
u = €.u, + egup + éd)ud), (GS)

where the unit base vectors (€,, €y, é,) are given in terms of Cartesian base vectors
by

€, = cos 0sin ¢e; + sin 0sin ¢p&, + cos ¢és

€9 = —sin 0é; + cos 0é, (G.9)
€4 = cos 0 cos ¢e; + sin 0 cos pe; — sin Pes.

The strains are related to the displacements by

:aur _1( 1 Ou, @+au9>

o= 0 =3\ singp 00 1 or

. 1 Oug u, cot (]5 . 1 /10u, Up au¢
b0 = rsin q{)@ + 0 Ty r bro = 2 <r op r + or

. 1 6u¢ U . 1 /10ug wugycot (f) 1 au¢
8¢¢—ra¢+r 80¢_2(rad) r +rsin¢ a0 )’

(G.10)
The relationships between stresses and strains, with e = ¢, + &g9 + €49, are
O = A+ 2ue,  Oog = le +2uegs  Tpp = Ae + 2lepg G.11)
0,0 = 2Uer Orp = 2ierg 0o = 210G,

and the equations of equilibrium are

00, 1 0o 1 60’,¢ 20, — Ggp — Opp + 0,4 COL ¢ n

o Trsing 00 o ; fr=0

00,9 4 1 Oopy 1 609¢ 30,0 + 2044 cot ¢ n
or rsing 00 r 0¢

fi=0  (G.12)

60',.¢ 1 60'94, 1 aa¢¢ 30’,-(/5 + (O’¢¢ — 0'99) cot ¢
or rsing 00 r 0¢ r

+f=0.



Appendix H: Components of the Eshelby tensor
in isotropic system

Expressions given by Bohm, Fischer, and Reisner (1997) for the non-zero
components of the Eshelby tensor for homogeneous ellipsoids of revolution in
an isotropic system are listed here using the contracted matrix notation rules given
by Eq. (2.89). The axis of revolution is along the x3 axis, and o = az/a; = az/a, .

1 402 — 2 402 — 1
— oM WM
st Lot 2 (T 2]

~ar e ey e

E _
Sy =

E _ ¢E
SII*S22

2 (20{2_+ 1 2vM>g(ot)] (HD)

o 4o —7
o =ty (s a2
with
g(oc):W[a(az—1)1/2—ln<fx+\/oc2—l)} (x> 1) (H.2)
and
§(#) = 2 [cos la—a(1 =) (@< ). (H.3)

For a sphere (¢ = 1),

E _¢E _ ¢E _ 7-5M E _¢E _¢E _¢E _¢E _ ¢E _ 5M_1
Sll - S22 - S33 - 15(1—wM) S12 - SZI - Sl3 - S31 - S23 - S32 - 15(1—vM)
M
SE — SE — SE — _4-5v .
44 55 66 15(]_‘,M)

(H.4)
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For a needle (¢« — o),

_gM WM
Sllzl = SIZEZ = 85(]:1VM) SIIEZ = SIZEI = 84(1171”\’1')
y 1 . (H.5)
Sty =Sy = 2(1‘;VM) Sis =S5 = 4 St6 = 8:2;_:M)'
For a thin disk (a0 — 0),
1
VM J—
553 =1 Sgl = ng =t 54]154 = 51555 7 (H.6)



Appendix I: Airy stress functions for plane strain

Table 1.1 presents various Airy stress functions, ¥, and the forms of their associ-
ated stresses, which apply when plane strain conditions exist (see Section 3.7).

Table 1.1. Forms of the stresses associated with Airy stress functions, v, for plane strain:

0 = tan~"(x/x;) and x = (x;% + %)

172

v O11 G2 G2
| 0 X Zx%xz X2 2/\’%)62 X1 2x1x%
x In xsin —= —=— —
X2 x4 X2 x4 X2 x4
2 2 2x 2 2 2
x In xcosO n_2n% il 14 e
X2 x4 X2 x4 X2 x4
. 2x1 2x1x% 2x1x% 2x%xz
x0sinf — = —
X X X x4
2x%xz 2x 2x%xz 2x1x%
x0cosl - - i —
X X X x4
1 123 12 2x1x2
nx ——=+— ———
X2 x X2 x4 x4
. 12x1x;  16x; x% 12x1x 1 6xf X 2 1 6x%x§
sin 20 ——a t - s 27
X X x4 X X X
42 16x3x3 43 16x3x3 8x1xa  16x3x,
cos 20 -t = T % — "%
x4 X x4 X x4 X
0 _2x|xz 2x1X2 _i+2x%
x4 x4 X2 Xt
sin 0 2x> 8x%x2 2x» Sx%xz 2x1 8x|x%
X x4 X0 x4 X6 x4 X6
cos 0 2x1 8x1x§ 2x1 8x|x§ 2x» 8xfxz
X x4 X0 x4 X0 x4 X6
Xsin 6 6x> 2x> —2x




Appendix J: Deviatoric stress and strain
in isotropic system

It is often helpful to split the total stress tensor, o;;, into a purely hydrostatic part
and a deviatoric part, ¢;;, having vanishing hydrostatic pressure. The deviatoric
part is then defined by

011+ 022+ 033

011 3 012 013
. i 011 + 00+ 033
aijza,j—g@b,-j: o12 b 023 )
011+ 02+ 033
013 023 033 —— 5
(J.1)
so that the deviatoric hydrostatic pressure, P, vanishes, i.e., P = —Gum /3=

—@/3 = 0. Since the stresses and strains of the deviatoric field are coupled by
the elastic constants in the usual way, the deviatoric dilatation, e, also vanishes,
i.e., ¢ = ©/(3K) = 0. From these results

_ _ _ _ B 204, 1 1
Oij = }‘eaij + 2/181] = 2/15:'/' &jj = —m + ﬂo‘g,‘ = ﬂo',:,-. (J.2)

All deviatoric stresses and strains are therefore coupled by the simple relationship
0 = 2ue; (J.3)

and the total strain tensor, g, is also split into a deviatoric part and a dilatational
part with the deviatoric part given by

— e
8,’j = 8,‘] — gé,‘j. (J4)
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